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1. Introduction

The aim of the present paper is to introduce a definition of the Perron-Stieltjes
integral employing the notion of approximate derivative with respect to a non-
decreasing function w and to study some of the properties of the integral. Various
authors have studied the Perron integral and Perron-Stieltjes integral in different
ways, most of which can be found in the references appended in the list of
the bibliography. Among them Ridder [10] uses the concept of approximate
w-derivative but he assumes that the monotone function o associated with w is
continuous. Finally we consider a more general type of integral, the w-approxi-
mately continuous Denjoy-Stieltjes integral, defined descriptively by the method
of Saks [11].

Let w be a finite non-decreasing function defined on the real line Q. Following
the definitions of Jeffery [6], p. 617, the ‘‘outer w-measure®” and the ‘‘w-measure”’
of a linear set E are here denoted respectively by w*(E) and | E|,, .

Throughout the paper we use the following notations. S denotes the set of
points of continuity of w, D = Q\ S, S, denotes the union of the pairwise dis-
joint open intervals on each of which w is constant. S, and S§ denote respectively
the sets of the left and the right end points of the intervals of Sy; S; = S5 U S§,
S, =8NS, and S5 = S\(Sg US,). Then the sets D and S, are countable and
for any two distinct points x,, x,, at least one of which belongs to S;, we have
0(xy) # lx;).

We require the following known results and definitions.

THeOREM 1.1. ([6], lemma 2, p. 618). Let E be a bounded linear set. Let
each point x of E be the left end-point of a sequence of closed intervals
[x,x + hy,;] for which h,;— 0 and J denote the family of all intervals thus
associated with the set E. Then for every € > 0, there exists a finite family of
pairwise disjoint closed intervals Ay, A,, -+, Ay in F such that
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Lio*ENA)> o*E)—¢, TV |A], < 0*E) +

THEOREM 1.2. This theorem is the analogue of Theorem 1.1. for closed
intervals with ‘x’ as the right end-point.

DerFmNITION 1.1, ([4], §2, p. 347). Two sets A and B are said to be -
separated if for every &£ > 0 there exist open sets G; > A, G, > B such that
|G, NG, |, <.

THEOREM 1.3. ([4], §2; [7], Th. 2.20, p. 59.). Let A = A; VA,. If A is
w-measurable and A,, A, are w-separated, then A; and A, are also w-measura-
ble. Let the bounded sets A, and A, be not w-separated. If E, c A, E, < A,
with w*(E)) sufficiently close to w*(A;), i = 1,2, then E, and E, are not w-
separated.

TueoreM 1.4. ([4]), §2; [7]), Th. 3.9, p. 77 (Lusin’s Theorem)). Let f(x)
be w-measurable on the w-measurable set A with |A|,,, < + 0. Then corre-
sponding to every &> 0 there exists a closed set E < A with IA \E|y <e such
that f(x) is continuous on E (relative to E).

2. w-density and w-approximate continuity

DerINITION 2.1. (cf. [4], §3). Let A be any linear set and x be any given
real number. Let v = [x,x + k], v° = (x,x + h), h > 0. We set

oA Nv)|v|, if |v], #0,
d(x,h) =< 1 if |v]p=0and ANv° % &,
0 otherwise.

Then lim, _, o sup d(x, h) and lim,_,,infd(x, h) are called respectively the upper and
lower right w-densities of A at x. If these limits are equal, the common value is
the right w-density of A at x. Left w-densities are defined similarly. If all the
four w-densities of A at x are equal to one another, the common value is the
w-density of A at x.

When the w-density of 4 at x exists, x is called a point of dispersion (w) or a
point of density (w) according as the w-density is 0 or 1.

Notke 2.1. If xe S, and x is a limit point of 4 on both sides then clearly x
is a point of density (w) of A. If xe A N D, then x is a point of density (w) of 4;
if xe D\ A then x is a point of dispersion (w) of A.

In [4] Chakrabarty has defined the w-density of subsets of S, while our
definition is applicable to all linear sets. We can verify that for any two linear
sets A and B the theorems 3.1-3.6 of [4] are true. Whenever necessary we shall
refer them for the corresponding results of w-densities according to our definitions.
From theorems 3.1, 3.2 and 3.6 [4] we obtain the theorem
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THEOREM 2.1. An arbitrary linear set has w-density 0 or 1 a.e. (w) on Q.

DEFINITION 2.2. (cf. [1], p. 267, [5], p. 793). Let ¢(x) be a finite function
defined on the set A = Q. For any real number &, the g.1.b. of the real numbers
k for which the set

{x;xed,x = ¢ and ¢(x) >k}

has w-density 0 at & is denoted by ul, (¢, £) or simply by u (£) and is called the
upper right approximate limit () of ¢(x) at £ relative to A. The Lu.b. of the
real numbers k for which the set

{x;xed,x = ¢ and @(x) < k}
has & as a point of dispersion (w) is denoted by I; (¢, &) or simply by I} (& andis
called the lower right approximate limit (w) of ¢(x) at & relative to A. The upper

and lower left approximate limits (), u, (5) and [,(&), are defined analogously
The extended real numbers

(&) = max - {ug (&), u, ()}, 1,(8) = min - {I7(£), 15 (5}

are respectively the upper and lower approximate limits (w) of ¢(x) at ¢ relative
to A. If u (&) = 1,(£), the common value, ¢,(&), is the w-approximate limit
of ¢(x) at &. If further ¢,(&) = ¢(£), then ¢(x) is said to be w-approximately
continuous at & relative to A.

For the remaining part of this section we suppose that A4 is a fixed subset
of Q and ¢(x) is a finite function on A. To avoid repetition we shall drop the
phrase ‘‘relative to 4°".

THEOREM 2.2. u,(&) is the g.L.b. of real numbers k for which the set
E'[¢] = {x;xec A and ¢(x) > k}
has w-density O at &; 1,(&) is the L.u.b. of real numbers k for which the set
Ef¢] = {x; x4 and ¢(x) £ k}

has w-density 0 at £.

PROOF. Let M be the g.Lb. of real numbers k for which the set E*[¢] has
w-density O at &, Then clearly

1) - M 2 u,é).

If u,(£) = oo, then equality holds in (1). If u,(£) = — oo, then ug (&) = uz (&)
= — oo0. This implies that for arbitrary large k > 0 the sets

{x;xed,x 2 ¢ and ¢(x)> —k}, {x;x€4,x < ¢ and ¢(x) > — k}
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have w-density O at &, which gives that ¢ is a point of dispersion (w) for the set
E~¥[¢] so that M < — k. Since k > 0 is arbitrary, M = — o0 = u,(&).
Now let — 0 < u,(£) < + oo0. Then for any & > 0, the set
{x;xeA4 and ¢(x) > u,(&) + &}

has w-density O at &. This gives M < u,(€) + & Since &> 0 is arbitrary,
M £ uy(&). So from (1) we have M = u,(&). This completes the proof of the
first part. The proof of the other part is similar.
THEOREM 2.3. u, (x) = u, (x) and I (x) = 1}(x) at almost all points (w) of Q.
The proof is analogous to that of the corresponding result of Chow Shu-Er
([5], p- 795, §2, lemma 1.).

NoT1E 2.2. ¢(x) is w-approximately continuous at each point of the set
AND.
For, if £ AN D, then each of the sets

{x; xeA and $(x) < $(&) — &}, {x; x& 4 and $(x) > $(¢) + ¢}

has ¢ as a point of dispersion (w). This implies that

1,(6) Z ¢(&) — & and u,(&) < H(&) + e.

Since & > 0 is arbitrary, we have

u, (&) = (&) = 1.(9).
Again, & is a point of density (w) of each of the sets

{x; x€ 4 and ¢(x) > §(&) — &}, {x; x4 and $(x) < §(&) + ¢},

which gives
1(8) = ¢(8) = ul(d);
whence

1,(8) = ¢(&) = uu(Q).

LEMMA 2.1. If each point of a set B is a point of density (w) of the set A,
then at any point a the four w-densities of A are greater than or equal to the
corresponding four w-densities of B.

Proor. Let the upper right w-density of B at « be k > 0. If a e D, then by
Note 2.1 « must belong to B and therefore to A. If ae S, U (S N Sy ), then o must
be a limiting point of B, and therefore of A, on the right. In these cases A and B
both have right w-density unity at a.

Next suppose that ae S\ (S, U S, ). Choose £ > 0 arbitrarily. Then there
exists a strictly decreasing sequence {a,} converging to o such that
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) w*(B N [a,0,])/ | [0, 2] o > K/(1 + ¢), for all n.

Let P, = BN(x,a] and ¢ = |[o,0.]], " k- &*/(1 +¢), i =1,2,---. Take any
positive integer n. For every £ € P, there exists a strictly decreasing sequence of
closed intervals [¢;, £] = (a, &] with &} — ¢ — such that

3 AN DG Ele>1—8 i=12.

So by theorem 1.2 there exists a finite number of pairwise disjoint such intervals

[11, €11, [12, €21, -+, [nn, En] for which

@ I 0* Py OV [0, ED > w*(Py) — .

From (2), (3) and (4) we deduce
Y0¥ Ann >0 -9 ), | (7, 1]

%) 2 (1-9- T, 0*P, N[N &) > A — o) [w*(P,) —&,]
>A-e)(e,—e, D)2 =(1—% k- |[t,0,]]o-

Since the intervals {[n,,£;]} are pairwise disjoint and ¢ <n, < & <a,, we get
from (5),

©) w*(A N[0, ]| [oa,]]e >0 -8k, n=12-:,

Relation (6) implies that the upper right w-density of A at « is = (1 —¢&)* - k.
Since ¢ > 0 is arbitrary, it follows that the upper right w-density of A at o is = k.
Similar proofs hold in the other cases.

THEOREM 2.4. The functions u,(x) and l,(x) are w-measurable on the
real line Q.

Proor. The functions u,(x) and [,(x) are defined on Q with values in the
extended real number system.
Given any real number g, let us write

E, = {x; u,(x) <a} and E* = {x; u,(x) = a}.
We define the sets 4, A,,--- by
4,={x;u,(x)<a- —%—}

Then E, = U,2, 4,. Take a fixed n and write E = {x; x€ 4 and ¢(x) > a — 1/n}.
Then by Theorem 2.2 it follows that no point of E® is a point of dispersion (@)
of E. Hence by Theorem 2.1, E has w-density unity at almost all points (@) of E®,
while E has w-density 0 at each point of 4,. By Lemma 2.1 it follows easily that
E*° has w-density 0 at almost all points (@) of 4,. Therefore E* has w-density 0 at
almost all points (w) of E,. So by Theorem 3.3. [4] and Theorem 1.3 it follows
that the sets E, and E£* are w-measurable. Hence u,(x) is w-measurable on Q.
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An analogous proof holds for [ (x).

COROLLARY 2.4.1. The functions u,(x), ug(x), I;(x), l(x) are all -
measurable on Q.

PROOF. By Theorem 2.3 u,(x) = u}, (x) = ug, (x) a.e. (w) and I, (x) = 17 (x)
= I, (x) a.e. (w). These observations in conjunction with Theorem 2.4 establish
the corollary.

COROLLARY 2.4.2. Let A be w-measurable. Then ¢(x) is w-measurable on
A if, and only if, ¢(x) is w-approximately continuous a.e. (w) on A.

ProOOF. Let ¢(x) be w-approximately continuous a.e. {w) on A. Then
O(x) = uy(x) = l,(x) ae. (w) on A. Since A is w-measurable, by Theorem 2.4
it follows that ¢(x) is w-measurable on A.

Conversely, let ¢(x) be w-measurable on A. Then using Theorem 1.4 it can
be proved in the usual way that ¢(x) is w-approximately continuous a.e. (w) on A4,
remembering that ¢(x) is w-approximately continuous at each point of AND
(Note 2.2.).

THEOREM 2.5. u)(x) = I} (x)[ug(x) = I, (x)], if the upper right [left]
w-density of A at x is > 0. ‘

These results follow easily from the definitions.
COROLLARY 2.5.1. If & be not a point of dispersion (w) of A, then | (&) < u,(&).

THEOREM 2.6. 1,(x) £ ¢(x) £ u,(x) a.e. (w) on A.

PrROOE. Let E = {x; x€ 4 and ¢(x) > u,(x)}. For any two positive integers
n, k let us write

Ay = (% XEE,§(x) — u (1) > — and () > — k).

Suppose, if possible, w*(4,,) >0 for some pair (n,k). Then A,, contains
a component P, every point of which is a point of density (w) of P and
o*(P) = w*(4,,). Now ¢(x) > — k for all xe P, so that u,(x) =2 — k. Hence
¢(x) > (1/n) — k for all xe P. This implies, similarly, ¢(x) > (2/n) — k for all
x € P. Repeating the process we get ¢(x) > (m/n) — k for all xe P and for every
positive integer m. This contradicts that ¢(x) is a finite function. Thus w*(4, ;) = 0
for all (n, k), and hence
w*(E) = w*(U:):l Ui-1 4,0 = 0.
Similarly the w-measure of the set
{x; xed and $(x) < [,(x)}

is zero. This proves the theorem.
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3. Approximate o-derivatives of functions in the class &

We denote by & the class of all finite functions f(x) defined on Q such that
if xo€ D, then f(x) tends to finite limits as x tends to x, + and x, — over the
set S; these limits are denoted by f(x, +) and f(x, —) respectively. If fe F, we
define the function f as follows:

f(x) = f(x) if xeS8,
= 3f(x+)+f(x—)] if xeD.
In this section we consider only the functions of the class %.

DeriNITION 3.1. For any given real number ¢ we define the function

Y(f; ¢, x) by
[/(x) ~ AOY[@(x) - @(8)] if @(x) # @(é),
Y(f; &%) =4 [fC+)—f€ ) )[wE +) —w& —)] if x =¢eD,
0 otherwise.

The upper and lower approximate limits (w) of Y(f; &, x) at ¢ are defined to be
the upper and lower approximate w-derivatives of f at &, and are denoted by
ADf, (&) and ADf (&) respectively. The right (left) upper and lower approximate
w-derivatives are defined in a corresponding way. They are denoted by
ADTF (), AD, f, (&), AD-f,(!) and AD_f, (&) respectively. If ADf, (&)
= ADf (&), the common value is denoted by (ap)f.,(¢) and it is called the
approximate w-derivative of f(x) at & If AD* £, (&) = AD, f,(&), the common
value (ap)f’, (&) is the right approximate w-derivative. We define (ap)fL (&)
analogously.

The ordinary upper and lower right [left] w-derivatives of f(x) at ¢ are
respectively the upper and lower limits of  (f; &, x) as x> &+ [x—> & — 1.
These are denoted by D*f,(¢) and D, f(&)[D~f,(&) and D_f, (] If
D*f (&) = Dy f(E)[DfE) = D_f,(§)] the common value is denoted by
Fro©O[fLo(E)]. If all the four w-derivatives at ¢ are equal to one another, the
common value is denoted by f,(£) and it is called the w-derivative of f(x) at ¢.

It is clear that f(x) = O for every xe S, and f(x) = [f(x +)—f(x —)]/
[o(x +) — w(x — )] for every x e D.

THEOREM 3.1.

() AD_fu(x) £ AD f, (%)
(i) AD,fu(x) £ AD¥f(x)
(iii) ADf,(x) < ADf,(x).
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THEOREM 3.2. If f1 () exists, then (ap)f.(&) also exists and (ap) f (&) = £, ().

THEOREM 3.3.
(i) AD.(—flo(x) = —ADFf(x)
(i) ADH(cf)o(x) = c: ADH (%) if ¢>0

(iii) AD*(f + 9)u(*) = AD*,(x) + AD *g,(x)
(IV) AD :t(f + g)m(x) g AD :tfw(x) + AD :tgm(x)9

equality holding in (iii) and (iv) if for at least one of the functions f(x) and
g(x) the upper and lower approximate w-derivatives on the appropriate side
are equal, it being assumed that the expressions on the right in (iii) and (iv)
are meaningful.

The proofs are straightforward and simple.

THEOREM 3.4. If f(x) be w-measurable on [a,b], then the approximate
w-derivatives of f(x) are also so on [a,b].

PrOOF. We prove the theorem for AD*f,(x). The proofs in other cases are
analogous. Since | S, U S, |, = 0and every subset of D is w-measurable, AD* f,(x)
is w-measurable on (S, U S, UD) N[a,b]. It is, therefore, sufficient to prove
that AD*f,(x) is w-measurable on S% = [a,b] N S;.

Suppose, if possible, that AD* f,(x) is not w-measurable on S;. Then from
theorem 1.3 it follows that there is a real number r such that the sets

E, = {x;xeSand AD*f(x) <r}, E' = {x; xeS5 and AD*f,(x) = r}

are not w-separated. So by the same theorem there exists ¢ > 0 such that any
set E; < E, with o*(E,) > w*(E,) — 2¢ is not w-separated from any set E, < E"
with 0*(E,) > w*(E") — 2¢. Let

A, = {x; xeE, and AD* w(x)<r—n—1}, n=12-
Then A, < A,,; and E, = -, 4,. So w*(4,) » w*(E,) as n — oo. Therefore

we can choose a positive integer N such that w*(A4y) > w*(E,) — &. For every n
we denote by B, the set of points x € E” such that for each x € B, the set

- o — _ 1
(x5 x' > x and [f(x') = FONBE) — B0] > 7~ 5}
has upper right w-density > (1/n) at x. Then B, <B,,, and E" = U_, B,.

So there exists a positive integer m with w*(B,,) > w*(E") — ¢. For each n, denote
by C, the set of points x € Ay for which
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(/) ~ f&YBG) ~ B < 7 — 5
except possibly for a set {x'} with

o*{x’}0lx,x+ k) _ 1 1
-_ < —
@) |[x,x T < yp whenever 0 < h < -

Clearly C, < C,,, and Ay = U2, C,. So for some k,
w*(Cy) > w*(Ay) — ¢ > 0*(E,) — 2e.

By the assumption made about the number ¢, it now follows that the sets B,, and
C, are not w-separated. Hence by theorem 3.6 [4] the set of points of B,, at each
of which the w-density of C, is 1 is of outer w-measure > 0. Also f(x) is w-ap-
proximately continuous a.e. (w) on [a, b]. So we can find a point ¢ € B,, which is
a point of density (w) of C, and at which f(x) is w-approximately continuous.
Then from the definition of B,, we see that the set

B = |x;x>¢ and [/(v) ~ fOU[@C) - O] > r — 50

has upper right w-density > (1/m) at £. So we can find hy with 0 < hy < (1/k)
such that

® OB OLEE+ho]) > - - [[E,E + o]l

Since £ e S’ we can find 6 with 0 < 6 < hy, & + € S such that

1
(9) |[€ax]lm<m',[£’é+ho]lw
for any x in [{, ¢ + 8]. Take an arbitrary but fixed point x of C, N (&, ¢ + ) and
set

C = {x; [f(x) = f][6(x) - d(x)] = r — Nl— .

Then by (7) we have

o*¥(C N[x,x + k]) 1 1
- < -
I[x,x+h]l,,, <4m when0<h=k.

Noting that & + hy — x < (1/k) we get, using (9) and (10),

(10)

() @*CN[EE+ ho)) = 0*(C A& x]) + 0*(C A[x, & + hol)

1
<|[&x]]o + m |0, € + hollw
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< o [ E+ hollo+ o |[EE+hollo = = - [ (&8 + ho]
4m ’ 0l |o 4m H odjw 7,71 » 0 Im'
Write P = B\ C. Then from (8) and (11) we deduce
1
(12) Zn— : I [f,é + ho] Iw < w*(P N [6,5 + ho])
Also, using (9), we get

1) P ALEE+D £ [[6E+6]la <z |[&E+ holla.

From (12) -and (13) we conclude that there are points ¢'e€ P with &+ 6 < ¢&
< &+ hy. For such a ¢’ we have simultaneously

(14) [/€) - JOUIBE) = 5(O] > r ~ 5
and
(15) [7E) - FoBE) - 3] < r - 7v1“

From (14) and (15) we get
S = (&) > r - [6(x) —@(8)] +oy @) + @) - 20(x)].

So we have, as x,£€ S,
(16)  f(x) = f(O)>r " [w(x) — o(&)] *tIN [+ 0) + w(§) - 20(x)].

The right hand side of (16) tends to (1/2N) - [w(& + &) — w(&)] as x - & + . So
there is a J, (0 < §, < 6) such that

) J0) = 1@ > g3 [+ 8) — w(©)] > 0

for all xe C, N (&, & + ;). Since C, has w-density 1 at &, the relation (17) contra-
dicts that f(x) is w-approximately continuous at &£. This proves the theorem.

THEOREM 3.5. If f(x) be w-measurable on [a,b], then the w-derivatives of
f(x) are also so on [a,b].

PrOOF. We prove the theorem for D*f,(x). The proofs in other cases are
analogous.

As remarked in Theorem 3.4 it is sufficient to show that D* f,(x) is w-meas-
urable on Sj. Suppose, if possible, that D* f,(x) is not w-measurable on Sj.
Then there is a real number r such that the sets

E, = {x;xeS; and D*f,(x)<r}, E"= {x; xeS; and D" f(x) = r}
are not w-separated.
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Let {¢;} be a strictly increasing sequence of real numbers tending to r. Let
E, denote the set of points & € E, for which

fE+m~f(0)
(¢ + h) — @(&)

1
< ¢; whenever 0 < h < —.

(18) X

Then for sufficiently large i and k (henceforth fixed) the sets E;, and E" are not
w-separated. This in conjunction with a.e. (w) w-approximate continuity of f(x)
and the Theorem 3.6 [4] gives that there is a subset E < E" with w*(E) > 0, at
each point of which f(x) is w-approximately continuous and E; has w-density 1.
Let € E and ¢ be a real number with ¢; < ¢ < r. Since D *f («) > ¢, there exists
h" with 0 < h' < (1/k) such that

(19) flla+ k) = f@]/[o(+ h') — B(@] > c

Since « €S is a point of density (w) of E,, « is a limit point of E; on both
sides. We take any point fe(a,a + h')NE, and write h = a + h" — £, Then
0 < h < (1/k). The relations (18) and (19) give

fla+h'y—flay>c: [@(a+h')— d(x)]
and
JE+h) = f(&) < ;" [@B(E+ h)— @(&)].
Soweget,asé +h=a+h'and o, E€ S,
f(&) = f(@) > [B(x + h') — w(a)]
Ae—¢; [@(a+ h') — w(@)]/[@(x + h') — w(@)]},

the right hand side of which tends to [@(a+ h') — w(e)] " (c —¢;) >0, as
¢—>a+ over E,. This contradicts the fact that f(x) is w-approximately con-
tinuous at «. This proves the theorem.

THEOREM 3.6. If f(x) is monotone on [a,b], then fj(x) exists finitely
a.e. (w) on [a, b].

This can be proved in the usual way.

THEOREM 3.7. Let f(x) be non-decreasing on each interval of (S, US,)
N{a,b]. If AD,f(x) 2 0 on [a,b),AD_f,(x) = 0 on (a,b], then f(x) is non-
decreasing on [a, b].

Proor. Let «, f( > o) be any two p-intsin [a,b]. Choose ¢ > 0 arbitrarily.
Let

E={x;xzaand y(f;a,x)= —¢}.

From the hypothesis it is clear that x € E implies
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(20) f) = f@) 2 — & [@(x) — 3()].

Since AD, f,(a) = 0, the set E has right w-density 1 at a. So there is a point
£, > o of E such that

CO*(E N [(Z, 61]) g % ' I [Ot, 51] ‘ar
Now let

Ey={x;x2¢ and Y(f;¢1,x) 2 —¢}.
Then x € E, implies
@n fx) = f&) 2 — & [a(x) — &)

Taking x = &, in (20) and then adding with (21) we get f(x)—f(@) = —¢
- [@(x) — @(x)], which shews that E, < E. Since ADf,(£,) = O, the set E has
right w-density 1 at £,. So there is a point £, > &, of E such that

w¥EN [éx,fz]) 2 %I [51,52] lw'

Proceeding thus we obtain a strictly increasing sequence {¢,} from E such that

¢, < B and

(22 W*EN[E-1, 8D Z 3] [En-15 Ea -
By (20) we have

(23) fC)—f@) z —&- [@(,) - B(@)].

Let £ = lim,_,,, &,. If £ D, making n — oo in (23) we get

fE-)=fl) z — & [0 ~) - B(@)]

Also as f(¢) = 0, we have f(€ +) = f(¢ — ). We deduce that £ € E. Next suppose
that £ € S. Then using (22) we easily deduce that

OMEN[L,ED 24 |[&n o, n=12-
This implies that the upper left w-density of E at £ is = 1. If £ ¢ E we must have
f@) =S < —&- [@() — D]
Hence for all x e(x, &) N E we have
(24) O = fx) < — e [@(8) — a(x)].

Since E has upper left w-density = 4 at &, the relation (24) contradicts that
AD_f (&) = 0. Hence (€ E.

If ¢ < B, we cover the interval [a, f] by a Lebesgue chain and thus obtain

(25) fB)~fl0) =2 ~ & [B(B) — B(@)].
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Since ¢ > 0 is arbitrary the relation (25) gives f(B) = f(«), which proves the
theorem.

THEOREM 3.8. Let E = [a,b] \ Sq with | E|, = 0 and k be any given positive
number. Then there exists a non-decreasing function o(x) on Q such that
D,o,(x) = + oo for every xe E\Sg and D_o,(x) = + oo for every xe E\S{
and 6(b) = k, 6(a) = 0.

ProOF. Clearly E = S. Let {G,} be a sequence of open sets containing E with
G,+1 =G, and | G,|, < (1/4"). We define the functions p,(x) on Q by

1(x) = 2" | G, N (= 00,x] ],
and set
p(x) = X7-1 pa(x).

Then p(x) is finite and non-decreasing on Q. Let x, € E \ Sg . For every n there is
an open interval I, < G, with x,e1,. Let N(h) denote the number of open sets
G, which contain the interval [xg,xo + h]. Then it is obvious that N(h) — o as
h— 0 +. So for an arbitrary h > 0 we have

p(xo+ h) — plxg) = Z7-,2"- I G, N[xg, %0 + h]|,
g Z:'\’glizn . IGn n[xmxo + h]lw

> 2N(h) . l[xO’xo +h]|m'

Hence it follows that for all x > x,,

p(x) ~ p(xo) = [@(x) — @(xp)] - 2VF ),
which implies
Dyp,(x9) = + 0.

Similarly, if x € E\ Sg, we can show that D_p_(x) = + oo. Then the function
o(x) = k - [p(x) — p(@)}/[p(b) — p(a)]

fulfills all the conditions of the theorem.

4. The w-approximately continuous Perron-Stieltjes Integral

DErINITION 4.1. A function M(x) in % is called a major function of an
arbitrary function f(x) on [a, b] if

@ M(a) = 0,
(iiy ADM,(x) > — oo forall xefa,b],
(iii) AD_M,(x) = f(x) forevery xe(a,b]\[S, U(S NSI)]
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and AD M (x)= f(x) forevery xefa,b)\[S, U(S NSy)],
(iv) M(x) is non-decreasing on each interval of [a,b] N (S, U S,).
A function m(x) in .# is a minor function of f(x) on [a, b] if
(i) m(a) = 0,
(ii') ADmy(x) <
(iii’) AD " my(x) £ f(x) forall xe(a,b]\[S,U (SNSH)]
and ADm,(x) £ f(x) forall xe[a,b)\[SeVU (SNS;)],

+ o forall xela,b],

(iv’) m(x) is non-increasing on each interval of [a,b] N (S, U S,).

Note. The existence of at least one major function and at least one minor
function of f(x) on [a, b] guarantees that f(x) is finite on D N [a, b].

THEOREM 4.1. If M(x) be a major function and m(x) be a minor function of
f(x) on [a,b], then M — i is non-decreasing on [a,b], and in particular
M(b) = 7(b).

PRrOOF. Let g(x) = M(x) — m(x). Then ge#. By definitions of major and
minor functions, ADM,(x) — ADm,(x) is well defined on [a,b]. So, using
Theorem 3.3 we deduce that 4D,g,(x) = 0 on [a,b) and AD_g(x) = 0 on
(a,b]. Further g(x) is non-decreasing on each interval of [a,b] N (S, U S,).
Therefore by Theorem 3.7 g(x) = M(x) — m(x) is non-decreasing on [a, b].
In particular M(b) — m(b) = M(a) — m(a) = 0. This completes the proof of the
theorem.

DEFINITION 4.2, Given any function f(x) on [a,b], we define the function
wy(x) on L as follows:

w/(x) = f(x) - [o(x +) — w(x —)] if xeD N[a,b],
=0 elsewhere.

DEFINITION 4.3. Let f(x) be any function defined on [a,b] possessing at
least one major function M(x) and at least one minor function m(x) on [a, b].
Then f(x) is said to be w-approximately Perron-Stieltjes integrable, in short
(APS)-integrable, on [a,b] if sup,m(b) = infy,, M(b). The common value is
then denoted by (APS) — [2fdw and is called the (4PS)-integral of f(x) on
[a,b].

Since there is no chance of confusion with other types of integrals we delete
the prefix (APS) from our notation of integrals that follow. It is obvious from
the deflnition that

THEOREM 4.2. A necessary and sufficient condition that f,'jfdw may exist

https://doi.org/10.1017/51446788700019856 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700019856

[15} On w-approximately continuous integrals 143

is that for every & > 0 there is a major function M(x) and a minor function
m(x) of f(x) on [a,b] such that M(b) — m(b) < e.

TueorReM 4.3. If [2f dw exists and if a < ¢ < b, then each of the integrals
{&f do and (X f dow exists and further

J;cfdw + J;bfdw = f:fdw.

PRrOOF. Let ¢ > 0 be given. Then there exists a major function M(x) and a
minor function m(x) of f(x) on [a, b] such that

(26) M(b) — m(b) <.

Now M(x) and m(x) qualify as major and minor functions of f(x) on [a,cl,
while M(x) — M(c) and m(x) — #(c) serve for those on [¢, b]. Now by Theorem 4.1
and relation (26) we get

M(c) — m(c) < M(b) — m(b) <,
and
[M(b) — M(c)] — [m(b) — m(c)] <&,

which imply the existence of fifdw and [2f dw respectively. Again, by definition
we have

i(e) < f " fo < H()

and

i) = i) < | fiw < () — (o),
which give on adding
1) A(b) < f fdo + f o < H().
Also we have
28) ) < [ Tdw < M)
Relations (26), (27) and (28) give that

J;cfdw+ J;bfdw——J;bfdco’ <e.

Since ¢ > 0 is arbitrary, it follows that

J;cfdw +J;b fdo = J;bfdw.
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This completes the proof of the theorem.

COROLLARY 4.3.1. If [bfdw exists, then for a S a < B < b, [5fdw exists.

THEOREM 4.4. If [ fdw and [? fdw both exist, where a < c <b, then [
fdw exists.

PrROOF. Let ¢ > 0 be given. Then there is a major function M,(x) and a
minor function m,(x) of f(x) on [a,c] such that

(29) M, (c) — m(c) <se;

there are major and minor functions M,(x) and m,(x) on [¢, b] such that
(30) M ,(b) — 1y(b) <e.

Let us define

M(x) = M,(x) forx=Zec,

M,(x) + M (c) for x >c;
and
m(x) = my(x) for x <,

my(x) + m,(¢) for x>c.

Then clearly M, me #. We can easily verify that M(x) and m(x) qualify as
major and minor functions respectively of f(x) on [a,b]. Now we have, using
(29) and (30),
M(b) — m(b) = [My(b) + M,(c)] — [7,(b) + ()]
[M(b) — my(b)] + [M(c) — ()] < 2e.

Hence we conclude that | b fdw exists.

DEFINITION 4.4. If [?fdw exists, we define the function F(x) by

rj fdw ifa<x £ b,
1 .
F(x) = 4 F(b) + ta (b) if x > b,
—tw,(a) if x < a,
LO if X = a.

Then F(x) is called the indefinite (APS)-integral of f(x) on [a,b].
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THEOREM 4.5. If j',',’fdw exists, then the corresponding indefinite integral
Fe &. Specifically, F(x +) = F(x) + o (x) and F(x —) = F(x) — 3w(x) if
xeD.

Proor. It is sufficient to restrict our consideration to [a, b] only. We have
Fla—) = -loia) = F(a) —dwa) and F(b+) = F(b) + jw.(b). Now
choose ¢ > 0 arbitrarily. Then there is a major function M(x) and a minor func-
tion m(x) of f(x) on [a, b] such that

(1) H(b) — 3e < F(b) < (b) + %e.

< wda) < M(a+) — M(a — ). But M(a) = rii(a) = 0. Hence we deduce,
(32) m(a +) < to @) < M(a +).
If 6 > 0 be sufficiently small and x € S N (a,a + ), then we have

33) ma+)—e<mx) EMx)<M(a+)+e
and
(34) m(x) < F(x) £ M(x).

From (31), (32), (33) and (34) we deduce that

| F(x) — 3w (a)| < 3¢ for all xeS N(a,a + 5).
Hence
F(a +) = twga) = F(a) + 1w 4(a).

Next, suppose that be D. Then there is a sufficiently small A > 0 such that
forxeSnN(b—h,b),

(35) mb-)—}e<m(x) L F(x) < M(x)<M(b—-)+}e.
Also we have
(36) mb+)—mb—) < wb) < M(b+)— M(b-).
From (31), (35) and (36) we deduce that

— Y& < F(x) — [F(b) — 3w/ (b)] < %efor all xe S N (b — h,b).

Hence F(b — ) = F(b) — 1w «(b).

Now let ce D Nn(a,b). Let F{(x) and F,(x) be respectively the indefinite
integrals of f(x) on [a,c] and [¢,b]. Then F(x) = F,(x) for x < ¢ and
F(x) = F,(x) + F(c) for x = ¢. Hence by what has been proved above, we get

F(c—) = Fi(c —) = Fy(c) — 3w(c) = F(c) — o),
and
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F(c+) = Fy(c +) + F(c) = 3,(c) + F(c).
This completes the proof of the Theorem.
COROLLARY 4.5.1. F (c) = f(c) for every ce D N[a,b].

THEOREM 4.6. Let F(x) be the indefinite integral of f(x) on [a,b]. Then for
any major function M(x) and any minor function m(x) of f(x) on [a,b], the
Sunctions M(x) — F(x) and F(x) — mi(x) are non-decreasing on [a, b].

PrOOF. Let a < x; < x, < b. Then M(x) — M(x,) is a major function and
m(x) — m(x,) is a minor function of f(x) on [x,,x,]. Now the theorem follows
from the inequality

) = () £ Fxp) = Fxp) = [ o < W(es) = FiCy)

v Xy

THEOREM 4.7. The (APS)-integral of an arbitrary function f(x) is zero on
each closed interval on S, U S, .

ProOF. Let [a, b] be an interval on S, U S,. Then M(x) = 0 qualifies both
as a major function and a minor function of f(x) on [a,b]. So [2fdw = 0.

COROLLARY 4.7.1. If [ fdw exists, then the indefinite integral is constant on
each interval of (S, U S,) N[a,b].

This follows from Theorems 4.3 and 4.7.

THEOREM 4.8. Let fe F. If (ap)f.(x) exists finitely on [a,b] and f(x) is
constant on the intervals of (Sq U S;) N[a,b], then [X(ap)fiyx)dw exists and
has the value f(b) — f(a).

Proor. The function f(x) — f(a) qualifies both as a major function and a
minor function of (ap)f,(x) on [a,b]. Hence the theorem follows.

THEOREM 4.9. Let [fdw exist and F(x) be the corresponding indefinite
integral. Then (ap)F,(x) exists finitely a.e. (w) and (ap)F.(x) = f(x) a.e. (w)
on [a,b].

Proor. By Theorem 4.5 F belongs to the class & and by Corollary 4.5.1
F. (&) = f(&) at every point £€ D N [a,b]. Now let

A = {x;xe(a,b) N S; and ADF,(x) <f(x)}.
Choose ¢ > 0 arbitrarily. For each positive integer n, let

A, = {x;x€A and ADF,(x) <f(x) - ¢/2"}.
There is a major function M(x) of f(x) on [a, b] such that
37N M(b) — F(b) < e*[2%"*,
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Write R(x) = M(x) — F(x). Then by Theorem 4.6 R(x) is non-decreasing on
[a, b] and hence by Theorem 3.6 R,,(x) exists finitely a.e. (w) on [a,b]. If xe 4,,
ADM (x) — ADF (x) = R.(x) > (¢/2") provided R,(x) exists. Let E denote the
set of points of (a, b) N S5 where R.(x) exists finitely. Then

ENA,< B, ={x;xeE and R;(x) > ¢/2"}.

To each point ¢e B, we can associate a sequence of closed intervals {[¢,¢]}
with &;e€(a,b) NS and &;— & + such that

(8 [RE)-ROV@E) - 0@]> %  i=12-

By Theorem 1.1 we can choose a finite number of disjoint such intervals
A, A,, A, for which

(39) i=10*B, N A) > w*(B,) — 2"

From (37), (38) and (39) we deduce that w*(B,) < ¢/2", and hence w*(4,) < &/2".
But 4 = |J;-1 A,. Therefore w*(A4) < e. Since & > 0 is arbitrary, it follows that
w*(4) = 0.

If B={x;xe(a,b) N S;and ADF (x) > f (x)}, we can show, by introducing
a minor function, that w*(B) = 0. Hence if xe(a, b) N S; \ (4 U B) then

ADF(x) < f(x) £ ADF (x),

which gives that (ap)F,(x) exists and equals f(x). Since | S, US, WA UB Ia, =0,
we conclude that (ap)F,(x) exists and equals f(x) a.e. (@) on [a, b].

Now let R(x) = M(x) — F(x) and r(x) = F(x) — i(x), where M(x) and
m(x) are major and minor functions of f(x) on [a,b]. Let C denote the set of
points in [a, b] at which (ap)F.(x) exists and R,(x), r,(x) both exist finitely.
Then |C|, = |[a,b]|,. If x€ C, we have

(ap)Fo(x) = ADM,(x) — Ry(x) = ADMy(x) — Riy(x) > — o0
and

(ap)F,(x) = AD#i (x) + ry(x) = ADm,(x) + rj(x) < + .
So (ap)F,(x) is finite on C. Hence the theorem follows.

THEOREM 4.10. If f,’,’f dw exists then the corresponding indefinite integral
F(x) is w-approximately continuous on [a, b].

PROOF. Let ¢ > Qbe given. Then there is a major function M(x) and a minor
function m(x) of f(x) on [a, b] such that for all xe[a, b],

(40) 0 M(x)—F(x)<eand 0 < F(x)—rﬁ(x)<8.
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By Note 2.2 F(x) is w-approximately continuous at every p_OHlt of D. Now
choose ce[a,b] NS arbitrarily. Since ADM,(c) > — oo and ADm,(c) < + oo,
we can find K > O sufficiently large so that except for a set {x} with w-density 0
at ¢, we have
M(x)—M() £ — K- [o(x) -w(c)], x<c
@b Mx) - M) 2 - K- [@(x) - w(@], x>c

mx)—m(e) 2 K- [@(x) - @], x<c

m(x) —m(c) £ K- [o(x)-o)], x>c
From (40) and (41) we deduce that
|F(x) — F(o)| <&+ K - |®(x) — o(c)],

except for a set {x} with w-density 0 at ¢. Since @(x) - w(c) as x — ¢, it follows
that F(x) is w-approximately continuous at ¢. Hence the theorem follows.

COROLLARY 4.10.1. Let f(x) be (APS)-integrable on [a,b]. Then f(x) is
necessarily w-measurable and finite a.e. (w) on [a,b].

This follows from Theorems 4.9, 4.10, 3.4 and Corollary 2.4.2.

COROLLARY 4.10.2. If f(x) be (APS)-integrable on [a, b] then the major and
minor functions of f(x) possess finite approximate w-derivatives a.e. (w) on

fa,b].

THeOREM 4.11. If [bfdw exists and g(x) = f(x) a.e(w) on [a,b], then
[2gdw exists and [bgdw = [ fdw.

ProoF. Let E denote the set of points of [a,b]\ S, for which g{x) # fx).
Then |E]m = 0. So given ¢ > 0 there exists, by Theorem 3.8, a non-decreasing
function ¢(x) with (b) = ¢ and 6(a) = 0. There are major and minor functions
of f(x) on [a, b] such that M(b) — m(b) < &. Then M(x) + o(x) and m(x) — o(x)
are major and minor functions of g(x) on [a,b] such that [M(b) + 5(b)]
— [ m(b) — G(b)] < 3e. Since ¢ >0 is arbitrary, it follows that fﬂ gdw exists.
Finally, the relation #i(b)—¢ = m(b)—6(b) £ [Jgdw < M(b) + 6(b) = M(b) +¢
gives that [Pgdw = [/fdw.

THEOREM 4.12. Let f(x) be Lebesgue-Stieltjes summable with respect to
w(x) on [a,b]. Then (APS) — % fdw exists and

(APS) — f fdw = (LS) ffdw — 3o (a) + wy(b)].

THEOREM 4.13. If f(x) be non-negative and (APS)-integrable on [a,b]
then it is (LS)-summable on {a, b].
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Proofs of these two theorems are analogous to those of the corresponding
theorems 1 and 2 in {9] (p. 168-169).

5. AC — w and ACG — o functions belonging to the class &

DEFINITION 5.1. A function Fe & is said to be AC — w below, [AC —
above] on a set E if for every ¢ > 0 there exists 6 > 0 such that for every finite
set of non-overlapping intervals {(x;,x{)} with end-points on E and with
2| [x;x;]], < 8, we have

T{F(x)— Fix)} > — &, [Z{F(x)) — F(x)} <¢&].

F(x) is said to be ACG — w below [ACG — w above] on E if E is the union
of a countable number of sets on each of which F(x) is AC — w below [AC —
above]. F(x) is ACG — w on E if it icboth ACG — w below and ACG — w above
on E.

THEOREM 5.1. (cf. [8], lemma 4.1, p. 261). If ADF,(x)> —w on E and
F(x) be non-decreasing on E N1 for every interval I on which w(x) is constant,
then F(x) is ACG — w below on E.

THEOREM 5.2. (cf. [8], p. 263, lines 2, sqq.). The indefinite integral of
an (APS)-integrable function on [a,b] is ACG — w on [a, b].

THEOREM 5.3. (cf. [8], lemma 2.1, p. 254). A function F(x) which is
ACG —  on [a, b] necessarily fulfills the condition (Nw), that is | F[H]| = 0
for every set H < [a,b] with |H|,, = 0.

The definitions adopted in this article are analoguos to those in Yoto Ku-
bota’s paper [8]. The proofs of the Theorems 5.1-5.3 are also analogous to those
of the corresponding results in [8]. Kubota, with his notion of ACG, has defined
the AD-integral ([8], §2) by the method of Saks [11]. We show that the same
method leads us to the ‘“‘w-approximately continuous Denjoy-Stieltjes Integral’’
or “‘the (ADS)-integral’’.

THEOREM 5.4. Let F € # and be such that
(i) F(x) = F(x) and F(x) is w-approximately continuous on [a,b],
(i) F(x—) £ F(x+) for all xeD N[a,b],
(ii1)  F(x) is non-decreasing on the intervals of (S; U S,) N[a, b],
(iv) F[E] contains no interval, where

E = {x;xe[a,b]\(Sq US,) and AD_F,(x) < 0}

Then F(x) is non-decreasing on [a,b].
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PrOOF. Suppose, if possible, that a < ¢y < dy < b, while F(dy) < F(cg).
As F[E] contains no interval there is y, such that F(d,) < yo < F(co), yo ¢ F[E].
Let A = {x; x€[co,do] and F(x) > yo}. Then ¢, € A. As F(x) is non-decreasing
on the intervals of (S, U S,) N{a,b] and F(x) is w-approximately continuous
at every point of [a, b], so 4 has right w-density 1 at every point of 4. We can
therefore find ¢,€ A N S such that

w*(A N [cn-l:cn]) g. %l [cn—la Cn]lan

co<Cy<cy<-<dy. Let ¢,—»a If aeD, then as F(c,) > y, for all n, so
F(o—) = yo ' SoF(a) = yo. If F(ex) = y,, then clearly F(a —) = F(a +) = y,.
This means F_(x) = 0, which contradicts that y,¢ F[E]. Thus F(x) > y,. If
o€ S, then we have

w*(A N [cma]) g % ' Z:O=n|[cn Crt 1] lw é % : I[cn’ IX] |m

for all n = 1,2,3,---. So the upper left w-density of A at o is > 0. We assert
again that F(a) > yo. Suppose that F(«) = yo. Then for all xe 4 N[e¢q,a] we
have

[F(2) — F(x)]/[®(@) — @(x)] < 0,

so that AD_F (o) < 0, which contradicts that y,¢ F[E]. If F(a) < y,, then as
F(x) is w-approximately continuous at a, the set 4 should have w-density 0 at a,
which is not the case. Thus in all cases o€ 4. If a < d,, covering [cq,d] by a
Lebesgue chain of intervals we get F(d,) > y,, leading to a contradiction. This
final contradiction establishes the theorem.

This theorem enables us to enunciate the following.

DEFINITION 5.2. Let f(x) be any function defined on [a, b] and suppose that
there exists a function F € # such that
(i) F(x)is w-approximately continuous on [a, b], F(x) = F(x)on D N [a,b],
(ii) F(x) is ACG — w on [a,b] and F(x) is constant on the intervals of
(So Y S;) N[a,b],
and
(iii) (ap)F,(x) exists finitely a.e. (@) on [a, b] and (ap)F.(x) = f(x) a.e. (w)
on [a,b].

Then f(x) is said to be integrable in the w-approximately continuous Denjoy-
Stieltjes sense or (ADS)-integrable and we write

(ADS) — f ’ fdw = F(b) — F(a).

The function F(x) is said to be an indefinite (ADS)-integral of f(x) on
[a,b].
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Definition 5.2 requires a uniqueness theorem which is furnished below.

THEOREM 5.5. If Fi(x) and F,(x) are any two indefinite (ADS)-integrals
of f(x) on [a,b], then Fy(b) — Fy(a) = F(b) — Fy(a).

ProoF. Let ¢> 0 be given. Consider the function F(x) = Fy(x) — Fy(x)
+¢&- @(x). Then F(x) = F(x) is w-approximately continuous on [a,b] and
(ap)F.(x) = ¢ > 0 a.e. (w) on [a, b]. So the set

E = {x; xe[a,b] and AD_F (x) < 0}

is of w-measure zero. But F(x) is ACG — » on [a,b]. So by Theorem 5.3
IF [E]| = 0. Hence F[E] contains no interval. At the points of D N [a, b], we have
Fi(x) =&>0-So F(x +) > F(x — ). Also F(x) is non-decreasing on the inter-
vals of (S, U S;) N [a,b]. Hence by Theorem 5.4 we have

Fi(b) = Fy(a) Z Fy(b) — Fy(a) — & - [a(b) — &(a)].
Since ¢ > 0 is arbitrary, it follows that
(42) Fy(b) — Fy(a) 2 Fy(b) = Fy(a).
Interchanging F, and F, we get,
(43) Fy(b) — Fy(a) 2 Fy(b) — Fy(a).

Combining (42) and (43) we get the required result.

We note that an (APS)-integrable function is necessarily (ADS)-intergrable
and the two integrals have equal value. It is easy to verify that the ADS-integral
possesses all the usual fundamental properties of an integral.

In conclusion I express my gratitude to Dr. P. C. Bhakta for his kind sug-
gestions in the preparation of this paper.
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