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ABSTRACT.  Let C,D, D* be, respectively, the complex plane, {z € C : |z| < 1},
and D — {0}. If P}(C) is the Riemann sphere, the Big Picard theorem states that if
f:D* — P'(C) is holomorphic and P!(C) — f(D*) has more than two elements, then
/ has a holomorphic extension f: D — P!(C). Under certain assumptions on M, 4 and
X C Y, combined efforts of Kiernan, Kobayashi and Kwack extended the theorem to
all holomorphic f: M — A — X. Relying on these results, measure theoretic theorems
of Lelong and Wirtinger, and other properties of complex spaces, Noguchi proved in
this context that if M — 4 — X and f,: M — A — X are holomorphic for each n
and f, — f, then f, — f. In this paper we show that all of these theorems may be
significantly generalized and improved by purely topological methods. We also apply
our results to present a topological generalization of a classical theorem of Vitali from
one variable complex function theory.

1. Introduction. Let H(X,Y) be the family of holomorphic mappings from the
complex space X to the complex space Y. If C is the complex plane, D the unit disk,
{z € C: |z| < 1}, and D* = D — {0}, the punctured disk, the Big Picard theorem

asserts:

(1°) If f € H(D*, C) has an essential singularity at 0, then C — f(D*) has at most one
element.

If P!(C) is the Riemann sphere, the result in (1°) may be stated in terms of P'(C) as
in (2°).

(2°) I f € H(D*,P'(C)) and P'(C) — f(D*) has more than two elements, then / has
an extension f € H (D, PI(0)).

This theorem has been extended as below in (3°) to higher dimensional settings by the
combined efforts of Kiernan, Kobayashi and Kwack (see pp. 39-60 of [L] culminating
in the “K> Theorem”).
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(3°) Let X be a relatively compact hyperbolically imbedded complex subspace of a
complex space Y. Let M be a complex manifold and let A be a divisor on M with normal
crossings. Then each f € H(M — 4,X) extends to f € H(M, Y).

Noguchi proved the following theorem (4°) for D on preservation of uniform conver-
gence on compact subsets by holomorphic extensions [No 1] and also established (5°),
a higher dimensional version of (4°) (see [No 2] and Theorems 4.1 and 5.4 of Chapter II
in [L]). All function spaces in this paper are endowed with the compact-open topology
(see [Ke] for definition and particulars). The closure of a subset A of a topological space
will be denoted by A.

(4°) Let X be a relatively compact hyperbolically imbedded complex subspace of a
complex space Y. Let /' € H(D*,X) and let {f,} be a sequence in H(D*, X) such that
fo— f. Thenf, — f.

(5°) Let X be a relatively compact hyperbolically imbedded complex subspace of a
complex space Y. Let M be a complex manifold and let A be a divisor on M with normal
crossings. If f € HM — A4,X) and {f,} is a sequence in H(M — A4, X) such that f,, — f,
then f, — f.

It should be pointed out that Noguchi [No 2] has improved (5°) by allowing f €
H(M — A,Y); in the process, he showed that (3°) is valid for f € H(M — 4,X) (the
closure being taken in H(M — A4, Y)).

The proofs of (4°) and (5°) as given in [L] rely on (3°), measure theoretic results of
Wirtinger and Lelong for complex spaces and additional complex space arguments (see
pp- 43—64 in [L]). In [J-K], proofs of extensions of (4°) and (5°) are given which escape
the reliance upon measure theory and complex space arguments other than those needed
to establish (3°). It is shown that extensions and generalizations of (3°), (4°) and (5°)
may be based solely on the theory of function spaces and (6°).

(6°) The following statements are equivalent for a complex subspace X of a complex
space Y:

(i) X is hyperbolically imbedded in Y.
(i) If {/,} and {z,} are sequences in H(D*, X) and D* respectively such that z, — 0
and f,(z,) — p, then f,(z,,) — p for each sequence {z, } in D* such that z, — 0.
(iii) For any complex manifold M and divisor A on M with normal crossings, if {f; }
and {z, } are sequences in H(M — 4, X) and M — A respectively such that z, —
z € M and f,(z,) — p, then f,(z,) — p for each sequence {z, } in M — A such that
z, —z.

If X'and Y are topological spaces, we denote the set of functions from X to Y by F(X, Y)

and abstract the properties in (ii) and (iii) of (6°).

PROPERTY k. If X and Y are topological spaces and Xy C X is dense, we say that
Q C F(Xo, Y) satisfies property k with respect to (Xy, X, Y) if for eachx € X,y € Y and
net {(fo, Xa> Vo) } in Q X Xp X Xp such that x, — x, v — x and fo(xo) — y we have
Ja(Va) — y.

In this paper, we use property k to extend and generalize (3°), (4°) and (5°) by purely
topological methods. For facility in reaching these results we give next some definitions
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for topological spaces and notational conventions. The set of open subsets of a space
having x as an element will be denoted by (x) and the Alexandroff one-point compacti-
fication of a space Y will be denoted by Y*. The collection of continuous functions from
a space X to a space Y will be denoted by C(X, Y); if Xy C X, Yy C Yand Q C C(Xo, Yo),
we use the notation C[X, Y; Q] for the collection, of / € C(X, Y) such that f is the unique
extension of /' € Q. All spaces will be Hausdorff and, unless otherwise indicated, ¥ will
always be a locally compact space, while X will always be a k-space. A space is a k-space
if a subset C of the space is closed when CNK is closed in K for each compact subset K
of the space. See [Ke] and [K-T] as references for topological notions used in this paper.

We now give a sample of the results which are established in Section 2 of this paper.

THEOREM. Let Xy be a dense subset of X and let QQ C F(Xo, Y). If Q satisfies property
K with respect to (Xo,X, Y), then

(1) Eachf € Q has an extensionf € C(X, Y*).

(2) C[X,Y*;Q] is relatively compact in C(X, Y).

(3) CLX,Y*; Q] is compact in C(X, Y*).

(4) If {fo} is anetin Q and fo — f, then fo — f.

(5) Qis relatively compact in C(Xp, Y).

In fact, we show that various combinations of these properties produce necessary and
sufficient conditions for Q as described in the theorem to satisfy property x with respect
to (Xo, X, T).

In Section 3, guided by criteria for continuous extendability of functions from dense
subsets, we offer other characterizations of property x as well as two results of
“Ascoli type”. New characterizations of hyperbolic imbeddedness of complex subspaces
are obtained as a consequence.

2. Topological generalizations of results of Kiernan, Kobayashi, Kwack, and
Noguchi for complex spaces. In this section, we offer our main results. To effect these
results, we initially give two propositions to be used in the sequel. The first is an imme-
diate consequence of the topological Ascoli Theorem of Bagley and Yang [B-Y], and
the second is a proposition establishing a characterization of even continuity. If X and ¥
are any topological spaces, we say that Q C F(X, Y) is evenly continuous from A C X to
B C Yifforeacha€ A,b € Band U € 2(b) in B, there are W € Z(b)in Band V' € Z(a)
in A such that

f€Q and fla)e W= f(V)C U.

If Q C F(X,Y) is evenly continuous from X to Y, we say simply that Q is evenly contin-
uous. Proposition 1 follows from Theorem 4 in [B-Y] since if Q is an evenly continuous
family of functions into a regular space, Q must also be evenly continuous, and since,
for each x € X, Q(x) = {f(x) : f € Q} is relatively compact in Y iff {f(x) : f € Q} is
relatively compactin Y.
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PROPOSITION 1. Q C C(X, Y) is relatively compact in C(X, Y) iff
(a) Qs an evenly continuous subset of C(X,Y), and
(b) Q(x) is relatively compact in Y for each x € X.

PROPOSITION 2.  Let X be a space and let Xy C X be dense in X. Then Q C C(X, Y)
is evenly continuous iff Q is evenly continuous from Xo U {v} to Y for each v € X.

PROOF. The necessity is clear. For the sufficiency, letx € X,y € Yand let U € Z(y).
Choose 4 € 2(x), B, W € 2(), such that W C U and such that

f€Q and f(x)eB:»f(An(Xou{x}))cW.

We show that
f€Q and f(x) €EB=f(A)CW.

Letf € Q,z € 4,and let H € Z(f(2)). Since f € C(XoU{z}, 1), choose a Q € %(z) such
that

ONXU{z})) CHONAEZE), s0QNANXo#0 and
D #/(Q@NANX) C (N K U{z}))Nf(ANX U{x}) CHNW.

So f(z) € W and the proof is complete.

REMARK 1. It is apparent from [B-Y] that the requirement that Y be Hausdorff reg-
ular would have been sufficient in Proposition 1 and the requirement that ¥ be merely
regular would have sufficed in Proposition 2. No requirement on the space X was neces-
sary in Proposition 2.

We come to our first main result.

THEOREM 1. Let Xy be a dense subset of the space X. The following statements are
equivalent for Q C F(Xo, Y):
(1) Q) satisfies property k with respect to (Xy, X, Y).
(2) Q satisfies the following two properties:
(a) Eachf € Qextendsto f € C(X,Y"), and
(b) CIX,Y"; Q] is relatively compact in C(X, Y*).

PROOFE.  (2) = (1). If (1) does not hold, we may assume x € X, p,q € Y*, p # qand
anet {(fy, Xa, Vo) } In Q X Xp X Xp such that x, — x, vy — X, fo(Xa) — P, fa(Va) — q.
For each o f;, extends to f;, and there is a subnet {f,,, } of {f..} and g € C(X, Y"*) such that
Jo, — & Ja,(x) — g(x) and CLX, Y*; Q] is evenly continuous, 50 fy, (Xa,) = fa, (Xa,) —
g(x) and fo, (v, ) = fa,(Va,) — g(x), a contradiction.

(1) = (2). Obviously Q C C(Xy, ¥*). To show that f € Q extends to f € C(X, Y*),
it will be sufficient to show that f extends to f € C(Xo U {v}, Y*) for each v € X — X
[B-D]. By (1), for such a v there is a p € Y* such that if {x,} is a net in Xp and xo, —
v, then f(xq) — p. So, we may define f(v) = p. We see that f = f on X, and that
f € C(XoU{v}, Y. Thus (2a) holds. Now suppose v € X and C[X, Y*; Q] is not evenly
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continuous from XoU{v} to Y*. There existx € XoU{v},p € Y, U € Z(p), such that for
each pair (V, W) € Z(x) X Z(p) satisfying W C U, some fiy,w) € Qand x,w) € XoU{v}
satisfy xm) € V, fir.m(x) € W, frmxwm) € Y — U C Y* — W. Order the set of
such pairs by (V1, W)) < (V,, W) iff V, C V, and W, C W,. For each such pair (V, W),

fy w is continuous and f vw)(x) € W, so there is an H € Z(x) such that # C V and
fvm(H) C W. Choose such an H and yy,wy € HN Xo. Then {ym)} is a net in Xo; if
B € 3(p) with B C U and A € Z(x), we have xv,w, yv,w) € A and fivm(yv.m)) € B for
each (V, W) > (4, B). Hence yv,wy — X, xv,wy — x, and fiy,m)(y(v,w)) — p. We see that
xw,wy # x is satisfied for each (¥, W); hence x5, # v is satisfied eventually and we
reach a contradiction of (1) since we may assume that fiy y(xv,w) — q € Y, q # p.
Hence C[X, Y*; Q] is evenly continuous in view of Proposition 2 and, by Proposition 1,
we finish.

Corollary 1 generalizes results of Kiernan, Kobayashi, Kwack and Noguchi. If Q C
C(Xo, Y), Q is the closure of Q in C(Xp, Y).

COROLLARY 1. Let Xy be a dense subset of the space X and let Q C F(Xo, Y) satisfy
property k with respect to (Xo, X, Y). Then

(1) Eachf € Qextendstof € C(X,Y").

(2) If {f} is a netin Q and fo — f, then fo — f.

PROOF.  For the proof of (1), let {f, } be a net in Q such that f, — f. By Theorem 1,
fo € C(X, Y*) exists for each « and there is a subnet {fa, } of {fx} such that fau — g€
C(X, Y"). We see that g = f. As for the proof of (2), if {f, } is a subnet of {f;} such that
f(,“ —s g, then g = f. Since each subnet of {fa} has a convergent subnet from Theorem 1,
we see that f, — f.

The next theorem provides a characterization of property « which leads to a further
extension of the theorems of Noguchi. This extension is presented in Corollary 2.

THEOREM 2. Let Xy be a dense subset of the space X. Then Q C F(Xo, Y) satisfies
property k with respect to (Xo, X, Y) iff the following two conditions hold:

(1) Eachf € Qextendsto f € C(X,Y"), and

(2) CLX,Y";Q] is a compact subset of C(X, Y*).

PROOF. The sufficiency of the two conditions is evident from Theorem 1 since
ClX,Y";Q] C C[X, Y*; Q]. To establish the necessity of the two conditions, we show
that C[X, Y*; Q] = C[X, Y*; Q] and employ Theorem I again. Letg € C[X, Y'*; Q]; there
is a net {f, } in Q such that f, — g on Xp. Since Q satisfies property x with respect to
(X0, X, Y) there is by Theorem 1 a subnet {f;, } of {fo} such that f;ﬂ — h; h = gand
h € CLX, Y*;Q]. Hence one inclusion is established. Let g € C[X, Y*;Q]. There is a
net {f,} in C[X, Y*; Q] such that f, — g. Since fo, — g on Xj, the reverse inclusion is
established.
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COROLLARY 2. Let Xy be a dense subset of the space X and let Q) C F(Xy, Y) satisfy
property & with respect to (Xo, X, Y). Then

(1) Qis relatively compact in C(Xp, Y*), and

©2) If {fu} is anetin Q and fo — f, then fo — f.

PROOF. Let {f, } be anetin Q. From Theorem 2, f;, € C(X, Y*) exists for each o and
there is a subnet {fy, } of {fo} such thatfaﬂ — g € C(X,Y"); fo, — g on Xo. Hence (1)
holds. If {fau} is a convergent subnet of {f;, } and fa, — f then fa“ — f. From Theorem 2
each subnet of {f, } has a convergent subnet. Thus (2) follows.

Corollary 1 and Theorem 2 combine to produce the following corollary.

COROLLARY 3. If Xy is a dense subset of the space X, then Q C F(Xy, Y) satisfies
property k with respect to (Xo, X, Y) iff Q satisfies property k with respect to (X, X, Y*).

EXAMPLE 1. Let M be a complex manifold and let X be a relatively compact hyper-
bolically imbedded complex subspace of the complex space Y. Let A be a divisor on M
with normal crossings. If M has dimension m, A has normal crossings if, locally,

M—A4=D*Y xD* withr+s=m(see [L]).

It is a consequence of the Big Picard theorem of Kobayashi-Kwack and Kiernan’s gener-
alization of same that H(M — A4, X) satisfies property x with respectto (M — A, M, Y). In
fact, it is shown in [J-K] that X is hyperbolically imbedded in Y iff H(M — A4, X) satisfies
property k with respect to (M— A4, M, Y) in all such situations. Hence we have Corollary 4
(compare with Theorems 2.1, 4.1, 5.2, 5.4 and Lemma 5.1 in Chapter IT of [L]).

COROLLARY 4. Let M be a complex manifold and let A be a divisor on M with normal
crossings. Let X be a relatively compact hyperbolically imbedded complex subspace of
the complex space Y. Then

(1) [No 2] Eachf € HM — 4,X) extends to f € HM,Y), and
(2) [J-K] If {f,} is a sequence in HM — A,X) and f,, — f, then f;, — f.

We complete this section with two theorems, a corollary, examples and remarks. In
Theorem 3, three conditions found in Theorem 2 and Corollary 2 to be necessary con-
ditions for Q C F(Xo, Y) to satisfy property « with respect to (X, X, ¥) are shown, in
combination, to be sufficient. A topological generalization of the classical theorem of
Vitali in one complex variable theory [B] is provided in Theorem 4.

THEOREM 3. Let Xy be a dense subset of the space X. Then Q C F(Xy, Y) satisfies
property k with respect to (Xo, X, Y) iff the following three conditions hold:

(1) Qis relatively compact in C(Xp, Y*),

(2) Eachf € Qextendsto f € C(X,Y"), and

(3) If {f} is a net in Q and fo, — f, then fo — f.

PROOF. 'We show that the conditions are sufficient. Let {f, } be a net in Q. From (1),
there is a subnet {f, } such that f,, — f. From (2), fau and f exist for each p. From (3),
fo,u —s f. The proof is completed by appeal to Theorem 1.
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EXAMPLE 2. Let X = [0, 1], Xo = [0, 1) on the real line.

(a) C[X,X; F(Xy, X)] is notrelatively compact in C(X, X) and therefore does not satisty
property k with respect to (Xp, X, X).

(b) Iff, € C(Xp,X) is defined by f,(x) = x" for each positive integer n and Q is the
set of f,, then Q satisfies (1) and (2) of Theorem 3 but does not satisfy (3).

EXAMPLE 3. H(D*,C — {0}) does not satisfy property « with respect to (D*, D,
(C—{0}"). To see this let zp € C— {0} and define the sequence {f; } in H(D*, C— {0})
by filz) = 2. Then fi(5y) — 2o While fi(5g57) — 220.

EXAMPLE 4. Letn # 1 be a positive integer and let M = {(z1,22,...,2,) € C" :
z; ¢ {0,1}}. Let [wo, wi, ..., w,] be homogeneous coordinates of the projective space
P"(C) and let 7 be the hyperplane {[wo, w1, ..., w,] : wo = 0}. Define ¢: M — P*(C) by
Y@1,22,...,20) = [1,21,...,2a]. We show that H(D*,1(M)) does not satisfy property
with respect to (D*,D,P”(C)). Letp = [0,1,wy,...,w,] be a point in 7 with |w;| > 1
for each i. Define a sequence {f;} in H(D*,’Q/J(M)) by fi(2) = [1, zﬁk s #>- -+ 7] Then
fil@) =[5, 1,%,...,0), £ —-»p,ﬁ((i(—k{r—l)) — [0, 1,2ws,...,2w,]; for each fixed
z, fi(z) — [0, 1,0,...,0], so f, — a constant map f on D*.ﬁ,f S H(D, P"(C)) exist for
each k but {f;} does not converge.

REMARK 2. Corollary 2 and Theorem 3 show that Q may be replaced by Q in con-

dition (3) of Theorem 3. Note that in condition 3 we are tacitly assuming that £, and f
exist for each a.

REMARK 3. Itis easily seen from Remark 2 and Theorem 3 that if Xy C X is dense,
then Q C F(Xo, Y) satisfies property k with respect to (Xp, X, Y) iff the following two
conditions are satisfied:

(1) Q s relatively compact in C(Xy, Y*), and

(2) The mapping x: Q — C(X, Y*) defined by x(f) = f is an imbedding.

THEOREM 4. Let A C C(X, Y) be relatively compact. Let S C X such that if f,g € A
andf=gonS, thenf =g If {foa}isanetinA f € A andf, — f on S, thenf, — f.

PROOF. Let {f, } be a subnet of {f,} such that fo, — hithenfy, — fandfo, — h
on §, s0 fo, — f. The proofis complete.

COROLLARY 5. Let Xo C X be dense, let Q C F(Xo, Y) satisfy property x with
respect to (Xo, X, Y). Assume there exists an S C X such thatif f,g € C(X, Y )andf = g
on S, thenf = g. If {f} is a net in Q and {f,} converges on S, then {f, } converges.

PROOF. If {f,} is a net in Q, then f, exists for each « and f:,,‘ — f € C(X,Y") for
some subnet {f,, } of {f,}. If {fo.} converges on S, then f, — f on S since f,, — f on S;
fo — f from Theorem 4.
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3. More characterizations of property «, applications of results in Section 2 and
two Ascoli type theorems. Let Q C F(Xp, Y) where Xj is a dense subset of X. The
major aim of this section is to produce a number of necessary and sufficient conditions for
Q to satisfy property x with respect to (Xp, X, ¥) and to apply these in the complex space
context. Most of these conditions have as bases criteria for extendability of a function
from a dense subset of a space to a continuous function on the space. The condition
for extendability in the following proposition is suggestive that such criteria might be
formulated. In all results below, closures of inverse images are computed in the topology
of the parent space rather than in that of the dense subset.

PROPOSITION 3 [B-D]. Let Xy be a dense subset of the space X, let Y be a regular
space and let - Xo — Y be a function. Thenf has a continuous extension f: X — Y iff for
eachx € X, thereisay € Y such that if {x,} is a netin Xo and x, — x, then f(xq) — y.

We see readily that if f satisfies the hypothesis of Proposition 3, then f has a continuous
extension f: X — Y iff

@ {Ngyf~1(W) : y € Y} covers X, and

(b) Ifx € Ny f~'(W) and {x,} is a net in X, such that x, — x, then f(xq) — .

In Theorem 5, we produce other necessary and sufficient conditions for the existence
of continuous extensions from dense subsets as motivations for our characterizations of
property . In this theorem, neither X nor Y is assumed to be a k-space.

THEOREM 5. Let Y be regular, let Xo C X be dense and let f: Xy — Y be a function.
The following statements are equivalent:
(1) The function f extends to a continuous f: X — Y.
(2) For each x € X, ﬂy_(x)m N K is a singleton whenever K C Y and
fVNXe)NK # 0 foreach V € Z(x).
(3) The function f satisfies the following two conditions:
(@) 1K) Nf~Y (M) = 0 if K, M are disjoint closed subsets of Y, and
(b) NSV NXo) # O is satisfied for each x € X.

PROOF. (1) = (2). Forx € X,

{fo} c N/ ¢ NFVNX) € N = {f)}.
2(x) Z(x) Z(x)

Furthermore, if K C Y and f(V N Xp) N K # ( is satisfied for each ¥ € Z(x) we have
VOf~Y(K) # 0 satisfied for each V € E(x), sox € f~1(K) andf(x) € K. Hence (1) = (2).

(2)= (3).IfK C Yisclosedandx € f~!(K), then f(V¥NXo)NK # { is satisfied for all
V € Z(x). Thus Ny /(¥ N Xo) N K is a singleton. Hence x ¢ f~!(M) if M is closed and
MNK = B since f(V¥ N Xo) MY # P satisfied for each V' € Z(x) implies Ny (¥ N Xo)
is a singleton. Thus (2) = (3).

(3) = (1). We show first that ﬂz(x)f(—m is a singleton for each x € X. Suppose
¥,z € Ny f(VNXo) and y # z. Let W, H be closed disjoint neighborhoods of y, z,
respectively. Then x € f~!(W) N f~1(H), contradicting condition (3a). Now, if {y} =
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Nseo SV N Xo), define f(x) = y; if x € Xo, (%) € Ny /(Y NXp), s0 f(x) = f(x). Let
xEXIetW e Z(f(x)) and let W, W, € Z(f(x)) suchthat W, C W, C W, C W.
Then x € f~!(W)) and, from condition (3a), x ¢ f~ (Y — W,). Hence some V' € I(x)
satisfies VN Xo N f~'(Y — W>) = () and, equivalently, (¥ N .Xy) C W,. For sucha V,
FV) =U.er Noexy /(O N Xo) C f(V N Xo) C Wy C W. The proof is complete.

A proof of Theorem 5 has been provided since the equivalences therein, although
possibly part of the folklore of topology, do not seem to be prevalent in the literature.
The following two propositions are presented without proof; again neither X nor Y is
assumed to be a k-space unless otherwise stated.

PROPOSITION 4 [D]. Let Xy be a dense subspace of the space X, let Y be a regu-
lar space and let f € C(Xo,Y). Then f has a continuous extension f € C(X,Y) iff the
Silterbase {f(V N Xp) : V € Z(x)} converges for each x € X.

PROPOSITION 5. Let Y be a compact space, let Xy C X be dense and let > Xy — Y
be a function. The following statements are equivalent:

(1) The function f extends to f € C(X, Y).

(2) NSV N Xo) is a singleton for each x € X.

(3) [T] If K, M are disjoint closed subsets of Y, f~1(K) Nf~Y(M) = {.

Preliminary to our characterizations of property x, we give some additional definitions
and notation. Let {44} be a net of subsets of a topological space X. We recall that the
limit superior of {Aa}A is ,cn Ua>, Aa [K-T]. This set will be denoted by limp4, or
simply by lim4, if no confusion is possible. We say that x € X is a strong limit point for
{A4} 4 if for each ¥V € Z(x), Ao C V holds eventually. If {f, } 1 is a net of functions from
a space X to a space ¥, Xo C X and x € X, when we speak of the net {/,(V N Xp)}, we
will be using as directed set A X Z(x), ordered by (o, V) < (u, W) iff a < pand W C V.
In what follows, each limit superior is computed in the topology of the parent space.

THEOREM 6. Let Xy C X be dense in X and let Q) C F(Xy, Y). The following state-
ments are equivalent:

(1) Q satisfies property k with respect to (Xo, X, Y).

(2) For each net {fo} in ) there is a subnet {f,,} of {fa} such that lim (;“‘ (K)nN
lim f(;” Y(M) = O for each pair of disjoint subsets K, M of Y with K compact and M closed.

(3) For each net {f} in Q there is a subnet {fo} of {fu} such that, for each pair
of disjoint subsets K, M of Y with K compact and M closed, some neighborhood W of K
satisfies ﬁfa‘”l(W) N l—i_rﬁf(;‘l(M) = {.

(4) For each net {f} in Q there is a subnet {f,, } of {fa} such that, for each closed
subset M of Y andy € Y — M, some W € Z(y) satisfies lim f, ' (W) N limf, (M) = 0.

(5) Foreachnet {fo} in Q there is a subnet {fo, } of {fo'} such that, for each x € X and
compactK C Y, either {fo, (VN Xo) }x has a strong limit point in Y or fo (VN Xo) C Y—K
eventually.

(6) For each x € X and net {fy} in Q, either some subnet of {fou(V N Xo)}: has a
strong limit point in Y or for each compact K C Y, fo(V N\ Xp) C Y — K eventually.
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(7) If {fa} is a net in Q there is a subnet {fo,, } of {fo.} such that, for eachx € X and
compactK C Y, eachy € K ﬁﬁrﬂf% (VN Xo) is a strong limit point for {faIA(VﬂXO)}x.

(8) If {fa} is a netin Q there is a subnet {fo,} of {f«} such that, for each x € X and
compact K C Y, eachy € KNIimf, (VN Xo) is a strong limit point for {fa, VN X0) }.

PROOF. It is obvious that (3) = (4), (5) = (6), and (7) = (8); and (2) = (3) is fairly
immediate since K must have a compact neighborhood W such that W N\ M = ().

(1) = (2). Suppose (1) holds and let K, M be disjoint, respectively, compact and closed
subsets of Y. Let {f, } be a netin Q. From Corollary 1 and Theorem?2, f,, € C(X, Y*) exists
for each o and there is a subnet of {f, }, called again {f, }, such that f, — g € C(X, /).
Suppose x € limf;'(K) N limf;!(M). It follows that f,(x) — g(x) and, by the even
continuity of C[X, Y; Q] and compactness of K in Y, that g(x) € K N M in Y*. Hence
g(x) € KN M, a contradiction.

@)= (1).Ifx € X,y € Yand {(fa,Xa, va)} is a netin Q x Xp x X, such that x, — x,
Va — X, fo(xa) — y and fo(ve) #~ ¥, to reach a contradiction we choose H € Z(y) such
that some subnet of {(fy,Xq, Va)}, called again {(fy, xa,va)}, satisfies fo(xa) — y and
J«(va) € Y — H for each a. Then if W € Z(y) and {fq, } is any subnet of {/ }, we have

x € imf ' (WNH)NTimf, (Y — H) Climf, (W) NTimf, ' (Y — H).

(1)= (5). Suppose K C Yis compactand {f, } is a netin Q such that f;, (V"X )K # ()
is satisfied for each pair (o, V). By Corollary 1 and Theorem 2, there is a subnet {f;, }
of {f>} such that fi,ﬂ — g € C(X, Y"). It follows that g(x) € K. Let W € Z(g(x)) inY;
eventually fau(V) C Wand fo, (VN Xo) C W by the even continuity of C[X, Y; Ql.

(1) = (7). If {fy } is a net in Q there is a subnet {f;,, } of {f,} such that f, € C(X,Y")
exists for each p andf:,u — g € CX,Y").Ifx € X, K C Y is compactand y €
KNlimfq, (VNX,), it follows thaty = g(x) € Y is a strong limit point for {fo, (VN X0) }.

(6) or (8) = (1). Letx € X,y € Y, W be a compact neighborhood of y, and let
{(fo»Xa>va)} be anetin Q x Xo X Xp such thatx, — x, vy — x, fo(va) € Y — W for each
a, and £ (xq) — y; ¥ € WNIim £, (VNX,) and f,,(VNXo)NW # ( is satisfied frequently;
by (6) or (8), there is a subnet {f,, (¥ N Xo)} of {foa(V' N Xo)}x such that £, (V¥ NXo) C W
eventually. This is a contradiction since v, — x and fo(vq) € Y — W for each a.

The proof of Theorem 6 is complete.

COROLLARY 6. Let Y be compact, let Xy C X be dense and let QO C F(Xy, Y). The
Jfollowing statements are equivalent:

(1) Q satisfies property & with respect to (Xo, X, Y).

(2) For each net {fy} in Q there is a subnet {fa,} of {fo} such that, for each x € X,
YN limfy, (VN Xo) is a singleton.

(3) For each net {fo} in Q there is a subnet {fy,} of {fu} such that {f,,,(V N Xo)}«
has a strong limit point in Y for eachx € X.

(4) For each net {f,} in Q there is a subnet {fo, } of {fo} such that limf;'(K) N
lim fo, Y(M) = O for each pair of disjoint closed subsets K and M of Y.
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(5) If {fa} is a net in Q there is a subnet {fy, } of {fo} such that, if y,z € Y andy # z,
some open sets W € 2(y), H € 3(z) satisfy lim f;;' (W) NTimf,, ' (H) = 0.
(6) If x € X, y,z € Y and {(fa,Xa,Va)} is a net in Q X Xy X Xy such that x, — x,
Vo = X, fu(Xa) — y and fo(vy) — z, theny = z.
(7) Q satisfies
(a) Eachf € Q extends to f € C(X,Y), and
(b) {f : f € Q) is relatively compact in C(X, Y).

PROOF. (1) & (2) & (3). Follows from the equivalence of (1), (5), and (6) of The-
orem 6 and the compactness of Y.

(1) & (4). Follows from equivalence of (1) and (4) of Theorem 6.

(4) = (5) = (6). Clear.

(6) = (7) = (1). Clear from Theorem 1.

In the situation where X = D and X; = D*, or where M is a complex manifold, X = M
and Xy = M — A4 for some divisor A on M with normal crossings, at eachx € X we have a
base of open sets 0(x) such that /M X is connected for each V' € 6(x). Our next theorem
offers characterizations of property « in this framework.

THEOREM 7. Let Xo C X be dense and suppose at each x € X there is a base 0(x) of
open sets such that VN Xy is connected for each V € 0(x). The following statements are
equivalent for Q C F(Xy, Y):

(1) Q satisfies property k with respect to (Xo, X, ).

(2) Foreachx € X, y,z € Y and net {(fu, Xa, Va)} in Q X Xy X Xo satisfying xo — X,
Vg — X, fa(Xa) — ¥, fa(Va) — 2z, we have y = z.

(3) For each net {f,} in Q, there is a subnet {fa,} of {fa} such that {f5,,(V N Xo)}«
has a strong limit point in Y for eachx € X.

(4) For each net {f,} in Q, there is a subnet {fy, } of {fo} such that Timf,'(K) N
lim fa, Y(M) = O for each pair of disjoint compact K,M C Y.

(5) Foreachnet{fs}inQ, thereis a subnet {f,,} of {fo} such that, if y,z € Y,y # z,
some W € 2(y), H € 2(2) satisfy lim f;, '(K) Nlim f;, ' (H) = 0.

PROOF. We show only that (4) = (1) and that (2) = (1). Suppose (1) does not hold.
Then we may assume a net {(fo, Xq> Va)} INQ X Xo X Xo, x € X,y € 7, falxe) — »,
Xq — X, W,H € 2(y) such that W C H, H compact, fo(xo) € W and fo(ve) € Y — H for
each c. For any subnet {f;, } of {f,} we have x € lim fo, owmn \fe, '(6H), where 6W and
OH represent the boundary of W and H, respectively. Hence there is a net {(fy, Xa» ga)}
in Q x Xo X Xp and g € OW such that x, — x, go — X, fo(Xa) — ¥, fa(qa) — 9,9 F# ,
so neither (4) nor (2) holds.

In Corollaries 7, 8 and Remark 4, we apply our results to give some characterizations
of hyperbolic imbeddedness of complex subspaces.
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COROLLARY 7. The following statements are equivalent for a complex subspace X
of a complex space Y:

(1) X is hyperbolically imbedded in Y.

(2) [J-K] For each sequence {f,} in H(D*,X), there is a subsequence {f;, } of {f»}
such that f, ' (K\)NTim f, ' (K) = 0 for each pair of disjoint subsets Ky, K; of Y with K,
compact and K, closed.

(3) For each sequence {f,} in H(D*,X) there is a subsequence {f, } of {f,} such
that, for each pair of disjoint subsets K, K of Y with K| compact and K, closed, some
neighborhood W of K, satisfies limf,”' (W) N lim , '(K3) = 0.

(4) For each sequence {f,} in H(D*, X) there is a subsequence {f,, } of {f, } such that,
Jor each x € D and compact K C Y, either {f,, (V N\ Xo)}« has a strong limit point in Y
or f, (VN X)) C Y — K eventually.

(5) Foreachx € D and sequence{f,} in HD*, X), either some subnet of {f,(V\D*)},
has a strong limit point in Y or for each compact subset K of Y, f,(V "D*) C Y — K
eventually.

(6) If {f,} is a sequence in H(D*,X), there is a subsequence {f,, } of {f,} such that,
for eachx € D and compactK C Y, eachy € KN limf, (VN D*) is a strong limit point
Jor {fn,(¥ ND*)},.

(7) For each sequence {f,} in HD*, X), there is a subsequence {f, } of {f,} such that
iiEf,,:l(Kl n Mﬁ;l(Kz) = () for each pair of disjoint compact K|,K, C Y.

(8) For each sequence {f,} in HD*, X) there is a subsequence {f,, } of {f»} such that
ify,z €Y,y +# z some W € 2(y), H € 2(2) satisfy lim ,;’(W)ﬂmf":l(H) ={.

COROLLARY 8. The following statements are equivalent for a relatively compact
complex subspace X of a complex space Y:

(1) X is hyperbolically imbedded in Y.

(2) For each sequence {f,} in HD*,X), there is a subnet {f,,} of {f,} such that
lim f,(¥ N D*) is a singleton for each x € D.

(3) For each sequence {f,} in H(D*,X) there is a subnet {f} of {f,} such that
{fm(V "D*)} has a strong limit point in Y for each x € D.

(4) For each sequence {f,} in HD*, X), there is a subsequence {f,, } of {f,} such that
limf, '(K;) Nlimf, ' (K;) = @ for each pair of disjoint closed K,,K; C Y.

(5) If{f,} is a sequence in H(D*,X) there is a subsequence {f,, } of {f»} such that, if
¥,z €Y,y #z some W € 2(y), H € £(z) satisfy im ;' (W) NTim f, ' (H) = 0.

REMARK 4. In Corollaries 7 and 8, the requirement that D* satisfy the given con-
dition may be replaced by the requirement that M — A satisfy the condition for every
complex manifold M and divisor A on M with normal crossings. The subnets in equiva-
lences (4) and (5) of Corollary 7 and in equivalences (2) and (3) of Corollary 8 may be
taken to be sequences.

We close with “Ascoli type” theorems modeled after some of the equivalences to
property K given in previous results in the section.
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THEOREM 8. Let Y be regular (not necessarily a k-space) and let QO C C(X,Y)
satisfy Q(x) is relatively compact in Y for each x € X. The following statements are
equivalent:

(1) Qs evenly continuous.

(2) For each net {f,} in Q, there is a subnet {fs,} of {fu} such that im f KN
limf, ' (M) = 0 for each pair of closed disjoint subsets K,M of Y.

(3) For each net {fo} in Q, there is a subnet {f,, } of {fa} such that for each x € X,
the net {fy,(V)}x has a strong limit point in Y.

PROOF. (1) = (2). We may adapt the proof of (1) = (2) of Theorem 6.

(2) = (3). Assume fo(x) — y, let W € X(y) and let H € £(y) such that H C W;x €
lim ;' (H) for each subnet {fy } of {f,}. For the subnet {f, } of {f, } insured by (2), we
must have x ¢ lim/f,"'(Y — W). Hence fa, (V) C W eventually.

3) = (1). Assume x € X,y € Y, anet {(fy,xs)} in Q X X and W € Z(y) such that
Xo — X, fa(Xq) € ¥ — W for all o and fo(x) — y. There is no subnet {f;, } of {fo} such
that {fo, (V)} has a strong limit point.

COROLLARY 9. Let Y be regular (not necessarily a k-space). Then Q C C(X,Y) is
relatively compact iff Q(x) is relatively compactin Y for eachx € X and Q satisfies either
condition (2) or condition (3) of Theorem 8.
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