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Abstract

In this paper, we focus on the Cauchy problem of the three-dimensional generalized
incompressible micropolar system in critical Fourier-Besov-Morrey spaces. By using the
Fourier localization argument and the Littlewood-Paley theory, we get the local well-
posedness results and global well-posedness results with small initial data belonging to the
critical Fourier-Besov-Morrey spaces.
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1 Introduction

The 3-dimensional (3D) generalized incompressible micropolar system can be written as

Ou—+u-Vu+ (x +v)(—A)Tu+ VII — 2V x w = 0,
w4+ u - Vw + pu(—A)Tw + dyw — kVV - w — 2xV x u = 0,
(1.1)
V-u=0,
u(z,0) = uo(x), w(z,0) = wo(x).

where x € R with ¢ > 0, u = u(x,t), Il = II(x,t) and w = w(x,t) denote the velocity of the fluid,
the scalar pressure and the micro-rotational velocity, respectively. The nonnegative parameters
x and v are the kinematic viscosity, i and x are the vortex viscosity. The specific values of these
parameters are not important, we assume that y =v = % and p = k =1 for simplicity.

When v = 1, the system (1.1) is the standard micropolar fluid system, which was first
proposed by Eringen [1], it describes many physical phenomena which are difficult to be treated
by the classical Navier-Stokes system for the numerous incompressible fluids. The system (1.1)
was presented as an essential modification to the conventional Navier-Stokes equations for the
purpose to better describe the motion of numerous real fluids (such as blood) by considering the

fact that such fluids usually consist of rigid, randomly oriented (or spherical) particles suspended
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in a viscous medium, with the ignored deformation of fluid particles. Actually, there are several
experiments indicating that solutions of the micropolar fluid system do better mimic behavior
of many fluids than solutions of the Navier-Stokes equations, see [11, 12, 13]. For more physical
background of the micropolar fluid system, refer to [14, 15].

The micropolar fluid system has recently attracted considerable attention and many inter-
esting results have been obtained in the literature. For example, Galdi and Rionero [16] first
considered some existence and uniqueness theorems of solution of the incompressible micropolar
system. Baraka and Toumlilin [10] established that the global well-posedness and decay results
for 3D generalized magneto—hygdrodynamic equations in critical Fourier-Besov-Morrey spaces.

In the critical Besov spaces B ;1(R3) for 1 < p < 6, Chen and Miao [17] established global
well-posedness of the micropolar fluid system (1.1) with small initial data.

Recently, Baraka and Toumlilin [18] showed that the uniform well-posedness and stabil-
ity for fractional Navier-Stokes equations with coriolis force in critical Fourier-Besov-Morrey

A3+ 542
Spaces. The local well-posedness results ([18]) were established in £*([0,T); FA,, /\i;/ P
with max{1, %} <p<ooand 2 <y<Z+ 1% + %. We wonder that if we lower the require-

ment for 2 < « < 1, does the local well-posedness still hold? the answer is positive. In this

2
L 44 2=3 27/ .
paper, by constructing the work space £2"([0,T); FN, , 7 “7") with 1 < (22%)/ <3+ ’\2—;3, we
can get the local well-posedness results with % < v < 1. We also refer readers to see previous
works [19] and [20] for Navier-Stokes equations in Fourier-Besov-Morrey spaces.
In this paper, we prove the well-posedness for the 3D micropolar fluid system in Fourier-
Besov-Morrey spaces. To this end, we sketch the main difficulty and the strategy to overcome

it.

Applying the Leray projection P to both sides of the first equation of (1.1) to eliminate the
pressure II, one has

Ou+ (—A) u+Plu-Vu) =V xw=0,

Ohw+ (—A)w+u-Vw+2w—VV-w—V xu=0,
V.-u=0,

u(z,0) = uo(x), w(z,0) = wo(x).

(1.2)

where P = (0;; + R;R;)1<i, j<3 denotes the Helmholtz projection onto the divergence-free vector
fields. Inspired by [7], we will study the following linear system of (1.2):

Ou+ (—A)u—V xw=0,
Ow+ (A w+2w—-VV-w—-V xu=0,

Vou=0, (1.3)
u(ﬂj, 0) = UO(I)a ’LU(CC, 0) = wO(x)
Taking the Fourier transform of (1.3); and (1.3),, one obtains
ay + €70+ B(€w = 0, (1.4)
and
e+ (|€77 + 2)db + B(&)i + C(&)w = 0, (1.5)
where
0 & —& & L& L&
B({)=i| =& 0 & o |and C(€) = | && & £26€3
& —-& 0 &3 &8 3
Now, defining G := (u,w)T, rewrite the system (1.4) and (1.5) as
G+ A(6)G =0, (1.6)
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where

€71 B(¢)
BE) (7 +2T+C(©)
Then, we obtain G(t) = e A©tGy(¢), where Gy(€) is the Fourier transform of Go(z), Gy =
G(-,0) = (ilg, 1bo) 7.

In order to derive the mild solution of the system (1.3) clearly, we denote that

= (100) o= (o) = ()

_[u®u " s [PV (u®u)
u®U<u®w>, PV - ( ®U)< v.(u®w)>. (1.9)

Then by the Duhamel principle, Fourier transform and inverse Fourier transform, the solution of
system (1.3) can be reduced to finding a solution U of the following integral equation:

A(§) = (1.7)

and

U(t) = Gt)Uy — /0 t G(t — 7)PV - (u® U)(r)dr, (1.10)

where G(t) denotes the semigroup corresponding to the system (1.3). The semigroup G(t) shall
be frequently used to prove the locally well-posedness and global well-posedness with small initial
data belonging to the critical Fourier-Besov-Morrey spaces. To this end we state the main results
as follows:

A—3
Theorem 1.1. Let 0 < A < 3,1 < g <00, 1 <p < o0 and (up,wp) € ‘7:/\'/;1):\?;+T(R3).
Suppose that vy and q satisfy that % <y < g—l— ’\2—;3 and 1 < g < oco. Then, there exists a constant

€ > 0 so that for any initial data satisfying V - ug = 0 and

H(Uo,wo)H 4 oy A=3 <e,

g (R3)

then the system (1.1) has a unique global mild solution such that

P,A.q P,A.q

) e @ <[0»oo>;fN4_27+kp3) ne <[07oo);ff\'f4+x’?> - ([07oo);fN§,}2,Z+Ap3>

and

H(U,IU)H LapA=s + H(u7w)H P PP Sk < 2.
L1(]0,00);FN L>([0,00);FN P

DA, q PA,q )

Remark 1.1. Under the conditions of Theorem 1.1, if v = %, the above global well-posedness of
the system (1.1) can also be established, provided we choose ¢ = 1.

Theorem 1.2. Let0§A<3,1§q§oo,1<p<ooand%<'y§1, there exists a

positive time T = T(ug,wp), depending on the profile of (ug,wo), for any initial data satisfying

. 472,\/4,@

(uo,wo) € FN v, 7 (R3) and V -ug = 0, then the system (1.1) has a unique local mild

solution such that

- 4— A3 L 442A=3 2w/
(u, w) €C<[O,T);]-'N4 S )OEQT ([O,T);Jw+ CaET >

PA,q PiA,q

where (2r)’ is the conjugate of 2r satisfying 5 + ﬁ =landl< (22:), <2+ Az—_plg.
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We outline the main steps in this paper. In Section 2, we first recall the Littlewood-Paley de-
composition and definitions of the Morrey spaces and homogeneous Fourier-Besov-Morrey spaces,
then present some lemmas which play an important role in the proofs of the theorems. In Sec-
tion 3, we finish the linear and bilinear estimates in Fourier-Besov-Morrey spaces, which will be
frequently used to prove theorem. In Section 4 , we prove the Theorems 1.1 and 1.2.

2 Preliminaries

The results presented in this section are based on homogeneous Littlewood-Paley decomposition
in the Fourier variables, and we introduce Fourier transform and the Littlewood-Paley decompo-
sition, for more details refer to [2]. Given f(z) € S(R?), the Schwartz class of rapidly decreasing
functions, define the Fourier transform as

f©) =719 = 02 [ <@y

and its inverse Fourier transform:

(€)= FU(E) = (2m)? / 7€ £(£)dE.

Rd
Let ¢, x be two nonnegative functions in S(R?) satisfying

suppp C{E€ B S <l <3} YeI =1, for&#0,
JEL

4 B
suppx C{€ € R 1 ¢ < 2}, x(©) +) (277 =1, for£€R’.
>0
The homogeneous dyadic blocks A; and S; are defined for all j € Z and u € S'(R?) by
Aju=Fp(2798)a] = F (¢;0),

Sju: Z Aku.

k<j—1

From the definition, we have that
AjAju=0, |j—k>2 and A;(Sp_1ulpu)=0, |j—Fkl >5.

The following Bony’s decomposition (see the definition in [5]) will be applied throughout the

paper:
wv = Tv + Tyu + R(u,v),
where
j+1
T,v= Zsj,luAjv, R(u,v) = ZAjuAjv, Ajv = Z Aj/v.
jEZ jez §=j—1

Now, we give the definition of the Morrey space which are a complement to the LP spaces.

Definition 2.1. (/3, 4]) For 1 < p < oo, 0 < X < 3, the Morrey spaces M, = M} (R®) is defined
as the set of function f € LY (R3) such that

loc

A
||fHM; = sup supr * || fllLr(B(zo,r)) < 00
xo€ER3 7>0

where B(xq,r) denotes the ball in R® with center zo and radius r.
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Eemma 2.1. ([3, 4]) If 1 < p1,p2,p3 < 00 and 0 < A1, A9, A3 < 3 with p% = p% + p% and
A3

— Ay A .. . .
o2 = or + 22, then we have the Holder inequality

170030 < 1 agoe gl ypoa- (211)
Also, for 1 <p < oo and 0 < X < 3, we have the Young inequality

e glay < llellerllglaz, (2.12)
forall p € L' and g € M;‘.

Lemma 2.2. ([(]) Let 1 < ps < p; <00, 0 < A\, A\ < 3, 3;% < 3;%, and let v be a multi-

index. If suppf C {|€| < A29} for A > 0 then there is a constant C' > 0 independent of f and j
such that

3-2

SN £ <C2j|7|+j(%* 1 i F 2.13
1666 Fl 30 < e (2.13)

Lemma 2.3. ([8, 9]) Let X be a Banach space with norm || - ||x and B : X x X — X be a
bounded bilinear operator satisfying

1B(u, v)|lx < nllullx[[v]lx

1
4an?
then the equation x = y + B(x,x) exists a unique solution x in the ball B(0,2¢). Moreover, the
solution depends continuously on y in the sense: if ||y ||x < e, 2’ =y +B(a’,2’) and ||2'|| x < 2¢,
then

for all u,v € X and a constant n > 0. If there exists a constant € > 0 such that ||y||x <e <

lz =2’ x < ly —9/llx-

1 —4en

Definition 2.2. (Homogeneous Fourier-Besov-Morrey spaces) Let s € R, 1 <p < 00,1 < g< o0
and 0 < X < 3, the spaces }'N;’A,q(R:;) denotes a set of all u € Z'(R?) such that

q

H“”J—‘Nf,ym(m) = Z2qu||AJ’uH?\/@ < oo for g < oo,
jEL

with appropriate modifications for 19-norm when q = co. The space 2'(R3) denotes the topological
dual of the space Z'(R?) = {f € S(R3);0%f(0) = 0 for every multi — index a}, and can be
identified to the quotient spaces S'(R3)/P, where P represents the set of all polynomials on R3.

Lemma 2.4. We have the equivalence of norms that ||Asu||f/\~/5/k < C||u||}_NS+;/ , for s € R,
p,Aq P,Aq

where A = (—=A)2 and C' > 0 is a pure constant .

Proof. Using the definition of fN;’A’q(R?’), and |£| ~ 27 for all j € Z, we have

q

AUl =3 P A Ay =4SSP Al
U N jASu M U M
o JEZ JEL

Q=

1
q
jas’ 9ias || A |4
<C ;2 2 ”AJUHM;;\ < CHUHFN;/;rz
J
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Definition 2.3. Let s € R, 1 <p< 00,1 <¢q,p<00,0<A<3andT € (0,00]. The space-time
norm is defined on u(t,z) by

”u(tv"I")Hﬁp([O,T);fN;)\,q) = ZQjQS”Ajquﬁﬂ([O,T);Mﬁ) )
jEL
and denote by ,C”([O,T);f./\./';,\ﬂ) the set of distributions in the space S'(R x R3)/P with finite
1Nl zeqo,ryzare ) moTm.

3 Linear and bilinear estimates

Next, we will prove Theorems 1.1 and 1.2. As preparations, we give the following lemmas, which
shall be frequently used to prove the main theorem. Using the same arguments as in [8] and
observing the structure of A(¢), it can be shown the following Lemma 3.1.

Lemma 3.1. (/8]) Let A(§) be defined in (1.7), then we have

le= 4O < e~ CONETt > 0, ¢ € RE, (3.14)
For some constant C(y) = 1 — 5= > 0 independent of t and &, where || - || denotes the mazimum
2y
value norm.
4

Lemma 3.2. Let 0< T <00, 1<p<00,1<qg<00,0<A<3 cmdUo6.7:/\pr2;+ (R3).

Then there exists a constant C' > 0 such that
IGO0 e < ClU|l  4yyir=s, (3.15)

51([0 ) p A q Np,k,q ’
||G(t)U0|| a— 2w+73 < CHUOH La—2y4 273 (316)
>=([0,7); FNp)\q P,X.q ’
||G(t)U0|| LayA=8_ 2y < CHUO” L4—24+2=3 - (317)
(0. T):FN, P 7 FNpsa ©

Proof. To prove the first inequality (3.15), from Definition 2.3, it is easy to see that

1

||G(t)U H 3 2]11 4+— || _tQZ'YJA UO

L1 ([0,T);FAT, * jeZ ”Ll([o,T);Mg)

1
T o ]
S gi ) ( / et ||Aon||M;df>
0

. A=3y L
<O QYT 914501545

JEZ

Q=

JEZ
<ClUoll  4syyrzs
PA,q
Similarly, for (3.16), using e~t2"7 <1, we have
1
. _ A—3y, T !
||G(t)U0H P o I )IIAonll?\@
~(omyFN, T T\
< CHUO” .zpzwr%
P,X.q
6
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To estimate the inequality (3.17), it suffices to write that

jg(a+2=3 27 02vi L o
||G(t)U0|| 44 A=3_ 29 S C 22](]( % S )”e 2 AjUOH%M([O’T);M?)

. - r 7
cz (0,7 FN, L B iez

¥
Yl
Q=

- A8 2y T C—
<C 22](1(4+ v ey </ 62”22W||AjU0||?\;5dt>

JEL 0
S CNUll - aaiazs,

PsA.q

which finish the proof. O

Lemma 3.3. ths0<T§oo,s€R,1§p<oo,1§q,p§oo,1§r§p,0§)\<3and
feLr(0,T); FN,,)- Then there exists a constant C' > 0 such that

. 1_1y .
s=2v(1+ ,.))
IR

t
- ‘rS <
I [ G-l enommy ) <M

Proof. Set 1+ % = % + % By Definition 2.3 and the Young’s inequality, we obtain that

H/o G(t—T)f(T)dT”LP([o,T);fN“ )

P,A.q
. Tt Y — AN
SO </ I et Ajfw)drlﬁw‘”)
jEL o Jo !
. 1
. T o~ !
S Z2qu (/ efth dt HAJf(T)dT”%T([O,T),]V[;‘)dt
JEL 0
1
<O 2 PO INA FE)r % g 1y,00y
€T !
<C syl 1y .
= ”f”L"‘([O,T);fNP;Q(H; i))
Thus the proof is completed. O

A—3

Lemma 3.4. Let0<T§oo,1§p<oo,%<'y<szj,lgqgoo,lgagooand
0 < X\ < 3, then there exists a constant C > 0 such that 7

[[uv]| smapr2ria=s < Cllulf Conrzzpass [0 PP EE
eoomyEN ) co(omyFN 7T e qomyrn )

+ Cll|| Cans2zxiazs ul Cpnad=3 -

ooy N T T e oy N 2T

Remark 3.1. The above Lemma 3.4 also hold true for the case v = %, provided we choose ¢ = 1.
Proof. Applying Bony’s decomposition, we have
Aj(uv) = Z Aj(S'k,luAkv) + Z A]‘(Sk,ﬂ)Aku) + A]’(AkuAk’U)
[k—jl<4 [k—jl<4 k>j—3
= Il + IQ + 13.
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By the triangular inequality, one finds that

1
(5—dy4+22+23)
Hm]Hcf’([OT) FNOTEE =¢ %2” ’ ”IlHL“([O’T)?M?)
P, A.q VS
1
ja(5—dy+2 4222
+C %2 ||IQ||LG([O,T);M1§) (3.18)
JE

Q=

(5—dy+ 34272
ol 75 om0y
je

=J1+Jo+ Js3.

We firstly evaluate J;. By using Young’s inequality (2.12) and Holder inequality, one finds

Hf1||L<f([o,T);M;)

< Z ”Sk*ﬂLAkU”L”([O,T);Mﬁ)
[k—j]<4
~ 1 A=3y, .
< Z ||UkHLﬂ([0,T);M3) Z 2G5 )||UZHL°°([07T);MZ;\)
k—j|<4 1<k—2
1 1
q q’
. 1 —1\d’
< Z 9%l 2o (0, 7);02) Z gla(i=27+35 )HulHLm([OT) M) Z 2(2v=Dia
k—j|<4 1<k—2 1<k—2
<C 278 o || Lo o,y lull ISP I
k§§4 S e (o)A, )
Taking [9-norm, we obtain
Y @
2y | A-3 24
e 2 S Sl B DI SR i A S LTS Ao S LT (S I S W s
JEL \|k—j|<4 L2 (0T FN, 3 )
< Clv|| 2y a-s luf FEC
L[0T FN L 1T T e 0 FN ff %
Similarly, we have
Jo < Cllul arzams ol s
Lo (O FN T TRy e oy FA, TP )

To estimate I3, we use a different approach. First, we use the Young’s inequality (2.12) to get

sl .o (jo.7):012)
Z Z [kl Lo ([0,T); MA)2 i+ ||Uz||L°<> ([0,T); M)

k>5—3 |k—i|<1

A—3 .
<O Y Y 2UPE TR 0 e oy | 27TV e o,y
k>j—3 \|k—i|<1

<C > 2(27_1)kH@kHLU([O,T);Mg)HU|| (Ao Ass
S R T AR
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Then we have

i (5—dy+ 21+ 222

Sk ”uk”LU [0,T); M)+

)HISHL” ([0,T); M)
4 2y A3

R Rl e P ey
= ([0.T): 7N ’

PAa ) k>3

= Clll,

A—3

Since v < L , we have 5 — 4~ + 27 + ’\ 3 > (. By taking [%-norm on both sides in the above

estimate, and then we apply Young’s mequahty for series to get

J3 < Cllul]

A2y 2 A3 ||7)|| .472~,+¥ .

Lo(0,T)FN, 0T TPy L ([0, T FN G )

Thus the proof is complete. O

Lemma 3.5. LetO<T§oo,1<p<oo,7>%,1§q§ooand0§)\<3, and set

)\—3 2~

— L2 ((0,T); FN T T,

P,A.q

there exists a constant C' = C(p,q) > 0 depending on p, q such that

[[uo]

+258 < Cllully [lv]ly-

£7([0,T); pr A(j U

where (2r)' is the conjugate of 2r satisfying 5 + 7(21), =1 for1 <r < oco. We choose r satisfying
L 2 5, A=3
1—*( + 2 ) T<1—§suchthat1<(2—;’),<§+ﬁ.

Proof. Usmg the same methods as in (3.18), we have

Q=

S5— 7
o] gz SO D2 S NN oya)
Lr([0,T)FN, 5.5 ) jEZ
1
q
(5 A
+C 22]‘1( (27“) + ||I2||LT [OT M)‘)
JEL
1
q
(5= 41,
+C 22‘7(1 (2r) + ||I3||LT [OT M>‘)
JEL
We evaluate the above three terms separately, first, using Young’s inequality (2.12) and Holder

inequality, one finds

||f1||Lr([o,T);M;)

< Z ||®k||L2’"([07T);M,¢) Z 4l L2r(o,1);L1)

[k—j|<4 I<k—2
~ 1 A=3y
< Z ”“’f”L"’T([O,T);M;) Z 2!+ )||Ul||L2r([o7T);M;)
|k—7|<4 1<k—2
1 1
q ql
- lq(4— 2y
< Z ||Uk||L2T([07T);M;\) Z ola( oty )”ul”L2T 0Ty Z ol —Dla
|k—j|<4 1<k—2 1<k-2
2 1)k 4
<c > 2T i o myany) ully -
[k—j|<4
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Taking [9-norm, we obtain

Q=

ja(b— g +250
%2 (2 ) ||Il||Lr([0,T);M£)
JjE

) (5— Q20 L A=3yp
S C Z Z 2 (I—k)( (2T)/+ ) ( (zr)/+ P ) HUk”Lz"([O,T);M;‘) Hu”y
JEZ \|k—j|<4

< Cllly llully-

Similarly, we have

bty 4223
22”( @) )HIQHQT oy | = Cllullyllvlly-
JEZ

To estimate I3, we use a different approach. First, we use the Young’s inequality (2.12) to get

sl o, my:012)

Z Z ||Uk||L2T(0T M*)2(+ )H'Uz”L?T([OT)M*)
k>j—3 |k—i|<1

2y
<C Z Z o (1= G5 ) (k=i) gi(d= Fhr + 272 )H%”L% ([0,7); M) 2(ery l)kHﬁkHL%-([o,T);Jwg)
k>j—3 \|k—i<1

20 1)k A
<0 > 27 | g o ryany o]l

k>j—3
Then we have

5— X7
2Jq( (2r) +252 )HIJHU OT) M)

—k)(5— Xy +258) (4— 2254 258
<Clolly 3 207w 0w T | o -
k>j—3

Since 1 < p < oo and 1 < (221) <3 —I— 2p , we have 5 — (2r)’ + 2=3 > (. By taking [%-norm on
both sides in the above estimate, and then we apply Young’s mequahty for series to get

1

5— 21, A=3
ZQJQ( (27“) )||I3Hq’"([O,T);M;’)\) 5 HUHYHUHY
JEZ

Thus the proof is complete. O

4 Proof of Theorems 1.1 and 1.2

To ensure the existence of a global mild solution with small initial data of the system (1.1), we
will use the linear and bilinear estimates that we have established in Sections 3.

Proof of Theorem 1.1. Let 0 < T <00, 1 <p<o0,1<g<o00,0< A< 3, and set
- 44258 oo 4—2y+253
X:=r! ([O,T);JENMQ ) ne ([ T); FN, \4 )

10
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with the norm

HuHX = ||’LLH LapA=3 + ||’LL|| A2y A3
L1([0,T); FN ) L>([0,T);FN P

P,A.q IR

Then, we begin with the integral equation
t
U(t) = G(t)Uo — / Gt — 7)PY - (u® U)(r)dr, (4.19)
0
and we consider the bilinear operator B given by

B(UL,Us) = /0 "Gl — PV - (uy ® Ua)(r)dr, (4.20)

[ wa(z,t) [ ua(z,t)
Uit = <w1<x,t>>’ Valet) = <w2<x,t>>'

By Lemma 3.3, we have

where

t
||/ Gt — 7PV - (uy @ Up)dr]| aias < CIPY - (u ® Uy)] Py
0 L£o([0, T FN, 5y F ) LYOT)FN, vy T )
and
t
|| / G(t — TPV - (uw ® Up)dr| rs < CIPY - (w & D) aapss
0 El([O’T);}—Np,A,qp ) El([O’T);}-NPqu ! )

Then, according to Lemmas 2.4, 3.3 and 3.4, we get

[1B(UL, U2)l|x < ClPV - (u1 @ Us)||

.4—2'Y+ﬁ
L[0Ty EN T
< C||’LL1|| L4-2yp 23 HU2|| L4 A=3
L=([0,T)FN, vy 7)) LYOT),FN, \ & (4.21)
+ C||U2H L4—2y4 273 ||'LL1|| LapA=3
.COC([O,T);]:NPM\A P El([O,T);]:Np’A’q
< Col|Ua]|x (| Uzl -
Lemma 3.2 yields
G Uollx < Cil|lUoll  4nyyazs. (4.22)
FNprg F
If ||Uy|] amzyyrzs < m, then by Lemma 2.3, there has a unique global solution U € X
P,A.q
satisfying

[Ullx < 2C1[|Uoll 45y yr=s.
FN g

P,A,q

Thus the proof of the global existence is complete.
As for continuity, by using the definition of the Fourier-Besov-Morrey spaces, we have

lu(tr) — u(t2)]®

.4—27+¥
P,A.q
ja(4=27+252)) 5 q(A—2y+22) .
< D2 () — ()l +2 3 2N (O o myay
J<N >N
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where we denote 1; = ;4. For any small constant € > 0, let N be large enough so that

jq(4—27+223) 1 €
XI:VQJQ( 2 P )||u](t)||%°°([O,T)7M£‘) S 1
7>

Using the same arguments as in [21], we get
f(4—2y b A3 .
> 2Ty () — ()
J<N
< Cltr =t 32 20D sup | Gow)
]SN tlStSt2
< Oty — to]? Z QJQ(4*2“/+%
J<N

< sup (IR + BV Ty @ )Ly + IV 5,
t1<t<ts P P P

]Hl]]\/lg

< Clt; —to|? 22qu||u||q anens F 22“/qN||V S(u@ )| R
£=([0,T);FN ") £2°([0,T); FN Py

P,N,q PiX,q

+ Clty — t2] 727 Jw]|? 4y p A8
L£o([0,T);FN, 0 7))
(4.23)
Applying Lemma 2.4 and taking 0 = oo in Lemma 3.4, we have

IV (u@ )]

44y 23
£oo([0,T);FN. TP

P,A.q )

< Clu®ul? A
o (0 TFN T (4.24)

P,A.q

2
< Cllull™ 5_aypA=3 -
L=(0,T)FN, 0 7 )

Substituting (4.24) into (4.23) to obtain that

4o A=3Y -
ZQJ(J(4 29+55 )||uj(t1)*uj(t2)”3\/13
J<N

< Clty — o (22WQN||“||q + 2270V ||

A—3 A-3
L4222 L 5—2y+ 272
£°°([07T);]-'/\/p,>\,q ) £°°([0,T);.7—'Npmq P ))

+ Clty — t2|7279 ]| Lam2qpA=D
£o(0,T)FN, 0 P )

< Clty — tof <|U0|q s+ lluol* s Jlwoll? A3 )
)

L A—2y A B2y A LA=2yAE
e\ 4
2

£ ([0,T);FN £ ([0,T);FN Lo(0.T)FN, .
provided [t; — t2| < § for some a small enough §. Thus, |u(t1) — u(t)|| .

A, q PX,q

24 A3 < g, we
A

p,Aq
obtain the continuity of v in time ¢. Similarly, we use the same discussion to get the continuity

4 A=3
of w in time t. Hence (u,w) € C ([O7T>;]__pr)\2,;y+ r ) Thus the proof of the Theorem 1.1 is
complete. O
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Proof of Theorem 1.2. Now, we will use Lemma 3.5 to prove the local existence. We set

A—3_ 24
+5= (27,)/)

Y = 22 ([0,T):; FN'"

P,A.q ’

Similarly, according to Lemmas 2.4, 3.3 and 3.5, we get
|B(Ur, Uz)|ly < C|IPV - (uy @ Us)| e
Lr(0TFN, G )
S C||U1U2|| 5__4y L A-3 (425)
L‘,T([[LT);]:N @2r)’ > )
< O[Ty [Ty

P,A.q

Lemma 3.2 yields

1G(H)Volly < CllU 5 - (4.26)

p:
L4—2v+
R
PyA.q

We divide the initial data Uy into two terms:

Uo = fﬁl(XB(o,a)ﬁo) + fﬁl(XBC(o,a)ﬁo) :=Uo,1 + U2,
Ay A=3
where 6 = §(Up) > 0 is a real number to be determined later. Since Uy € fN:;ZJr ? by (4.26)
we choose § large enough satisfying

|G(t) U2y <

N ™

thus, we get
IG@)Volly < [|G(H)Vo,1]

€
y + >
For the first term U1, applying [%-norm to it and using the fact that |{| ~ 27 < § for every
j € Z, we have

Q=

QA A=E 20y ey T
G U lly < {3 27107~ a)||e el AU 1l T ar o, 7y
JEZ
1
q
iqA4A=3_ 20y =
< 3 D 2T T AU e o )
JEZ
2y, 1
< C3§2ZT2T HUOH .4—274—%'
PsA,q
Therefore, if we choose T such that
2y, 1 €
0352ZT27' ||U0H La2y4 A3 < 5 (4.27)
PiA,q
then we have
1G()Uolly <e.

Applying Lemma 2.3, we get a fixed point in the closed ball B(0,2¢) = {x € Y : ||z|y < 2¢}.

Thus for arbitrary Uy in FA i;\?Z—F%, (4.19) has a unique local solution in Y on [0,7T), where
2r
€
2035%Z HUOH . 4—2’y+¥
P A
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We can use the same discussion to get the continuity of (u,w) in time ¢. For the integral equation
t
U(t) = G(t)Uo - / G(t — 1PV - (u® U)(r)dr,
0

by Lemma 3.2, we have that

U] s,

LA—2y 422
£50([0,T); FN TR

IR PiA,q

< C|Uo| A3
N

Then, we estimate the bilinear part. By Definition 2.3, Lemma 3.5 and the Young’s inequality,
set 1+ é =14 %, we obtain that

r’

I /O Gt — )PV - (u U)(r)dr]|

A—3
4+ —2
p v

£°([0,T);FN, 3 )
1
] g
< da(4+252 ~27) ! —r'e2* ' APY - (u@ U)(r)dr||? dt
< Z N ; e 14; (ueU)(r) THLT([O,T);]VI;})
JEZ

1
q

. A=3 _ o, _1 A -
< {3 it 2N r>>||Aij-(u®U)(T)dTIIqU([O,T>;M;)dt

JEZ
SCVI'“‘(X)UVH 54y A3
([0, 1) FN, 0T T
<cul| aos_ o ||U] Aosa
car (0N, N P ) a0 yEN, S P )
s 4423 o
Therefore, (u,w) € L>([0,T); FN,, ; ). Same as the proof of the Theorem 1.1, we have

o4 A=3
the continuity of (u,w) in time t. Hence (u,w) € C <[0,T);f./\/'i+>\ ¢ 27). Thus the proof of

the Theorem 1.2 is complete.
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