
Can. J. Math., Vol. XXIV, No. 6, 1972, pp. 1086-1091 

ON A THEOREM OF COHEN AND LYNDON ABOUT 
FREE BASES FOR NORMAL SUBGROUPS 

A. KARRASS AND D. SOLITAR 

1. Introduction. Let 5 ( ^ 1 ) be a subgroup of a group G. We consider the 
question: when are the conjugates of S "as independent as possible"? Speci­
fically, suppose SG (the normal subgroup generated by 5 in G) is the free 
product H*S0a where S0a = gaSgeT1 and ga ranges over a subset J of G. Then / 
must be part of a (left) coset representative system for G mod SG • N where N 
is the normalizer of 5 in G. (For, g £ SGgaN implies Sg is conjugate to SQa in 
SG; however, distinct non-trivial free factors of a free product are never 
conjugate.) 

We say that SG is the free product of maximally many conjugates of S in G 
if SG = IPS*a where ga ranges over a (complete) left coset representative 
system for G mod SGN (or equivalently, ga ranges over a double coset repre­
sentative system for G mod (SG, N)) ; in this case we say briefly that 5 has the 
fpmmc property in G. 

If 5 has the fpmmc property in G and SG = IPS**, then hp must range over 
a double coset representative system for G mod (SG, N). (For, if hp £ SGgpN, 
then SG is the normal subgroup of itself generated by all S^, and so the gp 
must include all the ga.) 

It is easy to see that if SG = IPS'7* then S has the fpmmc property in G 
if and only if for every g £ G, Sg is conjugate in SG to some S9a. 

Theorem 1 gives a necessary and sufficient condition for certain subgroups 
of a free product with amalgamated subgroup or of an HNN group to have 
the fpmmc property in the whole group. The proof is based on the subgroup 
theorems in [3] and [4]. From Theorem 1 we derive the "Main Theorem" of 
Cohen and Lyndon [2] which (in the above terminology) states that a cyclic 
subgroup has the fpmmc property in a free group. 

2. A lemma. It is shown in [3] that if H is a subgroup of (A * B;U) and H 
has trivial intersection with each conjugate of [/, then H is the free product 
of a free group F and the factors DaADa~

l C\ H, DpBD$~l C\ H where Da and 
Dp range over double coset representative systems for G mod (H, A ) and 
G mod (H, B) respectively (see Corollary 3 of Theorem 5 in [3]); moreover 
if H is generated by its intersection with conjugates of A and B, then F = 1. 
The analogous result for HNN groups is the following, which is a refinement 
of Theorem 6 of [4] : 
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LEMMA 1. Let G be an HNN group 

(1) G = (t1} t2,...,K; rel K, hLJr1 = Mlf tJL4rl = M2 | . . .), 

awd Ze/ H be a subgroup of G having trivial intersection with each conjugate of 
each Lf. Then H is the free product of a free group F and the factors gKg~l C\ H 
where g ranges over a double coset representative system for G mod (H,K). 
Moreover, if H is generated by its intersections with conjugates of K, then F = 1. 

Proof. By Theorem 6 of [4], H is the free product of a free group F and 
factors different from 1 of the form gtKgi~l C\ H where gt ranges over a 
certain subset of G; moreover, by Corollary 3 to Theorem 1 of [4], each sub­
group gKg~l C\ H ( F ^ I ) , g £ G, is conjugate in H to one of the subgroups 
gtKg~l C\ H. Furthermore, by the last part of Lemma 3 of [4], if gKg~l C\ H = 
hgiKg{~lh~l C\ H T^ 1 for some h £ H, then HgK = HgtK. Hence if ga ranges 
over a double coset representative system for G mod (H,K), then for each 
ga such that gaKga~

l (~\ H ?^ \ there is an unique gt defining the same double 
coset; and so supplementing the gt with those ga such that gaKga~

l C\ H = 1, 
we have that H is the free product of F and subgroups gKg~l C\ H where g 
ranges over a double coset representative system for G mod (H, K). 

Finally, if H is generated by its intersections with conjugates of K, then H 
is contained within the normal subgroup of H generated by its free factors 
gtKgr1 r\ H, so that F = 1. 

3. An fpmmc theorem for generalized free products and HNN groups. 

THEOREM 1. Let G be a generalized free product (A * K; U) or an HNN 
group as in (1). Suppose S is a subgroup of K such that SK has trivial intersection 
with U or with each Lu Mi. Then S has the fpmmc property in G if and only if S 
has the property in K. 

Proof. We may assume 5 ^ 1 . 
We first show that the conclusion of the theorem holds for any group 

G > K > S if G, K, S satisfy the following conditions: 
(i) gSg~l C\K^\ implies g G K\ 

(ii) ^ H I = SK; 
(iii) SG = IT* (gKg~l C\ SG) where g ranges over a double coset representa­

tive system for G mod (SG, K). 
Condition (i) implies that if 5 has the fpmmc property in G, then it has it 

in K. For, clearly (i) implies that the normalizer N of S in K is the normalizer 
of 5 in G. Let SG = I1*S0« where t>a ranges over a double coset representative 
system for G mod (SG, N). Now SK is generated by all Sk, k Ç K, and so SK 

is generated by its intersection in SG with conjugates of the factors Sffa. Hence 
by the Kurosh subgroup theorem, 

SK=n *(n *(pais
f'Dai-

1 n SK)) 
« 3 
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where for each ga, Daj runs over a double coset representative system for 
SGmod (SK, S'«). But (i) implies DajS

g«Daf
ir\SK is 1 unless Dajga G K\ 

moreover, if Dajga G K, then DajS
g«Daj-

1 C\ SK = S D «^. Thus S* = n*SD«"« 
where D a j ^ G i£. Furthermore, since for each ga, S

G = U SKDajS
Sa, it follows 

that SGga7V = U SKDajgaN for each &,. Hence G = U 5Gg«iV = U SKDajgaN, 
so that X = U SKDajgaN where Dajga G K. Consequently, 5 has the fpmmc 
property in K. 

On the other hand, if (i), (ii), and (iii) hold and 5 has the fpmmc property 
in K, then 5 has the property in G. For, since SG is normal in G, properties (ii) 
and (iii) imply SG = H*gaS

Kga~
1 where ga ranges over a double coset repre­

sentative system for G mod (SG, K). By hypothesis, SK = TL*Sk> where kj 
ranges over a double coset representative system for K mod (SK, N). There­
for SG = II*S'«*' and G = U S°gaK = U S^S^N = U SGgakjN. Conse­
quently, 5 has the fpmmc property in G. 

To establish conditions (i), (ii), and (iii), first suppose G is (A * K; U). 
Since SKr\U=l, condition (i) holds. Moreover, G/SG = (A *K/SK; U), 
so that (ii) holds and SG P\ A = 1. By the remark preceding Lemma 1, 
condition (iii) holds. 

Finally, suppose G is an HNN group as in (1). Then G/SG is also an HNN 
group with base K/SK and the same free part and associated subgroups 
Lu Mi as in G. Therefore condition (ii) holds, and SG has trivial intersection 
with each Lt. Therefore by Lemma 1, condition (iii) follows. Moreover, by 
the last part of Lemma 3 of [4], if g G K then K Pi gSg~r is contained in some 
conjugate of Lu and so condition (ii) also holds. 

Clearly, if G, K, S are as in Theorem 1, and S is normal in K, then S has the 
fpmmc property in G. 

As an illustration of Theorem 1, we show that in a Fuchsian group G with 
positive periods 71, . . . , yt and positive genus n, 

G = (d, . . . , cu alt 6i, . . . , a», &„;ci71, . . . , c?*, cr1 . . . ct~
l[au b{\ . . .[a»A]}, 

that the subgroup 5 = gpfci, . . . , ct) has the fpmmc property in G. Write G 
as an HNN group 

(au ci, . . . , cu h, . . . , an, bn; c?1, . . . , c?1, 

aib^ar1 = ct . . . ci[bn, an] . . . [b2, a2]bi), 

with free part gp(#i), base K, the free product of 5 = Yl*(ci] cl
rfi) and the free 

group (bu «2, b2, . . . , an, bn), and associated subgroups L = gp(fri) and 
M = gp(ct . . . Ci[bnj an] . . . [62, a>2]bi)' Clearly, SK has trivial intersection 
with L and M. Since 5.has the fpmmc property in K, S has the property in G. 

COROLLARY. Let G > K > S > H. Suppose S has the fpmmc property in G. 
Then S has the fpmmc property in K provided gSg~l C\ K ^ 1 implies g G K. 
Moreover, the image of S in G/HG has the fpmmc property in G/HG. 
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Proof. The first conclusion was established in the course of the proof of 
Theorem 1. 

T o establish the last assertion, let SG = H*Sg« where ga ranges over a double 
coset representative system for G mod (SG, N) and N is the normalizer of S 
in G. Let <p be the natural homomorphism of G onto G/SG. We may assume 
t h a t H is normal in N (otherwise replace H by HN). Then H°, g G G, is conju­
gate in SG to some H0*, and so SG/HG = n*(<p(S))*°«> ^n*(S/H)*<°*K 
Moreover, every conjugate of <p(S) in G/HG is conjugate in <p(S°) to one of 
the factors (<p(S))^0"*. Hence <p(S) has the fpmmc property in G/HG. 

The theorem of Cohen and Lyndon, which we derive in the next section 
from Theorem 1, s tates t ha t a cyclic subgroup has the fpmmc proper ty in a 
free group. Using the last pa r t of the above corollary it then follows t ha t in a 
one-relator group 

P = (a,b, . . . ;r»>, n > 1, 

where r is not a proper power, the gp(r) has the fpmmc property in P. G. Baum-
slag [1] has used this last result to show tha t the group P is hopfian if the group 
obtained by dividing out the elements of finite order, namely, 

P i = (a, b, . . . ; r) 

is hopfian. 
Using his method of proof we obtain the following generalization. Let S be 

the free product of finitely many finite groups Su 1 ^ i ^ m. Suppose S has the 
fpmmc property in G, the normalizer of S in G is S itself, and SG contains all 
elements of finite order in G. Then G is hopfian if G/SG is hopfian. 

For, suppose G/SG is hopfian and /3 is an endomorphism of G onto itself. 
Since SG is generated by all the elements of finite order, ft maps SG into SG. 
Moreover, since /3 induces an automorphism on G/S°, it follows t h a t 
p-^S0) = SG. T h u s the kernel of 0 is in SG and 0 maps SG onto itself. Now 
SG = I I * 5 / a where ga ranges over a coset representative system for G mod SG. 
We show 13 is a one-one mapping of St into SG. For, £(S*) < 5^/* , ht G G; 
since SG is not the normal subgroup of G generated by a proper subset of 
Si, . . . , Sm (any 5 / is conjugate in SG to 5 / a for some ga), the range of j t 

consists of the integers from 1 to m. Replacing /3 by its m!-th power, we m a y 
assume tha t 0 maps each St into a conjugate of itself. If 13(Si) = Tt

hi where 
Ti < Su then SG = gp(5^«) = gp(7Y<*«>*0. For each i, t3(ga)hi ranges over 
a coset representative system for G mod SG, so t ha t 5 G = gp(Tihai0a) where 
hai € SG. But then mapping 5 G into the direct product of the 5 / a , we have 
t h a t T •%aiQa goes into Ut°a where Ut is conjugate to Tt in St; therefore Tt = St. 
T h u s ]3 maps 5^ one-one into SG. Since distinct subgroups in {/3(5/a)} are 
conjugate in SG to distinct free factors 5 / a , the collection {^(5/ a)} generates 
its free product . Consequently, 0 maps SG one-one onto SG, and so j8 is an 
automorphism of G. 
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For example, the group 

G = (a, b, a, . . . , cu d; c{<\ . . . , c^S cr1 . . . ct~
l[a, 6], dk = ambn) 

where km 9^ 0 or kn 9^ 0 is hopfian. For, let t ing 5 = gp(ci, . . . , ct), we have 
t h a t S is its own normalizer, has the fpmmc proper ty in G, and 5 is a free 
product of finitely many finite cyclic groups. Moreover, G/SG is the free 
product of the free abelian group on a, b and the infinite cyclic group on d 
with an infinite cyclic group amalgamated . Now it is easy to show t h a t this 
last group is residually finite and therefore hopfian. Hence G is hopfian. 

4. The theorem of Cohen and Lyndon. 

T H E O R E M 2. Let F be the free group on a, b, c, . . . and let rm be an element of F 
where r is not a true power. Then gp{rm) has the fpmmc property in F, i.e., 
gp(rm)F = H*gp(rmy° where fa ranges over a double coset representative system 
for F mod (gp(rm)F, g p ( r ) ) . 

Proof. T h e proof is by induction on the length of r. If r has syllable length 
one, then r is a free generator of F, and gp(rm) is normal in gp(f ) , which in 
tu rn is a free factor of F. Hence by Theorem 1, gp(rm) has the fpmmc p roper ty 
in F. 

Suppose r has syllable length greater than one. If some generator occurs in r 
with zero exponent sum, take P = F. Otherwise we enlarge F using the 
s tandard Magnus method so as to introduce a generator on which r will have 
zero exponent sum. Specifically, if r involves the free generators a, b of F with 
non-zero exponent sums a, /3 respectively, then we form 

(2) P = (<x) * F;xV = a), 

introduce the generator y = bxa, and replace b by yx~a. Suppose t h a t when 
r(a,b, c, . . .) is rewri t ten in terms of x, y, c, . . . ŵ e obtain r'(x, y, c, . . . ) , 
which when rewrit ten in terms of the conjugates yf = xiyx~\ cf = xicx~i, . . . 
of the generators 3/, c, . . . of P becomes r0(yi} ch . . . ) . 

Then the free group P can be wri t ten as an H N N group 

(3) (x, K'^xLx-1 = M) 

where K is the free group on yu cj} . . . where i ranges from the smallest to the 
largest subscript occurring o n ^ in r 0 and is zero if no subscript occurs on y in r0; 
similarly for the range of j , . . . ; L and M are freely generated by the subsets 
of the generators of K which exclude those generators yu Cj, . . . with largest 
and smallest subscripts respectively. By the Magnus Freiheitssatz (see, e.g., 
[5]), L, M have trivial intersection with gp(rom)K. Since r0 has shorter length 
than r, it follows t h a t gp(fom) has the fpmmc proper ty in K, and therefore by 
Theorem 1, gp((r')m) has this proper ty in P . Since gp(rm)F has trivial inter­
section with gp (a ) , Theorem 1 implies gp(rm) has the fpmmc p roper ty in F. 
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