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IDENTITIES IN CATEGORIES 
BY 

H. HERRLICH AND C. M. RINGEL 

In [4] Hatcher introduced the notion of an identity in an arbitrary category and 
proved a characterization of quasivarietal subcategories which is similar to Birk-
hoff's characterization of varietal subcategories in universal algebra. The aim of 
this note is to show that the theorem of Hatcher as well as the categorical generali­
zation of Birkhoff's theorem are special cases of a "relative" theorem, formulated 
with respect to a projective structure. 

We recall some definitions: 

(1) (Hatcher). If X and Y are objects of a category C and Y belongs to a class Y 
of objects, a pair (kl9 k2) of morphisms in C(X, Y) is called a Y-identity (or also an 
identity). An object A is said to satisfy the identity (kl9 k2) if for every morphism 
a: F-> A we have the equality ak1 = ak2. If K is a class of identities, the subcategory 
defined by K is the full subcategory of all objects of C which satisfy the identities 
ofK. 

(2) (Birkhoff, Malcev). A full subcategory A of C is called quasivarietal if A is 
closed under products and subobjects; A is called verital if A is quasivarietal and 
closed under regular quotients. 

(3) (Eilenberg and Moore, Maranda). If P is a class of objects, E a class of mor­
phisms, the pair (P, E) is a projective structure, if the following conditions are 
satisfied: 

(i) for P e P and eeE, C(P, e) is surjective, 
(ii) if C(X, e) is surjective for every e e E, then X belongs to P, 

(iii) if C(P, y) is surjective for every P e P, then y belongs to E, 
(iv) for every object C of C there is a morphism P -> C in E with P e P. 

An example of a projective structure is given by (|C|, R), where |C| is the class of all 
objects of C, and R is the class of all retractions. In many categories we get another 
example considering the class of regular epimorphisms : 

(4) The category C has regular projectives if (Pr, Er) is a projective structure, where 
Er is the class of regular epimorphisms and Pr is the class of regular projective 
objects, i.e., objects Zfor which C(X9 — ) preserves regular epimorphisms. 

Each "varietal" category in the sense of Linton has regular projectives. More 
general each "algebraic" category (i.e. each category C which is complete and co-
complete and has a regular projective regular separator) has regular projectives 
(see [7], [6], [3], and [5]). 

297 

https://doi.org/10.4153/CMB-1972-055-0 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1972-055-0


298 H. HERRLICH AND C. M. RINGEL [June 

(5) If Y is a class of morphisms, a subcategory A is closed under Y-quotients if for 
every morphism y: A-> BinY9AeA implies B e B. If Y is the class of all epimor-
phisms (regular epimorphisms, retractions) then the assertion that A is closed 
under Y-quotients means that A is closed under quotients (regular quotients, 
retracts). 

Let C denote a complete and extremally-cowell-powered category in which every 
morphism has a factorization in a regular epimorphism followed by a monomor-
phism. 

THEOREM. Let (P, E) be a projective structure on C and A a full subcategory. A is 
defined by a class of V-identities iff A is quasivarietal and closed under E-quotients. 

Proof. Assume that A is defined by a class K of P-identities. It is easy to see that 
A is a quasivariety, so we only show that A is closed under E-quotients. Let 
e: A -> B be a morphism in E with A e A. If (kl9 k2) is a P-identity, say kt: X->P 
with P G P, and b: P -> B is arbitrary, we find a morphism a with ea = b (because 
P G P and e e E). Now A belongs to A, so ak1 = ak2, but this implies 

bkx = eak± = eak2 = bk29 

so Be A. 
For the converse, assume that A is quasivarietal and closed under E-quotients. 

Let K be the class of all P-identities satisfied by all objects of A. If B is the sub­
category defined by K, then A ç B . So we have to show that any object B of B 
belongs to A. For B there exists a morphism e : P -> B in E with P e P. A is a quasi­
variety, so A is a reflective subcategory and the reflection morphisms are regular 
epimorphisms. If r : P -> A is the reflection morphism of P into A, and (kl9 k2) is the 
congruence-relation ( = kernel pair) of r, then (kl9 k2) belongs to K: for given a 
morphism a:P' -> A' with A' in A, we can factorize a through r, say a = a'r. But the 
equality rkx = rk2 then implies 

akx — a'rkx — a'rk2 = ak2. 

We have assumed that B belongs to B, so (kl9 k2) is satisfied for B9 that is, we have 
the equality 

(*) eki = ek2. 

But r is a regular epimorphism, so (r, A) is the coequalizer of (kl9 k2)9 and (*) implies 
that e factors through r, e=e'r. 

X ^ P -L-^ A 

B* 
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But with e also é belongs to E, so Zis the codomain of the morphism ë : A -> B in 
E and A e A implies Be A. This proves the theorem. 

For the projective structure (|C|, R) we get: 

COROLLARY 1 (Hatcher). A full subcategory A is defined by a class of identities iff 
A is quasivarietal. 

If (Pr, Er) is a projective structure, we get: 

COROLLARY 2.IfC has regular projectives, a full subcategory A is defined by a 
class ofFr-identities iff A is varietal. 

Since any algebraic category satisfies the hypotheses of the last corollary (includ­
ing the assumptions on C) we get the following generalization of Birkhoff's theo­
rem: 

COROLLARY 3. In an algebraic category a full subcategory A is defined by a class 
of V-identities iff A is varietal. 
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