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1. Introductory. The integral

(1)

where 6>0, was given by Hardy (1). I t was proved by applying Mellin's inversion formula.
An alternative proof, based on the differential equation

(2)

satisfied by Kn(x), has been given by the author (2).
In § 2, a generalisation of this formula, namely

hh • • • tv~i
(3)

where b>0, p — 2, 3, 4, ... , will be established.
The following formulae will be required in the proof:

where R(m±n)>0 (3) ; and

J. I lltic J, . , 1̂ ))

I \ iiv /

where m is a positive integer (4).
In § 3 a similar formula, involving Bessel Functions of the First Kind, will be obtained.
§ 2. Proof of the Formula. If the L.H.S. of (3) is denoted by F (6), then

F'(b) Jfl \XKn(ts) t.»l>-*dt.Kn' ( f
 b ) \

and
1

\ ) \
• • • tp-d (hh • • •

Then, from (2),

62 F" (b) =11 f °° Kn (ta) t
«=iJo

= -bF'(b)+n2F(b)+L,
where

L = 6^V f" Kn (ta) t^*-* dts Kn (
 b

«=lJo W a -
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In this multiple integral change the order of integration so that the first integral becomes
the last and replace tx by bj(M2t3 ... iJ)_1), where A is the new variable ; then

8=2 Jo

x Kn
Jo

=b*i»Pn P Kn (t,) t*s

8=2 J0

x rKn{\)A*»-»^Kn ( b -) dX.
Jo \At2t8...ts_i/

Here write <s_j for ts and t(p_1 for A : then

so that
b2F"(b) + bF'(b) - (62'» + w2) F(b)=0.

Now, in (2) put b = (x/p)v, and it becomes

and therefore
F (b) = J Z ^ (pfti*) + S/^ , (pbl'p).

Here let 6^oo and it is seen that B must be zero. (For the purpose of the proof it may be
assumed for the time being that wSgO.)

In order to determine A the equation may be put in the form

- / .

Now multiply by bn and let 6->O ; then

8=1 J o " s 2 sin W7T F(S2sinw7r ^ ( 1 - n ) 2 sin
or, from (4),

PII 2n+2slv-2 r(n+s/p) r(s/p)2n-1 r(n) =A 2""-1p-i'n r{pn).
« = 1

Hence, from (5) and from (5) with \jm in place of z,

2(v-Dn-(p-l)+n-l(27T)iv-ipi-Pn r(pn) (2Tr)i"-ip~i = A 2"n~1p-vn r(pn).

Therefore, A=TT»~X.

Thus formula (3) has been estabUshed.
§3.-4 Multiple Integral involving Bessel Functions of the First Kind. The formula to be

proved is

*n p Jn (ts) t*°i*-i dt. JJ b . )= Jvn {pbv*), (6)
«=1JO Vlf2 • • • lD-l/

1 2
where b>0, B(n)>^ — . For the particular case, when p = 2,

(7)

-where &>0, B(n)> — \, see Watson's Bessel Functions (5).
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The proof depends on the differential equation

x2y" +xy' + (x2 - n?) y = 0, (8)
satisfied by Jn{x) and -/_„(#).

The formula

(9)

3
where R(n +m)>0, R(m)< = , is required (6).

3 2
Denoting the L.H.S. of (6) by <f>(b), we have, as in § 2, if B(n)>- — ,

&Y" (ft) = - b(f>' (b) + nty (b) - L,
where

»-if« / b • \
L=vn \ jn (t.) t.»i»-> dt. Jn ° .

«=1 J 0 W l • • • lv-ll

On proceeding as in § 2, it is found that

so that
6 Y " (*) + ft^' ̂ ) + (ft2/l> - »2) ^(ft) = 0.

Now, in (8), put 6 = (a;/p)S) and it becomes

Therefore

I Here multiply by bn and let &-M) ; then clearly B must be zero.
| Again, to determine A, multiply by b~n and let 6-*0 ; then

. „ , -,. 1 . P'p-l /"»

£ J o /.(*.) e ^ - ^
But, from (9), the L.H.S. is equal to

p-i /8\ I I v-s\ 1 2-nip-1) (277)1*-*p-i
"i \p)l \ P / 2" / > +1) ~ 2" w (2ir)i»-lpi-i>n r(pn) •

Hence A = 1, so that (6) has been proved. By applying analytical continuation the restriction
3 2 1 2

R(n)>y — can be altered to R{n)>^ — .
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