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Abstract

For a graph G, let f(G) denote the maximum number of edges in a bipartite subgraph of G. For an integer
m and for a fixed graph H, let f(m, H) denote the minimum possible cardinality of f(G) as G ranges
over all graphs on m edges that contain no copy of H. We give a general lower bound for f(m, H) which
extends a result of Erd6s and Lovdsz and we study this function for any bipartite graph H with maximum
degree at most ¢ > 2 on one side.
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1. Introduction

All graphs considered here are finite, undirected and have no loops and no parallel
edges, unless otherwise indicated. All logarithms are to the natural base e. For a graph
G, let f(G) be the maximum number of edges in a bipartite subgraph of G. For an
integer m, let f(m) denote the minimum value of f(G) as G ranges over all graphs
with m edges.

It is easy to see that f(m) > m/2, for instance by considering a random bipartition
or a suitable greedy algorithm of a graph with m edges. Edwards [9] improved the
lower bound and showed that for every m,

m 1/ | 1 1

Note that this is tight when m = (;) for odd integers n. For more information on f(im),
including a determination of its precise value for some values of m, we refer the reader
to [1, 3, 7]. For survey articles, see [8, 17].

The situation is more complicated if we consider only H-free graphs G, that is,
graphs G that contain no copy of a fixed graph H. Let f(m, H) denote the minimum
possible cardinality of f(G) as G ranges over all H-free graphs on m edges. Alon

et al. [2] gave the following general conjecture.
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Consecture 1.1 (Alon et al. [2]). For any fixed graph H, there exists a positive constant
€ = €(H) such that

F(m, H) > % + Qe

Clearly, it suffices to prove this conjecture for complete graphs H. The problem of
estimating the error term more precisely is not easy, even for relatively simple graphs
H. The case H = K3, in which f(m, K3) is the minimum possible size of the maximum
cut in a triangle-free graph with m edges, has been studied extensively. Erdds and
Lovasz (see [10]) proved by probabilistic methods that

log m )1/3

f(m, K3) > m + cm2/3(
2 loglogm

for some positive constant c. After a series of papers by various researchers [16, 19],
Alon [1] proved that f(m, K3) = m/2 + @(m*?) for all m.

In this paper, we use the method of Poljak and Tuza [16] to extend the result of
Erd6s and Lovdsz for graphs containing no copy of the complete graph K., and
establish the following lower bound.

TueoreMm 1.2. For any fixed integer k > 2 and all m > 1, there exists a positive constant
c(k) such that

log? m )<k—1)/<2k—1>

m —
fm, K1) > = + c(om!/ 1>(
2 loglogm

Denote by K, ; the complete bipartite graph with classes of vertices of sizes ¢ and s.
Alon et al. [5] proposed a stronger conjecture for K, ;-free graphs.

Consecture 1.3 (Alon et al. [5]). For all s > ¢ > 2 and all m, there exists a positive
constant c¢(s) such that

mn — —
f(m, K, 5) > > + c(s)ymBD/E=D),

If true, this is tight at least for all s > (# — 1)! + 1, as shown by the projective norm
graphs [6]. For the cases ¢ = 2, 3, the authors established the following theorem.

TuEOREM 1.4 (Alon et al. [5]). Fort € {2,3} and s > t, there exists a positive constant
c(s) such that

Fm.Kyp) = 5+ c(sym D/
for all m, and this result is tight up to the value of c(s).

In addition, Alon et al. [5] studied the function f(m, H) for some other special
bipartite graphs H.
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TueorREM 1.5 (Alon et al. [5]). Let H denote the union of an arbitrary number of cycles
of length 4, all having a single common vertex. Then there exists a positive constant
c(H) such that

fm, Hy> 2+ c(Hm""
for all m, and this result is tight up to the value of c(H).

In this paper, we consider the function f(m, H) for any bipartite graph H with
maximum degree ¢ > 2 on one side and prove the following results.

Tueorem 1.6. Let H = H[X, Y] be a bipartite graph with vertex degree at most t > 2
for each vertex in Y.

(i) Foreacht > 2 and all m, there exists a positive constant c(H) such that
Fom, H) > % + c(Hym!®,
(1) Fort =2 and all m, there exists a positive constant ¢’'(H) such that
m- -, 5/6
f(m,H) > 5 + ' (Hym".

(ii1)) Suppose that d(x) = |Y| for some vertex x € X. For t = 3 and all m, there exists a
positive constant ¢” (H) such that

f(m, H) > g + " (Hyms.

Remark 1.7. Note that (i) gives a general weak lower bound in Conjecture 1.3 by
setting H = K, ; for all s >¢>2. The ideas of Poljak and Tuza [16] can be used to
improve the bound in (i) by logarithmic factors by more careful calculations. Finally,
Theorems 1.4 and 1.5 are corollaries of (ii) and (iii).

2. Kj.i-free graphs

2.1. Independence numbers. In this subsection, we aim to bound the independence
number «(G) of a Kj.-free graph G in terms of its number of vertices. We need the
following lemmas.

Lemma 2.1 (Turan; see [21]). Let G be a graph on n vertices with average degree at

most d. Then
n

1+d

Lemma 2.2 (Shearer [18]). Let G be a triangle-free graph on n vertices with average
degree d > 1. Then

a(G) >

dlogd—-d+1 logd - 1
> n.

a(G) = =17 n> 7
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Lemma 2.3 (Li et al. [15]). Let G be a graph on n vertices with average degree at most
d. If the average degree of the subgraph induced by the neighbourhood of any vertex
is at most a, then

®(G) = nF41(d),

1 _ lJa _
F(x) = f a-n dz>1°g(x2a) L s
0

a+(x-ay

where

Levma 2.4. Let I(x) = log x/x for x > 0 and L(x) = (I(log x))~! for x > e. The function
[(x) is monotonically increasing for 0 < x < e and decreasing for x > e, and the
function g(x) = L(x)/x is decreasing for x > e.

Having finished the necessary preparations, we establish the following theorem.

THEOREM 2.5. For any fixed integer k > 2, let G be a Ky1-free graph on n vertices with
average degree at most d. Then

1
a(G) > mnl/k(log n)*k=D/k,

Prookr. Let G be a graph with maximum degree A. Denote by G’ the graph induced by
the neighbourhood of any vertex of G with maximum degree A and denote by G” the
graph induced by the neighbourhood of any vertex of G’ with maximum degree A" in
G’. Note that G’ is Ky-free and G” is K;_;-free for k > 3.

We prove the theorem by induction on k. Let k = 2. Since vertex neighbourhoods
in a triangle-free graph are independent sets, we may assume that A < (nlogn)!/2. If
d<eé?, by Lemma 2.1,

172

1
> > —
a(G) > > 16(nlogn) ,

n
1 +¢?
as required. Suppose that e? < d < (nlogn)!/?. From Lemmas 2.2 and 2.4,
logd -1 logd
nz
d 2d
Thus, we get the desired result and establish the base case.

Assume that the result holds for any K,-free graph with r < k and k > 3. We show
that the desired result holds for Kj.-free graphs.

172

1
> > — )
a(G) > n> 16(nlogn)

CLAM 2.6.

n \k=Drk
3k2( 1 ) <d <A< @ ogm)* and A < @?log? n)E,
ogn

If d < 3k*(n/ log n)*~V/k then, by Lemma 2.1,

n 1
G) > > 1/k(| k=D/k
*(G) 2 3k%(n/logn)k=D/k + 1 — 4k2n (log )
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If A > (n*""log n)'/¥, then we use the induction hypothesis on G’ to deduce that
’ 1 1/(k=1) (k=2)/(k=1) i (k-1)/k
(I(G) > a/(G ) > mA (lOg A) > ml’l (lOg I’l) .
In the same way, if A’ > (n*~2 log? n)l/ k, then we can also get the required result by
using the induction hypothesis on G”’. This completes the proof of Claim 2.6.
Cram 2.7. log d
logd —log(A +1) =1 > %.

This is trivial if A” < 1. Suppose that A’ > 2. It follows that A’ + 1 < 3A’/2. Since
log n > 3k* by Claim 2.6 and k > 3,

(n/ log n)k=DIk _ ( n )1/(k2—k) N ( 3K )l/(kz—k) N (3e/2)M/ k=D
(nk—z log2 n)(l/k)~(k/(k—1)) (10g n)k2+1 - (3k2)k2+1 3k2 :
This together with Claim 2.6 yields
d> 3k2($)(1{_1)/k > (%e(nk‘2 log” n)l/k)k/(k_l) > (%eA’)k/(k_l) > (e(A + ))&,
implying the desired result. This completes the proof of Claim 2.7.
By Lemmas 2.3 and 2.4 and Claim 2.7,

logd —log(A" + 1) -1 S nlogd . RNy

®(G) > nFp 41 (d) > y nz—=—2 zzn'(log n)®- DK,
where the last inequality follows from the fact that e < d < (n*~! log n)!/¥ by Claim 2.6.
This completes the proof of Theorem 2.5. ]

2.2. Chromatic numbers. In this subsection, we give an upper bound for the
chromatic number y(G) of a K, ;-free graph G in terms of its number of edges.

A graph property is called monotone if it holds for all subgraphs of a graph with
the property, that is, it is preserved under deletion of edges and vertices. We require a
general lemma on monotone properties of Jensen and Toft [13] (see also [14]).

Lemma 2.8 (Jensen and Toft [13, Section 7.3]). For s > 1, let ¢ : [s, 00) — (0, 00) be
a positive continuous nondecreasing function. Suppose that P is a monotone class of
graphs such that a(G) > y(|V(G))|) for every G € P with |V(G)| > s. Then, for every

such G with |V(G)| > s,
VG
(G)< s+ f —dx.
o e

The following lemma is an immediate corollary of Theorem 2.5 and Lemma 2.8.

Lemma 2.9. For any fixed integer k > 2, let G be a Ky -free graph with n vertices.

Then 1k
G) < 16k2(i)( -
- logn
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Proor. Note that the desired result holds trivially for < ¢>. Suppose that n > 2. For
x > ¢%, define

1
y(x)=1-log'x and y(x)= mx”"(log ok-k,

Clearly, y(x) > 1/2 for x >e? and y(x), ¥(x) are positive, continuous and
nondecreasing. By Theorem 2.5, a(G) > y/(n). It follows from Lemma 2.8 that
"1 y(x)
G <+ | —dx<e+
XO = | 3@ ™= 3@ Jo WHogoF R
where the last inequality holds because an antiderivative for the integrand is exactly
(k/(k = 1))(x1log™" x)*=1D/k Thus, we complete the proof of Lemma 2.9. o

k2 n

n )<k—1>/k

dx < 16k2(
logn

Lemma 2.10 (Shearer [20]). For any fixed integer k > 2, let G be a Ky -free graph with
n vertices and average degree d > e. Then there exists a constant by € (0, 1/4) such
that benlosd
®(G) > &.
dloglogd

The following result plays a key role in our proof of Theorem 1.2.

TueoreMm 2.11. For any fixed integer k > 2, let G be a Kyyi-free graph with m > 1
edges. Then

2

mloglog m)(kfl)/(qu)
IOg m :

WG) < 32k(k + b,;l)(

Proor. Let G be a Ky -free graph on n vertices with m > 1 edges. If y(G) < 50, then
we are done. Suppose that y(G) > 50. We may also assume that G is vertex-critical. It
follows that the minimal degree of G is at least 50. Thus, we have m > 25n.

For convenience, define

(mk log" logm)l/Qk‘”
logm '

We may assume that n > n*. For, otherwise, n < n*. Since m > 1, we see thatn > 3 > e.

It follows from Lemmas 2.4 and 2.9 that

)(kfl)/k

*

7% )(kfl)/k - 32k2(m10g logm)(k—l)/(Zk—l)
log n* -

YG) < 16k2( < 16k2(

>

10g n ]()g2 m

where the last inequality follows from the fact that x > 2 log x for each x > 0. Thus,
we get the desired result.

Now, we construct a graph sequence G = {G;}i»o according to the following
procedure, which we call the G algorithm. Set i = 0, Gy = G and ny = |V(Gy)|. Repeat
the following steps until n; < n*:

(a) choose S; to be the maximum independent set of G;;
(b) set Gy = G;\S;, n; =|V(G;)| and increment i.
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Let £+ 1 be the length of the resulting sequence G. By the G algorithm, we
immediately see that n, < n* and G can be coloured by at most y(G,) + ¢ colours.
Since Gy is K -free, by Lemmas 2.4 and 2.9, for n, > 3,

G <16k2( ne
x(Gp) < o

)(k—l)/k n* )(k—l)/k . 32k2(m10g log m)(k—l)/(Zk—l)

< 16k2(
log n*

gne log® m

Clearly, the last inequality holds for y(Gy) with n, < 2 as well. In the following, it
suffices to bound the value of €.

Define t = [n/n*]. Note that t > 2 since n >n*. Let I ={0,1,...,f— 1} and
J=1{2,3,...,t}. Note that n; > n* > n/t for each i € I by the G algorithm and the
definition of ¢. Thus, for each j € J, we can define

n n . n n
Vj={x€Si:—,<ni$, ,161} and [;= {161:—,<niﬁ, }
J J—1 J Jj—1

Cram 2.12. Foreachiel; #0,

N
542 2 (2),

2jm n
where L(x) is defined as in Lemma 2.4.

Let d; denote the average degree of G; for each i € I. Clearly, for each i € I;, we
have d; < 2m/n; < 2jm/n. Suppose that d; > e. By Lemmas 2.4 and 2.10,

1Sl = ben; -

L(d) bin® L(2]_m)

d,- 2]m n

as required. Otherwise, d; < e. From Lemma 2.1, |S;| = n;/4 > n/(4j), which, together
with the fact that x > L(x) for x > e and 4b; < 1, implies the required result as well.
This completes the proof of Claim 2.12.

For each x € S; and i € I, define w(x) = |S;|"!. Now, foreachx€ S; C V;, it follows
from Claim 2.12 that

2j*m < 2j*mloglogm
b WM2L(2jm/n) ~ byn?log(2jm/n)’

w(x) =18 < 2.1)

where the last inequality holds because j <t < n/2 by the definitions of # and n*. By
the definitions of w(x) and V;,

(= ;;w(x)—;;w(x) and |V|< 2.2)

In view of (2.1) and (2.2),

t

2j2|V,-|m log logm loglogm
< : 23
- ]Z: j bkn Z log 2.3)

= bin?log(2jm/n) ~ j+log(m/n)’
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By the definition of n*,

n om _ m _ (mk—kl logm)l/@k—l). 2.4)
nt n n log"logm
It follows that
1
max { log @, log i*} > 28 (2.5)
n n

Suppose that n/n* < m/n. Note that t — 1 < n/n* by the definition of ¢. Thus, we delete
the first term of the denominator of (2.3) and obtain

b}

Z loglogm _ 4mloglogm _ 16k(mloglogm)("‘l)/(y“l)
bkn log(m/n) ~ bkn* log(m/n) ~ by log®> m

where the last 1nequa11ty follows from (2.4) and (2.5). Otherwise, n/n* > m/n. Since
t—1<n/n*<t,

51 ff 1 20t-1) 2n
Z < dx < < .
log j » logx logt n* log(n/n*)

Deleting the second term of the denominator in (2.3) yields

4m Zt: loglog m - 8mloglogm - 32k(mlog logm)(k’l)/(”"])

< — < <
bin & logj bn*log(n/n*) = b\ log*m
Thus, we get the desired result by noting that y(G) < x(G¢) + €. This completes the
proof of Theorem 2.11. O

2.3. Bipartite subgraphs of K. -free graphs. In this short subsection, we give a
proof of Theorem 1.2. We need the following lemma.

Lemma 2.13 [1]. Let G be a graph with m edges and chromatic number at most y. Then

£y s A

m.

Proor oF THeorREM 1.2. Set c(k) = (64k* + 64kb,:1)‘1. The result now follows imme-
diately from Lemma 2.13 and Theorem 2.11. O

3. Graphs with forbidden bipartite subgraphs

In this section, we consider the function f(m, H) when H is a bipartite graph with
maximum degree ¢ > 2 on one side. We shall use the following upper bound, proved
by Alon et al. [4], on the maximum number of edges in an H-free graph.

Lemma 3.1 (Alon et al. [4]). Let H be a bipartite graph with maximum degree t > 2 on
one side. Then there exists a positive constant ¢ = c(H) such that

ex(n,H) < en* 1.

A graph is r-degenerate if every one of its subgraphs contains a vertex of degree at
most r. We need the following well-known fact (see [1, 2] or [5] for a proof).
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Lemma 3.2. Let H be an r-degenerate graph on h vertices. Then there is an ordering
Vi,..., vy Of the vertices of H such that for every 1 <i < h the vertex v; has at most r
neighbours v; with j < i.

We also require the following three lemmas establishing lower bounds for f(G) for
graphs G in terms of different parameters.

Lemma 3.3 (ErdGs et al. [11]). Let G be a graph on n vertices with m edges and positive
minimum degree. Then ,

%

LemMma 3.4 (Alon et al. [5]). There exist two small constants €,06 € (0, 1) such that the
following holds. Let G be a graph on n vertices with m edges and degree sequence
di,ds,...,d,. Suppose, further, that for each i the induced subgraph on all the d;
neighbours of vertex number i contains at most ed?/ 2 edges. Then

fG) = % +8y i
i=1

Lemma 3.5 (Alon [1]). Let G = (V, E) be a graph with m edges. Suppose that U C V
and let G’ be the induced subgraph of G on U. If G’ has m’ edges, then

f<G>z§+

m-—m'

fG) = f(G) + 7
Finally, we shall employ a martingale concentration result to prove the existence of
certain induced subgraphs in a graph with relatively large minimum degree and sparse

neighbourhood.

Lemma 3.6 (Janson et al. [12, Corollary 2.27]). Given positive real numbers A,
Ci,...,Cy let f:{0,1}" > R be a function satisfying the following Lipschitz
condition: whenever two vectors z,7' € {0, 1}" differ only in the ith coordinate (for any i),
we always have |f(z) — f(z')| £ Ci. Suppose that X1, ..., X, are independent random
variables, each taking values in {0, 1}. Then the random variable Y = f(Xi,...,X,)
satisfies
/12
P(Y — E[Y]| > A) < 2exp{ T5 C,»}'

Now, we use this to control the performance of a randomised induced subgraph of

a given graph with properties stated as before.

Tueorem 3.7. Let G = (V, E) be a graph on n vertices with m edges and minimum
degree at least m® for some fixed real 6 € (0, 1). Suppose that m is sufficiently large and
the induced subgraph on the neighbourhood of any vertex v € V of degree d, contains
fewer than sa’s/ 2 edges for some positive constant s. Then, for every constant n € (0, 1),
there exists an induced subgraph G’ = (V', E’) of G with the following properties:

(@) G’ contains at least 1*m/2 edges;
(b) every vertex v of degree d, in G that lies in V' has degree at least nd, |2 in G’;
(c) every neighbourhood of the vertex v in V' contains at most 2n2sd3/ 2 edges in G'.
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Proor. For each vertex v € V, denote by d, the degree of v in G and denote by e, the
number of edges of H, induced by Ng(v). Write S ={veV:e, > 2n2sd3/2}.

Let 7 € (0, 1) be any fixed real number. Consider a random subset V’ of V obtained
by picking each vertex of V randomly and independently, with probability . Let G’
be the subgraph of G induced by V’. Define the random variables X and Y, to be the
number of edges of G’ and the degree of v in G’, respectively. Thus,

E[X]=7n*m and E[Y,]=nd,.

Clearly, flipping the assignment of v € V cannot affect X by more than d,, and
switching the choice of a single vertex u € Ng(v) can only change Y, by at most 1.

Define
L=>d<2mn and L, =d,
veV
By Lemma 3.6,
1 4.2 4
P(XSE[X]—Enzm)SZexp{—n’Z }SZexp{—%} 3.1
and
1 Uzdg 772dv
Y, <E[Y,]—=nd,|<2 - <2 - . 2
Pt <Bi - na ) <2e{ - T s2e0{- T2} G2)

Now, we define the random variable Z, to be the number of edges induced by
Ng/(v). Clearly, we have E[Z,] = n*e,. For each ve S, switching the choice of
a single u € Ng(v) can only affect Z, by at most dy, («). Similarly, if we define
L, = Y uenom) dlz-l‘,(u) < 2e,d,, then Lemma 3.6 gives

4 2 () dv
P(Z, > E[Z,] + e, < 2exp{ - ’;z} < ZGXp{ _1 52‘/_}. (3.3)

v

Note that d, > m? for each v € V and some fixed real 8 € (0, 1). Since 2m = 3,y d,,
we have m = Q(n). Thus, each of (3.1)—(3.3) holds with probability exponentially
small in n for sufficiently large m. Since there are at most 2n + 1 conditions to check
and each fails with probability exponentially small in n, some choice of V' has the
required properties. This completes the proof of Theorem 3.7. O

Proor oF TueoreMm 1.6. (i) Let H be a bipartite graph with maximum degree ¢ > 2
on one side and let G = (V, E) be an H-free graph with n vertices and m edges. By
Lemma 3.1, there exists a constant ¢; = ¢;(H) > 1 such that m < ¢;n>"/.

Let d(v) denote the degree of vin G. Define S = {v € V : d(v) > 4c,n'~!/"}. Clearly,
IS| < n/2. Let G’ be the subgraph of G induced by V\S. Note that G’ contains at least
n/2 vertices and has maximum degree at most 4c;n'~'/". By Lemma 2.1,

, n/2
a(G) = a(G") = m > y(n),

4
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where y(x) = (10c;)~'x'/7. Note that y(x) is positive, continuous and nondecreasing.
From Lemma 2.8,

xG) <1 +f —dx < 20c;n'71", (3.4)
If n > ¢/ m"~Y for some constant ¢} > 1, then Lemma 3.3 gives

m c 1/(2t-1)
) R i .
f(G) Ttz tem

Otherwise, n < c'1 m'/@=D 1In view of Lemma 2.13 and (3.4), we conclude that

m m 1 t/(2t-1)

G > e — — +
16) 40C1 T 40c ¢}

Since G is chosen arbitrarily, we get the desired result by setting c¢(H) = (40c;c} )L
This completes the proof of (i).

(ii) Let H be a bipartite graph with maximum degree 2 on one side and let G be an
H-free graph with n vertices and m edges. On account of the inequality (1.1), we may
assume that m is sufficiently large. In addition, the desired result follows immediately
from Lemma 3.3 for n > (1/2)m>/®. Thus, we may assume that n < (1/2)m>/®.

Crav 3.8. There exists an induced subgraph G’ of G such that G’ contains at least
1°m/4 edges and every neighbourhood of a vertex of degree d in G’ spans at most
ed’’? edges in G', where € (0, 1) is a fixed constant and € is a constant defined as in
Lemma 3.4.

As long as there is a vertex of degree smaller than m!'/® in G, omit it. This process
terminates after deleting fewer than m'/%n < m/2 edges, and thus we obtain an induced
subgraph G of G with at least m/2 edges and minimum degree at least m'/®. Note that
the induced subgraph on the neighbourhood of any vertex of degree d of G contains
no copy of H, and hence contains at most c,d d 3?2 edges for some constant ¢; > 1, by
Lemma 3.1. Now, we apply Theorem 3.7 to G with n=¢e /(326%). Thus, we find
an induced subgraph G’ of G (and hence of G) with the required properties. This
completes the proof of Claim 3.8.

CLamv 3.9. G’ is (-degenerate, where € = [um'/3] and y = u(H) > 1 is a fixed constant.

Otherwise, we may assume that G’ contains a subgraph G”” with minimum degree
more than £. Note that the number of vertices of G” is N < 2m/€ < 2% /. Thus, the
number of edges of G” is

e(G") > 1N > (JuNy">. 3.5)

Since G” is H-free and H has maximum degree 2 on one side, by Lemma 3.1, there
exists a constant ¢, = ¢,(H) > 1 such that e(G”) < ¢, N*/?, which contradicts (3.5) for
a chosen value u > 2(c’2)2/ 3. This completes the proof Claim 3.9.
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By Lemma 3.2 and Claim 3.9, there is a labelling vy, v,, ..., v, of the n” vertices of
G’ such that d; < ¢ for every i, where d;" denotes the number of neighbours v; of v;
with j <iin G’. Note that er'il d’ = |E(G")|. Let d; be the degree of v; in G’ for each
1 <i<n'. By Lemma 3.4 and Claim 3.8,

L _EG) X EG) <~ [
fG)z =5 +6;«/Z»2 > +5;\/2

’ V}I dr ’ 2
> |E(G")| + 62 4, > |EG)| + on 516
2 Ve 2 LRV

where 6 = 6(G”) is a constant. This together with Lemma 3.5 gives

m — |E(G)|

o 5/6
m>'®.
2

8 VA

Since G is chosen arbitrarily, we get the desired result and complete the proof of (ii).

f(G) = f(G) +

v

24
2

(iii) Let H = H[X, Y] be a bipartite graph with vertex degree at most 3 for each
vertex in Y and let G be an H-free graph with n vertices and m edges. Suppose that
d(x) = |Y| for some vertex x € X and denote by H’ the subgraph of H induced by
X\{xhuY.

With an argument similar to the one stated in the proof of (ii), we may assume that
m is sufficiently large and n < (1/2)m*>. Note that H’ is a bipartite graph with vertex
degree at most 2 for each vertex in Y and the induced subgraph on the neighbourhood
of any vertex in G contains no copy of H’. A similar argument to that of Claims 3.8
and 3.9, the details of which we omit, suggests the following claim.

Cram 3.10. Let 1 € (0, 1) be a fixed constant and let € be a constant defined as in
Lemma 3.4. Set € = [um*>], where u = u(H) > 1 is a fixed constant. Then there is an
induced subgraph G’ of G with the following properties:

(@) G’ is an t-degenerate graph with at least n*m/4 edges;

(b) every neighbourhood of a vertex of degree d in G’ spans at most ed*/?

inG'.

edges

The remainder of the argument is analogous to that in (ii). By Lemmas 3.2 and 3.4
and Claim 3.10, f(G’) exceeds half the number of edges of G’ by at least Q(m*/>) and
the desired result follows from Lemma 3.5. This completes the proof of (iii). O
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