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108.37 A parent figure for a family of triangle number

identities
Tayvayvass . va, = Loy + Toy + Ty + .. + T, + 1<Z< a;a;
FEN
In particular:
TCZL Ty =al,+b T, = bT,+a’T,_; [1,p.102]
aa, H_‘T» = aTb+(Tb_1 +Tb)Ta—l
| a = (a+Ta,1)Tb + T,.1T,_4
aqas  aas =T,..T,_, + T.T} [1, p. 101]
L as
| ‘ ‘ T, =T’ , + T? (1, p. 99]
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108.38 A number whose square root is the sum of its digits

The number 81 has the property that its square root is equal to the sum
of its digits: V81 = 8 + 1.

Are there other numbers with the same property?

To answer this question, we, first of all, prove the following Lemma.
Lemma:If n > 5, then 10~ V2 > op,

Proof: We use mathematical induction.
Forn = 5, (1) is true, since 10°~Y2 = 100 > 9 x 5 = 45.
Now we assume that (1) holds for n = k, so that 10%*~ Y2 > 9k. Then
10" =V10x 1052 > 3x 9k =27k =9k + )+ 92k - 1). (1)
Butk > 35,5010 > 9(k + 1), whence (1) holds forn = k + 1.

Now we prove the main Theorem.

Theorem: If A is a positive integer whose square root equals the sum of its
digits,then A = 1 orA = 81.
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