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LOCAL ASYMPTOTIC NORMALITY OF
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ENSAE-CREST, University of Lille
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ENSAE-CREST, University of Lille

The paper establishes the local asymptotic normality property for general condition-
ally heteroskedastic time series models of multiplicative form, €; = o;(60)7n;, where
the volatility o;(fo) is a parametric function of {€;,s < t}, and (1) is a sequence
of i.i.d. random variables with common density fg,. In contrast with earlier results,
the finite dimensional parameter @ enters in both the volatility and the density
specifications. To deal with nondifferentiable functions, we introduce a conditional
notion of the familiar quadratic mean differentiability condition which takes into
account parameter variation in both the volatility and the errors density. Our results
are illustrated on two particular models: the APARCH with asymmetric Student-¢
distribution, and the Beta---GARCH model, and are extended to handle a conditional
mean.

1. INTRODUCTION

Local asymptotic normality (LAN) is a crucial property for comparing the
asymptotic performance of statistical procedures in parametric or semi-parametric
models (parameterized by finite-dimensional and infinite-dimensional nuisance
parameters). For independent and identically distributed (i.i.d.) data, a compre-
hensive account on the LAN theory can be found in the books by van der Vaart
(1998) and Lehmann and Romano (2006). Swensen (1985) established the LAN
property for finite-order AR models with a regression trend. The proof of the
LAN property for ARMA models is due to Kreiss (1987), wheras Koul and
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Schick (1996) considered random coefficients AR models. LAN results for a
large class of time series models, in particular models with time-varying location
and scale, were obtained by Drost and Klaassen (1997). The LAN property was
also established for long-memory time series models, see Hallin et al. (1999).

In GARCH models €; = 0,(0)n;, where the volatility o,(f,) belongs to the o-
field generated by the past of €; and (7;) is an i.i.d. sequence with density f, the most
popular estimation method for the parameter 6 is the quasi-maximum likelihood
estimation (QMLE) which uses a criterion based on a Gaussian density for 7;.
For standard GARCH, the asymptotic properties of the QMLE were derived under
mild regularity conditions by Berkes, Horvath, and Kokoszka (2003) and Francq
and Zakoian (2004). When the distribution of 7, is not normal, the QMLE may not
be efficient (in particular in the minimax sense; see van der Vaart, 1998). Efficient
estimators of (some components of) 8 can be obtained, when f is unknown, via an
adaptive estimation procedure. This problem was studied, among others, by Linton
(1993), Jeganathan (1995), and Drost and Klaassen (1997) who proved the LAN
property for ARCH models, and Lee and Taniguchi (2005) who considered the
inclusion of a stochastic mean and dealt with initial values in the DGP.

The results established in the aforementioned articles hold under the assumption
that the errors density f is a nuisance parameter. Recent references on GARCH-
type and score-driven volatility models underlined the interest of parametrizing
the errors density. This can be done by letting this density depend on a finite-
dimensional parameter v, hence f(-) = f(-;v9), which is independent of the
volatility parameter #y. The LAN property was established in this context, for
ARMA-GARCH models, by Ling and McAleer (2003). In other formulations, the
density parameter enters directly as a parameter of the volatility dynamics. This is
the case of the score-driven volatility models introduced by Creal, Koopman, and
Lucas (2008) and Harvey and Chakravarty (2008). To the best of our knowledge,
no LAN result exists for handling such volatility models.

The aim of the present contribution is to establish the LAN property under
mild conditions in a fully parametric framework of general GARCH time series
models, where the finite dimensional parameter 6 enters in both the volatility
and the density specifications. We first consider the case where both the volatility
and the errors density are smooth functions. In the usual setting, it is known that
such smoothness assumptions can be replaced by the concept of quadratic mean
differentiability (QMD; see e.g., van der Vaart, 1998). However, because the lack
of differentiability may concern both the volatility and the density functions, QMD
is not sufficient in our framework and the main challenge is to extend this concept.
We introduce a related concept, called conditional QMD (CQMD), which expands,
around the true parameter value, the conditional density rather than the density of
the observations.

Without the assumption of zero-mean innovations, GARCH models allow for a
time-varying mean, but the conditional mean is proportional to o;(6(). We will
extend the analysis to cover more general conditional means of returns, with
models of the form y, = m,(0¢) + 0,(0¢)n;. However, the assumptions being more
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demanding and the LAN result more complex, we prefer to start by studying the
pure GARCH model.

The plan of the paper is as follows. In Section 2, we present our assumptions
on the GARCH-type model and provide our main results on the LAN property.
In Section 3, we use the LAN property to derive local asymptotic powers of
tests. Examples are developed in Section 4. For completeness, we also consider in
Section 5 the case where a conditional mean is included in the model. Concluding
remarks are displayed in Section 6. Most proofs can be found in Appendixes A-I.

2. GENERAL GARCH MODEL AND LAN RESULT

We consider a general volatility model ¢, = 0,(69)n, where 0,(69) = 0y,
(€—1,€—2, ...), the sequence (n,) is i.i.d.,' and @, belongs to a convex subset
© of R?. Since we are going to consider local properties of the model around
0y, we will assume, without loss of generality, that ® is bounded. Denote by 6
a generic element of ®. Let F, be the sigma-field generated by {n,,u < t}. Our
assumptions on the model are summarized in

Al1(fy): (¢) satisfies ¢, = 0,(00)n, where 1, has density f, with respect to
a sigma-finite measure p and, for all # € ® C RY, {0,(#)} is a stationary
sequence with 0,(0) € F,_; and 0,(0) > 0.

For 7 € RY, let the sequence of local parameters 6, = @y + 7/+/n such that
0, € O for n large enough. We denote by Py (resp. P, ) the stationary distribution
of the process (¢€;) when the parameter is 6 (resp. 8,,), i.e., under A1(f,) (resp.
A1(6,)). Under A1(8,,), the process could be denoted (¢, )z but it is standard to
avoid this heavy notation. Because the 7,’s are i.i.d. with density fy, the likelihood
of €1, ...,€, conditional on JF is

n 1 .
L) =[] /o mu®). 1, (0) = —

1 0:(0) o (0)
We will study the conditional log-likelihood ratio
Ln 0}1
A, (0,,00) =log L
Ln (00)

Note that 0,(f) generally involves the infinite past of the process (¢,) (and thus of
(n,)) and that no initial conditions are introduced here.? In many models, both the
density and the volatility are smooth functions. We start by deriving LAN results
in this situation, for which more explicit conditions can be provided.

U'A usual assumption is that En; = 0 and En? = 1 but, in this fully parametric framework, we do not require such
moment assumptions.

2 A different approach was adopted by Drost, Klaassen, and Werker (1997) who assumed that the DGP includes initial
conditions. On the other hand, Ling and McAleer (2003) considered the likelihood of the observations and an initial
value.
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2.1. LAN Property Under Differentiability

Assume the following regularity conditions.

A2: For all @ € ©, y > fp(y) admits continuous second-order derivatives. For all
t> 1,0 — o,(0) admits continuous second-order derivatives. For all y € R,
0 — fy(y) admits continuous second-order derivatives.

‘We also need to introduce the notations

/] _ dlogfe(»)
go(y)—1+yf0(y), fo) =—22—
_ 9% _ 3%logfp(y)
8y(») = YRR FO()})_—8080T .

where prime denotes derivative with respect to y. Assuming

A3: Egj (1) < 00, Ellf g, (n)||> < o0 and E[| 2500 |12 < oo,

let

I=uJ - —fQT+F, 2.1)

with iy = Egj (n,), J = EXEaC0 2oealo) g — p2eesd) || = Bfy (n)f 5, (1),
and f = Egs, (nz)foo ).

Finally, we assume that
Ad: there exists a neighborhood V' (8) of 6, such that
2
E sup [fo 0| <00, E sup |fy(n(6))] < oo,
0eV(6) 0eV(80)

and three pairs of conjugate numbers p; > 1, ¢q; > 1, 1/p;+1/q; =1, fori =
1,2, 3, such that

9%logo,(0) |
E sup lgo(n(@)" <00, E sup |- —e2?) ,
0eV(6) 0cv(ey | 0000
dlogo;(9) |
E sup |g5 (n:(0)n:(8)|"2 <o0, E su % ,
V(o) 0eV(0o)
and
dlogo; (@) |

E sup ||go (771(0))”103 <oo, E sup
0V (00)

9V (60 00
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Let the central sequence

01 (0
A, IZ{f%(m) 200(11) Og“(‘))}

Note that the term foo(’h) vanishes when, as in Drost and Klaassen (1997) and
Drost et al. (1997) or Lee and Taniguchi (2005), the density f of 1, does not depend
on 6. Note also that our central sequence is not measurable with respect to the
observations. For most volatility models the effect of deterministic initial values is
negligible asymptotically. This issue will be considered below.

Our first result is the following.

PROPOSITION 2.1. Let ® be a bounded convex subset of R such that 8, € ©.
Assume A1(0¢) and A2-Ad. When 0, = 0+ t/+/n € O for n large enough, we
have the LAN property

An(o() + T/«/ﬁ, 00)

=1'A,— %TTJT +op, (1) N <—%1T31, ‘tTJt) under Py.
Note that in the particular case where the density f is a nuisance parameter (i.e.,
independent of ), we retrieve the usual expansion with J = ¢xJ.
In Proposition 2.1, the asymptotic distribution of the likelihood ratio is obtained
without considering initial values. As in Lee and Taniguchi (2005), we now
introduce a version of the central sequence that takes into account initial values

for {e;,j < 0}. Let for ¢ > 0, 5,(0) = og(€—1,€,-2, ..., €1,€0,€_1, ... ), where the
Ej’s are fixed initial values. Let the observation-measurable version of the central
sequence

dlogo; (0 =
oga ( 0) }’ = nt(ao), r/t(o)

A, «/_ Z {fao (M) — goo(nf) t(o)

For many volatility models, such as those considered in Section 4, the following
assumptions are satisfied. In particular, the moment condition in the next assump-
tion holds true when the volatility is bounded below.

AS: We have Eo,*(0y) < oo for some s > 0. Moreover, there exist K > 0 and
o €10, 1) such that
d0,(80)  95,(80)
a0 a0

A6: The functions y > fy (v) and y — gg,(y) have (componentwise) bounded
derivatives.

lot(80) —6:(B0)| +

‘ <Kp' as.

The following result shows that the initial values are generally irrelevant for the
asymptotic distribution of the central sequence.
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PROPOSITION 2.2. The LAN property of Proposition 2.2 remains valid when
A, is replaced by A,,, under the additional assumptions AS and A6.

2.2. LAN Property Under CQMD

Assumption A2 is standard and is sufficient for most applications, but it can be
replaced by the following CQMD condition.

A2*: For all ¢ € Z, there exists a vector s, 9,(y) := Sg, (¥, M1, N1—2,...) € R4
where sy, is a measurable function, such that

0:1(0o) +(00) 1
\/ — i h)f00+h <o,((f00 i h)y> = /fo, ) + EhTst,oO O/ Joo ) +rn (),
2.2)

with

IO, = f 2y 0)du) = op (1> as k0.

Note that when f is not parametrized by 6, it is enough to suppose QMD for /7 as
in Drost et al. (1997). Note also that under A2—-A4, a Taylor expansion and tedious
computations show that (2.2) holds with

S100(¥) = ilo ACH) y 0/(00) )
1ooY) = ok g—a,(00+h) 00+h —a,(00+h)y

dlogo;(0o)

=f00 ) — 8o, (») 0 2.3)

In the sequel we no longer assume A2 but, instead, assume the CQMD condition
A2*. We have the following lemma.

h=0

LEMMA 2.1. Under A1(0y) and A2*
E(s 0,(m)|Fi—1) =0 and 3, :=E(sz,oo(nz)szao(m)lfz_l) exists, a.s. (2.4)

Note that A2* entails that
1
Nren 2 <2+ E{h—r:fth}]/z- (2.5)

Let the assumption

A3*: The following matrix exists

3= E(s1.0,00)8, g, (11))-

Note that under (2.3), J coincides with the matrix in (2.1). It follows from (2.5)
and A3* that for any bounded sequence (k,,), we have uniform integrability of the
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sequence (|[r,n, (") ll;2(,))n- Therefore, using Theorem 3.5 of Billingsley (1999),
we have

E f Za0)dp) = o(Ik|?) as k0. 2.6)
Our main result is the following.

PROPOSITION 2.3. Proposition 2.1 remains valid when A2-A4 is replaced by
A2* and A3* and the central sequence is defined by A,, = n~1/2 Z';:l S100(M)-

Extending Proposition 2.2 by introducing initial values in the central sequence
of Proposition 2.3 seems only possible on a case-by-case basis.

3. TESTING LINEAR HYPOTHESES

In this section, we study how our LAN properties can be used to derive the local
asymptotic powers of tests. Consider testing an assumption of the form Hj : Ry =
r where R is a full row rank p x d matrix and r € R”. Assume that § belongs to the

interior é of ® and that, for an estimator @\,, of 0, the following Bahadur expansion
holds

- 1 &
Vn(6,—60) = %Zwﬂvm,) +op, (1),
t=1

where V(-) is a measurable function, V : R — R for some positive integer k, and
W, ; is a F;_j-measurable d x k matrix, (¥,) being stationary. We assume the
variables ¥, and V(n,) belong to L?, EV(,) =0,var{V(n)} =Y is nonsingular
and, for any x € R4, x'W¥, = 0 a.s. entails x = 0.

When 5,1 = ?inML is the maximum likelihood estimator (MLE), the Bahadur
expansion holds under some regularity conditions, and we have

~ 1 <&
V(8" =00) == 33 suan () o, (1. 3.1)
t=1

When 5,, = b\nQML is the QMLE, the Bahadur expansion also holds under some
regularity conditions, with

‘~ QML _ l " 1 71810g0,(00) 2
(8, —00)—ﬁ;§.] R = D) +opy (1), (3.2)

It should be noted that initial values may (and generally have to) be introduced
in the definition of the (Q)MLE. However, the log-likelihood ratio remains
throughout defined using the infinite past of the process, that is, without initial
values.
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We wish to test H, against the sequence of local alternatives H,, : 8, = 0, +
1//n, T € RY, where RO =r and Rt #0.°

Assuming that the LAN property holds, under the conditions of either Proposi-
tions 2.1 or 2.3, we have, under H,,

RO, — LS RY, V(i
( Va( r) >=( 75 =i 1V(no) >+0P0(1).

An(Bo+T7//n.00) T S0, (1) — 5T T
Consequently,
Jn (R/O\n —r)
An(@0+7/+/n,00)

0 RIR" ¢y, /(7)
N , of ,under Py,
—%TT‘TI c;,roqf(r) '3t

where £ = E(W,YW/), ¢p, (1) = RE[¥, 1 E—i{V(n)s, g, (n)}]7.
In the particular case where (2.3) holds, we thus have

dlogo; (0
€9o.f(T) =RE(¥,_, )E{V(’?t)fgo ()}t —RE|:‘I’z—1E{g00 (n,)V(n,)}—OgU ( 0)] T

00"

Le Cam’s third lemma and the contiguity of the probabilities Py and P, , (a
consequence of the LAN property) entail that

Vi (RO, —r) 5 N (co, /(t),RERT) under H,,. (3.3)
The Wald test, at asymptotic level @ € (0,1), is defined by the rejection region

{(Wy > X]f(l — o)} where X,?(l — o) is the (1 — ¢)-quantile of the chi-square
distribution with p degrees of freedom and

W, =n(R8,—r) (RER"}"' (R, —r),
where ¥ is a consistent estimator of X. Under H,, in view of (3.3), W,  follows

asymptotically a noncentral chi-square distribution with p degrees of freedom and
noncentrality parameter

¢, (DRER} e (7).

Denoting by @, the cdf of this distribution, the Wald test has local asymptotic
power (LAP) 1 — CI>,{sz(1 —a)}.

3In other words, under H, the true parameter value is 8, instead of 6 and the null hypothesis is not satisfied under
H, (R, #r).

https://doi.org/10.1017/50266466622000093 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466622000093

LOCAL ASYMPTOTIC NORMALITY 1075

The following proposition can be used to quantify the local asymptotic effi-
ciency loss of the QMLE with respect to the MLE for testing linear restrictions on
parameters involved in the volatility or/and the density of the innovations.

PROPOSITION 3.1. Assume A1(0y), either A2—Ad or A2* and A3*, AS and
A6 and (2.3). For the MLE satisfying (3.1) and the QMLE satisfying (3.2), we have
CGO,f(T) =Rt.

4. EXAMPLES

In this section, we present two examples of popular GARCH specifications for
which our LAN result can be derived, under more explicit assumptions than in
the general model. The first example deals with a class of nonlinear GARCH
models for which the smoothness assumptions required in Proposition 2.1 are not
satisfied. We will therefore rely on Proposition 2.3. The second example illustrates
a situation where the volatility and density have common parameters.

4.1. Application to APARCH(1,1) Models with Student Errors

The following generalized asymmetric Student-¢ distribution was proposed by Zhu

and Galbraith (2010)
_ul
skop[1+L ()] T v <0,
foy) = ) _nl 4.1)
x|+ ()] T =0
(l)-{])
where K(v) = N O] (where I'() is the Gamma function), @ € (0,1) is the
Tz

skewness parameter, vy, v, > 0 are respectively the left- and right-tail parameters,
and o is defined as o* = a«K(v;)/[eK(v;) + (1 — a)K(1,)]. This density is
continuous (in y) and admits a finite variance provided v; A v, > 2. See Zhu and
Galbraith (2010) for a detailed study of this distribution, including the asymptotic
properties of the ML estimator for i.i.d. observations.

Consider the class of asymmetric power ARCH (APARCH) models introduced
by Ding, Granger and Engle (1993), defined as

€ o (00)n1, 4.2)
015(0) = w+a+|61—1|516t,1>0 +a—|6t—1|51€,,1<0+ﬁ0—[5_13

and assume that the density of 7, is given by (4.1) with parameters indexed by 0.
Let

0 = (w,a,0_,B,8,a,v,1) €06 C[w o00)
x [0,00)% x [0,1) x (0,00) x (0,1) x (0,00)>. 4.3)
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COROLLARY 4.1. (APARCH with asymmetric Student innovation) The LAN
property holds for Model (4.1) and (4.2) if © satisfies (4.3) and

Elogag,(m) <0, where ag(z) =021, 0+a_|z] 1,0+ B.

For this model, despite the lack of differentiability of the density function, the
LAN property holds under the strict stationarity condition. The following example
shows that the strict stationarity condition may not suffice for the LAN property
to hold. A similar situation occurs for ARMA models where the LAN property is
satisfied if the parameter space is chosen in such a way that both the AR and MA
polynomials have no zeros with magnitude less or equal to one (see Kreiss, 1987).
A unit root in the AR part can also be handled (see Ling and McAleer, 2003).

4.2. Application to the Beta-t-GARCH(1,1)

The class of the Beta-r-GARCH was studied by Harvey (2013) and Creal, Koop-
man, and Lucas (2013). Assume that the errors of the GARCH model follow a
Student’s-¢ distribution with v degrees of freedom, that is

v+1
s A
= 1+ , 4.4
o ®) mr(g)( v—Z) @9
with v > 2, and assume that
(v+ e,

ol(0) =w+ B0’ ,(0)+a 4.5)

(v=2)+€> /o2, 0)

where 8 = (w,a, B,v)’ belongs to the parameter space ®, a subset of (,00)? x
[0,1) x (2,00) for some w > 0. Note that the parameter v is involved in both the
density and the volatility.

By the Cauchy root test, it can be easily seen that, at § = 0, there exists a
stationary and ergodic solution to this model, explicitly given by €, = o;n, with

2_ 2 = v+ 12
o} =07 (B0) = @ {1+;aoo(nz—1)“'aoo(ﬁr—i)}, (D) = o=+ 5,
when 6 is such that
Elogag,(n1) <O0. 4.6)

The arguments of the proof of Lemma 2.3 in Berkes et al. (2003) entail that under
(4.6) there exists s > 0, such that

Ele|* < oo, Eo} < oo. 4.7)

Assumption A1(f) also requires stationarity of the sequence {o;(6)} together
with 0,(0) € F,_; for any value 0 of the parameter space. This property requires
additional conditions contrary to the previous example where it was trivially
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satisfied under the condition |3| < 1. Note that 0,2(0) is a solution of a stochastic
recurrence equation (SRE) of the form

v+ De?
v—2+¢€2/c2
According to the SRE theory (Straumann and Mikosch, 2006), the model is
invertible at 4, i.e., Utz (@) can be written as a measurable function of {¢,,u < ¢}, if

dp(e2,0?)

9o

02(0) = (e’ ,02,0), ¢ oH)=a +Bo’.

(i) Elogsup

o2

<0, (i) Elog* |p(el,09)| < o0

for some 002 > 0. Condition (ii) is always satisfied and, since otz >w/(1—-p)
condition (i) holds if

4
Elog (a W+ De; 5 +ﬂ> <0. 4.8)
{(v=2)w/(1 = B)+€}}

Note that the constraint (4.8), which depends on @ and 6, can be tested using
Monte Carlo simulations. We thus have seen that A1(f) is satisfied under (4.6)
and (4.8). Assumption A2 holds true without additional conditions. Now, note that

Dy
v—24y%’

0
fo) = < Lo+ v (351) — v (3 )3—log(1+%)—v_”z++lyz} )

where 1 (x) = log’ {I"(x)} is the digamma function. The first two moment con-
ditions of A3 are thus satisfied. The last condition is implied by Lemma G.1 in
Appendix G.

Now we turn to A4. We have

9%log fy ()

ov?

1 -1 v+1 y? y -3
{(v 2)? ‘“( > I/”<) (v—2+y)(v—2) (v—2+y2>2}’

where | is the trigamma function. Note that this function is bounded. Thus the
first moment condition in A4 is satisfied. The second inequality is also satisfied
using (4.7), the elementary inequality log(1 +y) < K(1 +»*) for y > 0 and the
lower bound for ¢,(#). Moreover, the function ygy(y) being bounded, the third
condition is satisfied for any p;. Similarly, the fifth and seventh inequalities hold
for any p,, p3. Thus A4 is satisfied provided, for some r > 0,

go(y) =

I+r 1+r

<oo, E sup
0cV(0p)

dlogao;(0)
06

8210g6t(0)

E su
; 90007

0cV(0o)

4.9)
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FI1GURE 1. LAPs of the tests of Hy : v = vy based on QML (blue line) and ML (dotted red line), as
functions of 7, for the Beta---GARCH.

These moment conditions require an extension of Lemma G.1 which is discussed
in Blasques, Koopman, and Lucas (2014) through the notion of moment preserving
maps. We have shown the following result.

COROLLARY 4.2 (Beta---GARCH). The LAN property holds for Models (4.4)
and (4.5) with By # 0 if (4.6), (4.8), and (4.9) are satisfied.

For the sake of illustration we consider testing the assumption Hy : v = v against
H, :v =1+ 1t/+/nin Models (4.4) and (4.5) with wy = 0.5, a9 = 0.1, By = 0.88.
The LAPs of the tests based on the QMLE and MLE are displayed in Figure 1.
By Proposition 3.1, these LAPs only differ by the asymptotic variances X of
the estimators, which were numerically obtained from simulations of size n =
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FIGURE 2. LAPs of the tests of Hy : « = 0.1 based on QML (blue line) and ML (dotted red line), as
functions of t, for the Beta---GARCH with different values of v (and 8y = 0.88).

100,000. As expected the discrepancy is large for small values of vy and reduces
as vy increases, with a degeneracy of the two powers at v = 0o since the parameter
is no longer identifiable. Next, we consider testing the assumption Hy : o =
against H, : & = ap + t/+/n for the same model. The LAPs of the tests based on
the QMLE and MLE are displayed in Figures 2 (when vy varies) and 3 (when
Bo varies). The efficiency loss when going from ML to QML tends to zero as vy
increases. On the contrary when S varies for a given value of vy, the efficiency
loss is not much affected. Note that the strict stationarity condition (4.6) is satisfied
also for the bottom panels with oy + By > 1. Contrary to the test of vy, the powers
of the test of &y do not diminish when v, increases (compare the range of values
of t in Figures 1-3). Surprisingly, the LAP of the test of «¢p improves when Sy
approaches 1.
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6-085 p=088

FI1GURE 3. LAPs of the tests of Hy : « = 0.1 based on QML (blue line) and ML (dotted red line), as
functions of t, for the Beta---GARCH with different values of g (and vy = 5).

5. INCLUDING A CONDITIONAL MEAN

In this section, we extend our LAN results to the conditional location-scale model

ye=m(0o) +€(00), €(00) = 0:(B0)ns, 5.1

under the same assumptions on (7;) and @ as in the previous sections, with
m,(0y) € F,—, for all @ € ®. The conditional log-likelihood ratio has the same
expression as before with

€0)  y—my(0)
o0)  0,(0)

We start by studying the LAN property under differentiability. We introduce the
following assumptions.

n:(0) =

https://doi.org/10.1017/50266466622000093 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466622000093

LOCAL ASYMPTOTIC NORMALITY 1081

B1(0o): (y,) satisfies (5.1) where n, has density fp, and, for all § € ©® C R4,
{m,(0),0,(0)} is a stationary sequence with m,(6),0,(0) € F,_; and 0;(6) > 0.
B2: For all t > 1, 6 — m,(#) has continuous second-order derivatives and

omi(00) |12
E”atwo) a6 I~ <00

f/
B3: We have E|| fz—ﬁ(n,) |> < oo. Moreover, there exists a neighborhood V(8)

of 6 and four pairs of conjugate numbers p; > 1, ¢; > 1, 1/p;+1/q; = 1, for
i=4,5,6,7, such that

f/>/ P4 1 8m,(0) 2q4
E su n;(0))| <oo, E su ,
OEV(IG)O) (fo ' 05\/(%0) o(0) 90
f) " RO
E su n:(0))| <oo, E su ,
()eV(I;o) <0 ' 0eV(10)0) o1(0) 90007

g6

1 am,(0) dlogo,(8)

E sup |gy(7,(0))|"° <00, E su < 00,
06V(§0)| o (@) 0ev£0) o, (0) a0 00
and
1 om,(0) |7
E sup o 0|7 <00, E sup
” o (@) bevivy | 0/(0) 00

LetD, = - (an;igo)’ 3(;’0(0%0)) and

J =Lf-]o*0 - Uf(Jma +J¢Tm) + Vf-]mm - Q(rfT _fﬂ:yr _hﬂ—nl; - ﬂth +F7 (5-2)

T
with (recalling some notations) ¢y = Egg0 ), vr = Eg;,O M), yr=E [(;—2) (n,):|,

mm mo Szm
J = EDD] = ( Jom ) @ = ED, = ( P ) F = Efg,(n)f3,(n1),

h = Efy (1), and f = Ego, (n)f 5, (1:)-

The central sequence is now given by

dlogo;(00) fao om;(6o)
A, fz{f%(m) 800 00— 7~ _Eo(f)a,(oo) 20 }

PROPOSITION 5.1. Let ® be a bounded convex subset of R? such that 6 € ©.
Assume B1(0), A2-A4 and B2 and B3. When 0, = 0+t //n € O for n large
enough, we have the LAN property

An(o() + T/ﬁ, 00)

1
:TTAn—ETTjT-f—OPO(l)—)N(——T Jt,1 JT) under Py.
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When differentiability does not hold, the previous assumptions can be replaced
by the following conditions.

B2*: For all t € Z, there exists a vector §;¢,(Y) := g, (Vs i1, M1—2,...) € R4
where s, is a measurable function, such that

o,(00) <mt(00)_mt(00+h)+ 0,(00) )
@0+ 0"\ 6o+ ) 0B +h)”
1
= foe )+ 5h 50,0\ oo )+ 700, s, = ory (-1,

(5.3)

B3*: The following matrix exists

3 = E(s1.0,(00)8, g, ().

PROPOSITION 5.2. Proposition 5.1 remains valid when A2—-A4 and B2 and
B3 are replaced by B2* and B3* and the central sequence is defined by A, =

n 2N s e (00)

6. CONCLUSION

In this paper, we proved the LAN property for general conditional location-scale
models where the parameter of the errors density has common components with
that of the mean and volatility. A typical example where this situation occurs is
the case of some score-driven volatility models. Our assumptions on the volatility
model are rather weak, in particular they are compatible with high persistence
introduced through ARCH(co) models (see e.g., Robinson and Zaffaroni, 2006;
Royer, 2022). The introduction of the notion of CQMD allows to handle situations
where some regularity assumptions on the volatility and/or the density functions
are in failure. As examples of application of the LAN property, we consider tests of
linear restrictions. Using the LAN property, we are able to quantify the asymptotic
discrepancy in local power between the QML and ML estimators. Interesting
future areas of research are the extension of the framework of this article to more
general score-driven specifications, or to multivariate models.

APPENDIX A. Proof of Proposition 2.1

Note that

logaoy(0)

0 1 0
39 log { —fo (Ut(a))} =—gp (1:(9)) 20

s +fo (1:(0))
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and
92 8% logor(0)  dlogor(h) oT
0)} =— 0 0
20907 g{ fo (me( ))} g0 (1:(0)) 20907 20 20 (n:(0))
, dlogo;(6) 0logor(9)
+ 8 (1:(0)) 1:(0) 29 0T
9 0
— ()} (1,(8)) M +Fg (u(8)).

where f ;) (v) denotes the vector of the derivatives of the elements of f (). Note that yf’ g ) =
80 (). A Taylor expansion of 6, — Ay (0,,00) around @ thus yields

1
An(0n,00) =7 Ay— Ermw;)r, (A1)

where 0 is between 6 and 6, and

01 6 a1l 6) ol 0
3(0) = Zga(m( ) BZ§;¥)——2go<nt<a))nt<m ce®) Oag,,?()

dlogo(6) 9 a1 0 .
t:l

dlogo(60)

30"
martingale difference. By the central limit theorem of Billingsley (1961), we have A;, —>
N {0,3} under Py as n — co. Moreover, integrations by parts show that

/ 2
5 Uy O
Jo, O

For the last equality, we use the fact that 9 [ fg (v)gg (v)dy/360 = 0 because [ fp(v)gg (V)dy =
Oforall §. Note also that F = —EFg, (1;). The ergodic theorem then entails that J,(6¢) — J
a.s.asn— 00.

It remains to establish that, as n — oo,

Note that under A1(6) and A3, {(goo (1) ’f0To IR }',} is a square integrable

i = —Egg, (m)ny = —1+ dy, Egg,(n) =—f

| 3285 —3n(00)| — 0 in probability. (A2)
We only give the proof of
liF * {”t("*)}—EXn:F )| —0 as (A.3)
n[_l 9, n nt_l 0o -S.

The other convergences showing (A.2) are obtained similarly. By the ergodic theorem, (A.3)
is obtained by showing that for all ¢ > 0, there exists a neighborhood V() of 8¢ such that

E sup | fo{n(®)}—Fg, ()| <e.
0cV(0o)

By the dominated convergence theorem, A2 and the first moment condition of A4, the left-
hand side of the previous inequality tends to O when the neighborhood V(6() shrinks to the
singleton {#(}, and (A.3) follows. The rest of the proof follows by the same arguments. O
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APPENDIX B. Proof of Proposition 2.2

Let f; the ith component of fg | and K = sup, sup; <;<g4 lf; (»)|. We have, from AS and A6

A 1 ¢ - dlogs,(0
b1 s )

t=1

d0180) 1 95100) ”
(90) a0 CHERL

30:(90) H)

K 1
IZ P (|77t|+|g00(m))( +0;(0())

By A3 and the first part of A5, the infinite sum is finite a.s. It follows that H A, — Zn H =
op(1). The conclusion follows. O

APPENDIX C. Proof of Lemma 2.1

The proof is adapted from the i.i.d. case (see for instance Lehmann and Romano, 2006,
Lemma 12.2.1). We start by showing the second result. Taking & = ht where i > 0, we get
from A2*

lign —g||L2(M) — 0 whenh— 0,

where g(y) = %TTSz,oo()’)\/m and

B 1 o1(0¢) or(09)
gn(y) = 7 {\/(m%foo+lzr (Wy> - foo(y)} .

Since ||gh||L2 () < 00 it follows that ||g||

1T~
2 = ZrTJ;r < 00.

Now taking, conditionally on F;_1, the squared L2 (w)-norm of both sides of the equality
(2.2), we obtain

1
0= 30T 3uh+ [ 24 0)d) + BTG, 0001 Fi)
+2 / T h Vg )dp(y) + / hTSz,ao(y)x/fo(y)rt,h(y)du(y) a.s.
Noting that, by the Cauchy-Schwarz inequality, f ren (M fo )du(y) = op,(||lh]]) and

thstﬁo WIVIo W rndu(y) = 0p0(||h||2), and comparing the orders as h — 0, we
deduce the first equality in (2.4) (a well-known result when A2 holds). O

APPENDIX D. Proof of Proposition 2.3

Letting

01(00) fo, (1:(6n))
Ot (011) f00 (me)

t,n =
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and using log(y+1) =y—y2/2 —|—y2$(y) with £(y) — 0 as y — 0, we have

n n n n
An(00.00) =2 logWin+1) =2 Win— Y WE,+2 W2,EWip).
=1 t=1 t=1 =1

We will show that

22 Win—EWin | Fro1)) =" An+op, (1), (D.1)

ZZE(WM | Fi1) = —irTJT +op, (1), (D.2)
=1

wan—fr Jt+op, (1), (D.3)

Z W2 ,6(Wi,n) = op, (1). (D.4)

=1

Under A1(f() and the CQMD condition, it can be seen that (s g, (77,)) is a stationary and
ergodic sequence. The conclusion will follow by noting that {st’go (m),]—";} is a square
integrable martingale difference by (2.4) and A3*.

By A2*, we have

Wt,n_E(Wl,n|-7:t—l) —FT 3100(771)+R1n,

2[

Ty p=1/27 (1) T p=1/2¢ (1)
R n=— —E : Fi_ .
"= g ) ( o ”)

Noting that (Ry, ) is a stationary martingale difference, we have

Z Fynei2e () |
- 13
> Rin | =nVar(Rn) <nEE | { 21 | Fiy
i (Rin) { N

= "E/ ~1/24 Mdp(y) = o(1),

where the last equality follows from (2.6). Thus (D.1) follows.
By A2* again, we have

01(0o) (01(00) )
Z (W |]__ 1 Z/ Ut(on) n Ut(on) 1 f (y)du(y)
tLn — \/fﬁ JOy

t=1

2

o1 (0p) o:(6p) -
:_Z”/oi(og) (aﬁ((az)y)_vf"‘)(”} e
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1o 1 _ 2
:_EZ/‘{ETT%()O@) f0o(Y)+rz,z/ﬁ(Y)} du @)
=1

1 & 2
g 2 [ {71000 ag i) n opy e/,
=1

and (D.2) follows from the ergodic theorem and A3*.
We also have

(1) " T 1727 (M)

172
Z Z}(T Szoo(nz)) +ZW ZT 81,00 (M) ——F——— W

By the ergodlc theorem, the first term of the right-hand side of the equahty tends almost
surely to 4r T37. The expectation of the second term is equal to nE f 12 du(y) =

o(1), and thus this positive term tends to zero in probability. The thlrd term also tends to
zero in probability, by the Cauchy—Schwarz inequality and the two previous convergence
results. Therefore, (D.3) is shown.

For all ¢ > 0, there exists § > 0 such that |£(y)| < ¢ if |y| < §. Therefore, we have

n n n
Y WEEWin) <€y Wi+ > W Lw, s
=1 =1 =1

[ n—1/2¢ (me)

1 n
<eOpy()+-) 1 4§ LT
=<¢Opy( )+nt:1 (T Szoo(nz)) 278,60 ()| >n1/25 2™ foy (a0

using (D.3) and the elementary inequality (a + p)%1 latb|>8 < 4a*1 la|>8/2 t 4b%. We have
already seen that the last sum is an op(1). Now, for all M > 0, when 7 is sufficiently large
we have

I/ T 2 I~/ T 2
;Z(T Suoo(’?ﬂ) 1|rTs,,oo(n,>|>n‘/28f;Z(T Swo(”t)> Lo s, 00 (01> M
=1 =1
and, by the ergodic theorem, A1(#g) and A3*, the right-hand side converges almost

2
surely to E (rTst 0o (m)) Lit7s, 0 )|>M> which is arbitrarily small when M is large. The
’ 00
conclusion follows. i

APPENDIX E. Proof of Proposition 3.1

For the MLE, by (3.1) we find
cg/{ff(t) = Covyg (Rfj*l Ay, tTAn) =R,
and for the QMLE, by (3.2),

QML

| dlogo(0p)
Cho.r (1) :Cov(ERJ 1(77;2— I)M

T dlogoy(8¢)
a6

T oo () — g ()T

1 1
=SRI' QT EG} = Ufo, (1) + 3E[ (1= nP)ga, () | R
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Now we have

E(? - 1)sy. 9, (1) =Em231,00(nz)

i [ 2 Loy _oo)
_E-/X on % Uz(0o+h)f00+h (U;(0O+h)x)‘h:0f0o(x)dx

. 2 i 0'[(00) . Ut(oo)
=E / ¥ ok o1 @ + 1y o (Ut(oo +h)x) ‘h:de

=Ei x2 o1(09) 1 ( o1(09) x)dx’
h=0

ah ] " 5100 +hy 0 500+ 1)
d o, (00+h)/ 2
=E ———5—— | Y fgorn(dx
oh 62(00) 0 h—0
8 ootk 1 30}6) DS
o o7 (B) heo 07 90 =0,
Moreover,
dlogor(80)
EG1F = 151,00 (01) = E(1 = Df g, (1) = EGiF = 1)gg (1) =1,

with
AG)

E(n} - l)goo(m)—/(x -1 <1+ )

)f,, dx =1+ /x3f0/ (X)dx = —2.

It follows that

E(f = Dfgq (m) = 292+ E(n — Dggy (1E— ] 5

APPENDIX F Proof of Corollary 4.1

Note that Elogt ag, (1) < oo because Elog™ || < oo. It follows that, by the Cauchy rule

0o i

B B
0;°(80) = wo+ag,(—1)0,° = wo | 1+ Y _ [ [agy i)
i=1j=1

Therefore, A1(f() reduces to Elogag, (1) < 0 and supg B < 1. For some 6, the function
y > fp(y) is differentiable only once at y = 0. Therefore, A2 is not satisfied and the result
cannot be obtained from Proposition 2.1. We will show the CQMD of Proposition 2.3.

By Lemma 2.1 of Garel and Hallin (1995) (see also Lind and Roussas, 1972) multivariate
QMD is equivalent to partial QMD component by component. Note that a similar property
does not hold for the classical differentiability. Reasoning conditional to F;_1, establishing
A2* is thus equivalent to showing, fori =1,...,d,

1 o1(0o) o1(09) _ T
ﬁ/ {\/Cft(a()-f-flei)f()0+hei <my> S0, 2hei 51,00 () foo(Y)}
dy =op(1)

2

https://doi.org/10.1017/50266466622000093 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466622000093

1088 CHRISTIAN FRANCQ AND JEAN-MICHEL ZAKOIAN

as h — 0, where e; is the ith element of the canonical basis of R4 and 51,0, € Fr—1. We
will show the result with

a1 (/]
$1.000) =, 0) — 80, 0) 200,

By Proposition 2 in Zhu and Galbraith (2010), the information matrix F = Ef 0 (M1 )i ‘;ro (1)
exists and is continuous. Noting that gg (-) is bounded, ¢ = Egg (ny) andf = Egg, (n1)f 9, (1)
exist. Moreover, they are continuous at 6. It follows that
JI=E (Sz,oo(ﬂt)sz—go (o) | fhl)

dlogoi(0g) dlogor(0g) dlogor(fp) .1 ,0dlogor(8p)

Bk N A

F
20 007 007 *

. . . . . : AC)
exists and is continuous at 6. Given F;_1, the application i > Wﬂ’(ﬁhei

(#%y) is continuously differentiable, and thus absolutely continuous in a
neighborhood of 0. By Theorem 12.2.1 in Lehmann and Romano (2()06) (see also Theorem
1.117 in Liese and Miescke, 2008) the result follows by the fact that e; ‘j,el exists and is
continuous. Hamadeh and Zakotan (2011) showed that dlogo;(0¢)/90 admlts moments of
any order (see their Equation 5.20). It follows that J = EJ; exists, which shows A3* and

completes the proof. O

APPENDIX G. Complement to the Proof of Corollary 4.2

LEMMA G.1. Under (4.6), when Bg # O, the Beta-t-GARCH(1,1) satisfies

2|20z @) |

) <o00, forallr>0.

Proof. Letting a;(0) = ag (1:(#)), for all i > 1 we have

i—1 k
of @) =w i1+ []ay®+o2 ,<0>1‘[a,_1<0>
k=1j=1
Therefore,
2
o ;(0) - 1
of (6) La0)
‘We also have
1
(w+1e? |
i
2)+ =L
d07®) _ T I (0)80,2_1(0)
30 1_1(9) =1 FY
aefﬁl oz(v+1)et271
A 2 :
(u—2)+”t271(0) :(v 2)+ 21 1 }

%1 ®
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with

ot(v—f—l)e;t — B+ a(v—i—l)nf(é’)

bi(0)=p
[ ! {(u—2>a,2(0)+e,2}2 {v—2+n?(o)}

< ar(@) as.

In particular, we have

i

1 30,2(0)<i 1 l—[bt—j(o)
@) T aio®) ) Gaj®)

Let a; = a;(0) and by = b;(6p). Note that there exist 0 < <7 and p < 1 such that

by
o = Plpemm ™t Lzemar

Therefore, letting w = P(nt2 € [n, 7D € (0,1), we have
b r
E(—t) <pm+l—-m<l.
ar
: 2
Moreover, a, I By ! Thus dlog+§“’®
can be handled similarly.

APPENDIX H. Proof of Proposition 5.1

‘We have

] 91 0 f
ﬁlog{ (0)fo<m(0>>} —gp (i (0)) 2020 D _Jo ()

and

30 fa o8) 30

2

0
20007 g{ fo(nt( ))}

92 logo:(0) dloga:(0)
it -hd S 9)) —=-"7
50007 8o (:(0)) i

. dlogor(®) 1 amy(8)) dlogor(8)
+g0(nz(0)){nz(0) 9 T o@ 90 } o

Sy 1 (_aloga,(o) dmy(9) 82m1(0))

=—289 (1:(9))

7y MOV 0 907 | 9000

+(f> {mw)}—{ (02 0eo®) 3’"’“’)}“’"’“6’)

Jo ) 26 o (@) 90 30T
fo am;(0)
~ 3 {f }{m( ) —

_{ @ 0z0i®) 1 imi®)
& 30 o) 00

} o) T (1:(0)) +Fg (1:(6))
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B 32logar(9) dlogoy(8)  3logay(8) o7
=—g¢ (n:(0)) 0007 —8g (n:(9)) 20T 90 o (1:(0))
, dlogao;(0) dlogo: ()
+8 (Ut(0)){77t(0) 0 il
1 (am,(o) 9logor(®)  dlogai(®) am,(o))}
or(0) \ 90 307" 80 307
fy 9%my(0) o 1 9my(0) 9m(6)
fo M )}0(0)(3030T> (f (@) of@) 90 907

Bm;(()) Bm;(())

ey {fg () " (mw))} +Fg (01(9)),

recalling that f ’0 (y) denotes the vector of the derivatives of the elements of f(y) and that
yf‘/9 (v) =8¢ (). A Taylor expansion of 6, — A, (05, 0() around 0 thus yields A, (0,,0¢) =
TTA,— %rTanﬁ)r, where 0} is between 6 and 6, and

_ 9%logor(@) 1~ dlogos(0) dlogos ()
In(®) = Zgo(z( D paaT nggg(nz(ﬂ))m(ﬂ) 4 T

91 0 a1 0 «
Z ogaz( )g;( [(0) + - Zgo 1:(6)) ogiat() ZF(,; (n:(0))
t:l

] /
- 0
n;go(nm)w) T 5 g7

1< 2@\ (f;\ 1 amy(8) Im,(0)
R /] — (e 0
+n2f0{ n:(6 )}U(G)(MaaT 7 ) e )}012(0) 20 2pT

1 (8m1(0) dlogor(0) n dlogor(6) 8m;(0))

amy (0 amy (0
{f,,( o P2 D )T (m(o))}

0]
o
Under B1(4), A3, B2, and B3, {(ga()(m)%;“’“, PR J},Q(m))?f,}

is a square integrable martingale difference. By the central limit theorem of Billingsley

(1961) we have A, —d> N{0,7} under Py as n — oo. The ergodic theorem entails that
J,(09) — T a.s. as n — oo. The rest of the proof follows by the arguments given to establish
Proposition 2.1. m]

APPENDIX I. Proof of Proposition 5.2

The proof of Lemma 2.1 can be transposed directly when B1(8) and B2* hold (instead of
A1(6() and A2*). We thus have that

E(s;90(n)|F—1) =0 and Ty ::E(st,ao(nt)s;rgo(nt)l]:tfl) exists, a.s. (L1)

The proof of Proposition 2.3 also applies without much difference: defining W; , as
before (but with now 1:(0,) = (v — m(0,,))/0+(0,)), the proof relies on establishing

https://doi.org/10.1017/50266466622000093 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466622000093

LOCAL ASYMPTOTIC NORMALITY 1091

(D.1)—(D.4). The proof of (D.1), (D.3), and (D.4) is unchanged, while the proof of (D.2) is
straightforwardly adapted using B2* instead of A2*. The conclusion follows. O
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