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DECAY PROPERTY OF STOPPED
MARKOVIAN BULK-ARRIVING QUEUES
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Abstract

We consider decay properties including the decay parameter, invariant measures, invariant
vectors, and quasistationary distributions of a Markovian bulk-arriving queue that stops
immediately after hitting the zero state. Investigating such behavior is crucial in realizing
the busy period and some other related properties of Markovian bulk-arriving queues. The
exact value of the decay parameter Ac is obtained and expressed explicitly. The invariant
measures, invariant vectors, and quasistationary distributions are then presented. We
show that there exists a family of invariant measures indexed by A € [0, Ac]. We then
show that, under some conditions, there exists a family of quasistationary distributions,
also indexed by A € [0, Ac]. The generating functions of these invariant measures and
quasistationary distributions are presented. We further show that a stopped Markovian
bulk-arriving queue is always Ac-transient and some deep properties are revealed. The
clear geometric interpretation of the decay parameter is explained. A few examples are
then provided to illustrate the results obtained in this paper.
Keywords: Markovian bulk-arriving queue; decay parameter; invariant measure; invariant
vector; quasistationary distribution
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1. Introduction

Markovian queues are the most basic yet possibly the most important branch of applied
probability. On the one hand, they interweave the general theory of queueing models, while, on
the other hand, they interweave the general theory and applications of continuous-time Markov
chains, and have become a very successful and fruitful research field. Good references, among
many others, are [2] [17], [24], and [27] for the former and [1], [10], [32], and [38], for the latter.
See also [8] and [9], which contain new information about continuous-time Markov chains.
Within this queueing framework, the bulk-arriving queues occupy a major niche and play an
important role both in the theory and applications of Markovian queueing models, and have
attracted considerable attention, mainly owing to their extensive applications in many practical
situations experienced in science and technology such as in industrial assembly lines, road traffic
flow, arrival of aircraft passengers, etc. An excellent reference for bulk queues is [4]. This field
has close theoretical links with the versatile Markovian point process addressed in Neuts [29],
in which many types of bulk-arrival processes were examined. In addition, Neuts [30] provided
many interesting bulk-arriving models together with useful methods and techniques for their
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analysis. For further discussions on Markovian bulk-arriving queues, see [13], [25], [26], [31],
and [37].

Markovian queueing models with state-independent and state-dependent input/output have
also attracted considerable research interest. For example, Parthasarthy and Krishna [33]
allowed arbitrary input when the queue was empty. Chen and Renshaw [5], [6] introduced
the possibility of removing the entire workload. Another new concept in queueing theory is the
so-called negative arrivals. It seems that Gelenbe [15] and Gelenbe et al. [16] first introduced
this particularly interesting concept, whilst other related papers include [3], [18], [19], and [20].

Because of this extensive interest, many deep properties regarding Markovian bulk-arriving
queues, such as recurrence and positive recurrence criteria, the queueing length and the busy
period distributions, and the long-run behavior under the positive-recurrent scenario have been
revealed. See the references mentioned above.

However, it seems that there exists an important question which has not been extensively
addressed. That is, what is the long-run behavior, at least in some sense, if the Markovian
queue concerned is transient? Another closely related but perhaps more important question
is, what does the long-run behavior look like for the busy period for both the transient and
recurrent Markovian bulk queues? Apparently, a deep understanding of such conditional long-
run behavior would be extremely helpful in analyzing and designing complex queueing systems.

In fact, with the development of the general theory and applications of continuous-time
Markov chains, there has been a long history of investigating several closely linked and very
important concepts regarding the conditional long-run behavior, i.e. the important concepts
of decay parameter, invariant measures, and quasistationary distributions. The idea of using
quasistationary distributions can be traced back at least to the early work of Yaglom [43], who
considered the long-run behavior, in a sense which will be explained later, of the subcritical
Galton—Watson process. The other important concept, the decay parameter, was developed
by Kingman in the early 1960s. Beginning with the pioneering and remarkable work of
Kingman [23] and Vere-Jones [42], this extremely useful theory has flourished owing to much
important research, including the significant contributions made by [12], [14], [21], [22], [28],
[34], [35], [36], [39], [40], [41], and many others.

Roughly speaking, invariant measures and quasistationary distributions can be used to model
the long-term behavior of many stochastic systems in a variety of diverse contexts in which the
systems will stop moving, but appear to be stationary, in some sense, over any reasonable time
scale. For example, in the so-called stopped Markovian queue, which will be the main topic of
this paper, the queueing system may be empty at some time epoch, and then the busy period
ends. Thus, it is important and interesting to find the long-term behavior of such queueing
systems under the condition that the queueing system has not hit the zero state yet. Other
examples can be found in chemical reaction kinetics, population models, etc.

The important point is that Kingman [23] showed that, for an irreducible class C of any
continuous-time Markov chain, there exists a number A¢ > 0, called the decay parameter of
the corresponding process, such that, for all i, j € C,

1
;10gp,~j(t) — —Ac ast — 400,

from which we may clearly see that the decay parameter represents some kind of convergent
rate regarding the long-run behavior. The other way to characterize this important quantity is
as follows. Let

o o0
Mij:inf{AZO: / eMp,-j(t)dt:oo}zsup{AZO: / e)"p,-j(t)dt<oo}.
0 0
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Then, by the irreducibility argument, it is fairly easy to show that u;; does not depend on
i,j € C. Denote this common value of w;; by u. It is straightforward to show that the
common abscissa of convergence of these integrals is just the decay parameter, i.e.

)\.CZM.

The decay parameter and the quasistationary distributions are closely linked to the so-
called p-subinvariant/invariant measures and p-subinvariant/invariant vectors. An elementary
but detailed discussion of this theory, including the basic definitions involved, can be found
in Chapter 5 of [1]. For convenience, we now repeat the definition of the quasistationary
distribution.

Definition 1.1. Suppose that (p;;(¢); i, j € E) is a transition function of a continuous-time
Markov chain defined on the state space E. Assume that C is a communicating class of E and
that (m;; i € C) is a probability distribution over C. Let

pi(t) ="y mipij(t) forjeCandt>0.
ieC
If o
pjt .
I — iy, €C,t>0,
Siecpim 0 IEET

then (m;;i € C) is called a quasistationary distribution for (p;;(t); i, j € ).

The deep relationships between the decay parameter, the invariant measures, and the quasi-
stationary distributions have been revealed in the important works of Nair and Pollett [28] and
Van Doorn [41].

The main aim of this paper is to extensively and comprehensively investigate the decay
properties of a Markovian bulk-arriving queue which stops after hitting the zero state. This
model is usually called the stopped Markovian bulk-arriving queue (or the stopped M*/M/1
queue). Investigating such properties is crucial in realizing the behavior of the busy period of
the corresponding queueing systems. It will also be the key step in investigating the conditional
long-run behavior under the transient scenario of the Markovian bulk-arriving queues with
or without state-dependent input/output. The generator matrix, i.e. the so-called g-matrix
0 = (qij; i, j € Zy), where Z, stands for the nonnegative integers {0, 1,2, ...}, of such
queueing models is given as follows:

bji_jiy1 ifix>1,j>i—1,
R 1.1
i {O otherwise, (.1
where
bj =0, j#1,  0<) bj<—b <o (1.2)

J#1
In order to avoid discussing some trivial cases, we shall assume throughout this paper
that b9 > 0 and Z?ozz b; > 0. An immediate consequence of these assumptions is that
C ={1,2,...}1is an irreducible class for Q as well as for the corresponding Q-process. The
latter is formally defined as follows.

Definition 1.2. Let Q = (g;j; i, j € Z4) be the generator matrix defined in (1.1)—(1.2). The
corresponding transition function P (¢) = (p;;(?); i, j € Z4) is called the stopped Markovian
bulk-arriving queueing process (or stopped MX/M/1 queueing process).
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Note that we have defined the Q-process as the corresponding transition function P (¢) rather
than the process itself. In fact, for convenience, we shall freely use this term to denote either
of them in this paper. This is, of course, commonly accepted and will not cause any confusion.
Since our generator matrix @ is bounded, then, by the general theory of continuous-time
Markov chains, we know that there exists only one Q-process which is the Feller minimal one.
Also note that we have slightly generalized the definition of the generator matrix of a stopped
MX/M/1 queue by allowing > j1bj < —bi. Let

d=—b1 - b;

J#l

be the deficit. Then d > 0 and d = O if and only if Q is conservative. The reason in giving
this slightly general definition is twofold. Firstly, in our later proof we need to consider the
nonconservative case. Secondly, and more importantly, this definition provides us with an
opportunity to consider more general models, for example, the so-called MX/M/1 queue with
removing working loads. See, for example, [5] and [6].

Since 0 is an absorbing state and C = {1, 2, ...} is an irreducible and transient class for this
model, we know that p;; (t) — Oast — ooforalli, j € C. Hence, this process does not possess
any limiting distribution in the normal sense. Therefore, we turn our attention to the decay
parameter and the related properties, particularly the invariant measures and quasistationary
distributions of this stopped MX/M/1 queue.

It should be noted that, for the special case of the stopped M/M/1 queue, the decay parameter
and the corresponding invariant measures have been obtained; see, for example, [1]. As to the
general stopped MX/M/1 queue, Daley [11] discussed the discrete-time version, i.e. the jump
chain of the stopped MX/M/1 queue under the further condition that

o
> " kbiy < bo. (1.3)
k=1

In particular, under condition (1.3), Daley [11] obtained the decay parameter of the jump chain,
denoted by Rc, say, and proved that this jump chain is Rc-transient. The generating function
of the quasistationary distribution of this discrete-time jump chain has also been given in [11]
under condition (1.3).

Different from Daley [11], in this paper we shall not confine ourselves to condition (1.3).
Indeed, all the situations, even including the subtle case in which Z,fil kby+1 = +o0, shall
be discussed in this paper. Many important decay properties which have not been discussed
in [11] shall also be revealed. Such properties include, for example, the particularly interesting
and important problem of invariant measures and the uniqueness and construction of invariant
measures and quasistationary distributions. Also, the main methods used in this paper are
substantially different from those used in [11]. Interestingly, our methods are not only applicable
to our current more complex and abundant continuous scenario, but are also of methodological
significance in their applications to much more general models. For example, our methods
are perfectly applicable to the more general MX/M/1 queues with state-dependent control and
even to the more general Markovian queueing models. We shall discuss such applications in
subsequent papers.

The structure of this paper is as follows. In Section 2 we concentrate on studying the decay
parameter for the stopped MX/M/1 queueing process. The exact value of the decay parameter
for all cases will be revealed. It shall be shown that this value can be obtained fairly easily
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and, also, has a clear geometric interpretation. In Section 3 we show that the stopped M*/M/1
queueing process is always Ac-transient, again, for all cases. Some elegant expressions, which
in turn reveal some further deep properties of the stopped MX/M/1 queue, are obtained regarding
Ac-transiency. The closed linked A-subinvariant vectors and A-invariant vectors for A € [0, A¢]
are also presented in this section. The invariant measures and quasistationary distributions are
fully discussed in Section 4. We show that there exists a family of A-invariant measures and
quasistationary distributions, indexed by A € (0, Ac] except for the (trivial) critical case in
which Ac = 0. The explicit expressions for the generating functions of this family of A-
invariant measures and quasistationary distributions are established. We shall see that these
expressions take very simple forms. Finally, in Section 5 several examples are provided to
illustrate the results obtained in the previous sections.

2. Decay parameter

In order to find the decay parameter Ac and to study the invariant measures, invariant
vectors, and quasistationary distributions for the stopped MX/M/1 queue, we define B(s) to be
the generating function of the given sequence {b;; k > 0}, i.e.

o
B(s) = Z bksk.
k=0

Since B(s) is a power series, we know that it possesses a convergence radius of

1

P = Yimsup, . Vbn

Clearly, p > 1. By looking back at (1.2) we see that if p is finite then, although B(p) = 400
is likely, it is impossible that B(p) = —oo. A similar property holds for B'(p). Now, let
po = sup{s > 0: B(s) < 0}.

The following simple lemma summarizes some useful properties of the generating func-
tion B(s).

Lemma 2.1. The generating function B(s) is convex in [0, p) and has either one or two positive
roots. More specifically, the following cases hold.

(1) If p = +oo then B(s) = 0 has exactly two positive zeros, q¢ and q,, say, satisfying
0 < g5 < g, < p such that B(s) > 0 for s € [0,q,) U (¢,, p) and B(s) < 0O for
s € (g, q,)- For this case, we have py = q,, B(pp) =0, and 0 < B'(pg) < 400, and
there exists a point so with g < so < q, such that B'(sg) = 0. Moreover, g, = q, = 1
if and only if d = 0 and by = Z?ozz(j — b, and q; < 1 = q, if and only ifd = 0
and by < Zc;iz(j —1Db; < +o0.

@) If p < +ooand0 < B(p) < +oo then all the same conclusions hold as in (i).

(iii) If p < 400, B(p) < 0, and 0 < B'(p) < +00, then B(s) = 0 has exactly one positive
root gy < 1 such that B(s) > 0 for s € [0, q,) and B(s) < 0 for s € (g5, p]. For
this case, we have py = p and there exists a point s satisfying q; < so < po = p
such that B'(sg) = 0 and B'(s) < 0 for s € [0, sg) and B'(s) > 0 for s € (sg, pol-
Moreover, so = po if and only if B'(p) = 0, while g; = 1 if and only if d = 0 and
bo = X3 = Dbj.
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(iv) Finally, if p < 400, B(p) < 0, and B'(p) < 0, then B(s) = 0 has exactly one positive
root g, < 1 such that B(s) > 0 for s € (0, q¢) and B(s) < 0 for s € (qy, pl. For this
case, we have py = p and B'(s) attains its maximum value at pg in [0, p].

Furthermore, for cases (i)—(iii), we have B(pg) — poB’(po) < 0, while, for case (iv), either
B(po) — poB’(po) < 0 or B(po) — poB'(po) = 0 may occur.

Proof. Note that we have B”(s) > Oforalls € (0, p), whichis due to (1.2). Thus, B’(s) and
B(s) are strictly increasing and convex functionon s € (0, p), respectively. All the conclusions
then easily follow.

Remark 2.1. By Lemma 2.1 we see that both py and B(pp) are finite. In fact, we have
po € [1,+00) and —oo < B(pg) < 0. Also, there are only two possibilities for pg: either
Po=¢, Orpp = p < +00.

Note that, for cases (i)—(iii) of Lemma 2.1, there exists a tangent line of B(s) which passes
through the origin. Even for case (iv) of Lemma 2.1, this may still be true (though not always).
We shall prove that, for nearly all the cases (the exact meaning of this will be clear later), the
decay parameter is simply the absolute value of the gradient of this tangent line.

Now define

A* = sup{L € R: B(s) + As = 0 has aroot in [0, pol}, 2.1

where R denotes the set of real numbers. Since B(0) = bg > 0 > B(1), it is easily seen that
A* can also be expressed as

A* = sup{A > 0: B(s) + As = 0 has aroot in [0, po]}
=sup{A > 0: B(s) + As = O has aroot in [gy, pol}. 2.2)

Indeed, for all s € [0, g¢) and A > 0, by Lemma 2.1 we have B(s) + As > B(s) > 0 and,
thus, B(s) + As = 0 has no root in [0, g,).

Later we shall prove that the supreme in (2.1) (or (2.2)) is attainable and, more importantly,
that it is just the decay parameter for our model. Hence, it is very informative and useful to
give further characteristics of this important quantity, including its geometric meaning. For this
purpose, we define

B(s)

X:max{— ;se[qs,po]}.
Since —B(s)/s is a continuous fu{lction on the closed interval [g,, po] (except the trivial case
in which g = pp), we know that A is finite.

In determining the decay parameter the test function

g(s) = B(s) — sB'(s) 2.3)

plays an extremely important role. For this reason, we summarize its simple yet important
properties as follows. First note that, as a power series, g(s) has the same convergence radius
p as B(s).

Lemma 2.2. The test function g(s) is a strictly decreasing function on [0, p) and, thus, has
either no positive zero or exactly one positive zero, denoted by s, say. Moreover, the former
happens if and only if p < 400 and by > Z?Ozz(j — l)bjpj (i.e. p < +ooand g(p) > 0)
and, for this former case, we have g(s) > 0 for all s € [0, p], while, for the latter case, we
have g(s) > 0 forall s € [0, s,) and g(s) < 0 forall s € (s«, p).
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Proof. The strictly decreasing property follows directly from the fact that, for all s > 0, we
have g'(s) = —sB”(s) < 0. Now all the conclusions easily follow from this strictly decreasing
property together with the simple facts that

o
g(s)=bo— Y (j—Dbjs/ and g(0)=bo > 0.
j=2

Note that g(s) is also actually strictly concave on [0, p), but this property will not be used
in this paper. The above positive zero, s, of g(s) (if any), plays a key role in considering the
decay properties of the stopped MX/M/1 queue as the following lemma and some other later
conclusions show.

Lemma 2.3. We have \* = X and thus \* < oo, and the supreme in (2.1) (or (2.2)) is attainable.
In particular, the equation B(s) + A*s = 0 has a unique root s, € [q,, pol, where g is given
in Lemma 2.1. Moreover, the following cases hold.

() If B'(po) > B(po)/po then \* = —B(sy)/sx = —B’(sx), where q; < s, < po. For this
case, we have \* > —B’(p).

(i) If B'(po) = B(po)/po then 1* = —B(sy)/sx = —B'(sx), where s, = po; thus, \* =
—B'(po).

(iii) If B'(po) < B(po)/po then \* = —B(sy)/sx < —B'(sy), where s, = py = p; thus,
A* < —B'(pp).

Proof. By Lemma 2.1 we see that A* in (2.1) or (2.2) is well defined and that A* > 0 since
B(s) = 0 has a root g, € [0, pg]. Now, our aim is to prove that A* is attainable. Firstly, if
B(1) = B’(1) = 0 then gy = po = 1 and, thus, it is trivial to see that all the conclusions hold
since A* =4 =0 by definition. For all other cases, [g,, po] is a closed interval and, thus, by
noting that B(s)/s isa nonposmve continuous function of s € [g,, po], we see that there exists
an 5o € [gg, po] such that A = —B(s0)/so < 400 and x> 0.

We now claim that A = A*. Firstly, it is clear that X < A*. Indeed, by the definition of X
we know that the equation B(s) + s = 0 has a root sy € [g5, pol and, thus, the inequality
follows by noting (2.1). In order to prove the converse, we assume that X < A*. Tt follows that
there exists a it € (&, A*). Since u < A*, we know that the equation B(s) + ws = 0 has a root
su € lgs, pol, i.e. p = —B(su)/su. Hence, u < A, since A is the maximum of —B(s)/s on
[g5. pol, which contradicts A < p. Therefore, for all cases, we have A* = X. Thus, the first
part is proved.

To prove the latter part, let f(s) = —B(s)/s for s € (0, pp]. Considering f(s) < O for
s € [0, g¢], we know that A* = max{f(s); s € [0, po]}. Now note that f’(s) = g(s)/sz,where
g(s) is defined in (2.3); thus, f’(s) shares the same zero and signs as g(s). In particular, f’(s)
has at most one positive zero. Moreover, if f’(s) does have a positive zero, which then must be
the same s, as in Lemma 2.2 , then f (s) must attain its maximum on [0, p) at s,. Indeed, since
f'(s) and g(s) have the same sign, then, by Lemma 2.2, f(s) is strictly increasing on [0, s4)
and strictly decreasing on (s, p). Therefore, if B'(0g) > B(p9)/ 00, i.e. g(0o) < 0, then there
exists an s, satisfying g; < s« < po such that g(s«) = f’(sx) = 0. That is, the function f(s)
attains its maximum at s, and, hence, A* = —B(sy)/s« = —B’(s4), where the latter equality
holds because of g(s,) = 0. It then follows from g(pg) < O that A* > —B(pg)/po > —B’(po)
and, thus, (i) is proved.
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Similarly, we may prove (ii) and (iii). The difference is that in both (ii) and (iii) the function
f(s) attains its maximum A* at pg rather than in (0, pg). Moreover, it is easily seen that in case
(iii) we must have pg = p since, for this case, pg = ¢, is impossible; see Lemma 2.1.

Remark 2.2. (i) Lemma 2.3 shows that the quantity A* has clear geometric interpretation.
Indeed, considering that the slope of the tangent line, which passes through the origin, of the
curve y = B(x) is just B(x)/x, we see that, for both cases (i) and (ii) of Lemma 2.3, y = —A*x
is just the tangent line of the curve y = B(x). More intuitively, consider that a family of
lines y = —Ax, indexed by the parameter A > 0, rotates anticlockwise around the origin.
Then A* is just the value of A when the rotating lines y = —Ax (A > 0) first hit the curve
y = B(x) (x > 0). Hence, for cases (i) and (ii) of Lemma 2.3, the line y = —A*x is just the
tangent line of y = B(x), while, for case (iii) of Lemma 2.3, though not the tangent line, the
line y = —A*x and the curve y = B(x) intersect at the point (pg, B(pp)).

(ii) Although in both cases (ii) and (iii) of Lemma 2.3 the function f(s) = —B(s)/s attains its
maximum value A* at pg, they are actually quite different in geometric interpretation. Indeed,
for Lemma 2.3(ii), we have f’(pg) = 0 and, thus, y = —A*x is the tangent line of the curve
y = B(x), while, for Lemma 2.3(iii), we have f’(s) > Oforalls € [0, po] and, thus, y = —A*x
is not the tangent line of the curve y = B(x).

(>iii) Note that the same notation s, is used in both Lemmas 2.2 and 2.3. This is reasonable.
Indeed, as can be seen from the proof of Lemma 2.3, the root s, given in Lemma 2.3 is the
same s, as the positive 0 of g(s) given in Lemma 2.2 when g(s) does have a positive zero. For
the case in which g(s) does not possess a positive zero, the s, defined in Lemma 2.3 is just
po = p. Itis also clear that case (iii) of Lemma 2.3 can only happen when both p < oo and
by > Z?iz( Jj—Db; o/ hold. In particular, if Q is conservative then this can only happen
when both p < oo and B/(1) < 0 hold.

Lemma 2.4. Let (p;j(t);i, j € Z4) be a stopped MY/M/1 queueing process with generator
matrix Q as defined in (1.1)—(1.2). Then Ac > A*.

Proof. In order to prove that Ac > A*, by Remark (3) of [1, p. 175], we only need to show
that there exists a A*-subinvariant vector for the minimal transition function (p;; (¢); i, j € Zy)
on C, or, equivalently, that there exists a A*-subinvariant vector for Q on C (see [1, Proposition
5.4.1]). In other words, we only need to show that there exist (x;; j > 1) such that 0 < x; <
+oo forall j > 1 and

oo
> qixj < —)x, izl (2.4)
j=1
However, in Lemma 2.3 we have proved that the equation B(s) + A*s = 0 has a unique root
s« € [gy, pol, i.e. B(sy) + A*s, = 0. That is,

m .
Z bjsi = —A"sy.
=

Now let x; = s,{ (j = 1). Then0 < x; < 400 (j > 1) and it is easily seen that (x;; j > 1)
satisfies (2.4). Indeed, fori = 1, (2.4) is just

o0 o0
qujxj = ijsi = B(sy) — by = —A*sy — by < —A"s% = —A%xq,
j=1 j=1
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while, for i > 2, (2.4) is just

00 00
/ i—1 * 1 *
Zq,-jxj = Z bj_it15:% = sy B(sy) = —A%s, = —A%x;.
j=1 j=i-l

Thus, (2.4) holds, which completes the proof.

We are now ready to prove the main result of this section. That is, we shall prove that A* is
exactly the decay parameter Ac, where, again, C = {1, 2, ...} is an irreducible class. We shall
prove this basic conclusion in two theorems, dealing with two different cases. We first consider
the case in which A* > —B’(pp). Note that, by Lemma 2.3, this covers cases (i) and (ii) of
Lemma 2.3.

Theorem 2.1. For the stopped M*/M/I queueing process with generator matrix Q as given in
(1.1)~(1.2), if \* > —B'(pg) then ¢ = A*, where C = {1,2, ... }.

Proof. By Lemma 2.4 we only need to show that .¢c < A*. We first consider a very special
case in which d = 0 and by = Z?‘;z(j — 1)bj, and, thus, B(1) = B’(1) = 0. For this case,
the corresponding transition function (p;;(¢); i, j € Z) is honest and g, = 1 and A* = 0.
Suppose that Ac > A* = 0. Then, for anyA € (0, A¢),

o
/ eMpii(r)dr < oo foralli > 1.
0

However, by the forward equation we know that Pl{o (t) = bopi1(t) and, thus,

o0
/ eM plo(t)dt < oo,
0
Since A > 0, by using the inequality e’ > 1 + At we obtain

o
/ tpio(t)dr < oo,
0

i.e. Ei[tg] < +o00, where 1y is the absorbing time to 0 and E; is the mathematical expectation
under the condition that the process starts at state 7. This contradicts, say, Theorem 2.2 of [6].
Therefore, for this special case, we have Ac = A* = 0.

We now remove the condition that B(1) = B’(1) = 0. Since A* > —B’(pp), by Lemma 2.3
and Remark 2.2(i), we know that the equation B(s) + A*s = 0 has aroot s, € [gy, po] and that

y = —A"s is the tangent line of the curve y = B(s). Now, by Lemma 2.3 we also know that
the tangency point is just (sx, B(sx)) and, hence, A* = —B'(sy). Define Q = (§ij; i, j € Z4)
as

} bj_iy1 ifix1,j>i—1,
qij = .
0 otherwise,

where l;k = bysik (k #1)and l;l = by +A*s,. Itis obvious that Q isa conser\iative generator
matrix of some stopped MX/M/1 queue. Let (p; i (t); i, j € Zy) be the unique @-function, and
let E(s) denote the generating function of {l;k; k > 0}, i.e.

o0
Bs)=) bhis*,  Isl=L
k=0
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It is easy to see that B(s) = B(s45) + A*s,s and I§(1) = I§’(1) = 0. Herlce, by the just
proven result we know that the decay parameter of (p;;(¢); i, j € Zy ) for Cis Ac = 0. On the
other hand, by Kingman’s lemma (see, for example, [1, Theorem 5.2.7 and Proposition 5.4.1]),
we know that there exists a A¢-subinvariant measure for Q on C, i.e. there exists a measure
(mj; i > 1)suchthat 0 <m; < oo (i > 1) and
j+1
> mibj g1 < —hemj,  j=1. (2.5)
i=1
Multiplying both sides of (2.5) by s,/ yields
j+1
Y mis Y Bjmipisd T < —OesoOmysdTH, =L

i=1

Adding A*m js*j to both sides of the above inequality and using the definition of {b;; k > 0},
immediately yields

j+1

D imibjiy1 £ —(hc —M)saiy,  j=1,

i=1
where m; = misy' 1@ > 1). Therefore, (/;; i > 1) is a (h¢ — A*)s,-subinvariant measure
for Q (or, equivalently, for (p;;j(t); i, j € Z)) on C. Now, by a well-known result (see
[1, Remarks, p. 175]), we must have (A¢c — A*)s, < Xc = 0. Hence, ¢ < A* and, therefore,
Ac = A%

Theorem 2.2, below, shows that even if A* < —B’(pg), the same conclusion still holds.

Theorem 2.2. Let (p;j(t); i, j € Z4) be a stopped MX/M/1 queueing process with generator
matrix Q as defined in (1.1)—~(1.2). Then Ac = 1*.

Proof. By Theorem 2.1 we only need to consider the case in which 8 =: B'(pg) + A* <
0. Let (¢ij(A); i, j € Zy) be the corresponding Q-resolvent, i.e. the Laplace transform of
(pij(t); 1, j € Z4). Now, let Ng = inf{k > 2; by > 0} and, for any n > N, let

0 Py iz, >,
Y 0 otherwise,

where

(n) b, ifk <n,
b = :
0 ifk>n.

It is obvious that Q™ = (¢;

ij s i, j € Z4) is a nonconservative generator matrix as in
(1.1)—(1.2) and that C is still an irreducible class for each Q(”), n > No. Let (,pij(t);i, ] €
Zy) and (,¢;j(A); i, j € Zy) be the Feller minimal Q™ function and the Feller minimal

Q™ -resolvent, respectively. Let

oo
B, (s) = Zb,((n)sk,
k=0

As = sup{A > 0: B,(s) + As = 0 has aroot in [0, ,o(()")]},
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where p(()n) = sup{s > 0: B,(s) <0}. It is clear that the generating function B, (s) is well
defined on [0, 00), i.e. the convergence radius p for B,(s) is infinite. It follows that
Ab > —B), (,oé")). Therefore, we may apply Theorem 2.1 to obtain the conclusion that the decay
parameter of (,p;;(t); i, j € Zy) for C is )»(C") = Ar. We now prove that A} | A*(n 1 o0),
where A* is given in (2.2) with respect to the original generator matrix Q. Indeed, by the
definition of B, (s), n > Ny, it is clear that

B, (s) < B,y1(s), B, (s) < B, (s), foralls >0, n> Ny, (2.6)

and that
B, (s) < B(s), B, (s) < B'(s), forall0<s < p, n> Ny. 2.7)

In other words, the curve y = Bj41(s) is above the curve y = B,(s) for s > 0. Since
A, and A7 are the absolute values of the slopes of the tangent lines, passing through the
origin, of the curves y = B,(s) and y = B, 1(s), respectively, it follows from (2.6) and
(2.7) that we must have 1 > )L:H(n > Np), i.e. {A}; n > Np} is nonincreasing with respect
to n, and it is also clear that A* > A*(n > Np). Let A = lim,— oo A*. Then A > A*.
We now claim that A = A*. Suppose that 2 > A*, then choose A € (A*, A A (A* — B)).
Since, for each n > Ny, B,,(s) + As is strictly convex in [0, 00), there exists a unique §, such
that By, (5,) + A5, = inf{B,(s) + As: s € [0, 00)}. It can be easily seen that {5,; n > Ny} is
nonincreasing with respect to n. Indeed, since the function B, (s) + As attains its minimum

value at §, and B (s) + X is diffe{entiable at s = §,, we must have B}, (5,) = —):». However,
by (2.6), B, (Sx) = B, (3x) = —A and, furthermore, for all s > §,, B, (s) + 4 > 0 (since

Br/l+1(s) is an increasing function of s € [0, 00)). Therefore, the function Bj,41(s) + As is
increasing on [5,, 00) and, thus, it can only attain its minimum value before §,, i.e. §,4+1 < 5y
for all n > Ny. For the same reason (see (2.7)), we have

B/ (s)+ A < B'(s)+A foralls e [0, p), n > No,

and, in particular,
B! (p0) + X< B'(po) +A=B+1—1* <0.

But, B, (5,) + A =0and B (s) + X is increasing with respect to s and, therefore, 5, > po(n >
No). o
Since A < A, we may claim that

Bu(5,) + A5, < 0 < B(po) + Apo. (2.8)

Indeed, since > A*, the equation B(s) +J.s = 0 would have noroot in [0, po] and, thus, would
keep positive on [0, pg], which yields the right-hand side inequality of (2.8). As to the left-hand
side inequality of (2.8), just note that A} is the largest value of A such that B, (s) + As = 0 has
aroot in [0, ,0(">]. On the other hand, note that A < A < A, we know that B, (s) + Xs = 0 has
aroot in [0, ,oon)] and, thus, the minimum value of B, (s) + As, which is B, (5,) + 5»5,,, must be
negative. This yields the inequality on the left-hand side of (2.8).

By the definition of B, (s) we see that the left-hand side inequality of (2.8) can be written as

> b5+ 350 < —bisa. (2.9)
k#1
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Note that §, | 5o, say, as n tends to co, and, thus, by (2.9) we have

limsup Y b5 + X5so < —biicc (2.10)

n— 00 ot

Now considering that the left-hand side of (2.10) is a nonnegative series and that, for each fixed
k # 1, we have

: Mk _ g <k
i, 7S5 = bise

then using Fatou’s lemma, (2.10) becomes

> bk, + Moo < —b1dcc,

k#1
which leads to

B(Sx0) < —ASo < 0. (2.11)
However, pg = sup{s > 0: B(s) < 0} and, thus, (2.11) implies that 5o < po. But, for all
n > Ny, we have §,, > pg and, thus, S5, > pg. Therefore, 5o = pg. Now, by (2.8) and (2.11),
B(po) + Xpo <0 < B(po) + Xpo.

which is a contradiction. This proves that A = A*.
On the other hand, it is well known that the Q-resolvent (¢;;(); i, j € Z) is the minimal
nonnegative solution of the Kolmogorov backward equation,

+qi

qi .
91 (1) = +§ gy, P20,

l_)Hrq,

and that the Q-resolvent (n9ij(A); I, j € Z4) is the minimal nonnegative solution of the
Kolmogorov backward equation,

(n)

8ij dik .
n®ij(A) = + E n®rj (L), i>0,
A+ ‘Ii(n) i Mt Qz'(n)

and that all of them can be obtained by using the well-known iteration scheme. Now note that
ql.(n) =g, (n > Np) and ql.(,f) 1 gix (n 1 oo) forall i # k. Itis easily seen, by considering their
iteration schemes, that ,¢;; (1) 1 ¢;;(A) as n 1 oo and, thus, for their corresponding transition
functions, we also have ,, p;;(t) 1 p;j(t) asn 1 oo.

Now if Ac > A* then, for any u € (A*, A¢), we have

o0
/ e p11(t)dt < 400
0

and, thus,

0
f e ,p11(t)dt < +oo foralln > No.
0

It follows from the above proof that < A} (n > Np). Hence, u < A*, which contradicts
w € (A*, A¢). Therefore, Ac = A*. The proof is complete.
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By combining Theorem 2.2 and Lemma 2.3, we obtain the following effective way to obtain
the exact value of the decay parameter Ac.

Corollary 2.1. Let pg be determined as in Remark 2.1, and let g(s) be as given in (2.3).

(i) If g(po) = O then po = p and Ac = —B(p)/p.

(i1) If g(po) < O (thus, g(s) = 0 has a unique root s, € [0, po)) then .c = —B'(sy) and,
hence, s, and Ac satisfy the equations

B(sy) — S*B/(S*) =0,

e = —B'(s,). (2.12)

In other words, s, and Ac are the unique solution of the following equations regarding
the unknowns s and A:
B(s) —sB'(s) =0,

= _B(s), (2.13)

Proof. This is a direct consequence of Theorem 2.2 and Lemma 2.3. Also, the uniqueness
of the solution of (2.13) can be easily proved.

In applying Corollary 2.1 we need to check the sign of g(pp), which may not always be
convenient. This is because pp may equal the largest root ¢, of B(s) = 0; see Lemma 2.1.
But, it may not always be easy to find g,. Fortunately, this difficulty can be avoided. In
fact, we actually do not need to find g, . Indeed, as shown in Lemma 2.1, for cases (i)—(iii)
of Lemma 2.1, we automatically have g(pp) < 0 and, thus, only in case (iv) of Lemma 2.1
do we need to check whether this condition holds, as Corollary 2.2, below, shows. The basic
feature of Corollary 2.2 is that all the conditions are imposed to the easily obtained quality p
rather than pg. Recall that p is the convergence radius of B(s). In Corollary 2.2, we shall only
be concerned with the conservative case, since this is the most important case. Also, for the
nonconservative case, similar statements can be easily given.

Corollary 2.2. Let Q be a conservative generator matrix as defined in (1.1)—(1.2), and let
B(s) be the generating function of the sequence {by; k > 0}, with convergence radius p.

(1) IfB'(1) <0and p =1orif B(1) =0, then A\c =0 and s = 1.

(ii) If B'(1) > 0 (including B'(1) = 4+00) then 0 < s, < 1 and ¢ > 0. Moreover, s, and
Ac can be determined by solving either (2.12) or (2.13) directly.

(i) If B'(1) < 0 and p > 1 (including p = +o0) then sy > 1 and Ac > 0. Moreover; if
p < +oo, B'(p) < 0, and B(p) > pB'(p), then s, = p and .c = —B(p)/p, while
if any one of the above conditions fails, then s, and Ac can be determined by solving
either (2.12) or (2.13) directly.

Proof. This is a direct consequence of Lemma 2.1 and Corollary 2.1.

Remark 2.3. Corollary 2.2 tells us that only for the case in which B’(1) < O and p > 1 do
we need to check whether the condition B(p) > pB’(p) is satisfied or not. Furthermore, for
Corollary 2.2(iii), even if p = +o00 or even if p < +o0 with B(p) > 0 or B’(p) > 0, then we
may immediately claim that A¢ and s, can be determined by solving (2.12) or (2.13) directly.
Furthermore, note that even for the worst case we still may not have to calculate the exact values
of B(p) and B’(p), since what we only need to know is whether B(p) > pB’(p) or not. In
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Section 5 we shall use several examples to show how easily Corollary 2.2 can be applied to
find the decay parameter of the corresponding models.

Corollary 2.3, below, on the other hand, shows that our basic result regarding the decay
parameter has a very clear geometric interpretation.

Corollary 2.3. Let (p;j(t); i, j € Zy) bethe stopped MX/M/1 queueing process with generator
matrix Q as defined in (1.1)—(1.2).

(1) If =B(po)/po < max{—B(s)/s: s € [qs, pol} then y = —Acx is the tangent line of the
curve y = B(x).

(i) If —=B(po)/po = max{—B(s)/s: s € lqy, pol} then ¢ = —B(po)/ po.

Finally, we point out that, as a direct corollary, we may also obtain the decay parameter
Rc of the corresponding jump Markov chain {X,; n > 0}. To this end, let C = {1,2,...},
then it is easy to see that C is also an irreducible class of the jump chain, which possesses the
decay parameter R¢. Also, let f(s) = s+ B(s)/bandletm = f'(1) = 1+ B’(1)/b, where
b = —b; > 0. Obviously, m < 1 if and only if B’'(1) < 0. Furthermore, let s, be the unique
positive root (if any) of s B'(s) — B(s) = 0 or, equivalently, let s, be the unique positive root
(if any) of sf/(s) — f(s) = 0. Then we have the following conclusion.

Corollary 2.4. Suppose that Q = (qij; i, j € Zy) is a conservative generator matrix as
defined in (1.1)—(1.2) satisfying by > 0 and Z?ozzbj >0. Then C = {1,2,...} is an
irreducible class of the jump chain {X,; n > 0}.

G Ifm=1lorifm<1landp =1, then Rc =1 and s, = 1.
@ii) If m > 1 (including m = +00) then 0 < s, < 1 and Rc = 54/ f (84).

(iii) Ifm < land p > 1(including p = +00)then s, > 1. Moreover, if p < +o0, f'(p) < 1,
and f(p) > pf'(p), then s, = p and Rc = p/f(p), while if any one of the above
conditions fails then Rc = s/ f (s%).

Proof. By a well-known result of [39] regarding the relationship between the decay param-
eters of a continuous-time Markov chain and its jump chain, we know that

Ac -1
Re=(1—-— .
=(1-%)

Now, applying Cororollary 2.2 together with some easy algebra, we immediately yield all the
conclusions.

Note that Corollary 2.4(iii) coincides with the basic result obtained in [11]. In fact, Daley [11]
only considered the case in which m < 1.

3. Invariant vectors and the transiency property

From now on, we shall assume that the g-matrix @ is conservative. After obtaining the
exact value of the decay parameter Ac in the previous section, we are now interested in
realizing whether the stopped M*/M/1 queue process is Ac-transient or not. We are also
interested in some other related properties, particularly the closely linked concept of invariant
vectors. However, the answer to the former question is a direct consequence of Lemma 2.4 and
Theorem 2.2. Indeed, we have the following conclusion.
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Theorem 3.1. The stopped M*/M/I queue is always Ac-transient.

Proof. By Theorem 2.2 we know that A¢c = A*, where A* is given in (2.1), which implies,
by Lemma 2.4, that the A*-subinvariant vector given there is just a A¢-subinvariant vector for Q
on C. However, this A¢-subinvariant vector is not A¢-invariant and, thus, by [39] we conclude
that the stopped MX/M/1 queue is Ac-transient.

Remark 3.1. In [39] the conclusion is in terms of invariant measures. However, it is easily
seen that the conclusion holds well if the invariant measures are replaced by invariant vectors.

The disadvantage of Theorem 3.1 is that it does not provide sufficient information regarding
the transiency property and, thus, is not particularly interesting. Fortunately, we can do much
better than Theorem 3.1 by giving further interesting and very useful expressions.

To achieve this aim, we need to carry out some preparatory work. First note that, by the
results obtained in the previous section, we know that there exists an sy € [g,, po] such that
Ac = —B(sy)/s«. In particular, for cases (ii) and (iii) of Corollary 2.2, we have ¢ > 0 and,
for any A € (0, Ac], the equation B(s) + As = 0 has either one root or two roots in (0, p] (of
course, if p = 400 then this semiclosed interval should be read as (0, 00)), since B(s) + As is
a convex function of s € [0, p]. In particular, for any A € (0, Ac], the equation B(s) + As =0
possesses a smallest positive root. From now on, we shall always use s) to denote this smallest
positive root and, hence, if A = A¢ then s; = s,. Moreover, by Lemma 2.3 of [6], for any
A € (—o0, 0), the equation B(s) + As = 0 has exactly one root, denoted also by s;, on [0, 1].
Lemma 3.1, below, reveals further properties of this function which will be useful in our future
analysis. Note that we may view s, as a function of A € (—o0, Ac]. For convenience, we shall
freely interchange the notation s, and S(A) in the following. Also, for notational convenience,
we shall simply use lim,_, ;. to denote lim,_,, -.

Lemma 3.1. The smallest positive root S(A) of the equation B(s) + As = 0, viewed as a
Sfunction of . € (—00, Ac], possesses the following properties.

(i) S(1) € C®(—00, A¢).
>ii) S(A) is a strictly increasing and continuous function of A € [0, Ac].
(i) S(A) > 0as A — —ocoand S(A) — s, as .. — Ac.

(iv) If B'(1) < Oand p > 1then S(0) = 1 and, for . € (—00, 0), we have 0 < S(\) < 1 and,
for . € (0, 1), we have 1 < S(1) < sy4. Whereas if B'(1) > 0 (including B'(1) = +o0)
then S(0) = g < 1 and, for » € (—00,0), we have 0 < S(1) < q and, for A € (0, A¢),
we have g < S(A) < s < 1.

V) If B'(1) =0orif B'(1) < 0and p = 1, then .¢c = 0 and s, = 1; thus, S(0) = S(A¢)
= 1 and, for A € (—o0, 0), we have 0 < S(A) < 1.

(vi) im0 ') = 53/(B(sx) — 5xB'(5:)) -

(vii)
lim §"(h) = s (2+ 2B (s2) )
A>hc T (B — 5B 02 \" " B(sy) — 5:B'(s0) )

Proof. Note that S()1) can be viewed as the x-coordinate of the intersection point of the curve
y = B(x) and the line y = —Ax; thus, properties (ii) and (iii) immediately follow since the
former curve is convex for x > 0. Properties (iv) and (v) can be easily proven and, in fact, have
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been mentioned before. Now, S(A) is the smallest positive root of the equation A = —B(s)/s
and so A, as a function of s € (0, p), belongs to C*, since B(s) is a power series. Hence, the
inverse function S(-) also belongs to C°°(—o0, A¢), which proves (i).

By considering S(}) to be the root of B(s) + As = 0 we have B(S(A)) + AS(}) = 0.
Using (i), we may differentiate the above equation with respect to A to obtain

B'(S(W))S'() + SA) + A8’ (L) = 0.

Letting A — Ac ™, using (iii) and the fact that A\c = —B(s4)/sx, immediately yields (vi).
Similarly, applying (i) and differentiating once again for A € (—00, Ac), we may easily
obtain (vii). The proof is complete.

By the proof of Lemma 3.1 we see that the limits of the higher derivatives of S(A) asA — Ac¢
could be similarly obtained.

We are now in the position to claim our conclusion regarding the subinvariant and invariant
vectors of the stopped MX/M/1 queue process.

Theorem 3.2. Forany 0 < A < Ac, let s;, be the smallest nonnegative zero of B(s) + As. Then
the vector 'y = (yj; j € C), where y; = s){ (j = 1) is a A-subinvariant vector for Q as well
as for the Q-function P(t) on C. Similarly, the vector 'y = (y;; j € C), where y; = js17
(j = 1) is a A-subinvariant vector for Q as well as for P(t) on C and this y = (y;; j € C)
becomes a \-invariant for Q as well as for P(t) on C if and only if g(po) < 0 and L = Ac.

Proof. The proof of the first assertion is very similar to that given in Lemma 2.4. Hence,
we only need to prove the second assertion.

Suppose that 0 < A < A¢. By combining the fact that A = —B(s;)/s; with the fact that
g(sy) = 0, where the latter inequality follows from Lemma 2.2 and Lemma 3.1(ii), we obtain
B'(s)) < B(s;)/s) = —A. It then follows that, fori =1,

o0 o

_ L oi—1 _
E q1jyj = § bjjsi~ = B'(s)) < —k = —AJ,
j=1 j=1

and that, for any i > 2,

o0 oo

. . j-1
E qijyj = E bj-i+1Js)
j=l1

j=i—1
) o0 o0
= 33—2(2 kbgsk + (i — 1) Zbks’;>
k=1 k=0
i .1 B(s
= 5I72(B/(s3)s5. — B(sy)) +ist 1%
A
B
< isi_l (s2)
Sh
= —AJi,

which implies that (j sl{_l; j = 1) is a A-subinvariant vector for Q on C. Moreover, it is easily
seen that both of the above inequalities become equalities if and only if B’(s;) = —A which,
by Lemmas 2.2 and 2.3, is equivalent to g(pg) < 0and A = Ac.
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Finally, noting the facts that (x;; j € C) is a u-subinvariant vector for @ on C if and only
if (xj; j € C) is a p-subinvariant vector for the minimal @-function P (¢) on C and that, for a
bounded g-matrix @, (x;; j € C)is a p-invariant vector for Q on C if and only if (x;; j € C)
is a p-invariant vector for the minimal @-function P (¢) on C, all of the conclusions follow.
The proof is complete.

We point out that if B’(1) < 0 then the discrete-time version of Theorem 3.2 coincides with
Theorem 4 of [11].
The following conclusion is our main result in this section.

Theorem 3.3. Let (p;j(t); i, j € Z4) bethe stopped MX/M/1 queueing process with generator
matrix Q as defined in (1.1)—(1.2). Then, for any ). € (—oo, Ac]landi > 1,

OO .
/0 e plo(t)dr = st (3.1

and
00 i i

2 /Oo Mp(yde )si—h = 222 5] (3.2)
=10 <Py ’ B(s) +As’ =

where s, is the smallest positive root of B(s) + As = 0. Moreover,

(G=DAG=1)

(j—k=1)
0 41— G 0) .
/ eMPij(t) dt = S;:H ! E m, Jj=1, (3.3)
0 k=0 J :

where Gik) (0) denotes the kth degree derivative of G, (s) = 1 — s/(B(s).s) + As,.s) evaluated
at 0. In particular, the stopped MX/M/1 queue process is always \c-transient.

Proof. Firstly, for any A < 0, (3.1)—~(3.3) directly follow from Equations (2.24), (2.27),
and (2.29) of [6]. We now prove that (3.1)—(3.3) still hold for 0 < A < Ac. Indeed, for given
A € [0, Ac], we have shown in Theorem 3.2 that there exists a A-subinvariant vector (s i ;j=1
for the Q-function (p;;(¢); i, j > 0) on C. Now, let

pii@) =M psi T i =1,
o0
po) =1=Y pijt), ix=1,
j=1
and
poj(t) = do;, Jj=0. 3.4

Then it is easily seen Ehat P =( pij(t); i, j = 0) is an honest transition function defined on
Z, whose g-matrix Q = (g;;; i, j > 0) is given by

_ bi_iy1 ifi>1,j>i—1,
Gij =" . / (3.5)
0 otherwise,

where 15j = bjs){_l (j # 1) and by = A + by. Obviously, Q is a conservative g-matrix of the
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same type as the stopped M*/M/1 queue in (1.1)—(1.2) and, thus, the structure of its resolvent
is revealed in [6]. In particular, by Equations (2.24), (2.27), and (2.29) of [6], we have, for any
[s|] < 1land u > 0,

fooo e M pio(t)dt = n @), (3.7)
and
/0 a— Do) dt = (@(w)’, 58)

where B(s) = Zj’io I;J-s-/ and u(u) € (0, 1) is the smallest positive root of B(s) — us = 0.
Now, by substituting (3.4)—(3.5) and (3.7)—(3.8) into (3.6) and using some easy algebra, we
obtain, for any |s| < 1,

e¢]

o0 7 1 l

Z(/ e_’”ﬁij(t)dt>sj _ s@G)y’ =) 3.9)
o \Jo B(s) — us

By noting that B(s) = sk_lB(s,\s_) + As we obtain B'(1) = B’(s;) + A and, thus, by the proof
of Theorem 3.2, we know that B’(1) < 0, which in turn implies that lim, o u() =1 (see
properties (iv) and (v) of Lemma 3.1). Now letting i | 0 in (3.9), noting the just proven result
that lim, o #(n) = 1, and using the fact that B(s) = s)\_lB(sAs) + As once again, immediately
yields (3.2). Also (3.1) follows directly from (3.8). Hence, we have proved that (3.1) and (3.2)
hold for any A € (—o0, Ac].

Finally, we can rewrite (3.2) as

o o0 i i
At j=1 j—1 5, (1 =5
E (1) dt I e 1. 3.10
o </0 ¢ pij () )SA s B(sys) + Asys Isl < ( )

Note that é(s) = B(sp5) + Asys possesses~all the propertjes of B(s), specified in, for example,
Lemma 2.1 of [7], and that we llave both B(1) = 0 and B’(1) < 0; thus, by Lemma 2.2 of [7],
the function G, (s) = (1 — s)/B(s) can be expanded as a Taylor series:

o0
Gis) =Y as*. sl <1,
k=0

where g = Gik) (0)/k!. Substituting the above expression into (3.10) and comparing the
corresponding coefficients of s/ immediately yields (3.3). The proof is complete.

4. Invariant measures and quasistationary distributions

We now turn our attention to the quasistationary distribution of the stopped MX/M/1 queue.
We first consider the invariant measures.
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Theorem 4.1. Suppose that the generator matrix Q defined in (1.1)—(1.2) is conservative. Let
(pij(t); i, ] € Zy) be the Q-function of the stopped MY/M/1 queueing process, and let A¢
be the decay parameter for the Q-function on C. Then, for any ) € [0, Ac], the following
statements hold.

(1) There exists a A-invariant measure (m;; i € C) for Q on C, which is unique up
to constant multiples. Moreover, the generating function of this A-invariant measure
M(s) =372, mis' ! takes the simple form

M(s):s—, Is| < s», “4.1

where s, is the smallest positive root of B(s) + As = 0 and m1 > 0 is a constant.
(ii) The measure (m;; i € C) is also a A-invariant measure for (p;;j(t); t > 0) on C.

(iii) The A-invariant measure (m;; i € C) is convergent (i.e. Y ;.- m; < 00) if and only if
B'(1) <0, p > 1 (including p = +00), and 0 < A < Ac, where p is the convergence
radius of B(s).

Proof. For A € [0, Ac], let s, denote the smallest positive root of B(s) + As = 0. Consider
B(s) = B(sys) + Asys, Is| < 1.

It is easy to see that B(1) = 0 and B'(1) < 0. By Lemma 2.3 of [7], G(s) = (1 — 5)/B(s) is
well defined at least in (—1, 1) and can be expanded as a Taylor series:

o
G =Y ask. sl <1,

where the coefficients g = G®(0)/k! (k > 0) satisfy 0 < gr < go = 1/bg (k = 1).

Therefore,
= , s| < 1.
o) Z(Z gk) 5]

n=0

Choose m > 0, and let

1
miy1=mibos;' Y gk >0, i>1. (4.2)
k=0

Then, for all |s| < s;,

m1bg m1bg
M= Zm’“s _m‘boz<2g )(u) Bis/s)  B@+2s

Hence,
B(s)M(s) —m1by = —AM(s)s, Is| < sa,
i.e.
oo ,j+1
Z(Zm bj_ ,+1> = —AM(s)s, |s]| < sy.
j=1
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Therefore,
j+1
Zmibj—i-i-l = —)\mj', ] > 17 (4-3)
i=1

which shows that (m;; i € C) is a A-invariant measure for Q on C.

To prove the uniqueness, let s; denote the smallest positive root of B(s) 4+ As = 0 for any
A € [0, Ac]. By the above proof we see that the A-invariant measure (m;; i € C) for Q on C,
given in (4.2), satisfies (4.3), which can be further rewritten as

J
—Amj =3 i mibj—iyi
by ’

mjy = j=1 (4.4)

Now, suppose that (m1;; i € C) is another A-invariant measure for Q on C, i.e.

j+l
Z”;libjfﬂrl = —\iij, j=1,
i=1

or, equivalently,

~ j ~
—Mij = 3oy Mibj—it

mjy = , j=1 4.5)
bo
Let ¢ = my/mi. Then, by (4.4) and (4.5),
. —Amy — ’;llbj—i-',-] —Acmy —cmibj_iy1
my = = =cmy.
bo bg
It follows from (4.4), (4.5), and mathematical induction, that m; = cm; for all j > 1.

Therefore, the A-invariant measure for Q on C is unique up to constant multiples. Hence,
(i) is proved.

Now, since our g-matrix @ is bounded, then a positive measure (m;; i € C) is A-invariant
for @ on C if and only if (m;; i € C) is A-invariant for the minimal @Q-function P (¢) on C.
Hence, (ii) follows directly from (i).

Finally, note that B(s) + As = 0 has a positive root s, > 1 if and only if B’(1) <0, p > 1,
and 0 < A < Ac. Hence, (iii) follows from (4.1). The proof is complete.

Remark 4.1. Since a A-invariant measure for p;;(t) on C must be a A-invariant measure for
0 on C, then Theorem 4.1 implies that the A-invariant measure for p;;(¢) on C is unique up to
constant multiples. Note that if B'(1) = 0 or if B’(1) < 0 with p = 1 and thus A¢ = 0, then
in the statement of Theorem 4.1 and some other similar situations ‘for any A € [0, A¢]” should
be read as ‘A = 0’.

Having given the Ac-invariant measure on C. We now further consider the quasistationary
distributions for p;;(¢) on C.

Theorem 4.2. Suppose that the generator matrix Q defined in (1.1)—(1.2) is conservative. Let
(pij(t); 1, j € Z4) be the corresponding stopped MX/M/I queueing process, and let Lc be the
decay parameter for the Q-function on C. Then there exists a quasistationary distribution for
pij(t) on C if and only if B'(1) < 0 and p > 1. Moreover, if these conditions hold then there
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exists a one-parameter family of quasistationary distributions {(m;(A); i € C); A € (0, Ac]}
which can be given by
A

M. (s) = Bo) s

Is| < sz, 4.6)

where M, (s) = Zfil m; (\)s' =Y and sy, is the smallest positive root of B(s) + As = 0.

Proof. By Proposition 3.1 of [28], a probability distribution (m;; i € C) on C is a quasi-
stationary distribution for p;;(¢) on C if and only if, for some A > 0, (m;; i € C)is A-invariant
for p;;(¢) on C. Thus, the conclusions follow from Theorem 4.1.

Corollary 4.1, below, shows that the Ac-quasistationary distribution has some minimal
properties among the family of quasistationary distributions specified in Theorem 4.2.

Corollary 4.1. Let {(m;(A); i € C); A € (0, Ac]} be the one-parameter family of quasi-
stationary distributions specified in Theorem 4.2 and let X, (A € (0, Ac]) be the corresponding
random variable which obeys the distribution (m;(L); i € C). Then the Ac-quasistationary
distribution (m;(Ac); i € C) is the minimal one in the sense that its corresponding random
variable X, . has the smallest mean value and the smallest variance. Moreover, for any A €

0, 2c],
— B'(1
BIXG) = 3 imi0) =~ @7
i=1
and )
= B'(1 B'()> B"(1)-B'(1
var(X;) =Zmi(x)(z‘+ | )> -2 O FD (438)

i=1
Proof. Both (4.7) and (4.8) are direct consequences of (4.6) and, thus, (4.7) attains its

minimum value at A = A¢. Since A < A¢ and (m;(A); i € C) is a distribution and noting that
the variance is positive, then by (4.8) we have

(B"(1) — B'(1)A¢c < B'(1)%.

Finally, it is easy to see that

0
Ty var(X;) <0 forall X € (0, Ac]
and, therefore, var(X;) > var(X,.). The proof is complete.

5. Examples

In this section we present some examples to illustrate the results obtained in the previous
sections.

Example 5.1. Let Q = (g;j; i, j € Z) be a stopped M/M/1 generator matrix defined as

follows:
b ifi>1, j=i+1,
_Ja ifi>1,j=i—1,
MW= _a+b) ifi=j>1,
0 otherwise,
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where a > 0 and b > 0. The corresponding Q-function is denoted by (p;;(¢); i, j € Z). For

this example, we have p = +o0o0 and B(s) = a — (a + b)s + bs? and, thus, by Corollary 2.2,
the decay parameter Ac of C = {1, 2, ...} and s, satisfy (2.13), i.e.

a—(@a+b—rc)sy+bs2 =0, (5.1

—(a+b) +2bs, = —Ac. 5.2)

Solving (5.1) and (5.2) immediately yields

e =(Wa—b?2 = s = %

For any A € [0, (a — Vb)2, by Theorem 4.1, a A-invariant measure (m;(A); i € C) for
O (or for p;;(t)) on C can be given by

mia 5| a+b—x—+/(a+b—1?2—4ab
5| <

M - 9 9
M) = T T = s 1652 2b

(5.3)

where M, (s) = Z?il mi(AM)si~!. In particular, a Ac-invariant measure (m;; i € C) for Q (or

for p;; (1)) on C is
H\i~!
mp > 0, mi=i< —) my, 1>1.
a

By Theorem 4.2, there exists a quasistationary distribution for p;;(t) on C if and only if a > b.
Under this condition, the one-parameter family of quasistationary distributions {(m;(1); i €
C);x € (0,(a — +/b)?1} is given by (5.3) with m; = A/a. By Corollary 4.1, for any
1 € (0, (\Ja — /b)?], we have

—b a —

b
— /b)?
v MMTWa-Vh

B = Y imi(h) ==
i=1

and
(@a—b)?—xa+b) 2Vab

A (Va — /by

In particular, one of the quasistationary distributions is

b 2 b i—1
m=i(=2) (J2) e
a a

Furthermore, for any i, j > 1, we have

oo a i/2
/ exp(rct) pio(t) dr = (E)
0

00 JAi (b (j—i=1)/2
/ exp(Act)pij(t) dt = P <—> .
0

a

var(X;) =

as A 1 (Va —/b)%.

and

The following example is a generalization of Example 5.1.
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Example 5.2. Let Q = (gij; i, ] € Z4) be a stopped MX/M/1 generator matrix defined as

follows:
b ifi >1, j=i+k,
_Ja ifi>1,j=i—1,
MW= @t ifi=j>1,
0 otherwise,

where a > 0, b > 0, and k > 1. The corresponding @-function is denoted by (p;;(t); i, j €
Zy). For this example, we still have p = 400 and B(s) = a — (a + b)s + bskt1; thus, by
Corollary 2.2, the decay parameter Ac of C = {1, 2, ...} and s, satisfy
a—(a+b—Arc)sy +bskt =0, )
—(a+Db) + (k+ Dbs, = —ic. '

Solving (5.4) yields

k/(k+1)
re=a+b—k+1)b[ L 5 = L
kb ’ * kb’

For any A € [0, Ac], by Theorem 4.1, a A-invariant measure (m;(A); i € C) for Q (or for
pij(t)) on C can be expressed as

mia

M = )
»(5) a—(a+b—X\s+ bskt!

Is] < s3, (5.5)

where M, (s) = Z?il m;(L)s'~lands, isthe smallest positive rootofa—(a+b—)\)s+bsk"’l =
0. By Theorem 4.2, there exists a quasistationary distribution for p;;(¢) on C if and only
if a > kb. Under this condition, the one-parameter family of quasistationary distributions
{(m;(X); i € C); » € (0,Ac]} is given by (5.5) with m; = A/a. Moreover, for any A €
0,a + b — (k + 1)b(a/kb)*/*+D] by Corollary 4.1 we have

= a—kb a—kb

BLX) =D imi() = — Y T b =kt Db(a kbyFED

as A 1 Ac
i=1

and

(a — kb)? — A(a + k’b)
A2 )
In Examples 5.1 and 5.2 the sequence {b;; j > 0} is short tailed, i.e. there exist some k > 2
such that b; = 0 (j > k). Therefore, B(s) is convergent on the whole real line (—o0, +00).
Now we give another example in which the convergence radius of B(s) is finite.

var(X,) =

Example 5.3. Let Q = (q;j; i, j € Z4) be a stopped MX/M/1 generator matrix defined as

follows: o
bo /!

— — ifi >1, j>i,
(G—i+D(G—1)
a ifi>1, j=i—1,

qij = (5.6)

—(a+b l+1_91n(1—e) ifi=j>1

T\ T T2 /="
0 otherwise,
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where a > 0, b > 0, and 8 € (0, 1]. Note that if & = 1 then, as a convention, we view
(1 —6)In(l — ) = 0 in (5.6) and some similar expressions below. The corresponding
O-function is denoted by (p;;(¢); i, j € Z4). Itis easy to see that the convergence radius
of B(s)is 1/6 and, when 6 € (0, 1),

1
ls| < —.

G In(1-6) = , <3

B(S)=a—(a+w )s+b(1—95)ln(l—9s)

For this example, there are two different situations. First, if & < 1 then it is easy to see that

ab? + b(0s +In(1 — 6s))

62 0

B(s) — B'(s)s =

has a unique root s, € (0, 1/6). By Corollary 2.2, the decay parameter Ac of C = {1,2, ...}
is
b In1—-6s,) (1 —-6)In(l —0)
rc=—-B = —+b .
C (sx) =a+ 9 + ( 0 + 02

For any A € [0, Ac], by Theorem 4.1, the A-invariant measure (m; (A); i € C) for Q (or for
pij(t)) on C can be given by

mia

M, (s) = m,

Is| < sa, (5.7

where M, (s) = Z?il mi(A)s'~! and sy, is the smallest positive root of B(s) + As = 0. By
Theorem 4.2, there exists a quasistationary distribution for p;;(¢) on C if and only if

ab® + b0 +bin(1 — ) > 0.
Under this condition, the one-parameter family of quasistationary distributions {(m;(1); i €
C); 1 € (0, Ac]} is given by (5.7) with m| = A/a.

Secondly, if & = 1 then
B(s) =a(l —s)+b(1 —s)In(1 —s), Is] <1,

and B’(1) = +o0. Therefore,

Ac =a—+b(1l+1In(1l —sy)),
where s, is the unique root of a + b(s + In(1 — s5)) = 01in (0, 1).

For any A € [0, Ac], by Theorem 4.1, a A-invariant measure (m;(1); i € C) for Q (or for
pij(t)) on C can be given by

mia

M, (s) = m,

[s] < s,

where M, (s) = Z;’il m;(\)s'~! and s is the smallest positive root of the equation
a(l —s)+b(1 —s)In(1 —s5) 4+ As =0.

Finally, by Theorem 4.2, there does not exist any quasistationary distribution for p;;(t) on C.
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The following example provides an important and interesting case in which the decay
parameter ¢ cannot be obtained by finding the tangent line of B(s).

Example 5.4. Suppose thata > 0 and 8 € (0, 1]. Let

ﬂk
b =a, b = —a — h , d b = T i . 1l k Z 25
0=a 1= mamhp).and b= Gk
where h(B) = Z,fiz BX/(k — Dk(k + 1). Using this sequence, we may construct a matrix Q
as in (1.1)-(1.2) and, hence, this @ is the generator matrix of some stopped MX/M/1 queue.
For this queueing model, we have

B(s)—a—(a+h(.3))S+iL se|:0 l]
- (k= Dk + 1)’ BL

and, thus, p = 1/8 < co. The corresponding Q-function is denoted by (p;; (t); i, j € Zy). It
is easy to obtain

s —a S B ] 1
B(s) — B'(s)s =a ]{X:;k(k—i-l)i’a 3 ass'[‘ﬂ.

By Corollary 2.1 or Corollary 2.2, it can be seen that if a < % then we may obtain the decay
parameter by finding the tangent line as

Ac = —B'(s4),

where s, is the unique root of Y 2, B*sk/k(k + 1) = a. However, if a > % then we have
B(p) — pB’(p) > 0 and, thus, A¢ cannot be obtained by finding the tangent line of B(s).
Notwithstanding this, by Corollary 2.1 we may still obtain

_—r
c= 5 )P

Finally, for any A € [0, Ac], by Theorem 4.1, a A-invariant measure (m; (A); i € C) for Q
(or for p;;(t)) on C can be given by

mia

M, (s) = m,

|s] < sy, (5.8)

where M, (s) = Z?il mi(A)s'~! and sy, is the smallest positive root of B(s) + As = 0. By
Theorem 4.2, there exists a quasistationary distribution for p;;(¢) on C if and only if 8 € (0, 1)
and B’(1) < 0. Under this condition, the one-parameter family of quasistationary distributions
{(m;(A); i € C); 2 € (0, Ac]} is given by (5.8) with m; = A/a.

Note that this example also shows that even for the case in which a > % we may still
determine the sign of B(p) — pB’(p) and then apply Corollary 2.1 or Corollary 2.2 to obtain
Ac without evaluating the completed value of B(p) —pB’(p). See Remark 2.3 for the comments
made there.
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