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Abstract

We state a sufficient condition for a fusion system to be saturated. This is then used to investigate localities with
kernels: that is, localities that are (in a particular way) extensions of groups by localities. As an application of these
results, we define and study certain products in fusion systems and localities, thus giving a new method to construct
saturated subsystems of fusion systems.
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1. Introduction

The problem of showing that a given fusion system is saturated arises in different contexts. For example,
proving that certain subsystems of fusion systems are saturated is one of the major difficulties in
developing a theory of saturated fusion systems in analogy to the theory of finite groups. When studying
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extensions of fusion systems, it is also crucial to understand under which conditions such extensions are
saturated. In this paper, we seek to take up both themes simultaneously in a systematic way. To formulate
and study extension problems, it is common to work with linking systems or, more generally, with
transporter systems associated to fusion systems (see, e.g., [6, 25, 23]). The equivalent framework of
localities (introduced by Chermak [7]) was recently used by Chermak and the second named author of
this paper to construct saturated subsystems of fusion systems, thereby enriching the theory of fusion
systems by some new concepts (compare [10, Theorem C] and [20]).

In the present paper (apart from the appendix), we work with localities rather than transporter systems.
Our first main result is, however, formulated purely in terms of fusion systems. It gives a sufficient
condition for a fusion system to be saturated. The proof generalises an argument used by Oliver [23] to
show that the fusion systems associated to certain extensions of groups by linking systems are saturated.

Our saturation criterion serves us as an important tool for studying kernels of localities as introduced
in Definition 4 below. A kernel of a locality £ is basically a partial normal subgroup N such that the
factor locality £/ is a group and N itself supports the structure of a locality. We show in an appendix
that kernels of localities correspond to ‘normal pairs of transporter systems’ (compare Definition A.3).

In Section 6, we prove some results demonstrating that the theory of kernels can be used to construct
saturated subsystems of fusion systems. More precisely, we study certain products in localities that
give rise to ‘sublocalities’ whose fusion systems are saturated. As a special case, if F is a saturated
fusion system over S, one can define a notion of a product of a normal subsystem with a subgroup
of a model for Nx(S) (or equivalently with a saturated subsystem of Nz(S)). In particular, our work
generalises the notion of a product of a normal subsystem with a subgroup of S, which was introduced
by Aschbacher [3]. Our results on products are also used by the second named author of this article [19]
to construct normalisers and centralisers of subnormal subsystems of saturated fusion systems.

For the remainder of this introduction, let 7 be a fusion system over a finite p-group S.

We will adapt the terminology and notation regarding fusion systems from [2, Chapter 1], except that
we will write homomorphisms on the right-hand side of the argument (similarly as in [2, Chapter 2])
and that we will define centric radical subgroups of F differently, namely as follows.

Definition 1. Define a subgroup P < S to be centric radical in F if

o P is centric: that is, Cs(Q) < Q for every F-conjugate Q of P; and
o 0,(Nx(Q)) = Q for every fully F-normalised F-conjugate Q of P.

Write F" for the set of subgroups of § that are centric radical in F.

If F is saturated, then our notion of centric radical subgroups of F coincides with the usual notion
(compare Lemma 2.6). However, defining centric radical subgroups as above is crucial if we want to
conclude that the fusion systems of certain localities are saturated.

1.1. A saturation criterion

The following definition will be used to formulate the previously mentioned sufficient condition for a
fusion system to be saturated.

Definition 2. Let A be a set of subgroups of S.

o The set A is called F-closed if A is closed under F-conjugacy and overgroup-closed in S.

o Fis called A-generated if every morphism in F can be written as a product of restrictions of
F-morphisms between subgroups in A.

o Fis called A-saturated if each F-conjugacy class in A contains a subgroup that is fully automised
and receptive in F (as defined in [2, Definition 1.2.2]).

Generalising arguments used by Oliver [23], we prove the following theorem.
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Theorem A. Let £ be an F-invariant saturated subsystem of F. Suppose F is A-generated and
A-saturated for some F-closed set A of subgroups of S with £" C A. Then F is saturated.

1.2. Kernels of localities

The reader is referred to Section 3 for an introduction to partial groups and localities. We say that a
locality (L, A, S) is a locality over F to indicate that 7 = Fg(L). The set A is called the object set of
(L,A,S). It follows from the definition of a locality that the normaliser N (P) of any object P € A is
a subgroup of £ and thus a finite group. We will use the following definition.

Definition 3.

o Alocality (£, A, S) over F is called cr-complete if F" C A.

o A finite group G is said to be of characteristic p if C(0,(G)) < 0, (G).

o Alocality (£, A, S) is called a linking locality if it is cr-complete and N (P) is of characteristic p
for every P € A.

The slightly nonstandard notion of centric radical subgroups introduced in Definition |1 ensures that
the fusion system Fs (L) of a cr-complete locality (£, A, S) is saturated (compare Proposition 3.18(c)).
If (L, A,S) is a cr-complete locality over F, then it gives rise to a transporter system 7 associated to
JF whose object set is A and thus contains the set F<". It follows from [25, Proposition 4.6] that the
p-completed nerve of such a transporter system 7 is homotopy equivalent to the p-completed nerve of
a linking system associated to F. The results we present next are centred around the following concept.

Definition 4. A kernel of a locality (£, A, S) is a partial normal subgroup A of £ such that PN A € A
forevery P € A.

We show in Appendix A that kernels of localities correspond to ‘normal pairs of transporter systems’.
In particular, the results presented below can be translated to results on transporter systems. The reader
is referred to Definition A.3, Proposition A.4, Theorem A.7 and Remark A8 for details.

If \V is a kernel of a locality (£, A, S), then, setting

T=NnSandTl:={PNN:PcA},

it is easy to see that (N,T,T) is a locality (compare Lemma 5.2). We also say in this situation that
(N,T,T) is akernel of (£, A, S).

Suppose now that (N,T,T) is a kernel of (£, A, S). Observe that T is an element of I’ C A, so
N, (T) is a subgroup of L. It follows therefore from [8, Theorem 4.3(b), Corollary 4.5] that L/N =
N, (T)/Nar(T) is a group. Thus, £ can be seen as an extension of the group £/N by the locality
(N, T, 7).

If the kernel (N, T, T) is cr-complete, then the following theorem implies that Fgs(L£) is saturated.
Its proof uses Theorem A.

Theorem B. Let (N, T, T) be a kernel of a locality (L, A, S). Then (L, A, S) is cr-complete if and only
if (N, T, T) is cr-complete. If so, then Fr (N) is a normal subsystem of Fs(L).

Theorem C. Let (L, A, S) be a locality with a kernel (N,T',T). Then the following conditions are
equivalent:

1) (L,A,S) is a linking locality,
(ii) (N,T,T) is a linking locality and N (T) is of characteristic p;
(iii) (N, T, T) is a linking locality and C.(T) is of characteristic p.
We now want to consider special kinds of linking localities. The object set of any linking locality

over JF is always contained in the set F* of F-subcentric subgroups (defined in Definition 3.19). If F is
saturated, then the existence and uniqueness of centric linking systems imply conversely that for every

https://doi.org/10.1017/fms.2022.59 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2022.59

4 Valentina Grazian and Ellen Henke

F-closed set A of subgroups of F*, there is an essentially unique linking locality over F with object set
A. Chermak introduced an F-closed set §(F) C JF*, which by [10, Lemma 7.21] can be described as
the set of all subgroups of S containing an element of F*(F)* (where F*(F) is the generalised Fitting
subsystem of F introduced by Aschbacher [3]). Notice that there always exists an essentially unique
linking locality over F whose object set is the set 6(F). Such a linking locality is called a regular
locality.

For an arbitrary locality (£, A, S), there is a largest subgroup R of S with £ = N (R). This subgroup
is denoted by O, (L). Setting A={P<S: PO, (L) € A}, the triple (L, A, S) is also a locality (but
with a possibly larger object set). It turns out that (£, A, S) is a linking locality if and only if (£, A, S)
is a linking locality (compare [10, Lemma 3.28]). This flexibility in the choice of object sets makes it
possible to formulate a result similar to Theorem C for regular localities.

Theorem D. Let (L, A, S) be a locality with a kernel (N, T, T). Set
A:={P<S: PO, (L) e A} andT :={Q < T: QO ,(N) eT}.

Then the following conditions are equivalent:

() (L,A,S) is a regular locality;
(i) (N,T,T) is a regular locality and N (T) is of characteristic p;
(iii) (N, T,T) is a regular locality and C(T) is of characteristic p.

Moreover, if these conditions hold, then E(L) = E(N).

In an unpublished preprint, Chermak defined a locality (£, A, S) to be semiregular if (in our language)
it has a kernel (N, T, T) that is a regular locality. He observed furthermore that a locality is semiregular
if and only if it is an image of a regular locality under a projection of localities. As a consequence, images
of semiregular localities under projections are semiregular. Moreover, since partial normal subgroups of
regular localities form regular localities, it follows that partial normal subgroups of semiregular localities
form semiregular localities. Thus, the category of semiregular localities and projections might provide
a good framework to study extensions. This is one of our motivations to study kernels of localities more
generally.

Remark. Extensions of partial groups and localities have already been studied by Gonzalez [12]. He
starts by giving important insights into the existence of extensions of partial groups. Basically, Gonzalez
considers partial groups as simplicial sets and uses the concept of a simplicial fibre bundle. Gonzalez
then states some results about extensions of localities in Section 7 of his paper. He calls a locality
‘saturated’ if it is cr-complete in our sense. Under certain conditions, it is shown that extensions of
localities lead to (saturated) localities. To summarise, Gonzalez starts by defining isotypical extensions
(compare [12, Definition 7.1]) and shows that an isotypical extension of a locality (L”’,A”,S”) by a
locality (L’,A’, S”) leads to a locality (T, A, S) (compare [12, Proposition 7.6]). Slightly more precisely,
we have T C L for an extension L of the partial group L’ by the partial group L’.

The situation Gonzalez studies is principally different from ours. However, in [12, Example 7.9,
Corollary 7.10], he considers a setup where L = T (with L and T as above). In this situation, one can
observe easily that (L’, A’, S”) is a kernel of (L, A, S). Indeed, our Theorem B shows that the assumption
in [12, Corollary 7.10] that A’ contains all F’-centric subgroups is redundant. It would be the subject of
further research to see how far our results have other interesting applications in the context of Gonzalez’s
work.

1.3. Products in regular localities and fusion systems

We now demonstrate that the theory of kernels can be used to study certain products in regular localities
and thereby construct saturated subsystems of saturated fusion systems.
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We study regular localities rather than arbitrary (linking) localities, mainly because every partial
normal subgroup of a regular locality can be given the structure of a regular locality. To be exact, if
(L,A,S) is a regular locality and ' < £, then £ := Fsnn (N) is saturated and (N, 5(E),SNN)is a
regular locality.

In localities or, more generally, in partial groups, there is a natural notion of products of subsets.
More precisely, if £ is a partial group with product IT: D — £, then for X', Y C L, we set

XY ={Il(x,y): xe X, ye ), (x,y) € D}.

The product of a partial normal subgroup with another partial subgroup is only in special cases known to
be a partial subgroup. For example, the product of two partial normal subgroups of a locality (£, A, S)
is a partial normal subgroup (and thus forms a regular locality if (£, A, S) is regular). Our next theorem
gives a further example of a product that is a partial subgroup and can be given the structure of a regular
locality.

For the theorem below to be comprehensible, a few preliminary remarks may be useful. For any
linking locality (£, A, S), one can define the generalised Fitting subgroup F*(L) as a certain partial
normal subgroup of L (see [18, Definition 3]). If (£, A, S) is a regular locality, then F*(L) is a kernel
of (L,A,S), and thus T* := S N F*(L) is an element of A. In particular, N (T*) forms a group of
characteristic p. If N' 9 L is a partial normal subgroup of £, then Nx(T*) is a normal subgroup of
N (T*). Hence, for any subgroup H of N, (T*), the product Nas(T*)H is a subgroup of N (T*).

Theorem E. Let (L, A, S) be a regular locality. Moreover, fix
NIL T=NnS, E=FrN), T" =F (LYnSand H < N.(T").

Then N'H is a partial subgroup of L. Moreover, for every Sylow p-subgroup So of Nar(T*)H with
T < Sy, the following hold:

(a) There exists a unique set Ao of subgroups of So such that (N'H, Ay, So) is a cr-complete locality
with kernel (N, 5(E),T).

(b) Let Ag be as in (a), and set Ay := {P < S: PO,(NH) € Ag}. Then (N'H, Ao, So) is a regular
locality if and only if Naor(T*)H is a group of characteristic p.

If the hypothesis of Theorem E holds and S N H is a Sylow p-subgroup of H, then
So:=T(SNH)

is a Sylow p-subgroup of Na(T*)H that is contained in S (compare Lemma 6.2). Thus, the
cr-complete locality (N'H, Ao, So) from Theorem E(a) gives rise to a saturated subsystem Fs, (N H) =
FrHns)(NH) of F. This leads us to a statement that can be formulated purely in terms of fusion
systems. We use here that, for every regular locality (£, A, S) over F, there is by [10, Theorem A] a
bijection from the set of partial normal subgroups of L to the set of normal subsystems of F given by
N Fsan (N). By [10, Theorem E(d)], this bijection takes F*(L£) to F*(F). In particular, F*(F) is
a fusion system over F*(L£) N S.

To formulate the result we obtain, we rely on the fact that every constrained fusion system is realised
by a model: that is, by a finite group of characteristic p. Furthermore, if F is constrained and G is a
model for F, then every normal subsystem of F is realised by a normal subgroup of G. We also use
that, for every saturated fusion system J over S, every normal subsystem &£ of F and every subgroup R
of S, there is a product subsystem ER defined (compare [3, Chapter 8] or [13]).

Corollary F. Let F be a saturated fusion system over S and £ I F overT < S. Let T*, Ty < S such that

F*(F) is a fusion system over T* and E(£) is a fusion system over Ty.
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Then Nx(T*) is constrained and Ng(Ty) < Nx(T*). Thus we may choose a model G for Nx(T*) and
N 2 G with Fsan (N) = Ne(To). Let H < G with S N H € Syl ,(H). Set

So:=T(SNH)and EH := (E(E)So, Fs,(NH)).

Then the following hold:

(a) EH is a saturated fusion system over So with € < EH.
(b) If D is a saturated subsystem of F with E(E€) <D and Fs,(NH) C D, then EH C D.

For a saturated fusion system JF with £ < F, it is shown, for example, in [10, Lemma 7.13(a)]
that E(E) < F. Hence, it makes sense in the situation above to form the product subsystem E(E)Sy.
Moreover, part (b) of Corollary F implies the following statement: If D is a saturated subsystem of F
with £ <D and Fs5,(NH) C D, then EH C D.

Organisation of the paper

We start by proving our saturation criterion (Theorem A) in Section 2. An introduction to partial groups
and localities is given in Section 3. After proving some preliminary results, we study kernels of localities
in Section 5. This is used in Section 6 to prove Theorem E and Corollary F as well as some more detailed
results on products.

2. Proving saturation

Throughout this section, let 7 be a fusion system over S.

In this section, we prove Theorem A. The reader is referred to [2, Chapter I] for an introduction to
fusion systems. We will adopt the notation and terminology from there with the following two caveats:
firstly, we write homomorphisms on the right-hand side of the arguments similarly as in [2, Chapter II].
Secondly, we define the set 7" of F-radical subgroups differently, namely as in Definition 2.5 below.

Definition 2.1. A subgroup P < § is said to respect F-saturation if there exists an element of P that
is fully automised and receptive in F (as defined in [2, Definition 1.2.2]).

If A is a set of subgroups of S that is closed under F-conjugacy, then notice that F is A-saturated
(as defined in the introduction) if and only if every element of A respects F-saturation. On the other
hand, P respects F-saturation if F is P”-saturated. Observe also that a fusion system is saturated if
every subgroup of S respects F-saturation, or equivalently if F is A-saturated, where A is the set of all
subgroups of S. Roberts and Shpectorov [26] proved the following lemma, which we will use from now
on, most of the time without reference.

Lemma 2.2. Let C be an F-conjugacy class of F. Then F is C-saturated if and only if the following two
conditions hold:

() (Sylow axiom) Each subgroup P € C that is fully F-normalised is also fully F-centralised and fully
automised in F.
(IT) (Extension axiom) Each subgroup P € C that is fully F-centralised is also receptive in JF.

Furthermore, if F is C-saturated, then for every fully F-normalised P € C and every Q € P, there
exists « € Homz(Ns(Q), Ns(P)) such that Qa = P.

Proof. If (I) and (II) hold, then every fully F-normalised subgroup P € C is fully automised and
receptive, and thus F is C-saturated. On the other hand, if F is C-saturated, it follows from [2, Lemma
1.2.6(c)] that (I) and (II) and the statement of the lemma hold. |

Corollary 2.3. If F is saturated and P < S is fully F-normalised, then for every Q € P”, there exists
a € Homz(Ns(Q), Ns(P)) such that Qa = P.
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Recall that a subgroup P < S is called F-centric if Cs(Q) < Q for every Q € P7. Write F¢ for the
set of F-centric subgroups of S. We will need the following lemma.

Lemma 2.4. Let F be a fusion system over S, and let P < S be fully F-centralised. Then P is F-centric
if and only if Cs(P) < P.

Proof. If P is F-centric, then clearly Cs(P) < P. Suppose now that Cs(P) < P. Then for any
Q € P7, we have Cs(Q) > Z(Q) = Z(P) = Cs(P). Hence, as P is fully F-centralised, we have
Cs(Q) = Z(Q) < Q for all Q € P7: that is, P is F-centric. o

We recall that O, (F) denotes the largest subgroup of S that is normal in F ([2, Definition 1.4.3]).
Moreover, if F is saturated and O, (F) € F°¢, then F is called constrained (|2, Definition 1.4.8]). The
Model Theorem for constrained fusion systems [2, Theorem II1.5.10] guarantees that every constrained
fusion system F over S has a model: that is, there is a finite group G such that S € Syl ,,(G), Fs(G) = F
and Cg(0,(G)) < 0,(G).

Definition 2.5.
o A subgroup P < S is called F-radical if there exists a fully F-normalised F-conjugate Q of P such
that O, (Nx(Q)) = Q. We denote by F” the set of F-radical subgroups of S.

o Set F" = F° N JF7", and call the elements of F¢" the F-centric radical subgroups of S.
o A subgroup P < S is called F-critical if P is F-centric and, for every F-conjugate Q of P, we have

Outs(Q) N 0,(Outx(Q)) = 1.

As remarked before, our definition of radical subgroups differs from the usual one given, for example,
in [2, Definition I1.3.1]. We show in part (b) of our next lemma that, for a saturated fusion system F, the
set " equals the set of F-centric radical subgroups in the usual definition.

Lemma 2.6.

(a) Forevery R < S, the following implications hold:

R € F° and O,(Autz(R)) =Inn(R) = R is F-critical = R € F°".
(b) If F is saturated, then we have

F={R € F°: Op(Autg(R)) =Inn(R)} = {R < S: R is F-critical}.

Proof. IfInn(R) = O, (Autz(R)), thenInn(Q) = O, (Autr(Q)) = Auts(Q)NO , (Autx(Q)) for every
F-conjugate Q of R, so R is F-critical if in addition R € F€. This shows the first implication in (a).

Now let R € F¢ such that R ¢ F". If we pick a fully F-normalised F-conjugate Q of R, we have
0 < Q" = 0,(Nx(Q)). So Inn(Q) < Autp-(Q) as Q € F€. Moreover, Autp:(Q) is normal in
Autr(Q), as by definition of Q* every element of Autx(Q) extends to an element of Aut(Q"). Hence,
Inn(Q) < Autp+(Q) < Autg(Q) N O, (Autx(Q)). This shows that R is not F-critical, so (a) holds. In
particular,

F 2 {R < S: Ris F-critical } 2 {R € F°: Op(Autr(R)) =Inn(R)}.

For the proof of (b), it is thus sufficient to show that O, (Autz(R)) = Inn(R) for every R € F¢". Now fix
R € F°. Since the property O, (Autz(R)) = Inn(R) is preserved if R is replaced by an F-conjugate,
we may assume without loss of generality that R is fully /-normalised and R = O, (N#(R)). Note that
Nz (R) is saturated. So as R € F¢, the subsystem Nz (R) is constrained. Thus, we may choose a model
G for Nr(R). Then O, (G) = R = O, (Nx(R)) and

Autr(R) = G/Cg(R) = G/Z(R).
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Hence, O, (Autg(R)) = 0,(G/Z(R)) = R/Z(R) = Inn(R). Thus O, (Autr(R)) = Inn(R). This
proves that 7" C {R € F¢: O, (Autz(R)) = Inn(R)}}, so (b) holds. O

The F-critical subgroups play a crucial role in showing that a fusion system is saturated. This is
made precise in the following theorem, which we restate for the reader’s convenience.

Theorem 2.7. Suppose A is a set of subgroups of S that is closed under JF-conjugacy and contains
every F-critical subgroup. If F is A-generated and A-saturated, then F is saturated.

Proof. This is a reformulation of [5, Theorem 2.2]. The reader might also want to note that the theorem
follows from Lemma 2.9 below. O

Later, we will need to prove saturation in a situation where it appears impossible to apply Theorem 2.7
directly. We will therefore have a closer look at the arguments used in the proof of that theorem.

Define a partial order < on the set of F-conjugacy classes by writing P < Q if some (and thus every)
element of Q contains an element of P.

Lemma 2.8. Let H be a set of subgroups of S closed under F-conjugacy such that F is H-generated
and H-saturated. Let P be an F-conjugacy class that is maximal with respect to < among those
F-conjugacy classes that are not contained in H.

Write Ssp 2 S p for the sets of subgroups of Ns(P) that contain, or properly contain, an element
P € P. Then the following hold for every P € P that is fully F-normalised:

(a) The subsystem Nx(P) is Ss p-generated and S p-saturated.

(b) If Nx(P) is Ssp-saturated, then F is H U P-saturated.

(¢) P is fully F-centralised. Moreover, for every Q € P, there exists « € Homx(Ng(Q), Ns(P)) such
that Qa = P.

(d) If Cs(P) < P, then P is F-centric, and if Outg(P) N O,(Outr(P)) = 1, then Outs(Q) N
0,(Outz(Q)) =1 forall Q € P. In particular, if Cs(P) < P and Outg(P) N O, (Outr(P)) =1,
then P is F-critical.

Proof. Basically, this follows from [5, Lemma 2.4] and its proof. We take the opportunity to point
out the following small error in the proof of part (b) of that lemma: in 1.9 on p.334 of [5] it says
‘replacing each ¢; by y; o ; o Xi_l € Homz(x;(Q;), S)’. However, it should be ‘replacing each ¢; by
Xi+1 0 @i o x;7' € Homz(xi(Q:),S)".

Let us now explain in detail how the assertion follows. By [5, Lemma 2.4(a), (c)], Nz(P) is
S. p-saturated and (b) holds. To prove (a), one needs to argue that Nx(P) is also Ss p-generated. If
¢ € Homp . (py(A, B), then ¢ extends to a morphism ¢ € Homz (AP, BP) that normalises P.If A £ P,
then AP € S. p, and thus ¢ is the restriction of a morphism between subgroups in S p. If A < P, then
¢ € Autz(P), and by [5, Lemma 2.4(b)], ¢ (and thus ¢) is a composite of restrictions of morphisms in
Nz (P) between subgroups in S p. Hence, Nx(P) is Ss p generated, and (a) holds.

The following property is shown in the proof of Lemma 2.4 in [5] (see p.333, property (3)).

(*) There is a subgroup P € P fully F-centralised such that, for all Q € P, there exists a morphism
¢ € Homr(Ns(Q), Ns(P)) with Qp = P.

In particular, there exists ¢y € Homz(Ns(P), Ns(P)) such that Py = P. Since P is fully F-normalised,
the map ¢ is an isomorphism. In particular, P is fully F-centralised as P is fully F-centralised.
Moreover, if Q € P, then by (*), there exists ¢ € Homx(Ns(Q), Ns(P)) with Q¢ = P, and we have
@ := oy~' € Homz(Ns(Q), Ns(P)), with Qa = Py~' = P. Hence, (c) holds.

It follows from Lemma 2.4 and the first part of (c) that P is F-centric if Cs(P) < P.If Q € P,
then the second part of (c) allows us to choose @ € Homxz(Ns(Q), Ns(P)) with Qa = P. Notice that
the map o*: Autz(Q) — Autz(P),y — a 'ya is a group isomorphism with Inn(Q)e* = Inn(P)
and Autg(Q)a® < Autg(P). So «* induces an isomorphism from Outz(Q) to Outz(P) that maps
Outs(Q) N O, (Outx(Q)) into Outs(P) N O, (Outz(P)). This implies (d). O
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Lemma 2.9. Suppose that H is one of the following two sets:

(i) the set of all subgroups of S respecting F-saturation; or
(ii) the set of all P < S such that every subgroup of S containing an JF-conjugate of P respects
F-saturation.

Assume that F is H-generated. Let P be an F-conjugacy class, which is maximal with respect to <
among the F-conjugacy classes not contained in H. Then the elements of P are F-critical.

Proof. Observe first that # is in either case closed under F-conjugacy and F is H-saturated. Moreover,
note that F is not ‘H U P-saturated; this is clear if H is as in (i); if H is as in (ii), then note that because
of the maximal choice of P, F being ‘H U P-saturated would imply that every subgroup containing an
element of P would be either in P or in H and thus respect F-saturation.

Now fix P € P fully F-normalised. By Lemma 2.8(a),(b) (using the notation introduced in that
lemma), Nz(P) is Ss p generated and S p-saturated, but not S» p-saturated as F is not H UP-saturated.
Thus, by [5, Lemma 2.5] applied with Nz (P) in place of F, we have Outs(P) N O, (Outz(P)) = 1 and
P € Nx(P)“. It now follows from Lemma 2.8(d) that P is F-critical. m]

Lemma 2.10. Let £ be an F-invariant subsystem of F over T < S. Let P < S, and set Py :== PNT.
Then the following hold:

(@ If Cs(P) < P and Outs(P) N O,(Outg(P)) = 1, then Cr(Py) < Py and Outy(Py) N
Op(outg(Po)) =1.
(b) If € is saturated, Py is fully E-normalised and P is F-critical, then Py € E°".

Proof. Assume that Cr(Py) £ Po or Outy (Po) N O,(Outg(Py)) # 1. Let Q be the preimage of
Outz (Py) N O, (Outg(Py)) in Ny (Pg). Note that Cr(Pp) < Q, so our assumption implies in any
case that Pop < Q and thus Q £ P. As P normalises Py, P also normalises Q. Hence, PQ is a
p-group with P < PQ. This yields P < Npg(P) = PNg(P), and thus No(P) £ P. Note that
[P,No(P)] < PNT = Py. So X := (Autg(P)A"#P)) acts trivially on P/Py. At the same time, by
definition of Q, the elements of Autp (P), and thus the elements of X, restrict to automorphisms of Py
that lie in O , (Outg (Pp)) < Autz(Po). Hence, a p’-element of X acts trivially on P/P¢ and on Py, and
therefore it is trivial by properties of coprime action (compare [21, 8.2.2(b)] or [2, Lemma A.2]). This
shows that X is a p-group, so Autg(P) < Autg(P) N O, (Autz(P)). As No(P) £ P, this implies either
Cs(P) £ Por 1 # Outg(P) < Outsg(P) N O,(Outx(P)). This proves (a).

Assume now that £ is saturated, Py is fully £-normalised and P is F-critical. The latter condition
implies Cs(P) < P and Outg(P) N O,(Outz(P)) = 1. So by (a), Cr(Py) < Py and Outy (Py) N
0,(Outg(Py)) = 1. As & is saturated and Py is fully £-normalised, Py is fully £-centralised and
fully £-automised. Hence, Py is £-centric by Lemma 2.4 and O, (Outg (Pp)) < Outr (Po). The latter
condition implies O, (Outg (Pp)) = 1. Using Lemma 2.6(a), we conclude that Py € £". O

The basic idea in the proof of the following theorem is taken from Step 5 of the proof of [23,
Theorem 9]. As we argue afterwards, it easily implies Theorem A. If P,Q < S, ¢ € Homx(P, Q) and
A < Autz(P), note that A% := ¢ ' Ap < Autr(Py).

Theorem 2.11. Let H be the set of all subgroups P < S such that every subgroup of S containing an
F-conjugate of P respects F-saturation. Assume that F is H-generated. Suppose furthermore that there
exists an F-invariant saturated subsystem € of F with £ C ‘H. Then F is saturated.

Proof. Let T < S be such that £ is a subsystem of F over T. By H,, denote the set of subgroups of T
that are elements of . Write H~* for the set of subgroups of S not in 4 and ”Hé for the set of elements
of H* that are subgroups of 7. If P < §, write Py for P N T, and similarly for subgroups of S with
different names.
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For the proof of the assertion, we will proceed in three steps. In the first two steps, we will argue that
property (2.1) below implies the assertion, and in the third step, we will prove that (2.1) holds.

Let P < S such that Py is an element of HOL of maximal order. If Py is not fully 2.1)
&-normalised, then there exists P”” € P” such that |Ny (Pg)| < INT (Pg)I.

Step 1: We argue that (2.1) implies the following property:

If P < S such that Py is an element of HOL of maximal order, then there exists an 2.2)
F-conjugate Q of P such that Qg is fully £-normalised.

This can be seen as follows. If P is as in (2.2) and Py is fully £-normalised, then we are done. If not,
then by (2.1), we can pass on to an F-conjugate P” of P such that [N (Po)| < [Nt (P()|. Again, if P
is fully £-normalised, then we are done; otherwise, we can repeat the process. Since T is finite, we will
eventually end up with an F-conjugate Q of P such that Qy is fully £-normalised. So (2.1) implies (2.2).

Step 2: We show that property (2.2) implies the assertion. Assume that (2.2) holds and F is not saturated.
Then H* # 0. By construction, H 2 H is F-closed. So, for every subgroup P < S, Py € Hy implies
P € H. In particular, as H* # 0, we can conclude H # 0. Set

m :=max{|Q|: Q0 € Hy},
M :={P e H": |Py| =m}.

For any Q € Hy with |Q| = m, we have Q = Qo, and thus Q € M. Hence, M # 0. As T is strongly
closed, M is closed under F-conjugacy. Thus we can choose an F-conjugacy class P C M such that
the elements of P are of maximal order among the elements of M.

We argue first that P is maximal with respect to < among the F-conjugacy classes contained in .
For that,let P € P and P < R < S. We need to show that R = P or R € H. Notice that m = |Py| < |Ry|.
If m < |Ry|, then by definition of m, we have Ry € Ho C H, and thus R € H. If m = |Ry|, then R € M
or R € H. So the maximality of |P| yields R = P or R € H. Hence, P is maximal with respect to <
among the F-conjugacy classes contained in H*. Thus Lemma 2.9 implies that the elements of P are
F-critical. By (2.2), there exists P € P such that Py is fully £-normalised. Then by Lemma 2.10(b),
we have Py € £°". Since by assumption £ C H, it follows that Py € H, so P € H. This contradicts
the choice of P € M C H*. Hence, (2.2) implies that F is saturated.

Step 3: We complete the proof by proving (2.1). Whenever we have subgroups Q1 < Q < S, we set
Autz(Q : 01) := Naur(0)(Q1), Auts(Q : Q1) = Naug(0)(Q1), Ns(Q : Q1) := Ns(Q) N Ns(Q1),
and so on. Now let P < S be such that Py is an element of 7—[& of maximal order that is not fully
E-normalised. Note that T € £ C H and thus Py # T. Hence, Py < Ny (Pyp). So the maximality of
|Po| yields R := N7 (Po) € Ho. In particular, every F-conjugate of R respects F-saturation. Since £ is
saturated, there exists p € Homg (R, T) such that P|) := Pyp is fully £-normalised. As R := Rp respects
JF-saturation, there exists o € Homz(R’, S) such that R” := R’ is fully automised and receptive. Set
P{/ := P{o = Popo. As R” is fully automised, by Sylow’s Theorem, there exists £ € Autz(R") such
that

Autz(R” : PJ)¥ N Auts(R”) = Auts(R” : P['€)
is a Sylow p-subgroup of Autx(R" : Pé’)f = Autz(R” : P'£). So replacing o by o¢, we may assume
Auts(R” : Py) € Syl,,(Autz(R" : P)).
Notice that Auts(R : Pg)?? and Auts(R’ : P()“ are p-subgroups of Autz(R” : P(). Hence, again by

Sylow’s Theorem, there exist y, 6 € Autz(R” : P() such that Auts(R : Pp)?“” and Auts (R’ : Pé)""s
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are contained in Autg(R” : P(). This implies Ns(R : Py) < Npsy and Ns(R" : P)) < Ny . Hence,
as R" is receptive, the map poy € Homz(R, R") extends to ¢ € Homxz(Ng(R : Py), S), and similarly
06 € Homz(R’, R”) extends to ¢ € Homz(Ns (R : P(), S). Notice that

Pop = Popoy = Py = P and Py = P{o6 = P{6 = P .

Moreover, since Po = PNT, R = Ny (Py) and T is strongly closed, we have P < Ng(Pg) = Ns(R : Py).
Hence

P" =Py

is a well-defined F-conjugate of P, for which we have indeed that P" N T = PoNT = (PN T)p =
Pop = P{ as our notation suggests. So it only remains to show that [N7 (Po)| < [Nt (P()|. We will
show this by arguing that

INT (Po)| = [R| < |NT(R": Po)| < [Nz (Pg)l. 2.3)

Recall that Py is by assumption not fully £-normalised, whereas P = Pop is fully £-normalised.
Therefore, we have R” = Rp = Nr(Po)p < Nr(P(). Thus R’ < Ny () (R’) = Nr(R" : P()). As
|R| = |R’|, this shows the first inequality in (2.3). As Pgyy = P{/ and T is strongly closed, we have
Nt (R" : Py)y < Nr(P(). Since ¢ is injective, this shows the second inequality in (2.3). So the proof
of (2.1) is complete. As argued in Steps 1 and 2, this proves the assertion. O

Proof of Theorem A. Write H for the set of all subgroups P < S such that every subgroup of S containing
an JF-conjugate of P respects F-saturation. Since A is F-closed and F is A-saturated, it follows that
A C H. Hence, as F is A-generated, F is also H-generated. Moreover, £” € A C H. Thus the
assertion follows from Theorem 2.11 above. O

3. Partial groups and localities

In this section, we introduce some basic definitions and notations that will be used in the remainder of the
paper. We refer the reader to [8] for a more comprehensive introduction to partial groups and localities.

3.1. Partial groups

Following the notation introduced in [8], we will write W (L) for the set of words in a set £. The elements
of £ will be identified with the words of length one, and @ denotes the empty word. The concatenation
of words uy, uy,...,ur € W(L) will be denoted u1 oup o --- o uy.

Definition 3.1 [8, Definition 1.1]. Suppose £ is a nonempty set and D € W(L). Let I1: D — L be a
map, and let (—)~': £ — £ be an involutory bijection, which we extend to a map

()WL) — W(L),w=(g1,....g0) = w = (gt g

Then L is called a partial group with product IT and inversion (—)~! if the following hold for all words
u,v,w € W(L):

o L CDand
uoveD=u,veD.

(So in particular, @ € D.)
o IT restricts to the identity map on L.
ocuovoweD=uo(Il(v))oweD,and I(uovow)=TI(uo (II(v)) o w).
oweD=wloweDandII(w! ow) =1, where 1 :=TI1(0).
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For the remainder of this section, let £ always be a partial group with product IT: D — L. As
above, set 1 := I1(0).

Ifw = (fi,...,fn) € D, then we sometimes write fif--- f, for II(fi,..., f,). In particular, if
(x,y) € D, then xy denotes the product IT(x, y).

Notation 3.2.

o Forevery f € £, writt D(f) := {x € £: (f~!,x, f) € D} for the set of all x such that the conjugate
xf =TI(f', x, f) is defined.

By ¢y, denote the conjugation map ¢y : D(f) — L,x — xf

For f € Land X C D(f),set X1 = {xf : x € X}.

Given X C L, set

O O O

Ne(X):={feL: X CD(f)and X/ = X}
and

Cr(X):={feLl:xeD(f)andx/ =xforallx € X}.

o

For X,Y C L, define Ny(X) =Y NN, (X) and Cy(X) =Y N Cr(X).
We call Ny (X) the normaliser of X in Y and Cy, (X)) the centraliser of X in ).
Definition 3.3.

o Asubset # C L is called a partial subgroup of £ if h™! € H for all h € H, and moreover IT(w) € H
forallw e DN W(H).

o A partial subgroup H of L is a called a subgroup of L if W(H) € D(L).

o By a p-subgroup of L, we mean a subgroup S of £ such that |S| is a power of p.

o Let AV be a partial subgroup of £. Then we call N a partial normal subgroup of L (and write
N aL)ifnf e Nforall f € Landalln € N ND(f).

o A partial subgroup H of L is called a partial subnormal subgroup of L if there exists a series
H=Hy<H; < < Hy = L of partial subgroups of L.

If H is a partial subgroup of L, notice that H is itself a partial group with product I1|wnp. If H is
a subgroup of L, then H forms a group with binary product defined by x - y := I1(x, y) for all x,y € H.
In particular, every p-subgroup of £ forms a p-group. The following definition will be crucial in the
definition of a locality.

Definition 3.4. Let £ be a partial group, and let A be a collection of subgroups of L. Define Dy to be
the set of words w = (g1,...,8x) € W(L) such that there exist Py,...,Pr € A with P;_; C D(g;)
and Pfil =P;forall 1 <i < k.If suchwand Py, ..., Py are given, then we also say that w € D, via
Py, Py, ..., Py, orjust that w € Dy via Py.

Lemma 3.5. Let L be a partial group and N < L.

@) If f € Land P C D(f), then (PO N) =Pf nN.

(b) Let S be a subgroup of L and I a set of subgroups of N' N S. Set
A={P<S:PNNel}.

Then Dr = Da.
Proof. (a) Notice that (PN N)/ € P/ NN as N < L. Since (cy)~! = ¢ -1 by [8, Lemma 1.6(c)], we

have (P/)/ ™" = P. So, similarly, (P/ N N)/~ € PN, and thus P/ NN C (PN N)/ . This shows
(PNN) =P/ NN asrequired.

(b) AsT" C A, we have D C Dy. Conversely, if w = (fi,..., fu) € Da via Py, Py,...,P, € A,
then (a) yields that w € Dr via Po NN, Py NN, ..., P, N N.Thus Dy C Dr, implying Dr = D). O
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3.2. Localities

Definition 3.6. Let £ be a partial group, and let S be a p-subgroup of L. For f € L, set
S;i={xeS:xeD(f)andx’ €S}.

More generally, if w = (fi, ..., fr) € W(L), then write S,, for the set of s € S such that there exists a
sequence s = S, . . ., S, of elements of S with s;_; € D(f;) and slﬁ_l =s;fori=1,...,k.

Definition 3.7. Let £ be a finite partial group with product IT: D — L, let S be a p-subgroup of £, and
let A be a nonempty set of subgroups of S. We say that (L, A, S) is a locality if the following hold:

1. § is maximal with respect to inclusion among the p-subgroups of L;

2. D=Dy;

3. A is closed under passing to £-conjugates and overgroups in S; that is, A is overgroup-closed in S
and P/ € A forall P € A and f € £ with P C Sy.

If (£, A, S) is a locality, then A is also called the set of objects of (L, A, S).

As argued in [16, Remark 5.2], Definition 3.7 is equivalent to the definition of a locality given by
Chermak [8, Definition 2.7]. We will use this fact throughout.

For the remainder of this subsection, let (£, A, S) be a locality.
Lemma 3.8 (Important properties of localities). The following hold:

(@) N (P) is a subgroup of L for each P € A.
(b) Let P € Aand g € L with P C Sg. Then Q := P8 € A, Nz(P) C D(g), and

cg: No(P) — N£(Q)

is an isomorphism of groups.
(¢c) Letw=1(g1,...,8n) € Dvia (Xo,...,Xy). Then

Cg1 O "9 Cgy = CI(w)

is a group isomorphism N, (X)) — Nz (X,).

(d) Sg € A forevery g € L. In particular, Sq is a subgroup of S. Moreover, Sg =Sg1,andcg: Sg — S
is an injective group homomorphism.

(e) Foreveryw € W(L), S, is a subgroup of S. Moreover, S, € A if and only if w € D.

() If w €D, then S, < Sti(w)-

Proof. Properties (a),(b) and (c) correspond to the statements (a),(b) and (c) in [8, Lemma 2.3] except
for the fact stated in (b) that O € A, which is however clearly true if one uses the definition of a locality
above. Property (d) holds by [8, Proposition 2.5(a), (b)], and property (e) is stated in [8, Corollary 2.6].
Property (f) follows from (e) and (c). O

We use from now on without further reference that ¢, : S¢ — S is an injective group homomorphism
for all g € L. By Fs(L£), we denote the fusion system over S generated by all maps of this form. More
generally, we have the following definition.

Definition 3.9. Let H be a partial subgroup of L. Write Fsny (H) for the fusion system over S N H
generated by the injective group homomorphisms of the form cj,: S, NH — S NH with h € H.

Lemma 3.10. Let H be a partial subgroup of L and P € A with P < SN H. Set D := Fsnp (H). Then
the following hold:

(a) Forevery ¢ € Homp(P,S NH), there exists h € H with P < Sy, and ¢ = cp,.
(®) Np(P) = Figy (P) (N2(P)).
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Proof. For part (a), see [18, Lemma 3.11(b)]. Set T := S N H. Clearly, ;. (p)(N#(P)) € Np(P) and
Np(P) is a fusion system over Ny (P). If ¢ € Homy,, (p)(X,Y), where X,Y < Nr(P) is a morphism
in Np(P), then we may assume that P < X NY and Pg = P. As P € A, we have X,Y € A. Hence, by
(a), there exists & € H such that X < S, and ¢ = ¢p|x. As Py = P, it follows & € N (P), and thus ¢
is a morphism in Fp,. (p) (N2 (P)), as required. m|

Definition 3.11. If (£, A, S) is a locality, then set

0,(L) = ﬂ{swz weW(L)}.

Lemma 3.12. If (L,A,S) is a locality, then O, (L) is the unique largest p-subgroup of L that is a
partial normal subgroup of L. Moreover, a subgroup P < S is a partial normal subgroup of L if and
only if No(P) = L.

Proof. This is proved as [18, Lemma 3.13] based on [8, Lemma 2.13]. O

We will use the characterisation of O, (L) given in Lemma 3.12 most of the time from now on
without further reference.

Lemma 3.13. Let (L, A, S) be a locality, N < L and T := N N S. Then for every g € L, there exist
neNand f € No(T) such that (n, f) €D, g =nf and Sg = S(n, 1)

Proof. By the Frattini Lemma [8, Corollary 3.11], there exist n € A and f € L such that (n, f) € D,
g = nf and f is T-maximal (in the sense of [8, Definition 3.6]). By [8, Proposition 3.9] and then [8,
Lemma 3.1(a)], every T-maximal element is in N (7). Moreover, the Splitting Lemma [8, Lemma 3.12]
gives Sg = S(n, 1) m]

Definition 3.14. Let (L*,A*,S) be a locality with a partial product IT*: D* — L*. Suppose that
0 # A C A" such that A is Fs(L*)-closed. Set

LYr ={f €L Sf eA}.

Note that D := Dy € D* N W(L*|s) and, by Lemma 3.8(c), IT*(w) € L]|a for all w € D. We call
L := L*|a together with the partial product IT*|p: D — £ and the restriction of the inversion map on
L to L the restriction of L to A.

With the hypothesis and notation as in the preceding definition, it turns out that the restriction of
L* to A forms a partial group and the triple (L*|a, A, S) is a locality (see [7, Lemma 2.21(a)] and [17,
Lemma 2.23(a), (c)] for details). It might be worth pointing out that in the definition of the restriction,
Sy and Dy are a priori formed inside of L*, but as argued in [17, Lemma 2.23(b)], it does not matter
whether one forms S¢ and Dy inside of £* or inside of the partial group L*|4.

3.3. Homomorphisms of partial groups and projections

Definition 3.15. Let £ and £’ be partial groups with products I1: D — £ and IT1": D’ — £, respec-
tively. Leta: £ — L', f — fa be a map.

o Write a* for the induced map:

a*: W(L) - WL, (fi,..., fo) = (fia, ..., fua).

o We call @ a homomorphism of partial groups if Da* C D’ and I[1(w)a = IT'(wa™).

o The map « is called a projection of partial groups if « is a homomorphism of partial groups and
Da* =D’.

o A bijective projection of partial groups is called an isomorphism of partial groups and an isomorphism
from L to itself is called an automorphism of L. Write Aut(L) for the set of automorphisms of L.
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o Ifa: £ — L’ is a homomorphism of partial groups and 1’ denotes the identity in £’, then
ker(a) := {f € L: fa =1} is called the kernel of a.

If £’ is a partial group, then £ C D’. Hence, a projection of partial groups £ — L’ is always
surjective.

Ifa: £ — L’ isahomomorphism of partial groups, then ker(a) < £ by [8, Lemma 1.14]. If (£, A, S)
is a locality and N < £, then conversely, one can construct a partial group £’ and a projection of partial
groups £ — L’ with kernel N. Namely, define a coset of A/ in L to be a subset of the form

Nf={Il(n,f): ne N, f e Lsuchthat (n, f) € D}.

Call a coset maximal if it is maximal with respect to inclusion among all cosets of A/ in £. Write £/ N
for the set of maximal cosets of A/ in L. By [8, Proposition 3.14(d)], £/N forms a partition of £. Thus
there is a natural map

a: L— LIN

that sends every element f € L to the unique maximal coset containing f. It turns out that the set £//N
can be (in a unique way) given the structure of a partial group such that the map « above is a projection
of partial groups (compare [8, Lemma 3.16]). We therefore call the map « the natural projection from
L to L/N. The identity element of this partial group is the maximal coset N' = A/ 1. In particular, N/
is the kernel of the natural projection. .

Given a locality (£, A, S) and A/ 9 £, we will sometimes write £ for the set £/A . We mean then
implicitly that we use a kind of ‘bar notation’ similar to the way it is commonly used for groups.
Namely, if X is an element or subset of £, then X denotes the image of X under the natural projection
a: L — L. Later, we will consider cases where N'N S = 1. Since N equals the kernel of «, the
restriction a|s: § — S is then a bijection. Thus we will be able to identify S with S.

Definition 3.16. Let (£,A,S) and (L’,A’,S’) be localities, and let @: £ — L’ be a projection of
partial groups. We say that « is a projection of localities from (L,A,S) to (L, A’,S’) if the set
Aa :={Pa | P € A} equals A’.

If @ is a projection of localities from (£, A, S) to (£’,A’, S”), then notice that @ maps S to S/, as S
and S’ are the unique maximal elements of A and A’ respectively.

3.4. Localities with special properties

The following definition was partly introduced in the introduction. Recall that a finite group G is of
characteristic p if Cg (0, (G)) < 0,(G).

Definition 3.17. Let (£, A, S) be a locality.

o Wecall (L,A,S) cr-complete if Fs(L)" C A.

o Alocality (£, A, S) is said to be of objective characteristic p if N, (P) is of characteristic p for every
PeA.

o Alocality is called a linking locality if it is cr-complete and of objective characteristic p.

Proposition 3.18. Ler (L, A, S) be a locality.

(a) Fs(L) is A-generated and A-saturated.

(b) If every Fs(L)-critical subgroup is an element of A, then Fs(L) is saturated and (L, A, S) is
cr-complete.

() If (L,A,S) is cr-complete, then Fg(L) is saturated. Hence, the fusion system of a linking locality is
saturated.
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Proof. The fusion system Fg(L) is A-generated by definition and A-saturated by [8, Lemma 2.9] and
[18, Lemma 3.27]. Thus Theorem 2.7 implies that Fg (L) is saturated if A contains every Fg(L£)-critical
subgroup. Part (b) follows now from Lemma 2.6(b) and part (c) from Lemma 2.6(a). Alternatively, (c)
is proved in [18, Theorem 3.26]. O

It is of crucial importance that cr-complete localities (and thus linking localities) lead to saturated
fusion systems. This fact was first observed by Chermak. Conversely, it follows from the existence and
uniqueness of centric linking systems (see [7, 24, 11]) that there is a linking locality attached to every
saturated fusion system. In this context, the following definition plays a crucial role.

Definition 3.19 [16, Definition 1, Lemma 3.1]. Let F be a saturated fusion system. A subgroup P < S
is called F-subcentric if Nx(Q) is constrained for every fully F-normalised F-conjugate Q of P. We
denote by F* the set of F-subcentric subgroups of S.

It can be shown that for every F-closed set A of subgroups of S with 7" C A C F¥, there exists an
(essentially unique) linking locality over F with object set A. Moreover, F* is F-closed, and thus there
is an (essentially unique) linking locality over F with object set F*, which can be seen as the ‘largest’
linking locality over F. The reader is referred to [ 16, Theorem A] for a precise statement of these results.

3.5. Regular localities

Regular localities were introduced by Chermak [9], but we will refer to the treatment of the subject
in [18]. If (£, A, S) is a linking locality over a saturated fusion system JF, then there is the generalised
Fitting subgroup F*(L) of L defined as a certain partial normal subgroup of £ (compare [18, Definition
3]). It turns out that the set {P < S: PN F*(L) € F°} depends only on F and not on the linking locality
(L,A,S) (see [18, Lemma 10.2]). Thus the following definition makes sense.

Definition 3.20. If F is a saturated fusion system and (£, A, S) is a linking locality over F, then set
6(F)={P<S:PNF*(L) e F°}.

A linking locality (£, A, S) is called a regular locality if A = 6(F).

For every saturated fusion system F, the set 6 (F) is F-closed, and thus there exists a regular locality
over F (compare [18, Lemma 10.4]).

It turns out that regular localities have particularly nice properties. To describe these, suppose that
(L,A,S) is a regular locality. If A is a partial normal subgroup of £ or, more generally, a partial
subnormal subgroup of £, then by [18, Theorem 3, Corollary 10.19], £ := Fgny (H) is saturated and
(H,6(E),S NH) is a regular locality over £. This leads to a natural notion of components of £ (see
[18, Definition 11.1]) and to a theory of components of regular localities that mirrors results from finite
group theory (see [ 18, Chapter 11]). In particular, the product E (L) of components of £ forms a partial
normal subgroup with F*(L) = E(£)O,(L).

If (£, A, S) is aregular locality over F (or, more generally, a linking locality over F with 6(F) C A),
then it is shown in [10, Theorem A] that the assignment A/ — Fsqar(N) defines a bijection ® from the
set of partial normal subgroups of L to the set of normal subsystems of F. This bijection sends F* (L)
to F*(F) and E(L) to E(F). Moreover, in the case that (£, A, S) is regular, we have C.(N) < £ and
®(Cz(N)) = Cr(P(N)) (see [18, Theorem 3] and [10, Proposition 6.7]). We refer the reader here to
[3, p.3] or [10, Definition 7.2] for the definitions of F*(F) and E(F), and to [3, Chapter 6] or [15] for
a definition of the centraliser C=(€) of a normal subsystem &.

The results we just summarised are used to prove our next lemma, which collects most of the
information we need in Section 6. It will be convenient to use the following notation.

Notation 3.21. If F is a fusion system over S and &£ is a subsystem of F over 7 < S, then we set
EN P :=TnN P for every subgroup P < S.
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Lemma 3.22. Let (L, A, S) be a regular locality over F and N < L. Set T := N NS, £ := Fr(N),
T =F*(L)NS, Ty =EWN)NSand R := E(C:(N)) N S. Then the following hold:

(@) Ng(T*) = Ne(To) N Ne(R) and Ny (T*) = Ny (To).
(b) Wehave Ty = E(E)NSand R=E(Cx(E))NS.

(¢) Ne(To) = Fr (Nn (To)).

(d) 6(&) is closed under passing to L-conjugates in S.

Proof. By [18, Theorem 3], we have C,(N) < £; moreover, (N, 5(€),T) is a regular locality over £,
and Cz () can also be given the structure of a regular locality. In particular, E(N) and E(Cz(N)) are
well-defined.

(a) By [18, Lemma 11.13], E(N) <L and similarly E(C. (N))< L. Moreover, by [18, Lemma 11.16],
E(L) = E(N)E(Cz(N)), which by [14, Theorem 1] implies ToR = E(£) NS < T*. In particular,
N, (T*) normalises Ty = T*NE(N)and R = T*NE(Cz(/N)). On the other hand, by [18, Lemma 11.9],
we have T* = (E(L) N S)0 (L), so No(To) N Nz (R) < Ne(T*). Thus, No(T*) = N (To) N Ne(R).
As R € C.(N), it follows from [18, Lemma 3.5] that N' € C-(R) € N, (R). Hence, we can conclude
that Nar(To) = NN Nz (To) N Nz (R) = N NN (T*) = Na(T*). This proves (a).

(b) By [10, Proposition 6.7], we have Fcgn)(Cz(N)) = Cr(E). This means
(Cz(N),8(Cx(E)),Cs(N)) is aregular locality over C+(E). Recall also that (N, 6(&), T) is a regular
locality over £. Hence, [10, Theorem E(d)] yields (b).

(¢) By [18, Corollary 11.10], Ty € 6(€). Hence, (c) follows from Lemma 3.10(b) applied with
(N, 6(E),T) in place of (L, A, S).

(d) The set 6(€) is E-closed by [18, Lemma 10.4]. Moreover, it follows from [18, Theorem 10.16(f)]
that §(&) is closed under passing to N (7T')-conjugates. By Lemma 3.13, for every g € L, there exist
n e N and f € Nz(T) such that (n, f) € D, g = nf and S = S, 7). Now (d) follows using Lemma
3.8(c).(e). o

4. Some additional lemmas
4.1. Lemmas on groups

Lemma 4.1. Let G be a finite group, S € SylP(G) a Sylow p-subgroup of G and N < G a normal
subgroup of G. If H < G is such that S " H € Syl ,(H), then

(SN N)(S N H) e Syl,(NH).

Proof. Notice that P := (SN N)(SN H) < SN NH and |P| = SONISOH] By assumption, S N H €

SNNNH |
Syl,(H). AsN 2 G and NN H 2 H, it follows that SN N € SylpéN) and SNNNH € Syl,(NNH).
The assertion follows now from |[NH| = ||1]\\/,‘n|g ||. O

Recall that a finite group G is said to be of characteristic p if C¢(0,(G)) < 0,(G).
Lemma 4.2. Let G be a finite group of characteristic p. Then the following hold:

(@) NG (P) and Cg(P) are of characteristic p for all nontrivial p-subgroups P < G.

(b) Every subnormal subgroup of G is of characteristic p.

(c) If N is a normal subgroup of G of p-power index, then G is of characteristic p if and only if N is of
characteristic p.

Proof. Let P be a p-subgroup of G. By [22, Lemma 1.2(a), (c)], every subnormal subgroup of G is of
characteristic p, and Ng (P) is of characteristic p. In particular, C (P) < Ng(P) is of characteristic p.

Now let N be as in (c). By [22, Lemma 1.3], G is of characteristic p if and only if O”(G) is
of characteristic p. Similarly, N is of characteristic p if and only if OP (N) is of characteristic p. As
OP(N) = 0P(G), this implies (c). o
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Lemma 4.3. Let G be a finite group, and let N be a normal subgroup of G with Sylow p-subgroup T.
Then the following are equivalent:

(i) G is of characteristic p.
(i) N and Ng(T) are of characteristic p.
(iii) N and Cg(N) are of characteristic p.

Proof. It follows from Lemma 4.2 that (i) implies (ii). As N is normal in G, Cg (N) is also normal
in G. Notice that Cg(N) < Cg(T) < Ng(T). Thus Cg(N) is a normal subgroup of Ng(T). So by
Lemma 4.2(b), Cg(N) has characteristic p if Ng(T) has characteristic p. Hence, (ii) implies (iii).
Assume now that (iii) holds. It follows from [21, 6.5.2] that every component of G is a component either
of N or of Ci(N). As N and Cg (N) do not have any components, it follows that E(G) = 1. Moreover,
[N,Op(G)] £NNOp(G)=0p(N)=1.Thus O, (G) < CG(N),s0 0,/ (G) = 0, (Cg(N)) = 1.
Hence, (i) holds, and the proof is complete. O

4.2. Some properties of fusion systems
It will be convenient to use the following definition.
Definition 4.4. Suppose F and F are fusion systems over S and S, respectively.

o Ifa: § — S is a group isomorphism, then « is said to induce an isomorphism from F to F if
{a 'pa: ¢ € Morr(P,Q)} = Mor #(Pa, Qa) forall P,Q < S.

o We say that & € Aut(S) induces an automorphism of F if & induces an isomorphism from F to F.
Write Aut(F) for the set of all @ € Aut(S) that induce an automorphism of F.

Lemma 4.5. Let F be a fusion system over S, and let £ be an F-invariant subsystem of F. Then £,
E" and E° are closed under F-conjugacy. Similarly, the set of E-critical subgroups is closed under
F-conjugacy.

Proof. LetT < S be such that £ is a subsystem over 7. Let I be one of the sets £¢, £, £ or the set
of E-critical subgroups. It follows directly from the definition of these sets that I" is closed under &£-
conjugacy. By the Frattini condition for F-invariant subsystems [2, Definition 1.6.1], it is thus sufficient
to argue that I" is Autz(7T')-invariant. The definition of F-invariant subsystems implies, moreover, that
every element of Autx(7') induces an automorphism of £. Therefore, @ € Autx(7") maps £-conjugacy
classes to £-conjugacy classes and fully £-normalised subgroups to fully £-normalised subgroups.
Moreover, if P < T with Cy (P) < P, then Cy (Pa) < Pa. So £° is Autz(T)-invariant. Notice also that
a|ny () induces an isomorphism from Ng(Q) to Ne(Qa) for every Q < T. Hence, & maps E-radical
subgroups to £-radical subgroups. So £ and £ = £ NE" are Autx(T)-invariant. For Q < T, the map
Aute (Q) — Autg (Qa), ¢ — a'pa is an isomorphism that takes Inn(Q) to Inn(Qa) and Auty (Q) to
Auty (Qa). Hence, the set of E-critical subgroups is Autz(7) invariant. This proves the assertion. O

For the remainder of this subsection, let 7 be a saturated fusion system over a p-group S.

In the proofs of the following two lemmas, we cite [ 1]. It should be pointed out that normal subsystems
in the sense of [1, Definition 1.18] correspond to weakly normal subsystems in the language of [2] (i.e.,
in the language that we are using in this paper).

Lemma 4.6. Let £ be a weakly normal subsystem of F over T. If R € F°", then RNT € £°.

Proof. This is [1, Lemma 1.20(d)] but also follows easily from the results stated before. Namely, by
Corollary 2.3, there exists @ € Homz(Ns(R N T), S) such that (R N T)? is fully normalised. Since
R < Ns(R NT), the subgroup R is well-defined. As T is strongly closed, R* " T = (RNT)?. By
Lemma 4.5, £ and F¢" are closed under F-conjugacy. So, replacing R by R%, we may assume that
R N T is fully F-normalised. If Q is an £-conjugate of R N T, then by Corollary 2.3, there is an F-
morphism mapping Ng(Q) into Ng(R N T) and thus Ny (Q) into Ny (R N T). Hence, R N T is fully
&-normalised. Now the claim follows from Lemma 2.6(b) and Lemma 2.10. |
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Lemma 4.7. Let £ be an F-invariant (not necessarily saturated) subsystem of F over T < S. Let P be
an E-critical subgroup of T such that P is fully F-normalised. Then there exists R € F<" with RNT = P.

Proof. This is a special case of [1, Lemma 1.19]. O

We will now look at some properties of the set § (F) introduced in Subsection 3.5. As shown in [10,
Lemma 7.21], 6 (F) can be characterised as the set of subgroups of S containing an element of F*(F)*.
The reader is referred to [3] or [ 10, Definition 7.2] for the definition of the generalised Fitting subsystem
F*(F) and the layer E(F) of F. Recall Notation 3.21.

Lemma 4.8. Let P < S with O ,(F) < P. Then P € 6(F) if and only if E(F) N P € E(F)".

Proof. We use that F*(F) = E(F) *Fo,,(5) (0, (F)) by [10, Theorem 7.10(e)]. In particular, F*(F) N
S=(E(F)NS)O,(F). As O,(F) < P, a Dedekind Argument yields thus F*(F) N P = (E(F) N
P)Op,(F). It is shown in [10, Lemma 7.21] that P € 6(F) if and only if F*(F) N P € F*(F)*. The
assertion follows now from [18, Lemma 2.14(g)]. m]

Lemma 4.9. Let £ be a normal subsystem of F and O ,(F) < P < S. Then the following hold:

(@) IfE(F)=E(E), then P € §(F) ifand only if EN P € §(E).
(b) Suppose E(Cx(E)) NS < P. Then

Ped(F)— E(E)NPeEE)) = ENPeE).

Proof. By Lemma 4.8, we have P € 6(F) ifandonly if E(F) NP € E(F)*. AsOp(E) < Op(F) <P
by [16, Lemma 2.12(b)], it follows similarly that £ N P € §(€) if and only if E(£) N P € E(E)".
This implies (a). By [10, Lemma 7.13(c)], E(F) = E(£) * E(Cx(£)). AsR := E(Cr(E))NS < P,
we have E(F) N P = (E(E) N P)R. Notice that R € E(Cx(£))*. Hence, by [18, Lemma 2.14(g)],
E(F)NnPeE(F)*ifand only if E(E) N P € E(&)*. This implies (b). O

Remark 4.10. If £ is a normal subsystem of F defined over T < S and R is a subgroup of S, then
there is a unique saturated subsystem D of F over TR with OP (D) = O”(&). It is denoted by (ER)r
(or sometimes simply by £R). This was first shown by Aschbacher [3, Chapter 8]. The result was
revisited in [13], where a concrete description is given.

We conclude this section with the following lemma, which was first proved by Aschbacher [4, 1.3.2].
We give a new proof using localities.

Lemma 4.11. Let € be a normal subsystem of F over T < S. Then F = (E£S, Nx(T)).

Proof. By [16, Theorem A], there exists a linking locality (£, A, S) over F with A = F*. Moreover,
by [10, Theorem Al], there exists a partial normal subgroup N of £ with T = SN N and & = Fr (N).
Now, by [10, Corollary 4.10], we have £S = Fs(NS). As F = Fs(L) is generated by maps of the form
cg: Sg — S with g € L, it is sufficient to prove that such maps are in (£S5, Nz(T)). Let g € L. By
Lemma 3.13, there exist n € N and f € N (T) such that (n, f) € D, g = nf and P := Sg = (5 5).
Hence, cg = (calp)(cs|pn). Notice that c,,|p € Fs(N'S) = £S and that ¢ £ |pr is a morphism in Nz (7).
This shows the assertion. O

5. Kernels of localities

In this section, we investigate the properties of kernels of localities. In particular, we prove Theorems B,
C and D. Recall the following definition.

Definition 5.1. Let (£, A, S) be a locality. A kernel of L is a partial normal subgroup A/ of £ such that
PNN €A forevery P € A.
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Lemma 5.2. Let N be a kernel of a locality (L, A, S). Set F = Fs(L£), T :=SNN, € =Fr(N) and
I''={PeA: P<T}={PNT: P e A} Then the following hold:

(a) (N,T,T) is a locality over £, and T is closed under F-conjugacy.
(b) Forevery f € No(T), L=D(f), cy € Aut(L) and c ¢ | € Aut(N).
© Op(N)=0,(LYNN QL.

(d) The subsystem & is F-invariant.

Proof. (a,b) It follows from [18, Lemma 3.29(b), (c)] and the definition of £ that (NV,I,T) is a
locality over £ and that (b) holds. Since A is closed under passing to £-conjugates in S, /' < £ and
I'={P € A: P C N}, it follows that I is closed under passing to £-conjugates in S. So I' is closed
under F-conjugacy, and (a) holds.

(¢) Notice that O, (\) is invariant under conjugation by elements of N (T) as the elements of N (T)
induce automorphisms of \V. Since O, (N) <N, it follows from [8, Corollary 3.13] that O ,(N) < L
and thus O ,(N) < 0, (L). Clearly, 0,(£) NN < 0, (N), so (c) holds.

(d) As Autz(T) is generated by maps of the form c ¢ |7 with f € N (T') and these maps induce auto-
morphisms of £ by [18, Lemma 3.29(d)], it follows that the elements of Aut#(T') induce automorphisms
of £. Now (d) is a consequence of [18, Lemma 3.28]. |

Definition 5.3. We say that (A, T, T) is a kernel of (£, A, S) to indicate that A is a kernel of (L, A, S),
T=SANandT={PeA:P<T}={PNT: PeA}.

The following lemma can be seen as a converse to Lemma 5.2(a).

Lemma 5.4. Suppose we are given a finite partial group L with product T1: D — L. Let S be a
maximal p-subgroup of L and N' < L. Set T .= N'N S, let T be a set of subgroups of T, and set
A :={P < S: PNT eT}. Suppose the following hold:

o T is closed under passing to overgroups and L-conjugates that lie in T.
o D=Dr.

Then (L, A, S) is a locality with kernel (N,T,T).

Proof. If (L,A,S) is a locality, then clearly (N, T, T) is a kernel of (£, A, S). By Lemma 3.5(b), we
have Dy = Dr = D. Recall that S is a maximal p-subgroup of £ by assumption. As I" is overgroup-
closed in T, it follows that A is overgroup-closed in S. Hence, it remains to show that A is closed under
passing to £-conjugates in S.

Let P € A and f € £ with P € D(f) and P/ C S. Observe that Q := PNA € I' is normal in P and
0l er by assumption. Hence, if x,y € P, then u := (f‘l,x, f, f‘l, v, f) € D =Dr via 07 . Thus, by
the axioms of a partial group, x/ y/ = T(u) = I(f',x,y,f) = (xy)/ ,s0cp: P - S,x - x/ isa
group homomorphism. Therefore, P/ is a subgroup of S. By Lemma 3.5(a), P/ N'T = P/ NN = Q' €T,
so P/ e A. O

We will use from now on without further reference that, by Lemma 5.2(a), (N, T, T) is a locality if
(N, T,T) is a kernel of a locality (£, A, S). In particular, it makes sense to say that a kernel (N, T, T)
is cr-complete.

Proposition 5.5. Let (L, A, S) be a locality with kernel (N,T,T). Then (L, A, S) is cr-complete if and
only if (N,T,T) is cr-complete.

Proof. Set £ := Fr(N) and F := Fg(L£). By Lemma 5.2(a),(d), (N, I,T) is a locality and £ is F-
invariant.

Assume first that (£, A, S) is cr-complete. Then in particular, F is saturated by Proposition 3.18(c).
‘We show:

If Q < T is E-critical, then Q € T. 6D
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For the proof, let O be an £-critical subgroup of 7. Then there exists a fully F-normalised F-conjugate
P of Q, which by Lemma 4.5 is also £-critical. Hence, Lemma 4.7 implies the existence of an element
R e F" with RNT = P. As F" C A and (W, T,7T) is a kernel of (£, A, S), it follows that P € T.
Hence, Lemma 5.2(a) yields Q € I', and thus equation (5.1) holds. Proposition 3.18(b) implies now that
£ is saturated and (N, T, T) is cr-complete.

To prove the other implication, assume that (A, T, T) is cr-complete. Then by Proposition 3.18(c),
€ is saturated. Observe also that £ C I' € A. As F is A-saturated and A-generated by Proposition
3.18(a), it follows now from Theorem A that F is saturated. In particular, £ is weakly normal in F. So
Lemma 4.6 gives RNT € £ C T" C A forevery R € F°". As A is overgroup-closed, this implies that
(L, A, S) is cr-complete. m]

Lemma 5.6. Let (N,I',T) be a kernel of a locality (L,A,S). Set F := Fs(L) and € = Fr(N).
Suppose Cnr(T) < T. Then the following hold:
(@) Ny (T) € Nar(TCs(T)).
(b) If € and F are saturated, then £ is normal in F.
Proof. (a) Notice that T € T" C A, and thus N (T) is a group. The assumption Cyr(T) < T yields that
Nr(T) is of characteristic p.

Let g € Ny(T), and set P := S,. Then ' < P, so P8 = P by [8, Lemma 3.1(b)]. Hence,
g € K := Nx(P). Note that No(P) < Ng(T), so K = Ny, (1)(P) £ N(T). Calculating inside the
group N (T), we have

[K7NC5(T)(P)] < Nm Cﬁ(T) = CN(T) <T,

where the last inclusion holds by assumption. Thus [g, Ncs(r)(P)] < T, so Neg(r)(P) < Sg = P.
Therefore, we have Npc (1) (P) = PNcg(r)(P) = P. As PCs(T) is a p-group, this implies Cs(T) < P
and thus g acts on T and Cs (7). Hence, (a) holds.

(b) Notice that part (a) implies [TCs(T), Nor(T)] < (TCs(T))NN =T. Since Aut+(T) is generated
by maps of the form cy |7, with f € N(T), the extension condition as stated in [2, Definition 1.6.1]
follows. Now (b) follows from Lemma 5.2(b). m]

Lemma 5.7. A projection from a locality (L*,A*,S*) to a locality (L,A,S) sends every kernel of
(L*,A*,8%) to a kernel of (L, A, S).

Proof. Let ¢: L* — L be a projection of localities, and let N* be a kernel of £*. Then N/ := (N*)¢
is a partial normal subgroup of £ by [20, Lemma 2.5]. Let P € A. Then P = (P*)¢ for some P* € A*
since A*¢ = A. Since N is a kernel of £*, we have N* N P* € A*. Hence

NOP=(NYnPo>N"NPHYpeA'p=A.
As A is overgroup-closed, it follows that "N P € A, and thus A is a kernel of L. O

For the next lemma, the reader might want to recall Definition 3.14. By £, we denote the quasicentric
subgroups of a saturated fusion system &; for the definition, see [2, Definition I11.4.5].

Lemma 5.8. Let (£, A, S) be a locality over F with cr-complete kernel (N',T,T). Set £ := Fr (N). Let
ET C Ty CI'NEY such that Ty is E-closed and Aut z(T)-invariant, and let A be the set of overgroups
in S of the elements of T'y. Set

Lo = Llags No =N nNLyand © = U Op (Na(P)).
Pely

Then the following hold:

(@) (Ly,Ao,S) is a cr-complete locality over F with cr-complete kernel (Ny,Ty,T). Moreover,
No = N, and Fr (Np) = €.
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(b) © is a partial normal subgroup of Lo with ® N S = 1. In particular, setting Lo = Lo/O© and using
the “bar notation’ as usual, S and T are naturally isomorphic to S and T via the restriction of the
natural projection map Ly — ZO.

(¢) Identify S and T with S and T. Then the following conditions hold:

o (Lo, Ao, S) is a locality over F.
o (No,To,T) is a kernel of (Lo, Ao, S), which is a linking locality over E.

Proof. (a) Recall from Lemma 5.2(d) that £ is F-invariant. As Iy is Autz(7T)-invariant and closed
under E£-conjugacy, it follows from the Frattini condition for F-invariant subsystems (compare [2,
Definition 1.6.1]) that Iy is closed under F-conjugacy. Thus, Ag is F-closed, Ly is well-defined, and
(Lo, Ao, S) is alocality. It is easy to observe that N is a partial normal subgroup of L. It follows from
the definition of A that (N, I, T) is a kernel of (Lo, Ao, S) and Ny = N|r, (see also Lemma 3.5).
As £ C Ty, we can conclude from Lemma 4.6 that 7" C Ay C A. In particular, F and £ are
saturated, by Proposition 3.18(c). Note furthermore that for all P € A, Nz (P) = N, (P), and thus, by
Lemma 3.10(a), Autz(P) = Autzg () (P). Similarly, Autg (Q) = Autr, (7)) (Q) for all Q € I'. Hence,
it follows from Alperin’s Fusion Theorem [2, Theorem 1.3.6] (combined with Lemma 2.6(b)) that
F = Fs(Lo) and & = Fr (Ny). This proves (a).
(b,c) We argue first that

Npr(P)/Op (Nar(P)) is of characteristic p for all P € I'y. 5.2)

By Lemma 3.8(b), we may reduce to the case that P is fully £-normalised. So let P € Iy be fully
E-normalised. As I'y € £9, [16, Proposition 1(c)] gives that Car(P)/O ' (Car(P)) is a p-group. In
particular, Car(P)/O p(Cnr(P)) is of characteristic p, and thus Cyx(P) = Cy,,(p)(P) is ‘almost of
characteristic p’ in the sense of [16, Definition 2.6]. It follows therefore from [16, Lemma 2.9] (applied
with Nr(P) in place of G) that Nas(P) is ‘almost of characteristic p’, which means Nar (P) /O , (N (P))
is of characteristic p. This proves equation (5.2).

As Np, (P) = Nys(P) for all P € Iy, it follows from equation (5.2) and from [16, Proposition 6.4]
applied with (Np, Iy, T) in place of (£, A, S) that © is a partial normal subgroup of Ny, thatTN® =1,
that the canonical projection Ny — MNy/® is injective on T and that (Ny/®,Ty,T) is a linking
locality over & if we identify T with its image in Ny/®. The elements of N (T) = N, (T) induce
F-automorphisms of 7 and act thus by assumption on Iy via conjugation. Hence, it follows from
Lemma 3.8(b) that © is invariant under conjugation by elements of N, (7). Now [8, Corollary 3.13]
gives that © is a partial normal subgroups of Ly. Moreover, SN ® = SN N N®=Tn0O = 1. This
means the kernel of the natural projection p: Ly — Ly := Lo/® intersects trivially with S and restricts
thus to isomorphisms S — SandT — T. Hence, (b) holds.

We now use the notation introduced in (b) and (c). By [8, Theorem 4.3], (ZO, Ao, Sp) is a locality.
It is a special case of [17, Lemma 2.21(b)] that ]:S(Zo) = Fs(Lo) = F. Using [8, Lemma 3.15],
one can observe that p|x; coincides with the canonical projection Ny — Np/®. Thus, (N, T, T) =
(Ny/©, T, T) is a linking locality over £. Now (c) follows from Lemma 5.7. O

Proposition 5.9. Let F be a fusion system over S with a subsystem £ over T. Then the following
conditions are equivalent:

(i) There exists a locality (L, A, S) over F with a cr-complete kernel (N, I, T) over .
(ii) There exists a locality (L, A, S) over F with a kernel (N',T’,T), which is a linking locality over £.

If either of these two conditions holds, then £ is a normal subsystem of F.

Proof. Clearly, (ii) implies (i) as every linking locality is cr-complete. Assume now that (i) holds. Notice
that £ C Ty :=T'NE° C I' N &Y. Moreover, Iy is £-closed and Autz(7T) invariant as the same holds
for I' and £¢ (compare Lemma 4.5). Hence, (ii) follows from Lemma 5.8(c).

https://doi.org/10.1017/fms.2022.59 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2022.59

Forum of Mathematics, Sigma 23

Assume now that (ii) holds. If (N, T, T) is a kernel of a locality (£, A, S) over F such that (N, T, T)
is a linking locality over &, then (N, T, T) is in particular cr-complete. Thus, (£, A, S) is cr-complete,
by Proposition 5.5. Hence, £ and F are saturated, by Proposition 3.18(c). So £ < F, by Lemma 5.6(b).
This proves the assertion. ]

Proof of Theorem B. The statement follows from Proposition 5.5 and Proposition 5.9. O

Proposition 5.10. Let (L, A, S) be a locality with a kernel (N, T, T). Then the following conditions are
equivalent:

(1) (L, A,S) is of objective characteristic p.

(ii) Nz (T) is of characteristic p, and (N, T, T) is of objective characteristic p.
(iiiy C.(T) is of characteristic p, and (N, T, T) is of objective characteristic p.
(iv) N, (P) is of characteristic p for every P € T.

Proof. By Lemma 5.2(a), (N, T, T) is a locality. Notice that T = SN AN € " C A, and thus N, (T) is
a finite group with Cn,. (7)(T) = C(T'). So properties (ii) and (iii) are equivalent by [16, Lemma 2.9].
Hence, it is sufficient to show that properties (i),(ii) and (iv) are equivalent.

If (i) holds, then N (P) is of characteristic p for every P € I'. In particular, N (T) is of characteristic
p. Moreover, by Lemma 4.2(b), Naor(P) < N (P) is of characteristic p for every P € I, showing that
(N, T,T) is of objective characteristic p. So (i) implies (ii).

To show that (ii) implies (iv), assume now that (ii) holds. Suppose furthermore that (iv) is false:
that is, there exists P € I" such that G := N (P) is not of characteristic p. Choose such P of maximal
order. By Lemma 3.8(b) and [8, Lemma 2.9], we may replace P by a suitable L-conjugate of P and
assume that Ng(P) is a Sylow p-subgroup of G. As (ii) holds, we have P # T and thus P < Ny (P).
Hence, by the maximality of | P|, the group N, (Nr (P)) has characteristic p. Hence, by Lemma 4.2(a),
NG (N7 (P)) = Ny, (ny (Py) (P) is of characteristic p. As (N, T, T) is of objective characteristic p, we
also know that N := N (P) < G is of characteristic p. Notice that Ny (P) = Ns(P) N N is a Sylow
p-subgroup of N, as Ng(P) is a Sylow p-subgroup of G. So it follows from Lemma 4.3 that G is of
characteristic p, contradicting our assumption. Hence, (ii) implies (iv).

Assume now that (iv) holds. If P € A is arbitrary, then PNN € I', so Nz (P NN) is of characteristic
p. Observe that Nz(P) € Nz(P N N), and thus Nz (P) = Ny, (pan)(P) is of characteristic p by
Lemma 4.2(a). Hence, (iv) implies (i). m]

Proof of Theorem C. The statement follows from Proposition 5.5 and Proposition 5.10. O

Proof of Theorem D. Set F := Fs(L) and € := Fr (N). By [10, Lemma 3.28(c)], (£, A, S) is a linking
locality if and only if (£, A, S) is a linking locality, and similarly, (A, T, T) is a linking locality if and
only if (N, T, T) is a linking locality.! Thus, supposing from now on that (£, A, S) and (N, T, T) are
linking localities, it is by Theorem C enough to show that A = §(F) if and only if I" = §(£) and that
E(L) = EN).

By Proposition 5.9, £ < F. Moreover, our assumption yields that N (T') is of characteristic p. Hence,
by Lemma 3.10(b), N(T) = Fs(N,(T)) is constrained. It follows then from [10, Corollary 7.18,
Lemma 7.19] that E(Cz(€)) = E(N£(T)) is the trivial fusion system. By [10, Lemma 7.13(c)], this
implies E(F) = E(E).

By [18, Lemma 11.13], E(N)) < L. Moreover, by [10, Theorem E(d)], Fsnen) (E(N)) = E(E) =
E(F), and E(L) is the unique partial normal subgroup of £ with Fsng(r)(E(L)) = E(F). Hence,
EWN)=E(L).

By Lemma 3.12 and [16, Proposition 5], O,(F) = O,(L) and O,(€) = O,(N). Moreover,
0,(LYNT =0,(L) NN =0,(N) by Lemma 5.2(c).

1t should be noted here that the term ‘proper locality’ used in [10] means exactly the same as the term ‘linking locality’.
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Assume first that I = 6(€). Let P < S with 0 ,,(L) = 0,(F) < P. Then O,(N) < PN T and thus
PﬂTeFifandonlyifPﬂTef.Hence,

Ped(F) = PNT c§(E) (by Lemma 4.9(a))
e PnTecl(as ['=6(E))
<= PNT eI (as noted above)
&= P € A (since (N, T, T)is a kernel).

Since the above equivalences hold for every P < § with O, (L) < P, it follows now from [18, Lemma
10.6] that 6(F) = {P < S: PO,(L) € 6(F)} ={P < S: PO,(L) € A} = A. This proves one
direction.

Assume now the other way around that §(F) = A. Let Q < T with Op(N) <Q.ThenQ0,(L)NT =
0(0,(L)NT) =Q0,(N) = Q. Hence,

0€ed(l) = 00,(LYNTes(E) (asQ=00,(L)NT)
& 00,(L) € 6(F) (by Lemma 4.9(a) and since O, (L) = O, (F))
& 00,(L) €A (as6(F)=A)
& Q0,(L) € A (by definition ofA)
& 00,(L)NT €T (as (N,I,T) is a kernel)
= Qel(asQ=00,(L)NT).

The above equivalences hold for all O < T with O, (N) < Q. Hence, it follows from [18, Lemma 10.6]
that 6(£) ={Q < T: QO,(N) € ()} ={Q < T: QO ,(N) € I'} = I'. This proves the assertion. O

Lemma 5.11. Let (L, A, S) be a locality with kernel (N I, T) such that (N, T, T) is a regular locality.
Set £ :=Fr(N), Ty =EN)NS=E(E)NSand A :={P < S: PO,(L) € A}. Then the following
are equivalent:

1) (L,A,S) is a linking locality.

(i) (L, A,S) is a regular locality.
(iii) N, (T) is a group of characteristic p.
(iv) N, (Tp) is a group of characteristic p.

Proof. Set F := Fs(L). By [10, Theorem E(d)], E(§) = Fga)ns(E(N)), and in particular T :=
EWN)NS=E(E)NS. As (N,TI',T) is regular (and in particular a linking locality), it follows from
Theorem C that (i) and (iii) are equivalent. Moreover, by [18, Lemma 10.6], I' = 6(&) = {Q <
T:Q0, (N) € I'}. Therefore, properties (ii) and (iii) are equivalent by Theorem D. Hence, it remains
to prove that (iii) and (iv) are equivalent.

As Ty € E(E)S € 6(E) =T C A by [10, Lemma 7.22], it follows that G := N (Tp) is a group
with N := N (Tp) € G. Indeed, since (N, T, T) is a regular locality, N is of characteristic p. Hence,
by Lemma 4.3, G is of characteristic p if and only if Ng(T) is of characteristic p. By [18, Lemma
11.12), every automorphism of N leaves E(N) invariant, so N (T) acts by Lemma 5.2(b) on E(N)
via conjugation. In particular, N (T) C G, and thus N, (T) = Ng(T). This shows the equivalence of
(iii) and (iv) as required. O

6. Products

In this section, we prove Theorem E and Corollary F. Indeed, we state and prove here some more
detailed results. The following theorem implies Theorem E. The reader might want to recall the notation
introduced in Remark 4.10.

https://doi.org/10.1017/fms.2022.59 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2022.59

Forum of Mathematics, Sigma 25

Theorem 6.1. Let (L, A, S) be a regular locality, and let N < L be a partial normal subgroup of L. Set
T :=F(L)NS, Ty:=EWN)NS, T:=SNN and £ := Fr(N).
Let H < N (T*) and set H := Nar(T*)H. Fix Sy € Syl,, (H) with T < Sp. Set
Ag:={P<So| PNN €s(E)}.

Then the following hold:

(a) NH = HN is a partial subgroup of L.
(b) Nn(To) = Na(T*), and H = Ny (T*) = Ny (To) = Ny (To)H.
(©) (NI:I, Ao, So) is a cr-complete locality with kernel (N, 5(E),T).
(d) Set Ag:={P < So: PO ,(NH) € Ao}. Then the following are equivalent:
— H is of characteristic p;
— (N'H, Ao, So) is a linking locality;
— (NH, Ay, So) is a regular locality.
(e) Fo = Fs,(NH) is saturated. Moreover, £ and E(E) are normal subsystems of Fo, Nz, (Tp) =
Fs,(H), and

Fo = ((E(E)S0)7,, Fs,(H)).

Proof. Set F := Fs(L). As usual, we write I1: D — £ for the product on L.

(a) By definition of a regular locality, for every P < S, we have P € A if and only if PNT* € A.
Thus, Lemma 3.8(e) yields that

for all u € W(L), we have u € D if and only if S, N T* € A. 6.1

In particular, Sy N7T* € A forall f € L. If n € N and g € N.(T*), then we can conclude that
(¢g7',g.,n) € D via S, N T*. Hence, by the axioms of a partial group, gn is defined and g~'(gn) =
II(g™', g, n) = n. Note also that Sen NT* < S(g g1 gn)- Using Lemma 3.8(f), we conclude that

Sigmy NT" < Sgn NT" < Sg01.am NT" < Siga1(any NT" < SgmyNT”
and so
Siem) NT" =SguNT" forall g€ Ns(T") and alln € NV. 6.2)

Let n € N and g € H. We argue first that NH = HN . Observe that u; = (g,g7',n,g) € D via
S, NT* and us := (g.n,g"',g) € D via (S, N T*)& . Hence, ng = M(u;) = g(n®) € HN and
gn = M(uz) = (n8')g € NH. This shows that NH = HN'. In particular, if f = ng € NH, then
[8, Lemma 1.4(f)] yields (g™',n"") e Dand f~! =g~ 'n~! € HN = NH.

It remains thus to show that NH = HA is closed under the partial product IT: D — £ on L. Let
w=(f1,..., fr) € DNW(HN). Then for every 1 < i < k, we have f; = g;n; for some g; € H and
n; € N.Setu = (g1,n1,...,8k nr). Then by (6.2), we get S, N T* = S,, N T*. Now equation (6.1)
yields first S, N T* = S,, N T* € A and then u € D. By [8, Lemma 3.4], IT1(«) = I1(gy, ..., gk, n) for
some n € N. Hence, by the axioms of a partial group,

(w) =(u) = (g1,...,8k.-n) =(g1,...,gx)n € HN = NH.

Thus AV 'H is closed under the partial product and thus a partial subgroup. Hence, (a) holds.
(b) Lemma 3.22(a) gives N2 (Tp) < N (T*) and Nar(Ty) = Nar(T). It follows from the Dedekind
Lemma [8, Lemma 1.10] that Norgy (T*) = NH N Ny (T*) = No(T)H = H. As H < N (T*) C
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N (To) and N (Tp) is by [8, Lemma 2.12(a)] a partial subgroup of £, the Dedekind Lemma yields
similarly that Narg (To) = NH N Nparg (To) = Nar(To)H. This implies (b).
(c,d) SetT":=6(€) and R := E(C(N)) N S. We show first that

DNW(WNH) =Dr "N WWNH). (6.3)

As R € C,(N), [18, Lemma 3.5] yields N' € C-(R) € N.(R). Moreover, by Lemma 3.22(a),
H C Ng(T*) € N£(R). As N (R) is by [8, Lemma 2.12(a)] a partial subgroup of £, it follows that
NH C Nz(R). Moreover, we use that O, (L) = O, (F), by [16, Proposition 5] and Lemma 3.12. So
fixingw = (f1,..., fu) € WNH), we have RO, (F) = RO, (L) < S,,. Hence, Lemma 4.9(b) gives

Sy €6(F) =A== S, NTeT.

Notice that S}, € D = D, if and only if S,, € A. By [18, Lemma 10.4], T" is overgroup-closed in 7.
Hence, w € Dr implies Sy, N T € I'. Moreover, by Lemma 3.22(d), I is closed under passing to £-
conjugates in S. Therefore, S, N7 € I implies w € Dr. So S\, N T € T"if and only if w € Dr. This
proves equation (6.3). We show next

So is maximal with respect to inclusion among the p-subgroups of N'H. (6.4)

Let S; be a p-subgroup of N'H such that Sy < S;. Notice that T < Sp < Sy, s0Tp = ELN)NS <
E(N) N Sy. By [18, Lemma 11.13], E(N) < L. In particular, [8, Lemma 3.1(c)] yields that Tj is a
maximal p-subgroup of E(N). Hence, Ty = E(N) N S < §1. Now (b) yields S| < Nag (To) = H. As
So € Syl, (H), it follows that S| = So. This proves equation (6.4).

Recall that by Lemma 3.22(d), I is closed under passing to £-conjugates in S. As 7T is by [8, Lemma
3.1(c)] a maximal p-subgroup of A/, we have T = Sy N A/. Since the elements of I are contained in T
and N' 9 NV'H, it follows that T is closed under passing to A/ H-conjugates in Sy. So by equations (6.3)
and (6.4), the hypothesis of Lemma 5.4 is fulfilled with (N'H, So) in place of (£, S). Hence, it follows
from this lemma that (NH, Ay, Sg) is a locality with kernel (N, T, T). By [18, Theorem 10.16(a)],
(N, T, T) is a regular locality, and in particular it is cr-complete. Hence, (N H, Ag, Sp) is cr-complete
by Theorem B: that is, (c) holds. Part (d) follows from (b) and Lemma 5.11.

(e) By [18, Corollary 11.10], we have Ty € 6(€) = ' € Ag. Hence, parts (b) and (c) together
with Lemma 3.10(b) yield that Nz, (Ty) := Fs,(Nau (To)) = Fs,(H). Moreover, by Theorem B and
Proposition 3.18(c), part (c) implies that Fy is saturated and £ < Fy. Hence, E(E) < Fy by [10, Lemma
7.13(a)]. By Lemma 3.22(b), we have Ty = E(€) N S. Hence, (e) follows from Lemma 4.11. O

If the subgroup H in Theorem 6.1 has the property that SN H € Syl , (H), then the following lemma
says that we can choose the p-subgroup Sy as a subgroup of S.

Lemma 6.2. Let (L, A, S) be a regular locality, and set T* := F*(L)NS. Let N < L, T := SN N and
H < Np(T*) such that SN H € Syl ,(H). Then

So :=T(SNH) =S (NH) € Syl,(Nx(T*)H).

Proof. Note that N, (T%) is a group, S is a Sylow p-subgroup of N, (T*), Na(T*) < N.(T*), and
H < N.(T”) by assumption. As SN H € Syl ,(H), Lemma 4.1 yields that
So:=(SNNy(T))(SNH)=T(SNH)

is a Sylow p-subgroup of Nar(T*)H. In particular, it is a consequence of Theorem 6.1(a),(c) that Sy is
a maximal p-subgroup of the partial group A'H and thus equals S N (N H). O

Assuming the hypothesis of Corollary 6.3 below, we have £ < F by [10, Theorem A]. Hence, it is
a consequence of [10, Lemma 7.13(a)] that E(F) < F, and thus (E(£)Sp)r is well-defined. This is
implicitly used in the statement of part (b).
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Corollary 6.3. Let (L, A, S) be a regular locality, T* := F*(L)NS, N S L, and H < N (T*) with
SNHeSyl,(H).SetT:=SNT, & :=Fr(N), So :=T(SNH), H:= Ny (T*)H and

EH = Fs,(NH).

Then the following hold:

(a) EHisa sanirated subsystem of F, £ < 5{‘1 and E(£) < EH.
(b) So € Syl,,(H) and EH = (E(&)So, Fs,(H)), where E(E)So := (E(E)So)r = (E(E)So)en-
(¢) If D is a saturated subsystem of F such that E(E) < D and Fs,(H) C D, then EH C D.

Proof. By Lemma 6.2, Sy € Syl,(H). Therefore, setting Ag = {P < So: PNT € §(£)}, the
hypothesis and thus the conclusion of Theorem 6.1 hold. Theorem 6.1(e) implies now that (a) holds and
EH = ((E(E)So0)en, Fs,(H)). By [10, Remark 2.27], (E(E)So)su = (E(E)So)r. Hence, (b) holds as
well.

Now let D be as in (c), and suppose D is a subsystem over R < S. As Fs,(H) C D, we have in
particular that Sy < R. Using [10, Remark 2.27] again, we observe that (E(£)So)r = (E(E)So)p € D.
As Fs, (H) C D by assumption, it follows now from (b) that EH C D, so (c) holds. ]

Proof of Corollary F. By [18, Lemma 10.4], there exists a regular locality (L, A, S) over F. Moreover,
by [10, Theorem Al], there exists N’ < £ with T = S N A and £ = Fr (N). By [10, Theorem E(d)], we
have T* := F*(F) NS = F*(£) N S. Moreover, Lemma 3.22(b) gives Ty := E(£) NS = E(N) N S.
In particular, by [18, Lemma 10.4, Remark 10.12], we have T* € §(F) = A C F*. So Nx(T") is
constrained, and N, (T*) is by Lemma 3.10(b) a model for N z(7*). Using Lemma 3.22(a), one observes
that N (Ty) = Nar(T*) < N (T*). Moreover, Lemma 3.22(c) gives Ng(Ty) = Fr (Nar(T*)). Hence, it
follows from [2, Proposition 1.6.2] that Ng (Tp) < Nz (T*).

Now let G be an arbitrary model for Nz(T*). As Ng(Tp) < Nx(T*), it follows from [2, Theorem
I1.7.5] that there exists a unique normal subgroup N of G with S " N =T and Fy (N) = Ng(Tp). Now
let H < G with SN H € Syl,(H). Set So := T(S N H). By [2, Theorem IIL5.10], there exists an
isomorphism @: G — N (T*) with a|s = ids. Notice that N < Nz (T*) and Ha < N(T*) with

T=Sn(Na), Fr(Na) = Fr (N) = Ne(T"),
SN H =S50 (Ha) € Syl (Ha) and Fs,(NH) = Fs,(NH)a).

By [2, Theorem I1.7.5], Nar(T*) is the unique normal subgroup of N, (T*) realising N¢(T*). Hence,
Na = Ny (T*) and Fs,(NH) = Fs,(Nn(T*)(Ha)). Therefore the assertion follows from Corollary 6.3
applied with He in place of H. O

A. Normal pairs of transporter systems

It is not within the scope of this paper to construct extensions of localities, but Theorem A and our
theorems on kernels provide some tools for examining the properties of existing extensions. The results
in this appendix may help to compare our theorems on kernels to theorems on extensions of linking
systems in the literature. Such extensions have been studied in various places, starting with [6]. A
more transparent algebraic framework is used in [23, 1], where the definition of a normal pair of linking
systems is crucial (see also [2, Definition I11.4.12]). This definition naturally generalises to a definition of
a ‘normal pair of transporter systems’, which we state below. Transporter systems were defined by Oliver
and Ventura [25], generalising the concept of a linking system. The goal of this appendix is to show
that localities with kernels correspond to normal pairs of transporter systems (compare Proposition A.4
and Theorem A.7). We use here a correspondence between localities and transporter systems that was
observed by Chermak [7, Appendix A].
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For any functor @: C — D between categories and any objects P, Q € C, we let
ap,g: More(P, Q) — Morp(a(P),a(Q))

denote the induced map between morphisms sets. Moreover, we set ap := @p p.

The literature on linking systems and transporter systems is mostly written in ‘left-hand notation’.
Therefore, in this appendix (unlike in the rest of the paper), we will write maps on the left-hand side
of the argument and conjugate from the left. In particular, if G is a finite group and A is a set of
subgroups of G, then 7A (G) denotes the category whose object set is A and such that the morphism set
Mor7; () (P, Q) between any two objects P, Q € A is the set of all g € G with

8p .= ps = gPg ' < 0.

A transporter system associated to a fusion system F over S is a category 7 whose object set is an
F-closed collection of subgroups of S, together with functors

Ton) (8) —— T -2 F

subject to certain axioms. In particular, ¢ is the identity on objects and = is the inclusion on objects,
¢ is injective on morphism sets, 7 is surjective on morphism sets, and 7 o ¢ sends an element g €
Morrg, - (s) (P, Q) to the corresponding conjugation map c,-1: P — Q,x > &x. The reader is referred
to [25, Definition 3.1] for the precise definition. If P, Q € Ob(7) and ¢ € Mor (P, Q), we will usually
write (¢) for mp o (¢). The following definition is nonstandard.

Definition A.1. If (7, d, ) is a transporter system associated to a fusion system F, then we will say
that (7,6, xr) is a transporter system over F if F is Ob(T)-generated: that is,

F=(n(p): P,OQ € Ob(T), ¢ € Morr(P, Q)).

If (7,6, ) is a linking system associated to a saturated fusion system JF, then it follows from
Alperin’s Fusion Theorem (compare [2, Theorem 1.3.6]) that (7, §, 7r) is a transporter system over F.
However, in general, there can be transporter systems associated to a fusion system J that are not
transporter systems over JF (but just transporter systems over a subsystem of F).

For a locality (£, A, S), there is a transporter system T (L) over Fs (L) defined. The object set of
the category 7 (£) is A, and for P, Q € A, the set Mory; (1) (P, Q) consists of all f € £ with

P<Spa and fP =PI~ <0.

It turns out (see [7, Proposition A.3]) that (75 (L), 8, ) is a transporter system, where the functor
6: Ta(S) — Ta(L) is the identity on objects and the inclusion on morphism sets, and the functor
n: Ta(L) — Fs(L) is the inclusion on objects and sends a morphism f € Mory; () (P, Q) to

crlp € Homgg () (P, Q).
To review some notation and basic results, let (7, d, 7) be a transporter system, and fix P, O € Ob(T).
If P < Q, then the morphism

tp,o =0p,0(1)
is regarded as an ‘inclusion map’. If ¢ € Mory (P, Q) and P’ < P, then set
@(P) = m(p)(P").

By [25,Lemma A.6], amorphism ¢ € Mor (P, Q) is anisomorphism in the categorical sense if and only
if 7(¢) is an isomorphism, which is the case if and only if ¢ (P) = Q. It is shown in [25, Lemma 3.2(c)]

https://doi.org/10.1017/fms.2022.59 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2022.59

Forum of Mathematics, Sigma 29

that for all P/,Q’ € A with P’ < P, Q’ < Q and all ¢ € Mor(P, Q) with ¢(P’) < Q’, there exists a
unique morphism ¢|p o € Morr(P’, Q") with

SO o] LP/,P = LQ/’Q [e] (,0|P/’Q/,
The morphism ¢|p+ o is called the restriction of ¢ to a morphism from P’ to Q’.

Lemma A.2. Let (T, 6, ) be a transporter system associated to some fusion system over a p-group S.
Then the following hold:

(a) Let PV < P' < Pand Q" < Q' < Q be objects in T. Let ¢ € Mor(P, Q) with ¢(P’) < Q' and
@(P"”) < Q". Then

elpr.or = (¢lp.o)lpr.on.

(b) LetP,Q,R,P’, R’ € Ob(T), ¢ € Mory(P, Q) andy € Morr(Q, R) with P’ < Pand (yop)(P’) <
R’ < R. Then

W o @)|p R =Wlp(p),R © @lP (P

(c) Let x € S and a = 6s(x). For every P € A, we have a(P) =*P € A and

a|p,a(p) = 0P,a(p)(X).
(d) Let P,Q,P’ € Ob(T) and ¢, € Mory(P,Q) such that P’ < P, Q' := y(P’) = ¢(P’) and
(p|Pr,Ql = l//lpf»Qu Then @® = l//
Proof. (a) Setting ¢’ = ¢|pr o, it follows from the definition of the restriction that

’ ’ ’
LQ,aQ (o) 90 = (P (o] LP’,P and LQH,Q/ [o) ¢ |P",Q" = SD (o) LP”,P"
Hence,

LQ”,Q [ QD/lp”,Q” = I’Q',Q (o) LQ”,Q’ o ‘,DllP"’Q/’
= LQ,,Q o] 90, (o) I'P",P'
= ¢ (o] LP',P (o] LPN’P/
= 90 o) LP",P'
This implies (a).
(b) See [7, Lemma A.7(b)].
(c) By axiom (B) of a transporter system as stated in [25, Definition 3.1], we have 7(@) = ¢,-1, and
thus *P = P* ' = a(P). As ¢ is a functor, it follows that

La(P),s ©0p.a(p)(X) =0p s(1-x) =0ps(x-1) =d5(x) odps(l) =aoLps.

This shows (c).
(d) Assume the hypothesis of (d) and set ¢g = ¢|pr, o = ¥|ps o . It follows from the definition
restrictions that

potLp p=10.,00¢= lﬁ oLpr p.
As every morphism in 7 is by [25, Lemma 3.2(d)] an epimorphism, it follows that ¢ = i, asrequired. O

Central to the considerations in this appendix is the following definition that generalises the definition
of a normal pair of linking systems (compare [2, Definition I11.4.12]).
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Definition A.3. Fix a pair of fusion systems Fy C F over p-groups So < S such that Fy is F-invariant.
Let 7o € 7 be transporter systems over Fo C F, respectively. Then 7y is called normal in T (written
as To 2 7) if the following hold:

(1) Ob(T)={P <S: PNSyeOb(Tn)};
(ii) for all P € Ob(Tp) and ¢ € Mory (P, Sy), there are morphisms y € Auty(Sp) and g €
Mory; (P, Sp) such that ¢ = y o yo; and
(iii) for all y € Auty(Sp), P, Q € Ob(7p), and ¢ € Mory, (P, Q),

Yloy@ o ¥ o (¥lp.y(p) ™" € Morg (¥(P),¥(Q)).
We also say then that 7y < T is a normal pair of transporter systems over Fo C F.

Saying that 7o C T are transporter systems over Fy C F, respectively, means here more precisely
that 7 is a subcategory of 7, that (7, d, 7) is a transporter system over F (for appropriate functors ¢
and ) and that (7, & |7;)b(T0 1(So)» 7T|75) is a transporter system over Jy.

We now prove that kernels of localities lead to normal pairs of transporter systems.

Proposition A.4. Let (N,T,T) be a kernel of a locality (L,A,S). Then Tr(N) 2 Ta (L) is a normal
pair of transporter systems over Fr (N) C Fs(L).

Proof. Tt follows from the discussion above that 7r(N) € 7Ta(L) are transporter systems over
Fr(N) € Fs(£). By Lemma 5.2(d), Fr (NV) is Fs(L)-invariant. Referring to the properties (i),(ii), (iii)
in Definition A.3, it follows from the definition of a kernel that (i) holds. Property (ii) is a consequence
of Lemma 3.13. Property (iii) holds since N' < L. o

We outline now how a locality can be constructed from a transporter system and use this afterwards
to show that normal pairs of transporter systems lead to localities with kernels.

Let (7,6, ) be a transporter system over a fusion system F on S. Write Iso(7) for the set of all
isomorphisms in 7. Define a relation T+ on Iso(7") by writing

Ty

if ¥ restricts to ¢. More precisely, this means ¢ T1 ¢, if ¢ € Iso(P’, Q") and ¢ € Iso7 (P, Q) for some
P,P',0,Q0" € Ob(T) with P < P, Q" < Q,¥(P’') = Q" and ¢ = y|p/ o. Let then =7 be the smallest
equivalence relation on Iso(7") containing T+. Write [¢] for the =-equivalence class of ¢ € Iso(7)
and L(7) for the set of all equivalence classes of Iso(7T).

Remark A.5. We have ¢ =7 ¢ if and only if there exists a sequence ¢1, ¢2, -, ¢x € Iso(T) such
that, foralli=1,2,..., k-1,

i T7 @iv1 Or @1 T7 @i

By D denote the set of tuples w = (f1, f2, ..., fr) € W(L(T)) for which there exist ¢; € f; for
i =1,...,k such that the composition ¢| o ¢, o - - - o ¢y is defined in the category 7. Moreover, given
such w and ¢;, set

I(w) := [@1o@r0---0pr].
The map I1: D — L(7) is well-defined. Together with IT and the map

L(T) — L(T), [¢] = [¢7'],

which is also well-defined, the set £(7") forms a partial group by [7, Proposition A.9]. Moreover, the map

§— L(T), x = [6s(x)]
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is an injective homomorphism of partial groups, and its image is a subgroup of £(7). We will usually
identify x € § with [6s(x)] € L£(7). With this identification, S is a subgroup of L£(7). Setting
A = Ob(T), it is shown in [7, Proposition A.13] that (L(7), A, S) is a locality. As we assume that
(T,6,n) is a transporter system over F, it follows from [17, Lemma 4.4(a)] that (L(7),A,S) is a
locality over F. We will use these properties throughout without further reference.

Remark A.6. The partial group structure on £(7) constructed above is not exactly the same as the one
constructed by Chermak [7, Appendix A]. The reason is that Chermak consistently uses the ‘right-hand
notation’ for maps and also for the category 7. Soif IT: D — L(7) is the partial product defined above
and IT": D — L(7) is the product constructed by Chermak, then

D' ={(fu. fu-1s-- > f1): (fi, for. .., fn) €D}

and IT" (fu, fu=1,--->f1) = O(f1, f2, ..., fn) forall (fi, f>,..., fn) € D. In particular, conjugation by
f € L(T) with respect to the partial group with product IT” corresponds to conjugation by f~! in the
partial group constructed above.

The main goal of this appendix is to prove the following theorem.

Theorem A.7. Let Fy C F be fusion systems over Sy < S such that Fy is F-invariant. Let Ty < T be a
normal pair of transporter systems over Fy € F. Set A := Ob(T), I' := Ob(Tp), L := L(T) and

N :={feL: fnlso(Ty) # 0}.

Then (N,T,S0) is a kernel of (L,A,S) with Fs,(N) = Fo. Moreover, there is an isomorphism
N — L(Ty), which is the identity on Sy, and there exists an invertible functor Tr(N) — 7T that is the
identity on T'.

Remark A.8. Note that Theorem A.7 allows us to conclude results about normal pairs of transporter
systems from our results about kernels of localities. Let us point out one example: Call a transporter
system (7, 8, ) over F cr-complete if 7" C Ob(‘T). Consider a normal pair of transporter systems
To < T over Fy C F. Then it follows from Theorem B that 7y is cr-complete if and only if 7 is cr-
complete. Moreover, if so, then Fy is normal in F. As a particular consequence, if Ty < 7 is a normal
pair of linking systems over Fy C JF (as defined in [1] and [23]), then Fj is always normal in F.

To prove Theorem A.7, we assume the following hypothesis:

From now on, let 7y C F be fusion systems over Sy < S, respectively, such that 7, is F-
invariant, and let 7y < 7 be a normal pair of transporter systems over F, C F, respectively.

More precisely, let (7,5, 7) be a transporter system over F and (7,6 |T0b<TO 1(5)>TTl7;) be a
transporter system over .

Lemma A.9. Let P,Q € Ob(7y) and ¢ € Iso (P, Q). Then there exist y € Autr(Sp), R € Ob(7y) and
Yo € Isoz, (P, R) such that y(R) = Q and = y|r,0 © ¥o.

Proof. Notice thatyj := LQ,s,°% € Mory, (P, So) with lﬁ|p,Q = . Hence, by axiom (ii) of Definition A.3,
there exist y € Auty(Sp) and ¥ € Mor; (P, Sp) such that

¥ =y oyp.

Setting R := io(P) and ¢ := Yiolp.r € Isor;(P,R), we have y(R) = Q and it follows from
Lemma A.2(b) that ¥ = J/|p.o = y|r.0 © ¥o. O

Lemma A.10. Let P,P,Q,Q € Ob(Ty) with P < P and Q < Q. Let ¢ € Isor(P, Q) with y(P) < Q
and y|p,o € Mory (P, Q). Then  is a morphism in 7Jo.
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Proof. As P is a p-group, P is subnormal in P. As Ob(7y) is overgroup-closed in Sy, induction on
|P : P| allows us to reduce to the case that P < P. Moreover, replacing Q by i (P), we may assume that
Y(P)=0,¢:=y|po €lsor(P,Q)and Q = ¢y (P) ¥ (P) = Q. It follows from [25, Lemma 3.3] that
podp(x) =0p(m(¥)(x))opforallx € P. As(¢)(P) < Q, this implies that o6 p(P) o~ < 0o (0).
Hence, by Axiom II of a transporter systems (as stated in [25, Definition 3.1]) applied to the transporter
system 7y, there exists ¢ € Mory; (P, Q) with g p,0 = ¢ = ¥|p,o. It follows now from Lemma A.2(d)
that = @ is a morphism in 7y. O

Setnow A := Ob(7), T := Ob(7y), L := L(T) and
N ={feLl: fnlso(Ty) # 0}.

As before, we write IT: D — L for the product on L.

Notation A.11. For P < S, set Py := P N S. Similarly, define Qo, P, Q(, for subgroups Q, P’,Q" < S.
For P,Q € A and ¢ € Isor (P, Q), set moreover

900 = 90|P0,Q0-

As Sy is strongly closed, we have in the situation above that ¢(Pg) = 7 (¢)(Pg) = (n(¢)(P)) N Sy =
Qo. So ¢° is well-defined and an element of Iso(Pg, Qo). Observe also that ¢° T+ ¢ and thus

[¢] = [¢°] for all ¢ € Iso(T).
Lemma A.12. If o, € Iso(T) withy T ¢, then ¢° 71 ¢°.

Proof. Let P’ < P and Q' < Q be objects in 7 such that ¢ € Mory(P,Q), ¢y € Morr(P’,Q’),
@(P’) < Q" and ¢|pr,o = . Applying Lemma A.2(a) twice gives then

0 0
¢ lpy,0p = elpy0 = Wlpy0 =¥
Hence, y° 17 ¢°. O

Lemma A.13. The following hold:

(@) If ¢.¢ € Iso(T), then ¢ =7 v if and only if ¢ =7; .
(b) Let ¢ € Iso(Ty) and y € Iso(P, Q) for some P,Q € Ob(Ty). If ¢ =7 ¢, then y € Iso(7p).
() If ¢ € Iso(T) with [¢] € N, then ¢° € Iso(Ty).

Proof. (a,b) Clearly, the relation 7 is contained in the relation T, so, if ¢, ¥ € Iso(7p) with ¢ =7; ¥,
then ¢ =7 .

Suppose now that ¢ € Iso(7y) and ¢ € Isor (P, Q) for some P,Q € Ob(7py). Assume ¢ =7 .
To show (a) and (b), it remains to show that ¢ € Iso(7p) and ¢ =7, . By Remark A.5, there exists
a series ¢ = @1, ¢2,...,¢, =¥ € Iso(T) such that, for all i = 1,2,...,n— 1, we have ¢; T7 @i
or ¢is1 T7 ¢i. Notice that ¢ = ¢ and ¥° = y as P,Q € Ob(7p). Thus, Lemma A.12 allows us to
replace @1, @2, ..., ¢n by ©¥,¢9, ..., ¢Y. Thus, we may assume that ¢y, @2, . . ., @, are isomorphisms
in 7 between objects of 7y. Then Lemma A.10 implies that for alli = 1,2,...,n— 1, ¢; € Iso(7) if
and only if ¢;11 € Iso(7p). As ¢ = ¢ € Iso(Tp) by assumption, it follows therefore inductively that
©1, 92, - - > 0n € Is0(Tp). In particular, ¥ = ¢, € Iso(7p). For a, 8 € Iso(7Tp) it is easy to observe that
a 77 B if and only if @ T; B. Hence, we also have ¢; T @i+ or @ix T7p @i fori =1,2,...,n— 1.
This shows ¢ =7; . So (a) and (b) hold.

(¢) If ¢ € Iso(T) with [¢] € N, then by definition of N, there exists y € Iso(7g) with ¢ € [¢].
Then ¢° =7 ¢ =7 ¥. Hence, it follows from part (b) that ¢° € Iso(7p). O

For the following lemma, recall that we identify x € S with [6s(x)] € L.
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Lemma A.14.

(@) N is a partial subgroup of L with N'N S = Sy.
(b) Set Lo := L(Ty), write [@]o for the =7;-equivalence class of ¢ € 1so(Ty), and identify x € Sy with
[6s,(x)]o. Then the map

0: N — Ly, f— fnlIso(Tp)

is an isomorphism of localities that restricts to the identity on Sy.

Proof. We prove first
N is closed under inversion. (A.D

For the proof, note that every n € A can be written as n = [¢] for some ¢ € Iso(7g). Then ¢! € Iso(7p),
and it follows from the definition of the inversion on £ that n~' = [¢~'] € N. This shows (A.1). We
argue next that

the map 6 is well-defined and a bijection. (A2)

Indeed, it follows from Lemma A.13(a) that [¢] NIso(Ty) = [¢]o for all ¢ € Iso(7p). Hence, 6 is well-
defined and surjective. Note also that f N g # 0 for all f, g € N with (f) = 6(g). As the equivalence
classes of = form a partition of Iso(7), we can therefore conclude that the map 6 is injective. So (A.2)
holds. We show next

So €N NS and 6]g, = ids, . (A3)

For the proof, let x € Sp. Lemma A.2(c) implies 6s(x)|s, = Js,(x) € Auty(So) € Iso(7p), so
x = [6s(x)] = [6s,(x)] € N. Moreover, x = [65(x)] gets mapped [Js,(x)]o, which we also identify
with x (as stated in part (b)). This proves (A.3). We show next

N is a partial subgroup, and 6 is a homomorphism of partial groups. (A4)

For the proof, let w := (n1,na,...,n) € W(N) ND. As w € D, there exist ¢; € n; fori =1,2,...,k
such that the composition ¢ o 0- - -0y is defined in 7. Note that then the composition 1,0(])0(;7; .- -0902
is also defined. Moreover, as ¢? T7 ¢;, we have ¢ € n; fori = 1,2,...,k. By Lemma A.13(c),
gp? € Iso(7y). So, replacing ¢1, ¢2,..., @ by (,o?,tpg, .. .,902, we may assume ¢; € Iso(7p). Then
@10 @00 €1Is0(7p), and hence

(w) = [p1opr0-- 0] €N.
Together with (A.1), this shows that A/ is a partial subgroup.

Note also that 8(n;) = n; NIso(7y) = [¢;ilo fori = 1,2, ..., k. Moreover, the composition ¢ o ¢, o
-+~ 0 @y is defined in Ty. Hence, writing [Ty : Dy — L for the product on Ly (defined in the usual way),
it follows that 6*(w) = (6(n1),0(ny),...,0(n;)) € Dy and

o(0°(w)) = [pr1o@a0---0o@ulo=[p10p20--0¢,] NIso(Tp) = 1(w) NIso(Tp) = O(I1(w)).

This proves that 6 is a homomorphism of partial groups, and (A.4) holds.
For the proofs of the next two properties, recall Definition 3.15 and the notation introduced there.
We show next that

@ is an isomorphism of partial groups. (AS)
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Writing again IIp: Dy — Ly for the product on Ly, it is by (A.2) and (A.4) sufficient to prove that
Dy € 6*(D N W(N)). For the proof of this property, let u = (g1, €2, ...,gn) € Do, and fix ¢; € g; for
i =1,2,...,n such that the composition ¢; o ¢, o - - o ¢,, is defined in 7. Note that such ¢; exist by
definition of Dy. Then ¢; € Iso(7g), and hence f; := [¢;] € N with 6(f;) = g;. As the composition
@1 0@y 00 ¢, is defined in Ty, it is also defined in 7. Therefore, w := (f1,..., fu) € DN W(N)
with 6*(w) = u. This shows Dy C 8*(D N W(N)), and thus (A.5).

Note that (b) holds by (A.3) and (A.5). Moreover, Sy € SNN. Also recall that \ is a partial subgroup
of £ by (A.4) and that (Lo, So,I') is by [7, Proposition A.13] a locality. In particular, Sy is a maximal
p-subgroup of Ly and thus by (b) also a maximal p-subgroup of A/. This implies S N A = Sy. O

Lemma A.15. Let P,Q, R, P',Q", R’ € Ob(Tp), ¢ € Isor(P,Q), ¢ € Isor (P, Q’), ¢o € Iso7; (P, R),
Yo € Iso, (P, R’), @,y € Autr(So) such that «(R) = Q, y(R") = Q’,

¢ =alr,o o poandy =y|r o °Yo.

If o =7, then y~! o @ € Autz; (So).

Proof. By Remark A.5, there exists a series ¢ = S1,82,...,8n = ¢ € Iso(T) such that 8; T Bi+1
or Bis1 T Bifori =1,...,n— 1. By Lemma A.9, every §; can be factored as a restriction of an
automorphism «; € Auty(S) with an isomorphism in 7). We may assume that @; = @ and @, = y. If

a;l o € Auty(Sp) fori=1,...,n— 1, then

-1 -1 -1 -1 -1
Y oa=a, car= (e, cay1)o(a, cana)o---o(a, oar) € Auty(So).

Thus, we may reduce to the case ¢ T7 ¢ or ¢ T7 ¢. As y~! o @ € Auty;(Sp) if and only if ™! 0y =
(y'oa)™ € Auty (o), we may indeed assume that

el ¢.
This means P < P’, y(P) = Q < Q' and ¢ = {/|p ¢. Setting X := yo(P), Lemma A.2(b) gives
alr,0 o =¢ =¥lp,0 =7Ix,0 °¥olp x.
As o and o are morphisms in 7, this implies, together with Lemma A.2(b), that
(Y ' oa)lrx = (¥lx.0) ' o alr.o =Wolp.x o ¢y €Isor (R, X).

Hence, Lemma A.10 gives y ! o a € Auty; (So). m]
Lemma A.16. We have N < L.

Proof. Recall that \V is a partial subgroup of £ by Lemma A.14(a). Let f € £ and n € N such that
(f~', n, f) € D. Then there exist

g lef L penyef

such that the composition ¢~ o p oy is defined. Replacing ¢, p, ¥ by ¢°, p°, ¥°, we may assume that
for some P, Q, P’,Q’ € Ob(7Ty), we have

Y € Isor(Q', P'), p € Iso (P, P), ¢~' € Isor(P,Q).

By Lemma A.9, there exist then R, R’ € Ob(7y), ¢o € Mory; (P, R), yo € Mory,(P’,R’) and ,y €
Aut; (So) such that «(R) = Q, y(R") = Q’,

¢l =alrpopoand Yy = y|r o 0 ¥o.
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As f = [¢],wehave [y™'] = f7! = [¢7!],s0¢~! =7 ¢~!. Thus, Lemma A.15 (applied with (¢!, ¢™!)
in place of (g, )) implies that y~! o @ € Aut; (So). By definition of the product IT on £, we have

nf =T(f ' n, f)=l¢ " opoyl.
Using Lemma A.2(b), observe that

alrgogoopoyy o (¥lr.o)
alrgogoopoyy o (¥ oa)ly1onr 0 (@la10).0)7"

¢ lopoy

As goopoyy' o (y ! oa)l,1(gy.r € Iso(To), it follows from axiom (iii) in Definition A.3 that
¢l o poy eTIso(Tp). Hence, nf = [¢~' o p o] € N. This shows the assertion. ]

Proof of Theorem A.7. By Lemmas A.14(a) and A.16, A is a partial normal subgroup of £ with
S NN = Sy. Using that Ob(75) € Ob(7) and axiom (i) in Definition A.3 holds, we can see that
C'={PNSy: PeA} CA. Hence, (N,T,S)is akernel of (L, A, S).

By Lemma A.14(b), there is an isomorphism §: N — L := L£(7p) that (with appropriate identifi-
cations) restricts to the identity on So. In particular, Fs,(N) = Fs,(Lo), and there exists an invertible
functor Tr(N) — Tr(Lo) that is the identity on I'. We have seen in our general discussion above that
F = Fs(L). So we have similarly that 7y = Fs,(Ly) = Fs(N). It is moreover shown in [7, Lemma
A.15] that there is an invertible functor Tr (L) — 7o that restricts to the identity on I'. This implies the
assertion. m]
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