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Introduction. A Priifer domain is an integral domain D with the property 
that for every proper prime ideal P of D the quotient ring DP is a valuation ring. 
Examples of such domains are valuation rings and Dedekind domains, a 
Dedekind domain being merely a noetherian Priifer domain. The integral 
closure of the integers in an infinite algebraic extension of the rationals is 
another example of a Priifer domain (5, p. 555, Theorem 8). This third example 
has been studied initially by Krull (4) and then by Nakano (8). Nakano makes 
free use in his work of the following two properties of such domains D: 

(a) D can be expressed as a union of domains, each of which is an integral 
closure of the integers in a finite algebraic extension of the rationals. 

(b) For every proper prime ideal P of D, the quotient ring DP is a rank 1 
valuation ring. 

Using Nakano's papers as a guide, we extend most of his results to the case 
of an arbitrary Priifer domain, thus showing that property (a) above and the 
rank 1 assumption of property (b) are not at all essential to much of his work. 
Some of our results are more complete than Nakano's even in the special case 
treated by him, but probably more important is the conceptual simplicity of 
our approach. In fact, we show in §2 that the ideal theory for primary ideals 
in a Priifer domain can be reduced to consideration of the ideal theory in a 
rank 1 valuation ring; and the ideal theory in such a valuation ring is particu­
larly transparent, usually involving nothing more than an examination of the 
real line. 

In §3, we divide the P-primary ideals of D into four classes, and we then 
apply the reduction process of §2 to study what happens when one performs 
various operations on the ideals of these classes. 

1. Preliminary remarks. We adhere in all respects to the terminology of 
Zariski-Samuel (10), except that we use "ideal" to mean ideal other than the 
whole ring. In particular, if D is an integral domain and P a prime ideal of D, 
then Dp denotes the quotient ring of D with respect to P. Also, we use C to 
denote containment and < to denote proper containment. 

Let A be an ideal of a domain D, and let P be a minimal prime divisor of A. 
The ideal Q = ADP C\ D is then primary (since ADP has maximal radical) 
and is called the isolated primary P-component of A (6, p. 9). Q is thus charac­
terized by the property that it is a primary ideal such that QDP = ADP. 
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As stated in the Introduction, a Prilfer domain D is an integral domain such 
that Dp is a valuation ring for every proper prime ideal P of D. There are many 
equivalent definitions, e.g. Krull (5) or Bourbaki (1, exercise 12, p. 93). 
(Krull uses the name "Multiplikationsring (im weiteren Sinne)" for what we 
call a Priifer domain; (5 p. 554 and footnote 3, p. 546).) From this point on 
we shall consistently use the letter D to denote a Prilfer domain. It follows from 
the linear ordering of the ideals of DP that the primary ideals of D which are 
contained in a given prime ideal are also linearly ordered. By a P-primary ideal 
of D, we mean any primary ideal having radical P , including P itself. We use 
the letters Q, Qi, (?2,... to denote P-primary ideals of D. 

We also make use of the fact that if R is a valuation ring and P a prime ideal 
of P , then every non-unit of RP is actually in R. Thus, if A C P is an ideal of P , 
then ARP — ARP H R; and if Q C P is a primary ideal of R, then QRP = 
QRPHR = Q. 

2. Reduction to a rank 1 valuation ring. 

2.1. LEMMA. Let R be an arbitrary integral domain, and let A be an ideal of R 
with prime radical. If ARM is primary for every maximal ideal M of R containing 
A, then A is primary. 

Proof. Let P = \/A and let Q = ARP H R. Then Q is an isolated primary 
component of A, and hence QRM is an isolated primary component of ARM. 
Therefore, since ARM is primary by hypothesis, QRM — ARM. But this is true 
for every maximal ideal M of P , so Q = A by (7, p. 23, Theorem 8.9). 

2.2. THEOREM. Let Qi, . . . , Qn be P-primary ideals of D. Then Qi • • • Qn is also 
P-primary. 

Proof. If ikf is a maximal ideal of D containing Qi - - • Qn, then it is sufficient 
to prove that (Qi • • • Qn)DM = (QiDM) • • • (QnDM) is primary, by 2.1. Thus, 
we may assume that D is a valuation ring. Then Qt DP = Qt by the remarks 
of §1. Therefore 

Ql" Qn)Dp = (QiDP) • • • (QnDp) = <?! • • • Qn. 

Since (Qi • • • Qn)Dp has maximal radical, (Qi • • • Qn)DPis primary in DP. Then 

Ql ' • • Qn = (Ql • • • Qn)DP H D 

is primary in D. 

We now introduce the reduction process. To begin, we fix a proper prime ideal 
P of D, and we assume that there exists a P-primary ideal Q < P. If Pi denotes 
the union of the prime ideals <P, then Pi is a prime ideal; and it follows from 
the linear ordering of the primary ideals contained in P that Pi is contained in 
every P-primary ideal. 
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Let i: D -» DP be the injection map ; let h\DP-> D*, where D* = D P / (PJ)p), 
be the canonical homomorphism ; and let r = h o i. Since the PZ>P-primary 
ideals of DP all contain P i .DP, it follows that h maps in a 1-1 way the set of 
PDp-primary ideals of DP onto the set of all non-zero ideals of D*. Thus, if Q* 
denotes the ideal generated by r(Q) in Z>*, then the correspondence Q —» Q* 
is a 1-1 correspondence between the P-primary ideals of D and the P*-primary 
ideals of D*. Moreover, by well-known theorems (10, p. 219), this correspond­
ence is an isomorphism with respect to the operation: . By Theorem 2.2 the 
correspondence is also an isomorphism with respect to formation of products. 
Thus, <2i*<22*= (<2i<22)* and <21*:<22* = (Qi: Q*)* for any P-primary 
ideals Qi, (?2. 

The importance of these observations lies in the fact that D* is a rank 1 
valuation ring. This means that D* is the ring of a valuation v having value 
group G (i.e. v maps onto G) where G is an additive subgroup of the real numbers 
(11, p. 45). We fix once and for all the valuation v andthe group G. 

To prove a theorem involving P-primary ideals, it is thus sufficient to prove 
the theorem for D* and then pull back to D via the correspondence described 
above. 

If v(A*) denotes the image of a non-zero ideal A* of D* under the map v, 
then v(A*) is an upper class in G. If Ai*, A2* are two non-zero ideals of D*, 
then 

v(Al*A2*) =v(A1*) + ^ 2 * ) , 
where 

v(Ax*) + ^ ( / U * ) = Max) +v(a2) \ at £ At*}. 

Moreover, A* is principal if and only if v(A*) contains a least element. Denot­
ing the greatest lower bound of the elements of y(/l*) by inf v(A*), we then 
have that A* is principal if and only if inf v{A*) G v(A*). In particular, it is 
easily seen that iniv(P*) is always in G, so P* is principal if and only if 
inf v(P*) > 0. Further, since P* is the only proper prime ideal of D*, P* is 
principal if and only if D* is noetherian, and hence if and only if v is discrete. 
Equivalently, (P*)2 < P* if and only if v is discrete; cf. (9, pp. 10-11). 
Finally, it is easily seen that the value group G is dense in the reals if and only 
if inf v (P*) = 0. 

The following lemma will frequently prove useful. 

2.3. LEMMA, inf v(Qi *(?2 *) = infv((?i*) + inf »((?»*). If Qi < (?2, then 
inf i>((?i*: <?2*) = i n f i n i * ) - inf»(Q2*). 

Proof. The first assertion follows from the above remarks. If (P*)2 < P*, 
then Ci* = (xi), Q2* = (x2) for some xt G D*; so Ci*: Q2 * = (xi/x2), and 
the second assertion is immediate. Assume then that (P*)2 = P*. Since 
< 2 2 * ( < 2 i * : < 2 2 * ) C < 2 i * , 

inf v(Q2 *) + inf v(Q1 * : Q2 *) > inf w ^ *). 
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Therefore 
inf v{Qi *: Q2 *) > inf v{Q, *) - inf v{Q2 *). 

The value group G in this case is dense in the reals. Therefore for every real 
number e > 0, there exist xi, x2 G D* such that 

infw((?2*) ~ e/2 O f e ) < inf z;(Ç2 *), 

inf »(Çi*) < v(*i) < inf »((?i*) + e/2. 
Then 

inf v(xi/x2 • Q2*) = ^(^1) — v(x2) + inf v(Q2*) > inf v(Qi*). 

Thus, xi/x2 • Q2 * C (?i *; so x\jx2 G (?i *: Q2 *. (Note that xi/x2 € Z>*, since 

»(*i) > inf i>(Gi*) > miv(Q2*) > v(x2).) 
But also 

v{xx/x2) = v(x!) - v{x2) < inf z;(Çi*) + e/2 - (inf »(Q2*) - e/2) 

= i n f i ^ * ) - i n f 0 ( C 2 * ) + 6. 
This proves the lemma. 

As an application of the reduction process, one immediately obtains the 
following corollary after first checking its validity in the case where D is a 
rank 1 valuation ring (using 2.3 for the rank 1 case when necessary). 

2.4. COROLLARY. Let Q, Qlf Q2 be P-primary ideals of the Priifer domain D. 
Then 

OD 

(a) Pi Ql is prime. 

(b) Qn = Qn+l for somen > 0 implies that Q = Q2 = P. 

(c) Q C Qi < P implies that Qin C Q for somen. 
(d) P2 < P implies that Q = Pn for somen. 

(e) Q < P implies that Q2 < QP. 

(0 IfQi < Q^thenQx : Q2 = Qx implies that Q2 = P = P2 . 

We conclude this section by mentioning some criteria for the existence of a 
P-primary ideal Q < P . If P 2 < P , then Ç = ^ 2 is a primary ideal with this 
property (by 2.2). In the case that P 2 = P , it is not always true that there 
exists a P-primary ideal Q < P . For example, in (3, §5), an example is given of 
a valuation ring R having a maximal ideal P such that P is the only P-primary 
ideal. In general, if P ^ 0 is a prime ideal of a Priifer domain, then it is easily 
seen that there exists a P-primary ideal Q < P if and only if P 9e U P a , Pa 

a prime ideal < P . From this it follows that if D is a Priifer domain with ascend­
ing chain condition for prime ideals, then for any prime ideal P ^ O , there 
exists a P-primary ideal Q < P. 
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3. Classification of primary ideals. If Q is a P-primary ideal of D, then 
(obviously) one of the following four possibilities occurs: 

(3.1) I. QP < Q < Q : P , 

II. QP < Q = Q : P , 

III . QP = Q < Q : P , 

IV. ÇP = (2 = G : i*. 

By the class of <2 ls meant one of these four possibilities. We shall use the 
notation Q £ III, for example, to mean Q is of class III . Note that P itself is 
in either class III or I, depending on whether P 2 = P or P 2 < P . The existence 
of primaries of each class in the case of a rank 1 valuation ring follows immedi­
ately from the next theorem. Furthermore, using the reduction process of §2, 
one can easily check that there does not exist a P-primary ideal <2i such that 
QP < Qi < <2; and similarly, if Q ^ P , then there does not exist a Qi such that 

Q<Qi<Q:P-
The next theorem interprets the above classification in terms of the remarks 

of §2. Let then Q* denote an arbitrary P*-primary ideal of D* (i.e. Q* is any 
non-zero ideal of D*). 

3.2. THEOREM. 

Q* G I *=*miv(Q*) 6 v(Q*) and iniv(P*) > 0, 
(2* Ç II « i n f v(Q*) e v(Q*) and inf v(P*) = 0, 
Q* 6 III «=>inf w(Q*) Ç G J«* inf i>«?*) $ »((?*), 
Ç* Ç IV<^infz;((3*) $ G. 

Prod/. Apply 2.3. 

In the remainder of the paper we list a number of results, most of which 
can be obtained by reducing to the case where D is a rank 1 valuation ring and 
then using 2.3 or 3.2. Where this is merely a routine exercise we omit the proof 
entirely. 

3.3. COROLLARY. Q is an isolated primary component of a principal ideal if 
and only if Q Ç I. 

3.4. THEOREM. The following are equivalent: 

(a) P is an isolated primary component of a principal ideal. 

(b) P 2 < P . 
(c) If {Q\) is the set of P-primary ideals ^ P , then KJ Qx < P. 

(d) Q e i. 
(e) Q is an isolated primary component of a principal ideal and P = Q : x for 

some x G D. 
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Proof. 

(a) => (b) =» (c) => (d) => (e): routine exercise. 
(e) =» (a): QZ)P = 3>DP for some y 6 D. But x £ Q, so yDP < xDP; and 

hence 3>/x G PZV On the other hand, since P = Q : x, x P C Q- Therefore 
ixP) DP C QDP = yP P . Hence PDP = (y/x) DP. 

Note that the equivalence of Q G / and P2 < P ensures that all P-primary 
ideals are in class / when one of them is. We shall see in the next theorems that 
this is not at all the case for primaries of the other classes. 

If <2i, Q2 are P-primary ideals, then Qi Q2 is also P-primary by 2.2; and if 
Qi < Qi, then Qi : Q2 is also P-primary. In the next theorem we use the 
notation " (a) • (b) = (c)" to mean "If Qi is of class (a) and Q2 is of class (b), 
then Qi Q2 is of class (c).M We use similar notation for the operation : in 
Theorem 3.6. 

3.5. THEOREM. 

II - II = II, IV • II 
II • III = III, IV • III 
III • III = III, IV . IV 

3.6. THEOREM. AssumeQi < Q2. Then 

II : II = II, III : II = III, I V : II = IV, 
II : III = II, III : III = II, IV : III = IV, 
II : IV = IV, III : IV = IV, IV : IV = II or IV. 

Using 3.2, it is an easy matter to construct examples in a rank 1 valuation 
ring to show that IV • IV = III or IV and IV: IV = II or IV can all actually 
occur. 

3.7. THEOREM. If Qn G I, II, or IV, then Qn+k\ Qk = Qn. If Qn Ç III, then 
Qn. p = Qn+lc. Qlc > Qn fa £ integers ^ 1 ) . 

Proof. Qn: P 3 Qn+k'- Qk D Qn is immediate (in the rank 1 case). The first 
assertion now follows from 3.1 and the second from 3.6. 

We conclude with an application to factors. If Q < Qi, then Qi is said to be a 
factor of Q if there exists a P-primary ideal Q2 such that Q — Qi Q2. 

3.8. LEMMA. Let A, B, C be ideals of a ring R. Then A = BC implies 
A = B(A :B). 

Proof. A = BC implies C C A : B. Therefore 

A = BC CB(A :B) CA. 

It is not necessarily true, even for a Prlifer domain, that C — A : B, as we 
shall see. In fact, it is easily seen that the statement "A — BC implies 
C — A : B" holds for all ideals A, B 5*0, C of a ring R if and only if the can­
cellation law for ideals is valid in R; and Gilmer (2) has shown that when R 

= IV, 
= IV, 
= III or IV. 
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is a domain, the cancellation law is equivalent to the assertion that every RP 

is a noetherian valuation ring. 

3.9. THEOREM. Suppose that QQX = QQ2. If Qx < Q2, then Q2 6 II, (?i G III , 
and Qx = QzP. 

3.10. COROLLARY./ /Q = QxQ2,thenQ2 = (? : QiorQ» = (<2 : (?i)-P. 

Proo/. Clearly Q2 C. Q '> Qi- On the other hand, Q = QiQ2 implies that 
<2 = <2i(<2 : Qi) by 3.8. Therefore, Q1 Q2 = Q,(Q : fr). If Ç2 < Q : <2i, then 
ft= (Q :Qi )Pby3 .9 . 

3.11. THEOREM. Assume that Q < Qi- If Q € I, III , or IV, /Aew Qi is a factor 
ofQ.IfQ € 11 j then Q i is a factor of Q if and only if Q i Ç II. 

In Theorem 3.11, one can actually say more about the missing factor Q2 

by using the product theorem (3.5). For example, if Q = QiQ2 and <2 Ç II, 
Qi 6 II, then (?2 G II also, etc. Also 3.10 tells us that if Q = Qx Q2, then the 
factor Q2 is either Q : Qi or (Q : Qi)P; and 3.8 tells us that Q2 may always be 
chosen to be Q : Q\. If Q 6 I, it follows from reduction to the rank 1 case that 
Qi ^ 02 : (?i)-P' Similarly, by using the product and colon theorems (3.5 and 
3.6), one sees immediately that when Q € II, then Q : Qi is again the only 
possibility for Q2. On the other hand, it again follows from reduction to the 
rank 1 case that when Q £ III or IV, then (Q : Q\)P is always a possible choice 
for Q2. 
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