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SOLUTIONS OF THE tt*-TODA EQUATIONS AND QUANTUM
COHOMOLOGY OF MINUSCULE FLAG MANIFOLDS

YOSHIKI KANEKO

Abstract. We relate the quantum cohomology of minuscule flag manifolds
to the tt*-Toda equations, a special case of the topological-antitopological
fusion equations which were introduced by Cecotti and Vafa in their study
of supersymmetric quantum field theories. To do this, we combine the Lie-
theoretic treatment of the tt*-Toda equations of Guest-Ho with the Lie-
theoretic description of the quantum cohomology of minuscule flag manifolds
from Chaput-Manivel-Perrin and Golyshev-Manivel.

81. Introduction

It is well known that solutions of the two-dimensional Toda equations correspond to
primitive harmonic maps into flag manifolds. The tt*-Toda equations provide a special
case of the Toda equations; here, the harmonic maps can be regarded as generalizations
of variations of Hodge structure (VHSs). Certain special solutions illustrate the mirror
symmetry phenomenon: for example, according to Cecotti and Vafa [CV], the generalized
VHS for a solution may correspond to the quantum (orbifold) cohomology of a certain
Kahler manifold.

To be more precise, there are three aspects of this result. First, it is necessary to establish
a bijective correspondence between global solutions on C* = C — {0} and their holomorphic
data. Second, these holomorphic data have to be identified with a flat connection of the type
used by Dubrovin in the theory of Frobenius manifolds—we call it the Dubrovin connection.
Finally, for certain specific solutions, this has to be identified with the Dubrovin connection
associated with the (small) quantum cohomology of a specific Kdhler manifold. Guest, Its,
and Lin have investigated all three aspects in the case of the Lie group type 4,, [GIL].

In [GH], the tt*-Toda equations are described for general complex simple Lie algebras.
Guest and Ho obtained a correspondence between solutions and the fundamental Weyl
alcove. It is expected (but not yet proved beyond the A, case) that this gives a bijective
correspondence between global solutions and points of (a subset of) the fundamental Weyl
alcove.

This paper is a contribution to the second and third aspects of the generalization of [GIL]
to the case of general complex simple Lie algebras. That is, we establish a correspondence
between the holomorphic data of certain specific solutions of the tt*-Toda equations and
the Dubrovin connections of minuscule flag manifolds, based on the Lie-theoretic approach
of [GH]. Minuscule flag manifolds are the projectivized weight orbits of minuscule weights
(see [CMP]).

The quantum cohomology of flag manifolds has been the subject of many articles, espe-
cially from the point of view of quantum Schubert calculus. For Lie-theoretic treatments,
we mention in particular [F'W]. The minuscule case has been studied in detail in [CMP].
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Golyshev and Manivel [GM] described the quantum cohomology of minuscule flag
manifolds in the context of the Satake isomorphism. For geometers, the most familiar
example of this is the relation between the cohomology of the Grassmannian and the exterior
powers of the cohomology of projective space. A quantum version of this was established in
[GM]. It depends on a description of the quantum cohomology of a minuscule flag manifold
G/Py, in terms of a family of Lie algebra elements denoted by 2?21 €_qa; +qey of the
Lie algebra g (see §2). Namely, quantum multiplication by the generator of the second
cohomology of G/ Py, coincides with the action of 2?21 €_q; +qey under the representation
whose highest weight is A;.

Our main observation is that this element arises from a certain solution of the tt*-Toda
equations. In the theory of [GH], this solution corresponds to the origin of the fundamental
Weyl alcove. The Dubrovin connection is then d+ (1/)\)(2?:1 e_a, +qey)dq/q.

As this solution depends only on G, that is, it is independent of the choice of minuscule
representation of G, we obtain a relation between the quantum cohomology rings of all
minuscule flag manifold G/Py, (for fixed G). For Lie groups of types A,, D,, and Fg,
there are several minuscule weights; thus, in these cases, the same solution of the tt*-Toda
equations corresponds to the quantum cohomology of several minuscule flag manifolds. In
particular, this means that the tt*-Toda equation gives an explanation for the quantum
Satake isomorphism of [GM].

In addition to these tt* aspects, we give more concrete statements and more details of
the quantum cohomology results, based on the existing literature. We show directly how
the above statement concerning the action of 2?21 €—q; tqey follows from the quantum
Chevalley formula. Unlike the original proof in [GM], a case-by-case argument is not needed
for this.

The following are the contents of this paper. First, we review some aspects of the tt*-Toda
equations, quantum cohomology, and representation theory. In §2.1, we prepare notation
and recall the tt*-Toda equations for general complex simple Lie groups. Then we describe
the relationship between a solution and an element of the fundamental Weyl alcove. In §2.2,
we review the relations between representations, homogeneous spaces, and cohomology, in
particular in the minuscule case. In §2.3, we make some observations on minuscule weight
orbits. In §2.4, we give the definition of the Dubrovin connection. In §3, we state the main
theorem (Theorem 10) of this paper, which gives an explicit relation between the quantum
cohomology of a minuscule flag manifold G/Py, and a particular solution of the tt*-Toda
equations for G. After that, we give the proof and make some comments on the quantum
Satake isomorphism.

§2. Preliminaries

First of all, we prepare some aspects of the tt*-Toda equations. Then we review some
representation theory. We discuss minuscule weights and irreducible representations. From
the Bruhat decomposition, we can obtain a cell decomposition of the projectivized maximal
weight orbit, its cohomology, and its quantum cohomology [F'W].

2.1 The tt*-Toda equations
We explain some theory of the tt*-Toda equations. It is possible to obtain local solutions
through the DPW construction, and a relationship between the space of local solutions
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and the fundamental Weyl alcove. For more details, we refer to the article by Guest and
Ho [GH].

Let G be a complex, simple, simply connected Lie group of rank n, and let g be its Lie
algebra. We take a Cartan subalgebra b and let g=h© P, A 9o be the root decomposition
where A is the set of roots. We choose positive roots A1, and we obtain simple roots
II={ai,...,a,}. We denote the negative roots —A™ by A~. Let (, ) be the Killing form.
This Killing form induces a nondegenerate invariant form on h*. We also denote this by the
same notation (, ). We denote the coroot of a by v € h. This o corresponds to
in h*. We define an ordering of the roots by a < § if f — « is positive.

We define H, by (Ha,h) = (a,h) for all h in b where we denote the pairing between b
and h* by the same notation. Then we obtain a basis Hy,,,...,H,, of h. We may choose
basis vectors e,, € go such that (e,,e_,) =1 for all @ € A. Then we have

(@ ®

0, ifa+p8¢ A,
lea,ep] =< Hy, ifa+8=0,
Na+56a+5, ifOé—i—,BEA—{O},

where N, is a nonzero complex number. We define ¢; as the basis of § which is dual to
a;, that is, (ci,€;) = ;. We denote the highest root by ¢ :=>"_, ¢ja; and the Coxeter
number by s:= 14377 | ;.

Fix dy,...,d, € C*. Let w be a function w : U — § where U is an open subset of C with
coordinate t. Then the Toda equations are

2wy =— Y dje " Hy —doe® ™ H_y,.

j=1

If we consider the connection form «,

1 - _ _
a=(w;+ XE,)dt + (—wg+ AEL)dt =: /dt + o' dt,
where Ey = Ad(e“’)(zyzl c]ieiaj +cEexy) for ¢ € CX, then the curvature da+a A« is
zero if and only if the Toda equations hold.

Given a real form of g, the corresponding real form of the Toda equations is defined by
imposing two reality conditions: oj(w) € R for all j, and o'(¢,t,\) — /' (¢,,1/X) under the
conjugation with respect to the real form.

We add further conditions motivated by the tt* equations. Following Kostant [K], we
introduce ho =37 €j => " 7jHa,, €0 =5 ajeq;, and fo=>"_,(rj/a;)e—a,, where
r; € R* and a; € C*. Since these generators satisfy the conditions [hg,e] = eq, [ho, fo] =
— fo, and [eq, fo] = ho, this subalgebra is isomorphic to sloC. We can decompose g according
to the adjoint action by this subalgebra, and then we obtain highest weight vectors u; of
irreducible subrepresentations V; of g =), V;.

We use the standard compact real form p which satisfies

p(ea) = —€_q, P(Ha) =—H,,

for all « € A. By Hitchin [Hit], we have a C-linear involution o : g — g defined by

o(uj) = —uj, o(fo) =—fo (0<7<n).
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Using p and o, we define

X = 0p.
Then it can be shown that op = po [Hit] and that this x defines a split real form gg.

DEFINITION 1 (The tt*-Toda equations). The tt*-Toda equations are the Toda
equations for w : C* — B together with:

(R) the above reality conditions (with respect to x),

(F) o(w) =w (Frobenius condition), and

(S) w=w(|t|) (similarity condition).

From (R), it follows that w takes values in by = @?ZlRHaj.

REMARK 2. It is known that o is the identity on h unless g is of type A,, Daopy1,
or Eg. Thus, the Frobenius condition on w is nontrivial only for these three types.

EXAMPLE 1. The tt*-Toda equations of A,, type (see [GH, Example 3.11] or [GIL]) are

2(w;) g = —djpr €21 T ge2(wimwiza),
for + =0,1,...,n, where w,4+1 = wg and we assume Z?:owi = 0 and where all d; > 0
and d; = d,—;1+1. The Frobenius condition is w; +wy,—; =0 for ¢ =0,...,n. We consider

w; = w;([t]).

By the well-known DPW construction (see [GH], [GIL]), it is possible to construct a local
solution w near ¢ =0 from the connection form

1 [ .
w:X szﬂe_aj—i—zkoed, dz
j=1

(i.e., from any ko,...,k, > —1). Here, z is a complex variable related to ¢ by

=

t=s2"5.
This solution satisfies
w([t]) ~ —mloglt],
as t — 0, where m € by is defined by
aj(m) = —(k;+1) =1, 1< <n,

where N =5+ k;. In fact, the converse is true.

PRrROPOSITION 3 [GH]. Let m € by. There exists a local solution near zero of the tt*-Toda
equations such that w(|t|) ~ —mlog|t| as t — 0 if and only if oj(m) > —1 for j=0,...,n.

The condition aj(m) > —1, for j =0,...,n, is equivalent to the condition defining
the fundamental Weyl alcove 2 = {z € v/—1hy| a5 (z) > 0, ¢ () < 1}. This gives the
following theorem.

THEOREM 4 [GH]. We have a bijective map between:
(a) the space of asymptotic data A = {m € by| oj(m) > —1, j = 0,...,n} when
G # Ay, Dopyy1,Eg (or the set A ={m € A| o(m)=m} when G = A, Dam+1,Fs) and
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(b) the fundamental Weyl alcove A (or AT ={z € A| o(x) = x}) defined by
27/ —1
s

A—=20 m—

(m+hg), (or A7 —A7).

2.2 Minuscule weights and homogeneous spaces
We review some properties of minuscule weights. We refer to the article [CMP]. For
a simple complex Lie algebra, we define the weight lattice I as the Z-module spanned by

Al,...,A\p where A; is defined by ()\;, 04}/) =0;;. These \; are called the fundamental weights.

DEFINITION 5. We call a weight A a dominant weight if (\,a) > 0 for all a; € II. We
call a dominant weight A a minuscule weight if (A\,a¥) <1 for all « € A™T.

It is well known that the set of the minuscule weights is a subset of the fundamental
weights. We summarize the minuscule weights for each type of Lie group at the end of §2.2.

By the Borel-Weil theorem, we can obtain an irreducible representation Vy, from each
fundamental weight ;. When we consider the projective representation P(V),), we obtain
the homogeneous space

G/P)\z =G [v)\i] C P(VAz)v

where vy, is a highest weight vector and Py, is the stabilizer group of [vy,]. Here, Py, is a
parabolic subgroup, and we denote Py, by F;.

We denote the weight orbit of A; by W - \;. That is, W - \; = {z(\;)| x € W}. When we
write z as a product of simple reflections, we denote by ¢(x) the minimal number of such
reflections. The following fact holds for any parabolic subgroup P of G. Let Ap be the
subset of A such that Lie(P) =h®& P, cn, 9o We denote the subset of the simple roots
which belong to Ap by IIp. Let Wp be the subgroup of W generated by the corresponding
simple reflections.

PROPOSITION 6 (See §1.10 in [Hu]). For x € W, there exist unique elements u € W
and v € Wp such that

T =uv,
where WP = {z € W|l(xsy) > (z) "a € TIp}.

By this fact, u is a representative of [x] € W/Wp. We have W - \; = WEi. ),
We consider the cohomology ring of G/P;. The following fact is well known.

THEOREM 7 ((Bruhat decomposition) [Hil]). For a parabolic subgroup P of G, we have
a decomposition

G= ]_[ BuP.

ueWw?r

Here, we regard the elements of ¥ as the elements of G by the isomorphism W = N(T")/T
where T' is a maximal torus. We define the Schubert varieties of G/P; by X, := BuP;/P;.
We also define the opposite Schubert varieties by Y, := zoBxouP;/P; = x0X4,u Where xg is
the longest element of W. Then [Y,] € Hyy,—2¢u)(G/P;), and these classes form an additive
basis. By the Poincaré duality theorem, we have a basis of H*(*)(G/P;). We denote this
generator by o,.
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Now, we obtain the correspondence between Wi .)\; and an additive basis of the
cohomology H*(G/P;) by

u(A;) — oy
In the following table of fundamental weights, the minuscule weights are marked.

An(n21) O O - — - O 0
€3] (6%} a3 Qp—1 0Op

Fund. weight | A1 | Ao | A3 A—1 | A\n
Minuscule VIV |V v v

B,(n>2): o o---o e
aq Qg Qp_2 Op_1 Qp

Fund. Weight Al AQ An,Q )\n,1 )\n
Minuscule v

Cn(nZ?)) o o - - - -0 —=<—0»o
aq Q2 Qp_2 Op_1 Qp

Fund. Weight )\1 Ag An_Q )\n—l )\n
Minuscule v

Dy(n>4): oo <
n(n=4) a1 Q2 Qp_3 Qp_3

>~
3

Fund. Weight )\1 )\2 )\n_g )\n_g An—l
Minuscule v v v

Gy
Eg: o I o

(&1 (%) Qa3 (671 Qg

Fund. Welght )\1 )\2 )\3 )\4 )\5 )\6
Minuscule | v/ v

Qry
Er: o T o

(&3] (6%} a3 (87] Qs Qg

Fund. Weight )\1 )\2 )\3 )\4 )\5 )\6 )\7
Minuscule | v
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It is known that Go,Fy, and Eg have no minuscule weight. G/Py, can be described

conveniently as a quotient of compact groups as follows.
(A, case) G/P; = SU(n+1)/S(U (i) xU(n+1—1)) = Gr(k,n+1).

By, case) G/P, = S0O(2n+1)/U(n) = OG(n,2n+1).

C,, case) G/Py = Sp(n)/(U(1) x Sp(n—1)) = CP* 1.

(Dy, case) G/P; = S0(2n)/(U(1) x SO(2n—2)) = Qa2n—2,
G/P,—1=502n)/U(n)=S4+,G/P,=50(2n)/U(n) = S_.

(Eg case) G/P, = G/Ps = Eg/(SO(10) x U(1)) = OP?.

(B7case) G/P, = E7/(Eg xU(1)).

(
(

Here, OG(k,n) is the set of k-dimensional isotropic subspaces of n-dimensional complex
vector space V with a nondegenerate quadratic form. This is called the orthogonal
Grassmannian. For D,,, OG(n,2n) has two components S; and S_. These are called
varieties of pure spinors (or spinor varieties), and these are isomorphic to each other [Ma].
For A, B,,,Cp, and D,,, the minuscule representations are familiar (see §6.5 in [BD]). For
Ay, Vi, is the exterior power \' V), (1 <i<n) where V), is the standard representation on
C"*L. For B, V,, is the half-spin representation. For C,,, Vy, is the standard representation
on C?". For D,,, V), is the standard representation on C?>". V, _, and V), are the half-
spin representations. We denote these two representations by Ay and A_. For exceptional
groups, the minuscule representations are given in §5 of [Ge|. For Eg, V), and V), are
27-dimensional representations. For Fr, V), is a 56-dimensional representation.

2.3 Minuscule weight orbits and simple roots
In §2.3, we observe relationships between minuscule weight orbits and the simple roots.
Let \; be a minuscule weight.

PROPOSITION 8. The set of all weights of V, is the W-orbit of \;, and the multiplicities
of all weights of V, are 1.

Proof. Tt is obvious that §{W/Wp, <dim(W -vy,) < dim(Vy,). If there is a weight which
has multiplicity more than 1, then §WW/Wp, < dimV),. Therefore, by contraposition, when
we show that §W/Wp, coincides with dimcV),, we obtain the statement of Proposition 8.

We justify the above claim in each case. We have the orders of all Weyl groups from
Table 2 in §2.11 of [Hu]. For type A,, we have dim¢ A‘C"™! = ("I') (1 <i<n). On the
other hand, for this representation, we have W/Wp, = &,,+1/(6; X &,,41—;). Therefore, we
obtain W/ Wp, = % = (";Ll) For type B,,, a minuscule representation is the half-spin
representation and its dimension is 2. Then W/Wp =&, - (Z2)"/S,,. Hence, W/ Wp, =
2" .nl/n! = 2™ For type C,, a minuscule representation is the standard representation
C?" and its dimension is 2n. The corresponding W/Wp, = &, - (Z2)"/Sn_1 - (Za)" L.
Hence, §W/Wp, = 2" -nl/2"" 1. (n —1)! = 2n. For type D,, there are three minuscule
representations. These are the standard representations and the two half-spin represen-
tations. These dimensions are 2n, 2”71, and 2”1, respectively. The corresponding W/Wp,
(i=1,n—1,n) are &, - (Z2)" 1 /Gp_1-(Z2)" 2, &, - (Z3)" " 1/G,, and &, - (Z2)" /G,
and $W/Wp, (i =1,n—1,n) are 2n, 2"~1, and 2”1, respectively. For type Eg, there are two
minuscule representations. These representations are both 27-dimensional representations.
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The corresponding W/Wp, and W/Wp, are both W, /G5 - (Z2)* where Wg, is the Weyl
group of Eg. Then §tWg, /S5 (Zy)* =27-3%.5/2%.5! = 27. For type E7, the minuscule
representation is a 56-dimensional representation. The corresponding W/Wp, is Wg. /Wg,
where Wpg, is the Weyl group of E;. Then #W/Wp, =219.3%.5.7/27.3%.5 = 56. This
completes the proof. 0

From Proposition 8, we have the weights of Vy, as {v,(x,)| w € W*} and the multiplication
of these weights are all one. In addition, we know that the Weyl group is generated by the
simple reflections {sq,|j € {1,...,n}}. Therefore, all weights can be obtained from A; by
applying {sq,|j € {1,...,n}} to A; repeatedly. We use a canonical basis of V, from §5A.1
of the article [J] with the following properties:

_ ) Pu(ni)—ayo (u()‘z)’a;/) =1
o () = 2.1
J( U()\z)) {0, otherwise, =0
) Ly )\’L ) 7)) = _1’
€Ocj (Uu()\z)) = UU(AZ)+aJ (’LL( ) aj ) (22)
0, otherwise,

He, (Vuirgy) = (w(As), 0 )y (a),
for all weights u();) and all j € {1,...,n}. As a consequence of (2.2), we have

Uy i ) (u(AZ)aqu) - _17
ey (Vugry) =4 T . (2.3)
0, otherwise.

2.4 Dubrovin connection

We consider the minuscule flag manifolds G/P;. Then H*(G/P;) is given by the Bruhat
decomposition (see Theorem 7). We have II\II; = {a;}, so there is only one element s,,
which satisfies £(u) = 1 in W%, Therefore, H?(G/P;) = C. We consider the quantum product
by the second cohomology, that is, o5, o4 where ¢ is a nonzero complex number. Then we
define the Dubrovin connection.

DEFINITION 9. The Dubrovin connection on the trivial vector bundle H?(M;C) x
H*(M;C) — H?*(M;C) is defined by

1 dq
V=d+ X(UsaiOQ)?'

We seek flag manifolds whose Dubrovin connection forms are of the form w =

%(Z?zl qki €_q, +gho ey)dq. As we see in §3, we can use the quantum Chevalley formula to

calculate o, .
k3

§3. Results

For any minuscule weight A;, the discussion in §2.2 establishes an isomorphism

= P Vip)=H(G/P;C).
u()\l)GWP)\l

We remark that, from §2.3, this isomorphism is given by

Vu()\i) D Uy(x;) €7 Ou € H%(u)(G/Pi;(C)
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for all u € WP, From this, it can be seen that the cohomology grading on the right
corresponds to the grading by simple roots on the left.
Now, we can state our main theorem.

THEOREM 10. Fix g and a minuscule weight \;. There is a natural correspondence
between (i) the asymptotic data

n
m=—hg= _ZTjHOC]‘ S f)ﬁ

j=1
and (ii) the DPW data

1 [ & dq
w= X Ze’%’ +qey ?
j=1
for solutions of the tt*-Toda equations. The asymptotic data correspond to a unique global
solution when g has type A,, (and conjecturally for any g). The holomorphic data correspond
to the Dubrovin connection for the quantum cohomology of G/P;, that is, the natural action
of 2?21 €_a; +qey corresponds to quantum multiplication by a generator of H*(G/P;,C).

Proof. In the bijection of Theorem 4 (§2.1), we see that m = —hg corresponds to the
origin of the fundamental Weyl alcove, and in this case, we have kg =0 and k; = --- =
k; = —1. This gives the correspondence between (i) and (ii) (with ¢ = z). For the statement
concerning global solutions in the A,, case, we refer to [GIL], [Mo]. The identification of

1

w with the Dubrovin connection can be extracted from [GM], but we present a new' and

more direct proof here, using the quantum Chevalley formula.
THEOREM 11 [FW]. For 8 € I\llp, and u € W¥i, we have the quantum product o by

op as

Os

5 OO0y = Z (Aﬁ,av)ausa
l(usq)=L(u)+1

+ Z ()‘B)av)ausa 'qd(a)a
l(use)=l(u)—na+1

where o ranges over A*\AE, Ag 15 the fundamental weight corresponding to 3,

o= ( 5 fy,av),
yEAR\AT

and
dl@)= > (Aga")o(sp),
BEM\Ilp,
and where o(sg) is the homology class of Ha(G/P;) which is Poincaré dual to o, . O

L After finishing the first draft of this paper, we found essentially the same proof is given in [LT]. We note
some differences between the proof given here and [LT] in Remark 15.
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In our situation, II\Ilp, = {a;}. Therefore, the generator of the second cohomology is
only o, and Ag = \;. We have d(a) = (A\i,a")o(sa,) = 0(s4,) for a € A+\AJISi because \;
is a minuscule weight. We consider ¢°(*#) only as a complex parameter ¢ in C.

From Lemma 3.5 in [FW], the first Chern class of G/P; is n, times a generator of
H?(G/P;), and by [CMP], we know that n, is the Coxeter number s. Explicitly, we have
ng =n+1 (A, type), no =2n (B, type), no =2n (C, type), no =2n—2 (D, type), n, =12
(Es type), and n, = 18 (E7 type) for all a € AJ“\AJ}SZ_.

Then we have the quantum Chevalley formula as follows:

Osq;, ©0u = Z ()\Z‘,Oév)ausa
l(usq)=L(u)+1

+ Z ()\iyav)ausa g,

l(usq)=~L(u)—(s—1)

where o € AT\AT,
To replace the conditions of these summations, the following lemma, corollary, and
proposition are key ingredients.

LEMMA 12. Let )\; be a minuscule weight. For u € W¥ and o € II, we have the three
following situations.

(1) (w(N;),a¥) =1 l(squ) =L(u)+1.

(II) (u(N\;),Y) =0 L(squ) =L(u).

(I1I) (u(N;), ") = =1 L(squ) = £(u) — 1.

Here, we consider the length function l(u) in Wi,

Proof. (a) First, we show the implication (=), for each of (I)—(III).
(II) We assume (u(\;),a¥) = 0. We show s,-1() € Wp,. Let u ()Y =37 biay
(b; € R). Then we have

(/\i,ufl(a)v) = bz =0.
Therefore. u™!(a) € Ap, and s,-1(,) € Wp,. We obtain
U(squ) = L(us,—1(q)) = £(u) in whi,

(I) and (IIT) Notice that w ¢ W if and only if there exists 3 € Ilp, such that w(B) is a
negative root. Since u € Wi, we have u(f3) is a positive root for all B € Ip,. So, if sou(3)
is a negative root, then s,u(f8) = —a because s, preserves A~ \{—a}. Then it must hold
that B=u"1(a) € ILp,.

We assume (u();),a") # 0. Then we have b; # 0 for u='(a)¥ =31  b;a) as the same
way of (IT). Thus, u~1(«a) is not in I p,. Therefore, s,u(3) is a positive root for all 3 € lp,.
So we have s,u e Whi.

If (u(N\;),a) =1, then (\;,u"'(a)¥) =1 and u~!(a) is a positive root. Therefore,
U(squ) =L(u)+1 in WFi (see §1.6 in [Hu]). If (u(\;),a¥) = —1, then (A\j,u"(a)¥) = —1.
u~1(a) is a negative root. Thus, we obtain £(s,u) = £(u) —1 in W (see also §1.6 in [Hu]).

(b) Next, we show the implication (<), for each of (I)~(III). For (I), we assume #(squ) =
f(u)+1. Since \; is minuscule, (u()\;),a") takes only the values 1,0, and —1. If (u(\;),a")
is 0 or —1, we obtain a contradiction, by part (a). The proofs in the cases (II) and (III) are
similar. 0
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Now, we have the weights of V, as \; — Z?Zl njca; where n; € Z>q. From Lemma 12, we
obtain the following corollary.

COROLLARY 13. For u € W such that u(\;) = \; — 2?21 njoj, we have f(u) =
Zj:l nj.

Proof. We have

U(sq,u) =Ll(u)+1& (u(/\,-),a;-/) =1
& 8o, (w(N)) = u(N) — o

by Lemma 12. The elements of W are described by a product of simple reflections. Thus,
l(u) = Z?:l n;. 0

We have the following proposition.

PROPOSITION 14. (I) If there exist o € AT such that {(squ) = £(u) +1 for ue WHi,
then a € I and (u(X;), ") = 1.
(I) If there exist o € AT such that £(squ) = £(u) — (s — 1) for u € WFi, then a =1 and
(u(Xi),9¥) = —1.
Proof. (I) For a € AT such that £(squ) = £(u)+ 1, we have
Satu(N) = u(N) — (u(\),a")a.

By the assumption that £(s,u) > ¢(u), we have (u(\;),a") =1 and o must be a simple root
by Corollary 13.
(IT) For a € A" such that £(squ) = £(u) — (s —1), we have
Sat(N;) = u(X;) — (u(X;),a")a.
By the assumption £(s,u) < £(u), we have (u();),a") = —1. When a = 2?21 gj;, then o
must be 1 because there is only one positive root which has the height Z?Zl g =s—1.10

By using the relation us, = 8y (a)U = 5_y(a)u, Corollary 13, and Proposition 14, we can
replace the conditions of the summation in the quantum Chevalley formula.
We show that we can simplify the first summation to

Z Usa/u
(u(N),e’V)=1,a’ €Il
by setting o’ = u(«). Then we show that o’ is a positive root. In fact, if ¢’ is a negative root,
then (u(\;),o/V) = —1 satisfies £(squ) = £(u) + 1. However, this contradicts a € AT\AL
because we have
(u(\), V) = —1 < (u(\),u(a”)) = -1 (\,a”) = —1.
Thus, o is in AT. By Proposition 14, we have o/ € Il C A™. Hence, we have
Z (Aza av)o-usa = Z Os,iu
L(usqe)=L(u)+1 (u(X),a’V)=1,a’€ll

as the first summation of Os,, ©Ou-
For the second summation, let o’ = —u(«). Then we show that o’ is also a positive
root. In fact, if o’ is a negative root, then (u()\;),a’V) =1 satisfies £(squ) = £(u) — (s —1).
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However, this contradicts a € A+\AE because we have
(u(Xi),a”) =14 (u(N),—u(a’)) =1 (\,a") =—1.

Thus, o/ = —u(a) is in A" for a € AT\AL . By Proposition 14, we have o/ =1 and
(u(Xi),¥) = —1. Hence, for the second summation of o, ooy, we have

Z ()\iyav)a—usa q

L(usq)=L(u)—(s—1)

= Z (Ai,—uil(a,v))asa/u'q

L(soru)=L(u)—(s—1)

_ {quwu, (U(Az)ywv) =-1,

0, otherwise.

Thus, we obtain

Do nutaosu (wh)Y) =1,

(u(Xi),a))=1
Os,. OO0y =
Oél .
E Tsoyus otherwise.

(u(X),ey )=1

On the other hand, for v,y,), we have

n
(Z €—q; + qew) “UVu(N;)

Jj=1

D ey F e (@A), 8Y) =1,
(u(ri),ay)=1

Z Vu(Ai)—ay s otherwise,
[ (u(Xi),af)=1

Z Usa u(As) T qUsyu(r)s (u(Ni), ") = —1,
(u(Xs),0f)=1

Z Usa u(X)s otherwise,

by using the definitions of (2.1) and (2.3). Therefore, we obtain

n
E €—a; tqey =05, ©.
J=1

This completes the proof of Theorem 10.

REMARK 15. We note some differences between the proof given here and Proposition 4.9
in [LT]. They mainly use Proposition 6.1 by Gross [Gr] and Lemma 5.3 by Stembridge [S].
However, Stembridge shows that there are only simple roots which satisfy the condition of
the first summation of the quantum Chevalley formula by using the idea of fully commutative
elements. We show this directly by using the minuscule condition and considering the length
of we Wi,

https://doi.org/10.1017/nmj.2022.17 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2022.17

1002 Y. KANEKO

REMARK 16 (On the Satake isomorphism). When g is of type A,, (or, conjecturally, of
types D,, and Fjg), the same global solution corresponds to the Dubrovin connection of any
minuscule weight. This suggests a relation between the quantum cohomology algebras of
the corresponding flag manifolds. In the A,, case, this can be stated as

AN QH*(CP™) =~ QH*Gr(k,n+1)

(see [GM] for further explanation).
In the D,, case, the analogous relation is

holl QH* (Qan—») = Ende (QH*(S1)). (3.1)

This follows from Theorem 10 when we identify H*(Q2,_2;C) with C** and H*(S+;C)
with Ay, because (3.1) corresponds to the well-known relation

Ij:alf CQn = Endc(Ai) .

This is an isomorphism of D,-modules, and it preserves the operation of quantum product
by the generator of the second cohomology (i.e., by the hyperplane class of the projectivized
maximal weight orbit for each representation).

In order to explain the notation, we recall the relation here. We denote a positively
oriented orthonormal basis of C*" by eq,...,ea,. We define the isomorphism *: A" C?*" —
/\27171’ an by

*(eg(r) Nega) A Neg(ay) = sign(§)eg(iv1) Negita) A+ A eg(an)

for any permutation &. Then we obtain -+ = (—1)*®"=9id. We define ¢ := (—4)"x: A" C?" —
A" C?". Then ¢-¢ =id. Thus, we have the canonical eigenspace decomposition A" C?*" =
N} C*" @ A" C*". If n = 2m+1, then we define /\Tlf C?" by

N TR @A T P AT T,
If n = 2m, then we define /\Tlf C?" by
AT A T - BAT T
and A"/ C2 by
N TN T DDA T
From Theorem 6.2 of [BD], we have
Ar@AL =N AT
AL@A = AN
A_QA_=A"+A"4-

as spin(2n) representations where the last terms are A*+ A+ A% or A*+ AL Ifn=2m+1,
then we have

EHdC(A+) = Ai ®A+ = A+ ®A_

g/\2m+/\2m—2++/\2+/\0
= Al game2,
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If n = 2m, then we have

EndC(A+)%Ai®A+§A+®A+
g/\im+/\2m—2++/\2+/\0

= A i,

When we consider the minuscule A_ and the corresponding homogeneous space S_, we
obtain

A QH* (Qzn-2) = Endc(QH*(S-))
as in the case of A .
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