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The Equation of Telegraphy.
By Miss M. C. Grav.
(Read and Received 2nd November 1923.)

§ 1. Introduction.

The equation of the propagation of electric signals along cables,
generally known as the equation of telegraphy, may be written
AL A4

—a?+~7§=a azz. ..................... (])

Particular solutions of this equation, adapted to various purposes
have been found by Heaviside,* Poincaré,t A. G. Webster,{’
T. W. Chaundy, § and others. The object of the present paper
is to unify the theory of the equation by exhibiting the relations
which these solutions bear to each other, and by obtaining them
as particular cases of a general solution. The derivation of new
particular solutions by the solution of integral equations is also
discussed.

§ 2. The Relation of the Riemann-Green Solution to the General
Solution.

To reduce the equation (1) to the normal form of hyperbolic
partial differential equations put

Ve Tu
and we find
Fu L Pu
w YT

* Klectrical Papers, Vol. I., pp. 53 et seg. **On the Extra Current.”

t Comptes Rendus, 117 (1893), pp. 1027 et seq. *‘On the Propagation of
Electricity.”

1 ¢ Electricity and Magnetism,” pp. 540 e¢ seq.
§ Proc. London Math. Soc. (2) XXI. (1922), pp. 214-234.
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If we introduce new variables

r=z—al }
y=z+at
it becomes
*u ¥v?
woy  da T
or if we take at=y
z=x
Xz
23
it becomes
Fu u
pilbagiidie = )
5o 3y2+k2u 0 i, (26)
Either (2a) or (2b) may be regarded as a normal form.

To find the general solution of the equation we start from the
well-known general solution of Laplace’s equation
o A
ey +a—y§- + P =0 e (3)

2w
viz. V=J- JS(z+ 1% cos u + 1y sin u, u) du,
)
of which a particular form is
2% . -
V_—_j eklz+izcosutiysinu) ¢ (y)du. ............ (4)
0

In (3) substitute ¢y =1', and the equation becomes

¢V _TV TV
ox® oy
To make this coincide with the telegraphy equation (25) we must
have
aV
w— = ,022 .

Hence we now substitute V=e¢" JS (%, ') and the equation for fis
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Also from equation (4) we must have
2 . .
esz=j e K (z+1ix cos u+y sin u) é (u) du
0

2r
ie. f=_[ etkreosutkysinu g (yydy ... (5b)
0

which we take as our general solution.

For the equation (2a) the corresponding general solution will be

F=\ e $(8)do...... (5a)

J‘Zw iﬁ; (cos 8+ sin 0)+f1§/ (cos 8 -1 sin )
0
. Y
when % again equals -
We now introduce the Riemann-Green function for the equation
& u _Pu
o By“
This is defined * as a function @ (x, y; & %) having the two
important properties: —
1. It satisfies the partial Differential Equation.

2. It has the value unity along the two characteristics through
the arbitrary point (&, 7).

+Eu=0.

To specify the solution of the equation we must know the values
of u and one of its derivates (and therefore really both derivates)
along a curve 48. Let 4 and B be the points in which the
characteristics through (¢, n) meet this curve. Then, if & is the
Riemann-Green function for the equation, the general solution may
be written

B ou
w{f ) =3u +3nv, + %-{A l:( Ga_a:— —uax>dy ( Gay -u ———)d:z:]
The Riemann-Green function corresponding to our general
solution (5 b) is
2]
G y; &)= z,l— j T k(@ f oot +k(y-)eind gy (6¢)

T Jo

* Cf. Riemann, Qes. Werke (1876), pp. 158 et seq. ;
or Darboux, Théorie Génerale des Surfaces, t. 11., pp. 75 et seq.
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since this satisfies the equation, and has the value unity along the

characteristics
zty=§+n
w-y=£-1
1 2r .
for é—j em(cosftisind) gg has the value unity whatever m
7 Jo
may be.
The Riemann-Green function for the equation (28) is usually
written
G@y; &m)=Jy (kN @=EF = (=P} (65)
while that for equation (2a) is
G, y; &) =Jo (AN @E-EY G =)} creeerreeerinns (6a)

where J, is the Bessel function of order zero.

The equivalence of (65) and (6¢) can be shown immediately by
substituting in (6c) the values

z-f=pcos¢
y-n=1psin,

1 (2% .
50 G(x) Y 5, 77)=2—1TIO eikp008(0—¢)d0

1

T 2n

2r |
I etkpoosy du.
0
Also P C08% _ 7 (ko) 1 23 cos u J, (kp) + 2i* cos 2u J, (kp) + ...

1 2r
G y; 6 )=gz [ olhe) d

= J, (kp)
=J, (kN @= 82— (y -1)%.

Now the general solution corresponding to the Riemann-Green
function (6¢) is

B ou ou 06 oG
w(§om)=du, +huy +d L‘*’ (5 @+ a;d“) = (5 + 3 )
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B[ (2r .
=’}“4 +‘}.“n + %-L[-‘ otk (x—§) cos 6+ k (y—n)sind gg ]

0
ou ou
{axdy+5y—dz}
1 (B L .
___I [uj ezk(x-f)cos&+k(y—n)sln0d0]
47 J 4 0
{1k cos 8 dy + k sin 6 dzr}.

Now suppose that along 4B we bave the values
z=f, (), y=ra(th w=/(t),

ou du
az =¢1 (‘)’@ =‘P2(‘):

%2 . .
then u (£, n)=3u, +4u, 4—""_'-‘4_‘“3 g~ ikfcos0—kysine

[eik.f] (t)cos @ +kfy(t) siné F(e’ t)] d0 dt

where F (0, t) =y (£) £y (t) + ¥ (1) ' (¢)
— (s cos 0 f; (&) + & sin 0 £, (¢) ) f2 (¢)-

.Now, change the order of integration ; this gives
1 2r i 0 kn sin 0
u(g”?)=%“4+%u3 +I7;-E) ¢ — k& cos 7 sin

U” o kS (£) 008 8+ f; (¢) nin 6 7o, z)dc] d0
A

1 (er . .
=§u4+%“3 +Z;ﬁ e—zkfcoso—lcnsmo,/,(g)do_

Since El_le original equation involves only terms of even order the
general solution may be written

w =rrei(ilcr cos 0+kysin O)f(g) de;
0

hence the Riemann-Green method of solution leads to a solution
similar in form to the general solution ; and as the values of z and
its first derivates may be chosen arbitrarily along the curve 4 B,
the function ¢ (f) may be regarded as arbitrary. Thus the
Riemann-Green solution is exhibited as an equivalent form of the
general solution.
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§ 3. Heaviside’s Solution.

Heaviside considers the equation

v " o +s oy
e I TR
. . k
in which we must take <= 2y
1 _z
8

to reduce it to the form
v 9 av_ , 0%
A TR

His general solution, obtained by assuming that we  have

s YT e sin nrx
initially a periodic variation V o -
sin nrx
= — g-t[2a
=V oos T ¢ I

t S
{Ac_ﬂ'\/l—‘!n‘r"a/ﬁ_*.(l _4) e—'tﬂa\h-uma/p}

s 1 2yl®

 ——— = — = 2=_

where o %3y and B = ckl’ po

If we now substitute at=y, and cos 6= %a—‘” , v reduces to
t4

the form

%3 . .y L
{A . 2% 008 8+ ysing +(1—A)e‘ 5 % 0080~ aysmo},

and our general solution is
Zr r Y X i
e yr el a Zcos 0+ -y ein 0 é (6)do.
0
Thus the general solution is given by summing an infinite number
of these particular solutions, each multiplied by the corresponding
value of the arbitrary function ¢ (0).
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§ 4. Poincaré’s Solution.
There is also a solution due to Poincaré who considers the
equation in the form
Pz 0z
ox? 9yt
so that in our general solution we must write k= 1.
The solution given by Poincaré is

+2=0,

to —— sin y /g7 - 1
&= eM* 0005 \/2'—l+6 ——:——']d ...... (7
j_ . [ y Vg V= q )
where for the time variable y =0 we have given initial values of 2
and o ,
oy

% reduces to f (x) = j+m0 (g) e dg

0z +
and e reduces to f, (x) =

0, () ¢4 dq .

. Consider first the second term of the solution (7). Since it has
singularities at the points + 1, we must integrate along a contour
of the form ABCDE. To evaluate this, suppose x+y>0, and
integrate round the closed contour ABCDEMA (Fig. I), where

M,

Fic 1.

EMA is a circle of very large radius and centre the origin. The
integral round the contour is zero, and also the integral round the
semicircle tends to zero as the radius tends to infinity.

Integral along ABCDE =0.
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Now for x +y<0, we retain the path ABCDE and adjoin to it
the semicircle £M'4 (Fig. II). The integral round the semicircle

c
A B 12 E

M
Fre II.

will again tend to zero, though the integral round the whole con-
tour is not now zero, but €quals that round the contour OABCDEQ.

(Fig. III).
E A
° 9,
€ :
D B.

Fre. I

Hence, if we substitute ¢ =cos$, ¢ must vary from 0 to 2,
and the integral becomes

P R W 7 S MV R .
2 -w% '\/92—1

=%rwol{eixcos¢+ysin¢_eixcos:p—ysingb} d
0

and each of these terms is a particular case of the gemeral solution.

If we now consider the first term of the solution (7), we see
that it may be derived from the second term by interchanging
6 and 6,, and differentiating with respect to y. Hence to evaluate
I, we perform the same operations on the above value of I, which
gives

r @ : . . .
11=J? ?{ ewoos¢+ysm¢>+ewcos¢—yam¢} sin ¢ d¢,

https://doi.org/10.1017/50013091500036099 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500036099

22

and again each of these terms is a particular case of the general
solution.

Thus Poincaré’s solution i3 exhibited as the sum of four terms,
each of which is a particular form of the solution (5b).

§5. Webster’s Solution.

We pass on now to the more complicated solution given by
Webster. He starts from the equation

aﬁ4=a,’ @ +b%u

ot o

with the initial conditions u=F (x) and %’: =g(x) but works out

the solution for the more general equation

*u o/ Pu Bu .
o7 = (G ) T

where we may put at any time u independent of y. We now make

. o* .
u satisfy the auxiliary equation 02?;:“ =b% so that the equation

becomes

=q —

Fu _p(Bu Tu Fu
T W*ayz*'azﬂ)

and the initial conditions are transformed into

on
u=¢ (z, y, z), 'a—t=¢(m, y, z).

Then Poisson’s formula * gives as a solution of this equation

u (z, ¥, z)=4l1ra—at J‘J-té(a:+atcosa., y +atcos B, z+uat cos y) do

1
+GIIt¢(x+at cos o, y+at cos B, z+at cosy) dw.

* Nouveaux Mémoires de ' Acad. des Sciences, t. I11.
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For the telegraphic equation Webster, integrating over a
hemisphere for constant z, and then making y vanish, reduces
this finally to the form

1 [+at 0 A
u=1} {F(ar:+a,t)+F(az:-at)}+§(;"-_M1"(ao+)\)EJo<ib\/te_;2_>d)t
1 [+at _”_Xz
+%j_atg(w+>\)Jo(ib\/z2 —;;)d)\.

To connect this with our standard solution we consider the
Riemann-Green function

G y; & ’7)=Jo{% J(x—é)*—(y—nf}

which gives the general solution
wmpu,rhu, +3] | (LS ) (e da )
i 2o a2 V)

In this we may substitute, following Webster,
~§=atcosd, y—n=atsinb.

™ S ou
u=}u, +ug “%.‘-OJO{bh/cos 26} . 2 sin 6 cos 6 7p db
T 0 .
+§j w. 2 sin 0 cos 8 35 J, {bt ~/cos 26} d6.
0

Now change the variable from 6 to «, given by cos 260 = —sin’a

w=} {F (z+at)+ F (@ at))
-4 I: J, (ibt sin o) ~T s Z—Z do.

+§j u:Jl—sma.—J(zbtsma.)du
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Finally substitute at cos e = X ; this gives

wu=3{F (x+at)+ F(x-at)}

“‘ AZN du
+§“‘ 16#;2 ‘I‘? a_g})ﬁd)‘
—%J‘—a;ua—zdg(zﬁﬁz>d_/\]o(1b \/tz_Aﬁ/az) dA.

dJo__ A dJ
And T E

u=%{ F(x+at)+ F (x-at)}

+at AZ\ Ou
+3 j T (i N BT %2( a—gtg) = dA

J— Y - —

)
5 = d\.

—at a“t

+5rat v(v v)aJo(ibJW

This solution is evidently identical with Webster's solution,

since u and 2—1—; may be chosen arbitrarily along the curve 4B, to

which a definite form has been assigned. Thus Webster's solution
18 really a particular case of the Riemann-Green solution, which we
have already shown to be equivalent to the general solution.

§6. T. W. Chaundy’s Solution.

Chaundy obtains a solution of the telegraphy equation in an
ent;u'ely different manner, but his actual result is very similar to
Webster’s, so need only be briefly considered. He starts from the
equation

%
dxdy

+2z=0

and obtains the solution in series form reducing it finally to
x
z=k.Jo(xy>+j $ (u) &, (2 V@-w)y) du
0

| yw e Ve w
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But the Riemann-Green funection corresponding to this equation is

G y; & n)=L{2NE-5 -}

which leads to the general solution
B
———— [0 )
2=}z, +}7 +%IA Jo{2N@-§) (y—'q}{;; dy+£ dav}
B r3J, oJ,
+§JA z(a dy+—éz-'/ dac)

and we see at once that the term
B

%LJB{‘-’ N@=§) (y -} {a“id“@ dw}

can be reduced to either of the last two terms in Chaundy’s
solution, if we take (£, ) to be the point (u, 0) or (0, u). “The
term Jy(xy) is simply the Riemann-Green function corresponding
to the origin. Hence Chaundy’s solution is the sum of three terms
each of which is a particular form of the Riemann-Green solution.
This solution 18, therefore, also a particular form of the general
solution.
Chaundy refers also to another solution

u=j ¢(t)eixt+iy/t dt
Y

where y is a simple closed contour surrounding the origin; this is
built up from the elementary solution

ez’xt+iy/t.
If we take y to be a circle of unit radius with centre at the
origin, we have evidently ¢=¢%?, and therefore

2
u=j fq; (9) ¢4 (008 8 41 8in 6) +4y (cos 6 — ¢ sin §) dé,
0

which is exactly equivalent to the general solution (5a) since in
Chaundy’s equation -IZ:=1. Hence this solution is rather more

general than the one we have been considering, as the contour Y
need not be circular. Practically, however, the two solutions may
be regarded as identical.

3 Vol. 42
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§ 7. Derivation of Particular Solutions from the General Solution.

Since all these solutions can thus be shown to be particular
cases of the general solution, it would seem natural to expect that
there should be some method of evaluating the arbitrary function
J(0) when the initial values of z and its time derivate are assigned.
By substituting this value -of f(6) in the general solution, we
should obtain the so'ution corresponding to these given inmitial
values.

Now the general solution of our equation is
2r .
2= eskxcos9+kysm0 8) d6
) £(0)

where y is proportional to the time coordinate.
For y:=0, therefore, we have

2r
(z)o=jo otk cosef(a) dé,
2 2r |
and <5§)0=I "ok 0080 1 i 0 £(0) df
0

if we may differentiate under the integral sign.

Then if the given initial values are

(h=F @)
0z
=), =F@

f(9) will be found from the equations

~ I:”eikm cos 8 f(e) d0=F(x)

2r .
j " gk 0080 1 i 0 £ (6) dO= F, (x).
0

In the case of Poincaré’s initial conditions the equations are
immediately soluble, for they are

27 . T Y
jo % €8 0f(0) d9=I _wa(q)e'q’” dg.coviiiiinnnnnn (8)

+on

2% . 1
J | €70 sin 07 (6) db= J LB @ET g (9)
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In (8) write ¢ =cos ¢, and we find as before

+o . 2r .
j 6(q) ¥ dg= - j 8 (cos p)e’™ ®=? sin ¢ dep
—w 0

oo f(p)= --s8in ¢ 6 (cos $).
Similarly from (9) we have
+® , 2x . )
I 6, (9)e'?” dg= - j 8, (cos ¢) e % ® sin ¢ dep.
— 0
.. We may also have
F(#)= -0, (cos ).

This gives as our solution, with Poincaré’s initial conditions

or | .
e _J' "2 00884y 8N g (00s &) sin b dp
0

or . .
_-“0 Al cos ¢ +y 8in ¢ 01 (COS 4)) de.

w | . —e 4 | . —
- J- 6mu+:y\/u”—10(u) du+5 JTut+iy NuTll 6, (u)

w®

du
. Va1
This solution is evidently equivalent to the form given by Poincaré.
In general the integral equation '

2r .
jo 62088 £(0) 46 = F (i)

can be solved in the form of a series, provided that F(w) satisfies

the conditions necessary for its expansion in a series of Bessel
functions.

Thus we have
F(@)=a,y@+ 3 a,J, ().
n=1
Also we have 6™ °®% =, (=) + > 2i"J,, () cos nd.
n=1
We further assume that f(f) can be expanded as a Fourier

cosine series

F(0)=b,+ > b, cos nf.
n=1
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Then

T . 21" ed
." &% cos0f(0) d0=j db {Jy(x) + Z 21" cosnb J, (x)}
0 0 n=1

{bo+ 2 b, cosnb}
n=1
2 *o
=| 6 (b J, () +2 = i b, cos? nbJ, ()},
n=1

since the terms in cosmé cosnf (m+n) and those in cos mé
vanish on integration.

T 2 o
I ¢ 1% €08 0 £() d0=§ d6 {b,J, (2) + Z i*b, J, (x)(1+cos 2nb)}
0 n=1

m by J, (x) + 27 S
n
Thus we are led to the identity

b, J, ().
1

21 b, J, (x) 4+ 2r 2 b, (@) =0y Sy (x)+ Za,J, (x);
n=1 n=1
and equating coefficients we have

@
by =—
T or
a,
b,=—
2w

-

f(0)=‘)~lﬂ_(ao+2 22 cos n6>.

Thus the equation is theoretically solved, and we can find the
value of f (0) for any given initial conditions.
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