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A Homotopy of Quiver Morphisms with
Applications to Representations

Edgar E. Enochs and Ivo Herzog

Abstract. It is shown that a morphism of quivers having a certain path lifting property has a decomposition
that mimics the decomposition of maps of topological spaces into homotopy equivalences composed with
fibrations. Such a decomposition enables one to describe the right adjoint of the restriction of the represen-
tation functor along a morphism of quivers having this path lifting property. These right adjoint functors
are used to construct injective representations of quivers. As an application, the injective representations of
the cyclic quivers are classified when the base ring is left noetherian. In particular, the indecomposable in-
jective representations are described in terms of the injective indecomposable R-modules and the injective
indecomposable R[x, x~1]-modules.

Let Q be a quiver and R a ring. In this paper, we shall study the category (Q, R-Mod)
of representations of Q by left R-modules. As in the work of Riedtmann [7] and Bongartz
and Gabriel [1], we will be interested in representations induced by morphisms of quivers.
More precisely, we shall refine an argument of Jensen [4] to construct, using adjoint pairs
of functors, injective objects of (Q, R-Mod) with specific features. Our first result is rem-
iniscent of the decomposition theorem [8, Theorem 11.8.9] for maps of topological spaces
which asserts that every continuous function is a homotopy equivalence composed with a
fibration. It relates the following two properties of quiver morphisms:

e Amorphism f: Q — Q' of quivers is said to have the (right) unique path lifting property
if for every vertex v of Q and path p’ of Q' such that t(p’) = f(v), there is at most one
path p of Q such that f(p) = p’ and t(p) = v.

e A morphism f: Q — Q’ of quivers is said to be a (right) covering if for every vertex v
of Q and path p’ of Q’ such that t(p’) = f(v), there is a unique path p of Q such that

f(p) = p"andt(p) = v.

To state this result recall that a quiver T is called a tree if there exists a vertex v of T,
called the terminal vertex of T, with the property that for every vertex w of T, there exists a
unique path from w to v. An inclusion Q C W of quivers is said to be a forest over Q if W
is gotten by amalgamating to Q some set of trees along their terminal vertices.

Theorem 2.1 A morphism f: Q — Q' of quivers has the unique path lifting property if and
only if there is a forest W over Q and an extension f: W — Q’ of f which is a covering
morphism.

If Risaringand f: Q — Q' is a morphism of quivers, then a restriction functor
f*: (Q’,R-Mod) — (Q, R-Mod) is induced on the respective categories of R-representa-
tions.
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Because this functor is exact, its right adjoint f,.: (Q, R-Mod) — (Q’, R-Mod) preserves
injective objects. Our main result (Theorem 4.1) uses the decomposition theorem above to
explicitly describe the right adjoint f, for a morphism f: Q — Q’ with the unique path
lifting property. Let Q be the cyclic quiver A, with n+ 1 vertices vg, . . ., vy and n + 1 arrows
ai: Vi — Viza for0 < i < nanda,: v, — Vo. When the ring R is left noetherian, our
methods suffice to give a complete description of the injective representations of Q over
R. To state the result we need the following notation: Given a left R[x]-module r;M and
an arrow a of A, denote by F,(M) the representation of that assigns to every vertex the
restricted R-module gM and where

X ifaj=a
Fa(M) (@) =
a(M)(@) {lM otherwise.
Theorem 6.5 Let R be a left noetherian ring. Every injective representation of A, over R has
a decomposition, unique up to isomorphism, of the form

P FaEalx 1) & Fa B)

aEAn

where each E, is an injective left R-module and E is an injective left R[x, x~1]-module.

In the final section, a torsion theory is developed for the representations of a cyclic quiver
A, over a ring R. According to this theory, the last summand of the typical injective rep-
resentation displayed in Theorem 6.5 is torsion free, while the first n + 1 summands are
torsion. Theorem 6.5 also allows us to list (Theorem 6.6) completely and without repeti-
tion the indecomposable injective representations of A, over R as follows:

Torsion Given an indecomposable injective left R-module E and an arrow a of A,, the
representation F,(E[x~1]) is an indecomposable injective.

Torsion free  Given an indecomposable injective left R[x, x~*]-module E, the representa-
tion Fy, (E) is an indecomposable injective.

This says that the spectrum of (A,, R-Mod) consists of n + 1 copies of the left spectrum
of R and one copy of the left spectrum of R[x, x1].

1 Preliminaries

By a quiver Q we mean a directed graph. The directed edges are called arrows. We let
a: vy — Vy indicate that a is an arrow from the vertex vy to the vertex v,. In this case
we also write i(a) = vy and t(a) = v,. By a path p of Q we mean a sequence a, - - - 8,a;
of arrows such that i(ay) = t(a1),...,i(an) = t(an—1). We then write i(p) = i(a;) and
t(p) = t(ay). If p and g are paths of Q such that i(q) = t(p), we say qp is defined and let
gp denote the obvious path. We extend the definition of a path and allow any vertex v of
Q to be a (trivial) path with i(v) = v = t(v). Ifi(p) = vy, t(p) = v, for a path p of Q,
we let pv; = p and vo,p = p. With these conventions any quiver Q is naturally a category.
The objects are the vertices of Q and a path p is a morphism from i(p) to t(p). So if p is
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apath, p: vy — v, just means i(p) = v; and t(p) = vo. A quiver is said to be discrete if it
has no arrows. Following [2] we let A, denote the cyclic quiver with n+ 1 verticesand n+1
arrows. A quiver T will be called a tree if T has a vertex v such that for every vertex w there
is a unique path p with p: w — v. Such av is unique and will be called the terminal vertex
of T. By a subtree of a quiver we mean a subquiver which is a tree. A quiver each of whose
connected components is a tree will be called a forest. If Q € W and W is the amalgamation
of Q with a forest along the discrete quiver of terminal vertices of the trees of this forest, W
is said to be a forest over Q. Since a trivial quiver {v} is a tree, every quiver is a forest over
itself. If T isatreeand T C W is a forest over T, then W is a tree. If W is a forest over Q
and W' is a forest over W then W' is a forest over Q. If Q is a quiver, by the (right) path
space of Q we mean the quiver P(Q) whose vertices are the paths p of Q and whose arrows
are the pairs (pa, p): pa — p where p is a path of Q and a an arrow of Q such that pa is
defined. It is clear then that P(Q) is a forest and that the terminal vertices of the connected
components of P(Q) are the vertices of Q. If v is a vertex of Q we let P(Q), denote the
subtree of P(Q) containing all paths of Q with terminal vertex v. If p and q are paths of Q
such that pq is defined, we extend the notation and let (pg, p): pq — p denote a path of
P(Q). Note that there is also an obvious definition of a left path space of Q. However, we
will not use this quiver and so say path space instead of right path space. We will observe a
similar convention with other terminology in this paper. For example, if Q is a quiver and R
a ring then the path ring of Q over R, denoted RQ, is the free (left) R-module with base the
paths p of Q and multiplication qp as usual if i(q) = t(p) and with qp = 0ifi(q) # t(p).
A morphism f: Q — Q' of quivers is usually defined to be a map of the respective sets of
vertices and arrows such that a: v; — v, implies f(a): f(vi) — f(v2). We deviate slightly
from this standard by allowing f (a) to be the vertex f(v) ifa: v — v. For p a path of Q,
we extend the notation and define f(p) so that f is a functor between categories. Hence
if p:vi — v in Q then f(p): f(vy) — f(v)inQ’. If f: Q — Q' is a morphism and
f~1(v) is a discrete quiver for each vertex v’ of Q’, then f(a) must be an arrow of Q' for
each arrow a of Q. If f: Q — Q’ is a morphism of quivers, P(f): P(Q) — P(Q’) will
denote the obvious morphism of the associated path quivers. For any quiver Q there is a
unique morphismi: P(Q) — Q which maps any vertex p of P(Q), i.e., any path p of Q, to
i(p) and which maps the arrow (pa, p) to a.

2 Factoring Morphisms of Quivers

A morphism f: Q — Q’ of quivers is said to have the (right) unique path lifting property
if for every vertex v of Q and path p’ of Q' such that t(p’) = f(v), there is at most one
path p of Q such that f(p) = p’ and t(p) = v (see [8, p. 68]) for the topological version
of this property). If f: Q — Q’ has the unique path lifting property then for any arrow
a of Q, f(a) is an arrow of Q' (i.e., cannot be a vertex). Any embeddinge: Q C Q' of
quivers satisfies the unique path lifting property. A morphism f: Q — Q’ iscalled a (right)
covering morphism if for every vertex v of Q and path p’ of Q’ such that t(p’) = f(v), there
is a unique path p of Q such that f(p) = p’ and t(p) = v (see [8, p. 62]).

Theorem2.1 A morphism f: Q — Q of quivers has the unique path lifting property if

and only if there is a forest W over Q and an extension f: W — Q’ of f which is a covering
morphism.
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Proof If f: W — Q’is such an extension, then f = f oe wheree: Q C W is the
embedding morphism. Since both e and f have the unique path lifting property, so does
f. Now suppose f: Q — Q’ has the unique path lifting property. For each vertex v of Q,
consider the unique subtree T, of P(Q’) whose vertices are the trivial paths f(v) and the
paths of the form a’p’ where a’ is an arrow of Q' such that t(a’) = f(v) and such that
there is no arrow a of Q witht(a) = vand f(a) = a’. We will say such a path a’p’ is a path
that we cannot begin lifting to a path terminating at v. We amalgamate each T, with Q by
identifyingv € Q with f(v) € T,. LetW be the resulting forest over Qand f : W — Q' the
unique morphism such that f|Q = f and such that f|T, agrees with i: P(Q’) — Q’. Since
i_(f (v)) = f(v) there is no problem with compatibility. Next we verify that the extension
f: W — Q’isacovering. It is enough to prove that for every vertex x € W, the morphism
of trees

P()IPOW)x: POW )y — P(Q") i

is an isomorphism. But a morphism of trees is an isomorphism if it is a bijection on the
vertices. Suppose first that x € T, \ {v} for some vertex v € Q. Then x = p’ where p’
is a path in Q' terminating at f (v) which cannot begin to be lifted to a path terminating
at v. We have that f(x) = i(p’). Now it is clear that the paths in Q’ terminating at i(p’)
are in bijective correspondence with paths of W, that is of T, terminating at p’. In fact
the bijection is given by q" — (p’q’, p’). Now consider the case x = v € Q. A path
p in W which terminates at v may be factored p = p;p, where p; is the maximal end
segment of p still in Q. Since W is a forest over Q, p is a path in Tjp,) and so is of the form
(a1, fi(p1)) where qf is a path of Q” terminating at fi(p1) which cannot begin to be lifted
to a path terminating at i(ps). Also f(p) = f(p1)f(p2) = f(pw)i(as, fi(p1)) = f(p1)ay.
Let s’ be a path in Q' terminating at f(v). Factor s’ = 5,5, where s; is the maximal end
segment of s’ which lifts to a path p; terminating atv, s; = f(p1). By maximality, s, cannot

begin to be lifted to a path terminating at i(p;). Thuss; € Ti(p,) and f (pl (s2, fi(pl))) =

f(pa)i(s2, fi(p1)) = f(p1)s2 = s showing that P(f)[P(W), is onto P(Q")). It remains
to be shown that P(f)|P(W)y is an injection, that is, that p; (52, fi(pl)) above is the unique
lifting of s’ to a path terminating at v. So let q be another such lifting. We have f(q) = s’
andt(q) = v. Writeq =y (qz, fi(ql)) where q; is a maximal end segment still in Q and g
is a path in Q' terminating at fi(q;) which cannot begin to be lifted to a path terminating
ati(gy). Nows’ = f(q) = f(qi)q, = s15. By the definition of sy, f(q;) is an end segment
ofs; = f(p1) and by the unique path lifting property of f, g; is an end segment of p;. Now
g, cannot begin to be lifted so it must be that f(q;) = s; and g, = s,. Butthenq; = p;
and so we are done. ]

3 Representation of Quivers

Let Q be a quiver and R a ring. Let R-Mod denote the category of left R-modules. By a
representation X of Q over R we mean a functor X: Q — R-Mod. A representation X is
specified by giving a module X(v) for each vertex v of Q and a linear map X(a): X(v1) —
X(v;) for each arrow a: v; — v, of Q. If X, Y: Q — R-Mod are two representations
of Q over R, by a morphism o: X — Y we mean a natural transformation. Such a o is
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determined by an R-morphism o(v): X(v) — Y (v) for each vertex v of Q such that for
each arrow a: v; — v, of Q the diagram

X(v1) —s X(vz)

J/U(Vl) lJ(VZ)

Y () —2 Y(w)

is commutative. The representations of Q over R then form a category denoted (Q, R-Mod).
Clearly (Q, R-Mod) is an abelian category. If Q is a quiver with a finite number of vertices,
then the path ring RQ has an identity 1 = vy + - -- + v, where vy, ..., v, are the distinct
vertices of Q. The categories (Q, R-Mod) and RQ-Mod are in that case equivalent. In fact,
if M is a left RQ-module, construct a representation X so that X(v) = vM for any vertex v
and for any arrow a: v; — vy, X(a): viM — v,M is just scalar multiplication by a. This
construction gives an equivalence. Let f : Q — Q' be a morphism of quivers. Associated to
the morphism f is the restriction functor f*: (Q’, R-Mod) — (Q, R-Mod) which assigns
to an object X the composition of functors X o f. Hence f*(X)(v) = X(f(v)) for each
vertex v of Q and f*(X)(a) = X(f(a)) for each arrow a of Q. The representation f*(X) is
called the restriction of X along f. Our concern is to describe, for certain f: Q — Q’, the
right adjoint f,: (Q,R-Mod) — (Q’, R-Mod) of the restriction functor f*. This means
that forevery Y € (Q’,R-Mod) and X € (Q, R-Mod) we have a natural isomorphism

Hom(f*(Y),X) = Hom(Y, f.(X)).

Recall that if f: Q — Q" and g: Q" — Q’/ are quiver morphisms and if f* and g* have
right adjoints f, and g,, then the right adjoint of f*og* = (go f)*isg. o f,,i.e.,,(go ), =
0« o f.. We will use this observation to describe the right-adjoint of f* for a morphism
f: Q — Q' having the unique path lifting property. Using Theorem 2.1 and its notation,
we only need find the right adjoints of g* for g: Q C W where W is a forest over Q and of
(f)* where f: W — Q' is a covering morphism.

Example 3.1  Let Q be a quiver and ¢: Q — {v} the unique morphism from a quiver
Q to the trivial discrete quiver {v}. Then ({v},R-Mod) = R-Mod, so we identify these
categories. The restriction functor

¢*: R-Mod — (Q, R-Mod)

is such that ¢*(M) is a constant functor for every left R-module M. We have ¢*(M)(v) = M
for each vertex v and ¢*(M)(a) = 1y for each arrow a. By the definition of inverse limit
(see [9, p. 99]), there is a natural isomorphism
Homg(M, lim X) = Hom(c* (M), X).
<~
Hence the right adjoint c,.: (Q, R-Mod) — R-Mod of ¢* is given by

c.(X) = limX.
<
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Similarly, the left adjoint of ¢* is the functor X +— lim X. If T is a tree with terminal vertex
—
vandife: {v} C T is the embedding morphism, then clearly

e"(X) = X(v) = lim X

for any representation X of T. But by the above, the right adjoint e, of e* is then the
restriction functor c* alongc: T — {v}. We admit this is easy to see directly.

Now let W be a forest over Q and lete: Q C W be the inclusion morphism. Considering
e as a functor, we see that its left adjointd: W — Qis the retraction of ¢, i.e., doe = 1q, that
collapses each amalgamated tree to its terminal vertex. The next proposition then follows
from [9, p. 112, Exercise 29].

Proposition 3.2 LetW be a forest over Q and e: Q C W the inclusion morphism. The right
adjoint of the restriction functor e* is the restriction functor d* (with d as above).

This proposition implies that if X is a representation of Q over R and T is one of the
trees of W amalgamated to Q along its terminal vertex v, then e, (X) restricted to T is the
constant representation associated with the module X(v).

4 The Right Adjoint

In order to facilitate the proof of the next theorem we recall the notion of a coordinate-wise
function: Let (X;)ic) and (Yj);ecs be indexed families of sets. A function

h: TTx =TTV

i€l jed
is said to be coordinate-wise if there isa function ¢: J — | of the index sets and for each j €
Jafunction he(jy: Xeqjy — Y; such that h((xi)ie1) = (he(jy (i) j, - Such a coordinate-
wise function is denoted h = T, he(j). The following diagram is then commutative:

ITjes ey
[Tici Xi —— [Tje,Y;

l“(“”) l”(”

he()
Xy —— Y
where 7(v) denotes projection onto the v-component. If ¢ is onto, then h is the unique
function for which this diagram commutes. Letc: J — | be a function of index sets. The
coordinate-wise function h = [T, h(j) has the property that if g: X — Y is a function
and pi: X — Xjand gj: Y — Y; are families of functions such that the diagrams

X —% .y

lpc(j) l%’

hegj)
Xy — Y
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commute for every j € J, then, thinking of X and Y as trivial cartesian products, the
diagram

X %

Y
Jnm lﬂm

h
Hiel Xj —— HjeJYJ

also commutes.
Let f: Q — Q' be a covering morphism of quivers. For a ring R, define a functor

f.: (Q,R-Mod) — (Q’, R-Mod)

as follows (we shall verify presently that this is the adjoint of the restriction functor f*): Let
X € (Q, R-Mod).

Vertices Ifv’ € Q' isavertex, then

LOOW) = [ X

f(v)=v’
If v/ is not in the image of f, this means that f,(X)(v') = 0.

Arrows Ifa’: v/ — w’isanarrow of Q’, let

L)@ [ Xw— J[ Xw)

f(v)=v’ f(w)=w’
be the coordinate-wise function [ ] ,_ hew) Where
c{w | fw)=w'} = {v| f(v) =Vv'}

is defined by the rule w — i(a) where f(a) = a’ and t(a) = w, and hey: X (i(a)) — X(w)
is just X(a). Inshort, f.(X)(@") := [[(z-a: X(a).

Theorem4.1 Let f: Q — Q' be a covering morphism of quivers. The right adjoint of the
restriction functor f* (with respect to representations over a ring R) is the functor f, defined
above.

Proof Given representations X of QandY of Q’ we need to exhibit a natural isomorphism

Hom(Y, f.(X)) = Hom(f*(Y),X).
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Letv’ € Q' be a vertex. We have

Homg (¥ (v/), £.0)()) = Home (Y, T X)) [1]

f(v)=v’

[T Home(Y ("), X(v))

f(v)=v’

[T Home(f(Y)(),X(v)).

f(v)=v’

If o:Y — f.(X) is a morphism (and so a(v'): Y(v/) — f.(X)(v')) we may de-
fine o: f*(Y) — X such that for each v with f(v) = v/, o(v) is the v-component of
o(v) € Homg (Y (v'), f.(X)(v")) thought of as the product above. We will verify that this
is a morphism of representations. Inversely, if 7: f*(Y) — X is a morphism of represen-
tations, then for each vertexv € Q, 7(v): f*(Y)(v) — X(v). Sowe define 7: Y — f.(X)
for avertex v’ € Q’ as the element 7(v') = (7(v)) fy—y:- We will also verify that this also

gives a morphism of representations. Since the operations ¢ — o and 7 — 7 are mutual
inverses, we then will get the desired natural isomorphism. Let o: Y — f,(X) be a mor-
phism and let ag: vo — wg be anarrow in Q. Ifa’ = f(ap), v/ = f(vp) and w’ = f(wyp),
then by hypothesis

Yoy S v

@ ldv') ldw’)
LOO) —PE 00w
is a commutative diagram. From the definitions, this is the same as

PO ey ) wo)

(€)) lo(v’) lo(w)
£.(0)(@")
i X&) == TTtyen XW).

By the definition of f,.(X)(a’) = Hf(a):a, X(a), we have the commutativity of the diagram

f.(X)@")
[T XO) —— TTiy-w XW)
) lw(vo) lw(w())
Xw) s X(wo)

Putting the diagram (1) on top of (2) gives the commutative diagram that asserts that o
is a morphism. Now to prove that 7 as defined above is a morphism, leta’: v/ — w’ be
an arrow in Q’. For each vertex w € Q with f(w) = w’ let a,, be the unique arrow of Q
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with f(ay) = a’ and t(a,) = w. Then a morphism 7: f*(Y) — X gives a commutative
diagram

) (i(aw) 29 £y )(w)

lT(i(aW)) lT(W)

X(i@ay)) —&  xw)

for every vertex w € Q with f(w) = w’. This is just the diagram

Yey S v

lT(i(aw)) lT(W)

X(i(@w)) =205 X(w).
Now [T X(aw) = Hf(a):a, X(@) has the property that the diagram

vy o Y@, yw

J‘F(v/) J‘F(W’)

T X(aw)
[Tr@yevr XO) —— Tltayow X(W)

also commutes. But that just means that 7: Y — f,(X) is a morphism of representations.
]

Let Q C Q' be a subquiver of Q’ satisfying the condition that whenever a’ € Q’ is an
arrow such that t(a’) € Q, thena’ € Q. The embedding morphisme: Q C Q' is then a
covering. If X is a representation of Q, then by the construction above f,(X) is defined on
the vertices of Q' by

X(W') ifv' €Q

0O = {o ifv/ ¢ Q

and for arrows a’ € Q by

X@') ifa’eqQ

ummﬁ—{o a0

Thus f,(X) is just X extended to Q’ by 0.
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5 Injective Representations of Cyclic Quivers

Let Rbearingand f: Q — Q' a morphism of quivers. Then the restriction functor
f*: (Q',R-Mod) — (Q,R-Mod) is exact. If f, is the right adjoint of f* and X is an
injective representation of Q, the natural isomorphism

Hom(—, f.(X)) = Hom(f*(-),X)

shows that f, (X) is an injective representation of Q’. Letv € Q be a vertex and consider the
embeddinge: {v} C Q. IfE is an injective left R-module (so an injective representation of
{v}) then e, (E) is an injective representation of Q. If X is a representation of Q, then e*(X)
is just the module X(v). We have the natural isomorphism

Homg (X(v), E) = Homg (e*(X), E) = Hom(X, e, (E)).

From this it can be seen that as v ranges over the vertices of Q and we allow E to be any
injective left R-module (or some specified cogenerator of R-Mod) then the e, (E) cogen-
erate (Q,R-Mod). In the next examples, recall that by Theorem 2.1, e: {v} — Q has the
factorization

.
TN

v} —> Q

where e is a coveringand T C P(Q) is the subtree of paths terminating at v.

Examples LetQ = Ao be the quiver with one vertex v and one arrow a. In the factorization
above we see that T = A__ (i.e., T isa line, infinite to the left). The embeddinge: {v} C Q
decomposes according to Theorem 2.1 as a composition e = ee’ where e’: {v} — T and
e: T — Ag. Let E be an injective left R-module, so a representation of v. By Example 3.1,
(e")«(E) is the constant representation on A__ determined by E. But then by Theorem 4.1,
e.(E) = (8).((e")«(E)) is such that e, (E)(v) = E x E x E x --- and e, (E)(a) is just the
shift operator, namely

(20,21,22,...) = (21,22, 23, .. .).
This suggests we use Northcott’s notation [6] and denote E x E x E x --- by E[[x~!]] (so
(20,21, 2, ...) corresponds to zo + z;x~* + z,x~2 + - - . ) and then the shift operator above
is denoted by x. So
X(Zo+zux T+ )=z +x L+
Since RAg is just the polynomial ring R[a] (or changing notation, R[x]), we recover North-
cott's observation in [6] that E[[x~1]] is an injective R[x]-module when E is an injective

left R-module. In fact when R is left noetherian, E[x 1] c E[[x~!]] is also an injective left
R-module.
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Let us now consider the cyclic quiver Al represented as e« = e with vertices vo and v;.
According to Theorem 2.1, the embedding eo: {vo} C A; decomposes as {Vo} — A7, —
A; with the obvious maps. If a left R-module E is considered as a representation of {vo},
then (o). (E) is the representation

EXEx .- - Z2EXEXEXxX---

where the right arrow denotes the identity map and the left arrow the shift operator. In the
notation above, this representation can be written

Elx 1) = Elx 11

If E is an injective left R-module, then each of these is an injective representation of A, over
R. Recall from [2] that the cyclic quiver A, is the quiver with n + 1 vertices vo, ..., Vv, and
n+Zlarrowsa;: Vi — Visg for0 <i <nandan: vy — vo. If rgM is a left R[x]-module
and a an arrow of A, denote by F,(M) the representation of A, over R that assigns to every
vertex the restricted R-module RkM and where

X ifag =a

Fa(M)(ai) = {1M otherwise.

As above, the representation Fy(E[[x]]) is injective for every arrow of A,. We want to
argue that if R is left noetherian and E is an injective left R-module, then for every arrow a
of A, the representation F,(E[x~1]) is also an injective representation of A, over R. For this
we need the next result which was observed by Matlis [5] when the f below is given by scalar
multiplication. The more general version we need was noted in [3, p. 198, Proposition 4.2].
We include a proof here for completeness.

Lemmab5.1 LetR be a left noetherian ring and M C E(M) the injective envelope of a left
R-module M. If ¢: E(M) — E(M) is an R-morphism such that ¢(M) = 0, then ¢ is locally
nilpotent on E(M), i.e., for any x € E(M), ¢"(x) = 0 for somen > 1.

Proof AsRisleft noetherian, E(M&M&---) = E(M)®E(M)®- - -. The endomorphism
of E(M) & E(M) & - - - defined by

(X1, X2, . ..) = (X1, X2 — ¢(X1), X3 — P(X2), - . .)

is the identity on M®M - - - and is therefore surjective. Soifx € E(M) and (X1, X2, X3, . . .)
is mapped onto (x, 0,0, ...), itis easy to see that X; = X, X, = #(X), X3 = ¢?(X), ... . Since
the envelope is a direct sum, eventually X,+; = 0 and we get ¢"(x) = 0. ]

~ ¢
Any representation X of Ay, say My = My, has an obvious turning endomorphism,
Y
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given by the commutative diagram

6
My = M
"

oo | | gou
6
My = M
v

We shall denote this endomorphism by Tx. For a representation X of Anover R, the turning
endomorphism Ty : X — X is defined by

Tx(vi) ;= X(ai—1) - - - X(ag)X(@n) - - - X(aj+1)X(a)-

Proposition 5.2 Let R be a left noetherian ring and E an injective left R-module. For every
arrow a of A, the representation F,(E[x~1]) is injective.

Proof We shall freely use the equivalence of the category of left RA,-modules and of
(An, R-Mod). This means that every representation of A, will be considered as a left module
over RA,. Note that RA, is left noetherian. Consider the subrepresentation F,(E) of the in-
jective representation Fo(E[[x~1]). The turning endomorphism of F,(E[[x~1]]) is clearly
0 on Fa(E). Now Fo(E[[x~*]]) contains an injective envelope of F,(E) and, by the lemma
above, the turning endomorphism is locally nilpotent on this envelope. This means the
injective envelope is contained in F5(E[x~1]). But (as a module), Fa(E[x~]) is an essential
extension of F,(E), and hence F4(E[x~1]) is the injective envelope. ]

Given a vertex v € A, and an R-module M, denote by C,(M) the representation defined
by

M ifvi=v
Cv(M)(vi) =
(M) {O otherwise.
If E = E(M) is the injective envelope of M and a is the arrow with initial vertex v, then
Cy(M) C F4(E) C Fa(E[x~1]) is an essential extension of representations and hence the in-
jective envelope of C,(M). Because the representation C, (E) is clearly uniform, its injective
envelope F,(E[x~1]) is indecomposable. This proves the following.

Proposition 5.3 Let R be a left noetherian ring and E an indecomposable injective left R-
module. For every arrow a of A, the injective representation F(E[x~*]) is indecomposable.

Suppose that n > 1 and that u —*s v —% w is a subquiver of A, where possibly u = w.
For an R-module M, we have the equation

Fo(M[x™*1)/Cy(M) = Fa(M[x ")

If M = E is an injective indecomposable R-module, this shows there is a nontrivial mor-
phism n: Fy(E[x~1]) — Fa(E[x~1]) though the two indecomposable injective representa-
tions are not isomorphic.
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6 The Torsion Free Case

We now classify the remaining indecomposable injective representations of A,. We say
that the turning endomorphism Ty of a representation X is locally nilpotent on X if when
we view X as an RA,-module, the corresponding endomorphism of the module is locally
nilpotent. In this case, we say that X is a torsion representation. If a representation Y has
no non-trivial torsion subrepresentations, we say that Y is torsion free. Given a represen-
tation X of A, over R define C(X) to be the maximal subrepresentation of X of the form
Dyei, Cv(My). Then'Y is torsion free iff C(Y) = 0 and X is torsion iff it is an essential
extension of C(X). Let X be the class of torsion representations and Y the torsion free
representations of A, over R. For the terminology in the next result see [9, Chapter VI].

Proposition 6.1 If R is left noetherian, then (X, Y) is a hereditary and stable torsion theory
on the category of representations of A, over R.

Proof Itis straight-forward to see that (X, Y) is a hereditary torsion theory. The theory is
called stable if the injective envelope of a torsion X is torsion. But if X = 0 is torsion, then
it is an essential extension of a subrepresentation of the form

&ec.my).

VEAn

The injective envelope of X is then the direct sum of the envelopes of the respective sum-

mands C,(M,):
@ Fa (E(Mi(a))[x_l])-
aEAn
We have already noted that this representation is torsion. ]

The proof of Proposition 6.1 also shows the following.

Proposition 6.2 Let R be a left noetherian ring. Every injective torsion representation of A,
over R has the form

P FalEalx D)
achn

where each E, is an injective left R-module.

Proposition 6.3  Let R be aring and Z is an injective representation of A, For every arrow
a € Ay, the R-morphism Z(a) is surjective.

Proof We noted at the beginning of the previous section how the category of representa-
tions is cogenerated by objects of the form F,(E[[x~!]]), each of which has the desired
property. Since the property is preserved when taking products or summands, the result
follows. ]
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Theorem 6.4 Let R be a left noetherian ring and a an arrow of the cyclic quiver A,. Every
torsion-free injective representation of A, over R has the form F,(E) where E is an injective
R[x,x"1]- module. Conversely, if E is an injective R[X, x~1]-module, then Fa(E) is an injective
representation of A, over R. The injective representation Fa(E) is indecomposable if and only
if E is an indecomposable injective left R[x, x~1]-module.

Proof LetZ be an indecomposable, injective, torsion-free representation of A,. By Propo-
sition 6.3, Z(b) is surjective for every arrow b of A,. Since Z is torsion-free, all the R-
morphisms Z(b) are in fact isomorphisms and there is no loss of generality in assuming
that for all vertices v € A,, Z(v) = E for some R-module E and that Z(b) is the identity
map for all arrows b # a of A,. The action of x := Z(a) on E gives it the structure of
an R[x]-module. In fact, as Z is torsion free, E has the structure of an R[x,x~1]-module
and as such, we see that Z = Fa(E). Let us note that E is an injective R[x,x~1]-module.
For if E is a submodule of the R[x,x~1]-module N, then Fo(E) C F,(N) is an extension
of representations. As Z = F,(E) is injective, it is a summand of F,(N) and hence E is a
summand of N. Conversely, let E be an injective R[x,x1]-module. The injective envelope
of F,(E) is torsion free so, without loss of generality, has the form Fy(E) C Fa(N) where
X = Fa(N)(@): N — N is an isomorphism. In this way N becomes an R[x, x~1]-module.
As an R[x,x~!]-module E C N is a retract of N. Thus F5(E) is a summand of F,(N) and
is therefore injective. If E is furthermore an indecomposable R[x, x1]-module, then it is
obvious that F,(E) is also indecomposable. The converse follows from the observation that
Fa(M @& N) = Fo(M) & Fa(N). ]

For example, if R = C, the field of complex numbers, then there are n + 1 torsion
indecomposable injective representations of A, over C, arising from the injective indecom-
posable C. If ag: v — vi (where possibly 1 = 0) is the “first” arrow of A,, the torsion
free indecomposable injectives correspond to Fa, (C[(x — ¢)~*] for each nonzero ¢ € C,
and there is a generic one Fy, (C(x)). Let us summarize the results of this and the previous
section.

Theorem 6.5  Let R be a left noetherian ring and A, the cyclic quiver on n + 1 vertices
Vo,...,Vpandn+larrowsay,...,a, withi(a;) = v;. Every injective representation X of A,
over R has a decomposition, unique up to isomorphism, of the form

X = (P FaEalx D) @ Fa®)
achA,
where each E, is an injective left R-module and Eisan injective left R[x, x~1]-module.

Proof It remains to prove the uniqueness of the decomposition. The injective R-modules
E, may be recovered (up to isomorphism) from the equation

CX) = @ Ci@(Ea)

aEAn

and because the torsion representation of an injective splits, the R[x, x~1]-module E is also
unique up to isomorphism. ]
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Theorem 6.6  Let R be a left noetherian ring. The following is a complete list, without repe-
tition, of the indecomposable injective representations of A, over R:

1. Fa(Ea[x~1]) where ais an arrow of A, and E; is an indecomposable injective left R-module.
2. Fa,(E) where E is an indecomposable injective left R[x, x ~1]-module.

Theorem 6.6 asserts that the spectrum of

(An, R-Mod) = RA,-Mod

consists of n + 1 copies of the left spectrum of R (corresponding to the indecomposable
injective torsion representations) and one copy of the left spectrum of R[x, x1].
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