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A necessary and sufficient condition

for exponentially bounded

existence and uniqueness

David Lowell Lovelady

A condition which was previously found to be sufficient for
global existence and uniqueness of solutions of an ordinary
differential equation is shown herein to be necessary, if it is

also required that solutions are exponentially bounded.

Let Y be a Banach space with norm l l , let A be a continuous
function from [0, ») x Y to Y , and let o be a continuous real-valued
function on [0, ©) . 1In [Z) this author and Martin showed that (I)
implies (II).

(r) If (¢, =, y) is in [0, ®) XY XY and ¢ 1is & positive
number then

|z-y-cla(t, x)-4(t, y)]1| = [1-calt)]|z-y]| .

(II) If (a, x) is in [0, ) x ¥ there is exactly one continuously
differentisble function u from {a, ) to Y such that

u(a) = r and
(1) u'(t) = A(t, u(t))

whenever ¢t 1is in [a, ®) . Furthermore, if v also solves

(1) and v(a) =y (where y is in Y ) then

t
(2) |u(e)-v(t)| < Iahylexp[f a(e)db]
a
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whenever t is in [a, ®) .

In the present note we shall show that (II) implies (I), and hence we
have the following theorem.

THEOREM. Statements (I) and (11) are equivalent.

From this point forward we shall assume that (II) is true. Let m_
be given on Y X Y by

m lz, y] = 1in (1/8)(|=+Sy}-lz]) ,
50~

and note that if (z, y) is in Y X Y then
m_[z, y] = sup{(1/8)(Jx+Sy|-|x|) : 6 1is a negative number}
(compare [1, p. 3}). Hence (I) is equivalent to requiring that
m_[x-y, A(t, x)-A(t, y)] = a(t)|z-y|

whenever (%, z, y) is in [0, ) x ¥ x Y , and this is what we shall

show. Let m_ be given on Y xY vy

m [z, y] = lin (1/8) (|e+y|-|=|)
60+

and recall that m_[x, y] = m [z, y] vhenever (x,y) isin Y xY

(compare [1, p. 3]). Also, if F is a function from a subset of [0, =)
to Y , if ¢ is in the domain of f , if f,(e) (the right derivative of

f 8t ¢ ) exists, and if p 1is given on the domain of f by
p(t) = |f(t)| , then p,(e) exists and p,(e) = m [fle), fi(c)] (see

7, p. 3D

Now let a, x, y, u , and vV be as in (II). Let p be given on
[a, ©) by p(t) = |u(t)-v(t)]| . Now

m_(x-y, Ala, x)-Ala, y)] = m+[:n-y, Ala, z)-A(a, y)]

p,(a)

lim (i/é)(p(a+6)~|x-y|)
550+

a+d

1A

[y | é_i’gl+ (l/d){epr a(s)ds]-l}

a

l“’"yla(a) s
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and the proof is complete.
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