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In a paper by LaSalle [ l ] on linear t ime optimal control 
the following lemma is proved: 

LEMMA. Let Si be the set of all r -dimensional vector 

functions U(T ) measurable on [0, t] with 

|U. (T ) | <: 1. Let XL be the subset of functions u (T ) with 

|U?(T )|= 1. Let Y(T ) be any (n X r) ma t r ix function in 

L 1([0, t ]) . Define 

t 
A(t) =* { / Y(T)u(T)dT;u€_ft} 

o 

and 

t 
A°(t) - { / Y(T)u°(T)dT;u°€ JL°> . 

o 

Then A°(t) is closed and A(t) = A°(t) . 

In theorem 1 we generalize the above lemma to the case 
where the functions u take their values on an a rb i t r a ry 

convex set in R which may vary with t ime. Theorem 2 
gives a character izat ion of the boundary points of a set which 
corresponds to the set A(t) of the lemma. 
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It should be pointed out that the above lemma has been 
generalized in another direct ion by L.. W. Neustadt [3]. 
However, theorem 1 of this note and Neustadt1 s resu l t have 
an intersect ion which is l a rge r than the above l emma. For 
example the resu l t of the r e m a r k at the end of th is note can 
also be found in [3]. 

JLet K be a compact convex set in R and assume: 
o 

1. For each t in some measurab le set Î C R containing 
the point t = 0, with JLebesgue m e a s u r e JJL(I) < oo, that there 

corresponds a mapping F : K -*• K C R , where K is a 
X O X t 

compact convex set. 

2. There exist a ball in R*\ S(0, p), of radius p < oo 
such that K CT S(0f p) for all t € I. 

3- If x is on the boundary, 8 (K ), of K then the 
o o o 

mapping F (x ) = x € 3 (K ) for t € I, and is the value of a 
n 

measurab le mapping x: I -*• R evaluated at the point t. 

4. If {x.(0}} is countably dense in the set of ex t remal 

points of K then for each t € I {x.(t)} i s countably dense in 
o i 

the set of ex t remal points of K . 

THEOREM 1. If f: I -* R is a measurab le mapping 
such that f(t) € K for each t € I then there exis ts a measurab le — t —— — — _ _ 

mapping f: I -* Rn such that f(t) € 8 (K ) for each t € I and 

/ f ( t ) d t = / f ( t ) d t . 
I I 

Proof. Consider the family U of measurab le maps 

z: I -* R with the property that z(t) € 8 (K ) for each t € I. 

Let 

A = {f z(t)dt | z€ U} . 
I 
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The t h e o r e m wi l l be p roved if we can show tha t f f(t)dt e A. 

' I 
To do th i s we show the following: 

(i) A i s convex . 

(ii) A is c l o s e d and hence s ince K CZ S ( 0 , p ) , for e a c h 

t € I, A i s c o m p a c t . Then us ing (i) and (ii) we show 
Jf(t)dt€ A. 

I 

P roo f of (i). Suppose z . , i = l , 2 , a r e in U. Le t 

r . = f z (t)dt, i = 1,2. Then by LyapunovT s T h e o r e m on the 
1 i 1 

Range of a V e c t o r M e a s u r e [2 ] , given any a € (0 ,1 ) t h e r e 
e x i s t s a m e a s u r a b l e se t D CZ I such tha t / z .( t)dt = orr , 

D 1 

i = 1, 2 , and u(D) = <aru(I). Le t z = C z + (1 - C )z w h e r e 

C i s the c h a r a c t e r i s t i c function of D. Obviously z(t) € 8 (K ) 

for e a c h t € I, and f z(t)dt = f z . ( t )dt + f z (t)dt 
I D X I -D 

= orr + (1 - a)v wh ich shows the convexi ty of A. 

(ii) P r o o f t ha t A i s c l o s e d . Since A i s convex , to 
show A i s c lo sed it i s only n e c e s s a r y to p rove t h a t the 
e x t r e m a l po in t s of A (which i s a l s o convex) be long to A. 
Suppose r i s an e x t r e m a l point of A. Then t h e r e e x i s t s a 
s equence { r } C A conve rg ing to r . E a c h r h a s the 

n n 
r e p r e s e n t a t i o n r = fz (t)dt wi th z € U. Using t h e o r e m 4 

n J n n 

of B lackwe l l 1 s p a p e r [2] we can find a s u b s e q u e n c e in { z } , 
n 

which for conven ience i s a s s u m e d to be the o r i g i n a l s e q u e n c e , 
s u c h tha t l i m z (t) = z(t) [a. e . ] on I. The JLebesgue bounded 

n 

c o n v e r g e n c e t h e o r e m shows tha t l i m f z (t)dt = f z(t)dt 
n-*» I I 

i . e . , l i m r = r . 
n 

n~*oo 
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Let T - {t: l im z (t) = z(t)}, T = I - T . Thus the 
1 n 2 1 

n->co 
measu re of T - is zero and z(t)€ 8 (K ) for t « T . Define 

2 t 1 

i(t) = { ' n * • Then obviously f z(t)dt = r which 
z ^ t ) on T 2

 J
l 

shows that A = A» 

Finally we show that r € A. Suppose r £ A. Since A 
n n 

is a compact convex set in R there exis ts a point y € R 
such that y • r > y • p + a for all p € A and some a > 0. 
L,et € = — and consider the sets E (a) = { t: y « f(t) < y - x.(t) 

2fJt(D J J 

2*i(D 
} where {x.(t)} a r e the mappings postulated in 

oo 
assumption 4. It is easy to verify that (J E.(a) = I. JLet 

k - l 
E =E la), . . . , E = E ( a ) - U E.(«). Then the { E } 

1 1 K K ^ J k 

form, a measurable part i t ion of I. lust C be the charac te r -
E. 

J 
00 

is t ic function of E . , j ~ 1> 2, . . . . Define z = 2 C x.. 

Then p = J"z(t)dt« A and y • j f(t)dt < y • j z(t)dt + -j . 
I I I 

i. e. y • r < y » p + -r . But this implies 
Ù 

en a 
y * p + a r > y - ^ > y * p + or and hence —- > a which is a 
contradiction since a > 0* Hence r £ A and the theorem is 
proved. 

THEOREM 2. Let f(t) * K for each t € I. Then the 
t 

point p = J f(t)dt is in 3 (A) if and only if there exis ts a 
I 

y 4 0 in Rn such that y • f(t) = sup y - x.(t) a. e. on I. 

786 

https://doi.org/10.4153/CMB-1965-058-4 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1965-058-4


Proof. If f has the above property then since 
J sup y • x. (t)dt = J y • f(t) dt = y • p it follows that p must 

I i I 
be in 9 (A). 

Next we suppose that f(t) € K for each t € I and that 

p = j f(t)dt € 3 (A). Since A is convex it follows that there 
I 

exists a y i 0 in R such that y • p _> y • a for al l a € A. 

Assume that f does not possess the property stated in 
the theorem. This implies that the set E = { t: y • f(t) 
< sup y • x (t)} is a measurable set with Lebesgue measure 

i l 

p.(E) > 0. We consider the sequence {—} , k = 1, 2, . . . , 
2 k 

and define a corresponding sequence of measurable sets 

E = { t: y . f(t) + —r < sup y • x.(t)} ft E. It is evident that 
2 i 

00 

|̂ J E = E. Hence since E has a positive measure there 
k= i k 

exists a j and an a > 0 such that |JL(E.) = a . 

Let E. . = {t: y • f(t) +~r™r< y * x.(t)} f) E.. Obviously 

U E.. =E.* Since u.(E.)= a > 0 there is an i such that 
i J1 J J 

ji(E ) > 0 . 
J1 

Define 

f(t) on I -' E. . 
f(t) = \ J 1 

x.(t) on E.. 

Then y • / f(t)dt =y • J" x.(t)dt + Y • f f(t)dt 
I E. . X I -E . . 

J1 J1 
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> y • J f(t)dt + y • f f(t)dt = y • p which contradicts 
E. . I -E . . 

the assumption that p * 3 (A). 

Remark. As an application of theorem I we consider the 
system 

(1) x = A(t)x + B(t)u(t) , 

where A(t) is a continuous n X n ma t r ix , B(t) is a continuous 
n X m m a t r i x and u is in the family U of measurab le mappings 
from [0, oo) -** K a compact convex set in R m . 

For any u € U the solution of sytem (1) with init ial 
condition x at t ime t is given by 

o o 

r -1 (2) x (t) = X(t) [x + / X (s) B(s) u(s) ds] , 
t 
o 

where X(t) i s a fundamental m a t r i x of the sys tem X(t) = A(t)X(t) 
with X(t ) = I the identity mat r ix . 

o 

Since l inear mappings have the proper ty that they map con­
vex sets into convex sets and the ex t remal points of such sets into 
the ex t remal points of the image sets we see that the mappings 
K : K -* R n given by X"^(s) B(s) K satisfy assumptions 1-3. 

Moreover if { u.} is dense in the set of ex t remal points on K 
1 . i 

then {K (U. )} = { X (s) B(s) u } will a lso be dense on the set 
s x - i 

of ex t remal points of X (s) B(s) K. Thus assumption 4 is 
a lso satisfied. 

Suppose we are given a u« U and T < + oo. L,et 
x (T) = x . Applying theorem 1 it follows that there exis ts a 

u« U with the property that x«(T) = x and for each 
u 1 

t € [t , T] 5(t) € 8 (K ) . 
o t 

I should like to thank the re feree for suggesting the 
inclusion of [3]. 

788 

https://doi.org/10.4153/CMB-1965-058-4 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1965-058-4


REFERENCES 

1. J. P . LaSalle, The Time Optimal Control Problem. 
Annals of Math. Studies, No. 45, pp. 1-24. 

2. D. Blackwell, The Range of Certain Vector Integrals . 
P roc . Amer . Math. Soc. 2 (1951), 390-395. 

3. L. W. Neustadt, The Existence of Optimal Controls in 
the Absence of Convexity Conditions. J. Math. Ana h 
Appl. 7, (1963), 110-117. 

McGill University 

789 

https://doi.org/10.4153/CMB-1965-058-4 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1965-058-4

