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Abstract. In this note, we give a new simple construction of all maximal abelian
ideals in a Borel subalgebra of a complex simple Lie algebra. We also derive formulas
for dimensions of certain maximal abelian ideals in terms of the theory of Borel de
Siebenthal.
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1. Introduction. Let g be a complex simple Lie algebra and b a fixed Borel
subalgebra of g (i.e. a maximal solvable subalgebra of g). In this note, we give a new
simple construction of all maximal abelian ideals in b, see Theorem 4.2. We also derive
dimension formulas in terms of Borel de Siebenthal theory [1], see Corollary 3.4. There
is already an extensive literature on this topic (see [4, 7, 8, 9, 5, 10, 11], and references
therein), most of it concerning the affine Weyl group and coset enumeration. Our
approach is based on root theoretic properties. The results obtained here comprised
part of the author’s Ph.D thesis and he would like to thank Dr J. Burns for his expert
guidance.

2. Preliminaries. Throughout this note, g will denote a finite dimensional
complex simple Lie algebra, with fixed Cartan subalgebra h and b a fixed Borel
subalgebra of g containing h. All basic facts and definitions can be found in [6].
As usual, we have the root space decomposition of g,

g=haPa.

aed

Here, @ is the set of roots, we partition this set into two sets of positive and negative
roots denoted by ®* and ®~. Let IT := {oy, . . ., a,} be a set of positive simple roots that
span ®, and r is the rank of g. We define by, to be the real span of the roots. We define
the height of a root « as ht(a) = Y;_, n%, where « = Y _._, n%«;. The fundamental
weights {w1, ..., .} are defined by the condition that (w;, 2e) = (o4, ;)8 for all i, j,
where (-, - ) is an invariant inner product normalized so that the highest root, denoted
by & has length (denoted ||&||) squared two. If A = Y_'_, m}w;, where m} > 0 for all
1 < i <r, then A is said to be a dominant weight. There are at most two root lengths
in ®, called long and short. We denote the set of long and short roots by, ®; and @y,
respectively. If all roots in ® have equal length we say @ is simply laced and the root
length is called long, otherwise we say @ is non-simply laced. In the non-simply laced
case, there exists a highest short root 3, B and & are the only positive roots that are also
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dominant weights. We also note that 8 = o — «;, where o is a highest long root such
that m; > 1 and o; a short simple root. Let Sy (B) := B — 2@8) y denote the reflection

P o0
of a root B by a root «. We note that S,(®) = & for any « (e <E>
The Dynkin diagram of g denoted Ay, is the multi graph with r vertices, labelled by
the simple roots and ¢y, ¢ Ca;.o; €dges connecting the «; and «; vertices, where ¢q, o, is
the (i, j) entry in the Cartan matrix. The extended Dynkin diagram Ag, is Ag with
the extra node «y := —&, connected to any other vertex o; by ¢y, —3¢—a.q, €dges. We
will denote by A g (4, the extended Dynkin Diagram A, with the node o deleted.
Similarly, Ag\(o,ery denotes the Dynkin diagram Ay with the set of nodes {«; € I} for
some set I deleted. Finally, let |Ag\{ak}| and |Ag\(er| denote the number of positive
roots in the root system with Dynkin diagram Ag\{ak} and Ag\(oery, respectively.
Let a C b be an abelian ideal of a Borel subalgebra b in g. Since a is an ideal, it is ad-h
stable and hence compatible with the root space decomposition. Since a is abelian,
it lies inside the nilpotent radical n := [b, b], hence a is of the form a = P, ., gy for
some subset ¥ C ®*. Using the fact that [g,, gg] € go+p, We see:

(1) The ideal property for a translates into the condition for ¥ that,

U4+t i={a+flacWy,Becd}ndt CWw.

(ii) The abelian condition becomes, ¥ + ¥ := {a + Bla, B € ¥} N O = .

We now have a bijection between abelian ideals a C b and subsets W C @7 that satisfy
(1) and (i1). We will require the following definition and lemmas. Following the notation
used by Suter [11],

DEFINITION 2.1. Following the notation used by Suter in [11], given a set of roots
I, we denote by (I) thesum )_,_; «.

LEMMA 2.2 ([2, 6]). Given two non-proportional roots «, 8, then

(i) If (@, @) < (B, B), then 2853 € {~1,0, 1},
(i) If (o, B) > 0, thena — B € .
(iii) If (. B) < 0, thena + B € @.

(v) If (0, B) =0anda + B € ®, thena — B € .

LEMMA 2.3 ([3] — Theorem 1.1, [12]). For a finite dimensional representation of g
with weights A,

P
E A= E c,'ja)i]. X, Cj; € IR,
J=1

)‘EAil X1 m"'mAip“\p

where Ay = {A € Al(A, w;)) =x}andie{1,...,r}.

The most obvious way to obtain a maximal abelian ideal is given by the following
theorem (various proofs can be found in [4, 9, 11, 8]).

THEOREM 2.4. Given a root system of a Lie algebra such that n% = 1 for some i, let
V= {a € & |n¥ = 1}. Then, ay = P,y 9o is a maximal abelian ideal of dimension
gllw;||, where g is the dual Coxeter number.
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3. Maximal abelian ideals. In [9], Theorem 4.2 (page 242) yielded a maximal
abelian ideal for every index i such that n% = 2 (where n¢ denotes the coefficient of «;
in the expression & = ) ;_, n%e;). In this section, we prove a generalized version of
this theorem, although we do not strictly need this result, it is of independent interest
and also yields a dimension formula.

DEFINITION 3.1. Let n =} p ¢pwp + D~ e o dgwy be a weight with ¢, > 0 for all
pePc{l,...;r}andd, <Oforallqge Q C{l,...,r}. The n—height of a root « is
denoted by ht,(«) ;=) _pn%, and we call the elements of P the grading positions

R peP "'p>
associated to 7.

LEMMA 3.2. Let oy € 1 be long and ”Z be even. Let y € @\ {&} such that n] = ¢
( a positive integer ) with ¢ > % and hi(y) > ht(a) for all o such that ny = c. Then, y is
long and (v, &) = 1.

Proof. We first prove that m! >0 for all i # k. If m! <0 for any i # k, we
have (y, ;) <0 thus y +o; € * with n, ™ = ¢, and ht(y + ;) > ht(y), which is
a contradiction.

Suppose y is short. If m] < 0, then S, (o) = o — %y =a; + 2y € ®* (or
oy + 3y in the case of G, ) but n,‘:"”)’ > n?, a contradiction. Therefore, m; > 0 forcing

y = B (since we already know that m] > 0 for any i # k ), and there exists a long root
a such that & —a; = y. If i # k, then y is not a highest root such that n] = ¢, thus
i = k. Observe that

v, y) = (@ — ok, @ — o)
= (a, o) + (o, ax) — 2(at, o).

Now, since o and «; are long roots, (o, ax) € Z and hence (y, y) is an even integer,
which is impossible if y is a short root. So y is long.

Since both @ and y are long, we will show that (y, &) > 0 and use Lemma 2.2 to
conclude that (y, &) = 1. We know that n] > 0. If n} = 0 for some index i # k, then
(y, a;) < 0, hence y + a; € ®*, contradicting the definition of y. Thus, n/ > 0 for any
index i. Finally, m% > 0 for some index i, hence (y, &) > 0. O

The following observation will prove useful. Let y and k& be as in Lemma 3.2 and
o € ®*, then (y, ax) = —1and (y, o;) = lifand only if m! > 0 (by Lemma 2.2). Then,

(v, ) = (y, an‘og) —n = n (o) —ng =Y n —nf=ht,(a)—nf. (1)

J#k J#k {jlm! >0}

THEOREM 3.3. Let oy be a long simple root such that ng = 2n, wheren € Z.¢. Let y
be a root such that n}, = n and ht(y) > hi(a) for all o« such that n{ = n, and let P be the
set of grading positions associated to y. Let

A={ae® n >n+1}U{y}U{y —al|(y,a) > 0and n} = 0}.
Then, ay is a maximal abelian ideal. Moreover, for n > 2,

|P| < 2and ({a € Alht, () = ht, (&)}) = kyw, + kqw, withk, > 0andk, > 0, where o,
is the node closest to —& in the extended Dynkin diagram.
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Proof. We first show that A C {« € ®*|ht,(«) > n+ 1}. Using Lemma 3.2 and
equation (1) above, (y, y) =2 = ht,(y) —n, hence ht,(y) =n+2. Also (y,a) =1 =
ht, (&) — 2n, thus it (&) = 2n+ 1. Let € ®* such thatnf > n+ 1,if (y, ) < 0, then
y +a € ®" andn] ™ > n¢ a contradiction, thus (y, ) > 0. Hence , (y, &) = ht, (&) —
ny >0, and ht,(a) > n+ 1. Lastly, let « € ®* such that n{ =0 and (y, «) > 0, then
by Lemma 2.2 (y,a) = 1 = ht, () —n{ so ht,(a) = land ht,(y —a) =n+ 1.

Now to show that {o € ®*|ht,(¢) > n+ 1} € A. Let « € * such that At («) >
n+1 and a ¢ A. If (y,a) <0, then o +y € ®" and hr,(a+y)>2n+3 a
contradiction (since At, (&) = 2n + 1) , therefore (y, o) > 0. Also since ht, () > n+ 1
and ny <n, we have (y,a)#0, hence (y,a) > 0. Since a # y, (y,a) =1, thus
y —a € ®Tand n] “ = 0. Furthermore, (y,y —a) =2 —1> 0. Since n;, * =0 and
(y,y —a) >0, we know that y —(y —«a) =a € A a contradiction. Hence, A =
{a € ®T|hty () = n+ 1}. Since A = {o € ®*|ht, () = n+ 1}, the abelian and ideal
conditions are satisfied.

Before we address the question of maximality, we note that if n,i’ = 2, the statement
of the theorem is essentially that found in [9] and we do not cover the proof here. Since
maximality for the remaining cases (i.e. nz =4, 6) has already been verified in [9] (by
computer), we do not include our proof here, the interested reader should consult the
appendix for our proof of maximality which makes use of the following observations
on the grading positions associated to y. Henceforth, ni =4 or 6so gis of type E; or
Es.

Since the Dynkin diagram is connected, i := Y \_; o; € @, now (y, u) = —1 + x,
where x = | P| (the number of grading positions associated to y). If x =3 = (y, u) = 2,
hence y = u and this only arises if nf = 2. Since |(y, u)| # 2, x > 3 is a contradiction,
also x # 0 since m! > 0 for at least one i. Therefore, x = 1 or 2, and |P| < 2.

Now, let p be the grading position (associated to y) such that the o, node is closest
to the o, node in the Dynkin diagram, where & = wj,. Let the set of nodes on the
shortest path from ), to oy, be {l, ..., -1, )}, thenv =& —ajy — - — 0y, € P,
ht,(v) = ht,(&) and m, > 0.

Let @ € ®* such that /it, () = ht, (@), then m§ £ 0 (otherwise & + &, € ®* and
ht,(a + ap) > ht, (@), a contradiction). Using Lemma 2.3, we conclude that

(el (@) = ht, (@)}) = kyw, + kyw,,

where p and ¢ are the grading positions and k, > 0 and k, > 0, since m, > 0 for all
p € Pand ht,(v) = ht, (&).

In summary:
* |P|<2.
o ({alhty(a) = ht,(@)}) = kpw, + kyw,, where k, > 0 and p is defined above.
The above conditions on the set P, reduces the maximality arguments to a handful of
case by case arguments. These arguments are covered in the appendix. O

COROLLARY 3.4. With A, P, k and y as in Theorem 3.3.

() If nf =2, then |A| = |Agq, | — |Ag\ajicrupn| + 1
(if) For all other cases, Al = |Aga| — |Ag\alicpupeny] + 1+
-1 .
Yt o € @y =1},
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Proof.
(i): Let o € @7 such that n{ = 0, then (y, @) > 0 since m! < 0 if and only if i = k.
If (y, ) = 0, then njy = 0 for all p € P. Now,

A={aedt|n}>2}U{y}U{y —a|(y,a) > 0and n} = 0}.
Hence,
Al = {a € @t =2,0} — {e € @F|nf =0, (o, ) =0} + 1.
Using the theory of Borel de Siebenthal, or Theorem 8.10.9 (page 280) in [13],
|A] = [Agia ] — [Ag\aiicrup] + 1.

(i1): The proof is once again by argument along the lines of Borel de Siebenthal.

O

We illustrate the above results for the exceptional Lie algebra E7, here & = 20 +
205 4 3a3 + 4ag + 3as + 206 + 7. In the statement of Theorem 3.3, choose k = 2 (i.e.
nd =2),theny = —wy + ws (i.e. ht, (@) = 3and P = {5}), then A = {a € ®*|ht,(a) >
2}. To compute |A|, we use Corollary 3.4, and see that IAE7\az| =|Ay4,| =28 and
|AE7\{0,2’0,5}| = |AA3><A2| =9. Thus, |A| =28—9+4+1=20.

Finally, we give an example with multiple grading positions. In the case of Eg,
nj =6and y = @ — w4 + wg. So, ht, (&) =7, P ={2,6} and A = {o € O |ht, (o) >
4). Lastly, |Al=]Agal = |AE\eanag| + 14+ Yoy o € T =i} =19 -7+
1+21 =234

4. A uniform method to find all maximal abelian ideals. In this final section, we
present a uniform method for finding all maximal abelian ideals in b. Furthermore,
this method highlights the natural one to one correspondence between long simple
roots and maximal abelian ideals for classical g. This was first observed by Panyushev
and Rohrle [9] for any g and later proved by Suter in [11]. We first introduce some
notation. Let ) := {a € T (o, &) = 0} and @}y := {or € ®F|(ar, &) = 1}.

LEMMA 4.1. Let ay be a maximal abelian ideal in b. Then, for all « € @, either
acVora—acV.

Proof. Let a € &y be such that {«, & — «} ¢ W. Then, there exists such a root of
maximal height, henceforth denoted «.

Let B e W. If B € () and (o, B) <0, then o + B € ®*, so o + f € ¥ by the
ideal condition. Since o, B € (1), « + § =& and B = & — o € W, a contradiction. If
B € @) and (a, ) <0, then « + B € ¥ N P(yy. Thus, @ — (@ + B) € *. Using the
ideal condition 8 + (& — (¢ + B)) = & — « € V¥, a contradiction. Also, (¢, &) > 0 by
definition of @. Hence, (o, 8) > O forall 8 € ¥ and @ € ®y).

We will show that W U {«¢} is an abelian ideal, thus giving a contradiction. Let
o+ p e dt for some e W. If Be P, then e+ B =& and hence =& —a, a
contradiction as before. Let 8 € @), if (o, ) > 0, then « — B € ®* (since o € Py
B € @) and (¢ — B) + B = a € ¥ by the ideal condition, a contradiction. If («, g) =
Oanda + B € &, thena — B € @ by Lemma 2.2, hence B + (@ — B) = a € W by the
ideal condition, a contradiction. Hence, we have shown that o + 8 ¢ ®*, thus ¥ U {«}
is abelian.
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We now show that W U {«} is an ideal. Let y € ®* such that a +y € &*. If
y € &y, thenw + y = a € ¥, otherwise y € @) and o + y € ;). By definition of
a,a +y € V. Hence, ¥ U {«a} is an abelian ideal. O

The above lemma prompts us to partition @y into two (top and bottom) halves,
<I>(Tl) and @ﬁ). Let CD(TI) = {a € O)lht(a) > h’("%} (in the case of A,ye,, where ht(&@) is

even , we let cI>(T1) = {a € O)lht(e) > @}), and (bﬁ) = {P \ CD(TI)}.Nowifa € CD(TI),

then& — o € GD(BI .
By Lemma 4.1, we must firstly determine, for every maximal abelian ideal, which
roots from CD(TI) are to be excluded from the ideal. We observe that if a root « € <I>(T1)

is excluded (so that & — o € ®f},

cannot be an ancestor of «). To obtain all possibilities therefore, for each k with nz =

2n+1, n > 0, wechoose & € CD(T]) of maximal height such that n,"é = n. Thus, we obtain
(see Theorem 4.2 below) a maximal abelian ideal 1% = {« € <D+|l£t_&(a) > ht_g(@)}. We

now repeat the process with the next highest& € @ (Tl ) such that nf = n, and we continue

is included), then 2n{ < ng for some k (since & — o

until all possibilities are exha}lsted for all choices of k with nz =2n+1, n> 0. For
example, in the case where n{ = 1, the first root & € CD(Tl) we exclude is the highest

root such that n{ = 0. This root is of the form —wy + Y, @i for some set of
indices M, where ), _,, @, is the highest root of the embedded root system obtained
by deletion of o from the Dynkin diagram. Now, if we consider roots « such that
ht_g(a) > ht_4(&) (i.e. using the grading positions associated to —& and choosing all
roots such that ny = 1), we recover the maximal abelian ideal ({« € ®*|n} = 1}) as
described by Theorem 2.4.

For any subsequent & of lower height, there will be multiple indices 7 such that
mf‘ < 0, we will use the grading positions associated to the root —& (i.e. {i|mf‘ < 0}).
When no root is removed from dD(Tl), we use the grading positions associated to (CD(TI))
excluding the index p, where @ = w),, in the case of 4, we exclude both 1 and n. For

convenience, let (<I>(T1)) =Y .y miw;, and let § 1= Zg;{ m;w;. We exclude the index p
i#D
since & & ®(1) U ®(o). The following theorem provides a simple uniform description

of all maximal abelian ideals. The proof relies on determination of grading positions,
which unavoidably will introduce some case by case analysis.

THEOREM 4.2. Let g be a complex simple Lie algebra. Every maximal abelian ideal
in b is of the form a~, where Y is either
(i) {a € dT|ht_g(a) > hi_¢(&)}, where & € Q(Tl), ng =n and k is such that ni =
2n+ 1, where n € Z>.
Or, X
(i) {a € O |hts(a) > M@=1)

Proof. For simplicity, we will not cover the case g being of type 4; (Theorem 2.4
already recovers all maximal abelian ideals).
For each k such thatny = 2n + 1, wheren € Z>¢letao, @1, ...&;...be the highest,

next highest, ... root in ®I with nZ’ = n. We observe that for all classical cases, the

1)
only odd coefficient of & is one and when nz =1 we have n®® = 0. Clearly, & is the
highest root of the embedded root system with Dynkin diagram a component of that
of g with the o node removed. When g is of type B;, then k = 1 is the only choice for k.
Since @ = w, and @ is the highest root of the embedded B;_; root system, obtained by
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deletion of the a; node, we see that &y = —w; + w3. The grading position associated
to —qgis {1},and n{* = 0. S0, T = {a € ®T|ht_g,(a) > 0} (i.e. {o € ®*|n§ = 1}). This
ideal was described in Theorem 2.4, and so is a maximal abelian ideal. Now, &) is
Se;(@0), so that @ = —w; + wy — w3 + w4. The grading positions associated to —&; are
{1, 3}, also n‘f“ = 0and ng” =1.S0,T = {@ € T |ht_4 (o) > 1}. This ideal was already
described in Theorem 3.3 and hence is a maximal abelian ideal. We can continue in this
fashion to recover a total of (/ — 2) &; roots (any more reflections would force the height
of @; included too low to be an element of <I>(Tl)). The grading positions associated to
—a; are {l,i+ 1} for 2 <i <[ — 2. Each of these correspond to a maximal abelian
ideal described in Theorem 3.3. Lastly, the grading positions associated to § are {1, [},
once again these correspond to a maximal abelian ideal described in Theorem 3.3.
Hence, we have a total of / — 1 maximal abelian ideals.

Let g be of type C;, then & = 2w; and ht(&) = 2/ — 1. Here, ng is odd for
k = 1. Hence, &y must belong to an embedded 4, | root system, forcing &y & CD(TI),
a contradiction. So, there are no & roots in this case. The grading position associated
to § 1is {/}, and n‘," = 1. Hence, Y = {a € ®"|hts(o) > 0}. This is the only maximal
abelian ideal, and already found in Theorem 2.4.

Let g be of type Dy, then & = w;, ht(@) = 2] — 3 and n;f is odd if and only if
ke{l,I-1,1}.If k=1or[—1, then & is found by / — 2 simple reflections from &
(each reflection corresponding to those nodes in the path from «; to «y in the Dynkin
diagram), thus ht(@) = ht(&) — (I — 2) = [ — 1. Hence, we cannot further decrease in
height and remain contained in <I>7;). So each k € {{ — 1,1} gives one &, the grading
positions associated to —&g are {{ — 1} fork =/ — 1 and {/} for k = [ (i.e. corresponding
to the maximal abelian ideals found in Theorem 2.4). If k =1, &y = —w; + w3, the
grading position associated to —&g is {1} (found in Theorem 2.4). Using simple
reflections, we can find / — 4 more &; roots, where {1, i} are the grading positions
associated to —¢&; for 3 <i </ — 2. Once again these grading positions correspond
to the maximal abelian ideals found in Theorem 3.3. Lastly, the grading positions
associated to § are {1,/ — 1, /}. This is our first example of three grading positions.
Here, his(&) = 3,and Y = {a € ®T|his(a) > 1}. Once again this maximal abelian ideal
was described by Theorem 3.3.

Let g be of type Eg. Here, n¥ =1 for k =1 or k = 6. In each of these cases,
the grading positions associated to —& describe maximal abelian ideals found by
Theorem 2.4. There is only one other & root, the grading positions associated to
—ay are {1, 5} for k =1 (and {3, 6} for k = 6). Once again both of these correspond
to maximal abelian ideals described in Theorem 3.3. For k =4 (i.e. n‘j‘ =3)q =
w1 + wy — wyg + wg, so the grading position associated to —¢& is {4}, there are no
more & roots for k = 4. Once again this was described in Theorem 3.3. The grading
positions associated to § are {1, 4, 6}, and hts(@) = 5. So, YT = {a € ®*|hts(a) > 2}.
To show that ay is maximal, let 8 € ®*, such that /#5(8) = 2, and suppose that
B U Y is an abelian ideal. Now, ({a € @7 |hts(a) = 5}) = wg4. If (B, w4) < 0, then there
exists an « such that Ats(a) = 5 and o + B € ®* a contradiction. If (8, wg) > 0, then
there exists an « such that o — 8 € ®* and since hts(a) =5, « — B € Y. This is a
contradiction since 8 + (¢ — B) € ®™ (violating the abelian condition). So (8, w4) = 0,
hence n4‘3 = 0. This is another contradiction since /t5(8) = 2 and nf = 0, no such root

exists in the Eg root system (since if nf =0, B belongs to a product of embedded
type A root systems). Hence, ay is maximal. This gives a total of six maximal abelian
ideals.
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Table 1. Maximal abelian ideals

Lie algebra Grading positions Theorems
Ay {1}, ..., {r}. 2.4
B,,n>3 {1}. 2.4
{1,3},..., {1, n}. 33
Cy {n}. 2.4
Dy,n>3 {1}, {n — 1}, {n}. 24
{1,3}, ..., {1,n=2},{1,n—1,n}. 3.3
E¢ {1}, {6}. 24
{1, 5}, {3, 6}, {4}. 33
{1, 4, 6}. 4.2
E; {7}. 2.4
{5}, {3}, {2, 7}, {3, 6}. 3.3
{4,7},{3,5. 7} 4.2
Eg {7}, {2}, {5}, {1, 7}, {2, 6}. 3.3
(3,7}, {4,7},{2,5, 7). 4.2
Fy {2}. 33
{2, 4}. 42
G {1}. 3.3

The arguments for E7 and Eg are almost identical to those for Eg. In E;, the
only grading positions not found previously are {3, 5, 7} associated to § and {4, 7}
associated to &. To show maximality, we repeat a similar argument to the Fg case.
In Eg, the only grading positions not found previously are {2, 5, 7}, {3, 7} and {4, 7},
maximality follows along the lines of previous arguments again. Giving a total of seven
and eight maximal abelian ideals for £7 and Ejg, respectively.

For F4, @ = w; and ng isoddifand only if k = 2. Here, &y = w; — wy + 2w4 and the
grading position associated to —&y is {2}, there are no more & roots. This corresponds
to a maximal abelian ideal described in Theorem 3.3. The grading positions associated
to & are {2, 4} so hts(@) = 5 and ({«|hts(c) = 5}) = w,. A similar argument to that of
the above will show maximality, giving a total of two maximal abelian ideals.

Lastly, we find one maximal abelian ideal in G, grading position {1} associated
to 8, which was already found by Theorem 3.3. We have exhausted all possible choices
of o € ®(;) to produce maximal abelian ideals. Using the result that there are as many
maximal abelian ideals as the number of long simple roots, proved in [11] and [10], we
have found every maximal abelian ideal. O

We present our results in table form (see Table 1), showing grading positions
associated to both —&; and § in the case of Theorem 4.2 or y for Theorem 3.3. The last
column shows which theorems found these grading positions, we also include Theorem
2.4 when it found the same maximal abelian ideals, as our other theorems. Theorem
4.2 describes every maximal abelian ideal but we only reference it in the table when
it is the only theorem that identifies the grading positions shown. We also note that
Theorems 2.4 and 3.3 struggle for exceptional g.

A Appendix

Conclusion of the proof of Theorem 3.3. We know that A = {« € ®*|ht, () >
n + 1}. Using the two observations in the proof of Theorem 3.3, we now show that
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Figure 1. Extended dynkin diagram of E;.
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Figure 2. Extended dynkin diagram of FEg.

a, is maximal for n > 2. To prove maximality, we show that for any root « such that
ht, () = n, A U {a} is not an abelian ideal.

Let o € ®* such that ht, (o) =n and suppose A U {a} is an abelian ideal.
If ({8 € Alht,(B) = ht,(@)}), @) < 0, then there exists a B such that 8+« € ®7,
a contradiction. If (({B|ht,(B) = ht,(&)}), @) > 0, then there exists a B such that
B —a € @ andsince ht, (¢) = n, B —a € A. Hence,  + (8 — ) € A acontradiction.
So. ({Blhty(B) = ht, (@), ) = 0.

Suppose |P| =1, then ({Blht,(B) = ht,(&)}) = k,w,, Where p is the grading
position and by our observations k, > 0. If ({{8|ht,(B8) = ht,(@)}),®) =0, then
(kpwp, ) = kp(wp, nyay,) = 0,s0n; = 0acontradiction since Aty (o) = n. Since | P| < 2,
there must be exactly two grading positions, henceforth let P = {p, ¢}, and let o, be
closer to the —a& node in the extended Dynkin diagram.

If (({Blht,(B) = ht,(a)}), @) = 0, then
(kpwp, &) + (kgwq, ) = kp(wp, nyay,) + ky(wy, ngey) = 0.

Since (wp, ap) > 0 and k, > 0, k, > 0, then ny =0. If k, > 0, then ny =0, also a
contradiction since ht, (o) = n. Therefore, k, = 0, and nj = n since ht, (a) = n. So, we
require a root « such that Az, (o) = nand ng = n.

Since we are only concerned with the cases where n¥ > 2 (i.e. where nf = 4 or
6) and «y is long, the only root systems left to consider are that of E; and Eg. Our
arguments from now on we will make extensive use of Dynkin diagrams and embedded
root systems. To aid the reader in seeing the embedded root systems for the various
possibilities of grading positions associated to y , we will provide the extended Dynkin
diagrams for both E; and Eg (see Figures 1 and 2). The nodes are denoted by «; and
the number adjacent to each node is n‘;‘. We start with E7.

In E7, the only case to consider is that of k = 4, here ht, (&) = 5, ht,(y) = 4 and
& = ;. If {1} € P, then, n} = 1 since n{ = 2. Hence, n} = 3, since ht,(y) = 4. Now,
m}, > 0 for all p € P by definition of P. So, n := y — ay is a root. Moreover, n] = 0,
hence n belongs to an embedded D¢ root system. This is a contradiction since ny = 3
and n¢ < 2 for all i in Ds. Therefore, {1} ¢ P.

Since At, (@) = 5, the following are the only possible choices for grading positions
associated to y, {{3, 2}, {3, 6}, {5, 2}, {5, 6}, {4, 7}}. We now use the observations that
n; =0 and ng = n, to exclude possible grading positions associated to y. Suppose
{3} € P. Since a3 is closer to the o) node in the Dynkin diagram, we know that

n§ = 0, hence a belongs to embedded 4| x As, a contradiction since we require ng = 2.
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Suppose P = {5, 2}, then o € A4 x A, such that n§ = 2, a contradiction. If P = {5, 6},
then there exists a € 44 x A4, such that n = 2, a contradiction. Lastly, if P = {4, 7},
then there exists & € 4> x Ay x Az such that n{ = 2 another contradictjon.

For Eg (see extended Dynkin diagram below), & = wg. First, n =4, for k €
{3,6}. In either case, the set of possible grading positions associated to y is
{{1, 2}, {1, 7}, {2, 8}, {7, 8}}. Similar to the F; case, arguments along the lines of
embedded root systems that contain some root n such that n, = 0 and n; > 2, exclude
these as grading positions.

Finally, if k = 4, n}f =6, ht, (@) =7 and ht,(y) = 5. The set of possible grading
positions associated to y is {{5, 8}, {1, 5}, {3, 2}, {3, 7}, {2, 6}, {6, 7}}.

Similar to the case of Ey, if P = {5,8}, then n} =1 (since & = wg) and hence
n% = 4, so there exists an n such that n = 0 and n! = 4 a contradiction since  belongs
to an embedded E; root system.

If P ={1,5}, then a € A4 x A3, where n{ = 3. If P = (3,2}, then o € 47, where
n§ = 3. If P ={3,7}, then there exists o € E¢ such that n§{ = 3. If P = {2, 6}, then
o € Ds x Ay such that n§ = 3. If P = {6, 7}, then there exists & € Eg, such that nf = 3,
all of which a contradictions. Thus, A U {«} is not abelian when /¢, (a) = n.

Now, let B be a root of maximal height such that Az, (8) =n—1 and A U {B} is
an abelian ideal. There exists an oy such that 8 + «; € ®* and B8 + «; € A by the ideal
condition. If / € P, then At, (B + ;) = n, a contradiction. If / ¢ P, then ht, (8 + «;) =
n — 1 and ht(B + «;) > ht(B) a contradiction by definition of 8. Hence, the theorem is
proved. O
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