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Abstract

When p > 2, we construct a Hodge-type analogue of Rapoport—Zink spaces under the
unramifiedness assumption, as formal schemes parametrizing ‘deformations’ (up to quasi-
isogeny) of p-divisible groups with certain crystalline Tate tensors. We also define natural rigid
analytic towers with expected extra structure, providing more examples of ‘local Shimura varieties’
conjectured by Rapoport and Viehmann.
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1. Introduction

Let (G, $) be a Hodge-type Shimura datum; that is, (G, §)) can be embedded
into the Shimura datum associated to some symplectic similitude group (that is,
Siegel Shimura datum). By choosing such an embedding, the associated complex
Shimura variety Sh(G, )¢ obtains a family of abelian varieties (coming from
the ambient Siegel modular variety) together with Hodge cycles.

In this paper, we construct, in the unramified case, a natural p-adic local
analogue of such Shimura varieties; loosely speaking, what we constructed can
be regarded as ‘moduli spaces’ of p-divisible groups equipped with certain
‘crystalline Tate tensors’. Since the precise definition is rather technical, let us
just indicate the idea. Recall that for a Q-Hodge structure H, a Hodge cycle on H
can be understood as a morphism ¢ : 1 — H of (Q-Hodge structures, where 1 is
the trivial Q-Hodge structure of rank 1. Our definition of crystalline Tate tensors
is very similar, with Q-Hodge structures replaced by F-crystals equipped with
Hodge filtration. (By F-crystal, we mean Tate twists by any integers of crystals
equipped with nondegenerate Frobenius action. This is to allow the dual of an
F-crystal to be an F-crystal. And we only define the notion of crystalline Tate
tensors for p-divisible groups defined over ‘formally smooth’ base rings, to avoid
subtleties involving torsions of crystalline Dieudonné theory. See Definition 4.6
for the precise definition over nice enough base rings.)

Let G be a connected unramified reductive group over Q,, (that is, quasisplit
and split over Q;f). We fix a reductive Z,-model of G (which exists by

unramifiedness), and also denote it by G. We choose an element b € G(@;r)

which gives rise to a p-divisible group X over Fp in the following sense: for some
finite free Z,-module A with faithful G-action, the F-crystal M := (Z;r QX A*,
b o (0 ®id)) gives rise to a p-divisible group X by the (contravariant) Dieudonné
theory. In this case, we can associate to such b an ‘unramified Hodge-type local
Shimura datum’ (G, [b], {™'}) (cf. Section 2.5).

Let M® denote the direct sum of the combinations of tensor products,
symmetric and alternating products, and duals of M. Then the fact that b € G(Kj)
gets encoded as the existence of certain ‘Frobenius-invariant tensors’ (t,) € M®;
cf. Lemma 2.5.6, Proposition 2.1.5.

Rapoport and Zink constructed a moduli space RZyx parametrizing
‘deformations’ of X up to quasi-isogeny [44, Theorem 2.16]. Here, RZx is a
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formal scheme which is locally formally of finite type over @;f. Our main result
is roughly of the following form:

THEOREM (4.9.1). Let (G, b) and X be as above, and assume that p > 2.
Then there exists a closed formal subscheme RZg, C RZx which classifies
deformations (up to quasi-isogeny) of X with Tate tensors (t,), such that
the Hodge filtration of the p-divisible group is étale-locally given by some
cocharacter in the conjugacy class {u}. (See Definitions 4.6 and 5.1 for the
precise conditions that define RZ p.) Furthermore, RZ ¢, is formally smooth, is
Sfunctorial in (G, b), and only depends on the associated unramified Hodge-type
local Shimura datum (G, [b], {it™"}) up to isomorphism (and not on the auxiliary
choice of X).

(The assumption that p > 2 is made in order to use the Grothendieck—Messing
deformation theory for the nilpotent ideal generated by p.)

Rapoport and Viehmann conjectured that to any (not necessarily unramified nor
Hodge-type) ‘local Shimura datum’ (G, [b].{x"'}), there exists a rigid analytic
tower of ‘local Shimura varieties’ with suitable extra structure [43, Section 5]. In
Section 7, we construct the rigid analytic tower over the generic fibre of RZs
equipped with suitable extra structure as predicted in [43, Section 5]; in other
words, we construct ‘local Shimura varieties’ associated to any unramified Hodge-
type local Shimura data when p > 2. (Rapoport and Viehmann also conjectured
that ‘local Shimura varieties’ could be constructed by a purely group-theoretic
means. Note that our construction of ‘local Shimura varieties’ in the unramified
Hodge-type case is not purely group-theoretic as we make crucial use of p-
divisible groups.)

In the case of unramified EL- and PEL-type, we also show that RZs , recovers
the original construction of Rapoport—Zink space in [44, Theorem 3.25]. See
Proposition 4.7.1 for the precise statement. On the other hand, the theorem
provides Rapoport—Zink spaces for more general class of groups G that do not
necessarily arise from any EL or PEL datum. For example, we may allow G to
be the spin similitude group associated to a split quadratic space over Q,,, which
do not arise from any EL or PEL datum if the rank of the quadratic space is at
least 7. Note also that the ‘functoriality’ assertion of the theorem produces some
interesting morphisms between EL and PEL Rapoport—Zink spaces, which may
not be easily seen from the original construction. See Remark 4.9.9 for such an
example involving an ‘exceptional isomorphism’.

Recently, Scholze and Weinstein [48] constructed the ‘infinite-level’ Rapoport—
Zink spaces of EL- and PEL-type, which provides a new approach to study
Repoport—Zink spaces. As remarked in the introduction of [48], for quite a general
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‘local Shimura datum’ (G, [b], {t~'})—without requiring G to be unramified,
nor [b] to come from a p-divisible group—it should be possible to construct
the infinite-level Rapoport—Zink space for (G, [b], {i}) using the technique in
[48]. This approach does not require any formal model at the ‘maximal level’
Rapoport-Zink space, nor does it give a natural formal model, while our approach
is to start with the formal scheme at the hyperspecial maximal level and build
up the rigid analytic tower from there. Perhaps, having a formal scheme at the
hyperspecial maximal level could be useful in some applications; for example,
p-adic uniformization of Hodge-type Shimura varieties; see the next paragraph
for more details. In Section 7.6 we give a construction of Rz, using ‘finite-
level’ Rapoport-Zink spaces RZ; , and [48, Theorem D]. Note that there should
be more natural ‘purely infinite-level’ construction of RZg,, which should work
more generally, but we give our ‘finite-level’ construction just to link our work
with [48].

In the PEL case, Rapoport and Zink also showed that certain arithmetic
quotients of PEL Rapoport—Zink spaces can be related to PEL Shimura varieties,
generalizing the theorem of Drinfeld and Cerednik on p-adic uniformization of
Shimura curves; cf. [44, Ch. VI]. This is a useful tool for studying the mod p
geometry of PEL Shimura varieties—especially, the basic (that is supersingular)
locus—by reducing the question to a purely local problem of studying the
corresponding Rapoport-Zink space. In the sequel of this paper [30], we give
a Hodge-type generalization of this result at odd good reduction primes. In
particular, the result is applicable to GSpin(n, 2) Shimura varieties for any .

Since the first version of this paper appeared, some alternative constructions of
Hodge-type Rapoport—Zink spaces were developed under some mild restrictions.
Ben Howard and George Pappas [24] gave another construction of Hodge-type
Rapoport-Zink spaces, compatible with ours, in the case when the Hodge-
type local Shimura datum (G, [b], {#~'}) comes from a (global) Hodge-type
Shimura datum. Their construction relies on the existence of integral canonical
models of Hodge-type Shimura varieties and the Rapoport—Zink uniformization
for Siegel modular varieties. This global construction is simpler than ours and
automatically gives the Rapoport—Zink uniformization of Hodge-type Shimura
varieties (recovering [30]), while our construction is purely local (as it should be)
and does not require (G, [b], {1+~'}) to come from a global Shimura datum.

Xinwen Zhu [54] gave a purely group-theoretic (and local) construction of
the perfection of the underlying reduced schemes via mixed characteristic affine
grassmannian. Oliver Biiltel and George Pappas [9] gave yet another purely group-
theoretic (and local) construction of Hodge-type Rapoport—Zink spaces via the
theory of (G, w)-displays if the fixed p-divisible group X does not have any
nontrivial multiplicative or étale part.
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Let us comment on the proof of the main theorem (Theorem 4.9.1). We do
not directly extract defining equations of RZ¢;, in RZx, but instead we take an
indirect approach. As a starting point, observe that the candidate for the set of
closed points RZG,;,(F,,) - RZX(FP) is given by the affine Deligne-Lusztig set (cf.
Proposition 2.5.10). Furthermore, Faltings constructed a formally smooth closed
subspace (RZg ), of the completion (RZx); at x € RZG,b(Fp), which gives a
natural candidate for the completion of RZ ;, at x.

We then construct a formal algebraic space RZ¢ , by patching together Faltings
deformation spaces (RZ¢ ), via Artin’s algebraization technique (cf. Section 6.1).
(Although Artin’s criterion is only for algebraic spaces, not for formal algebraic
spaces, we apply Artin’s criterion to suitable ‘closed subspaces’ which turn out
to be algebraic spaces.) The key step is to show that Tate tensors, constructed
formal-locally over (RZ¢ ), by Faltings, patch together and spread out to some
neighbourhood of x whenever they should (cf. Propositions 5.2 and 5.6).

The main reason why we exclude p = 2 is that the standard PD structure
on pR is not nilpotent unless either p > 2 or pR = 0. In particular, if p = 2
then we cannot apply the Grothendieck—Messing deformation theory [39] for the
thickenings R — R/ p. The main results of this paper will be extended to the case
when p = 2 in the author’s forthcoming paper.

Structure of the paper. In Section 2, we recall and introduce some basic
definitions, such as (iso)crystals with G-structures, filtrations, and cocharacters.
In Section 3, we review Faltings’s explicit construction of the ‘universal
deformation” of p-divisible groups with Tate tensors. The theorem on the
existence of RZg, is stated in Section 4, which is proved in Section 5 and
Section 6.

In Section 7, we define various extra structures on RZg , as predicted in [43,
Section 5], including rigid analytic tower and the Hecke and quasi-isogeny group
actions. In Section 8, we show the existence and integrality of ‘étale realizations’
of the crystalline Tate tensors, which are needed for constructing the rigid analytic
tower in Section 7.

2. Definitions and preliminaries

2.1. Notation. Foranyring R, an R-module M, and an R-algebra R’, we write
My = R'®x M. Similarly, if R is a noetherian adic ring and X is a formal scheme
over Spf R, then for any continuous morphism of adic rings R — R’ we write
%R, =X X Spf R Spr/

For any ring 0, we let Alg,, denote the category of &-algebras. Now assume
that & is a p-adic discrete valuation ring, and we let Nilp, denote the category of
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O-algebras R where p is nilpotent. Let 2R s denote the category of artin local &-
algebras with residue field &'/m. Note that any (not necessarily p-adic) locally
noetherian formal scheme X over Spf & defines a set-valued functor on Nilp,; by
X(R) := Homg(Spec R, X) for R € Nilp,.

We work with formal schemes that satisfy the following finiteness condition:

DEFINITION 2.1.1. Let & be a p-adic discrete valuation ring. A locally
noetherian formal &-scheme X is locally formally of finite type over Spf &
if X eq is locally of finite type over & /me (where X4 is the closed subscheme of
X defined by the ideal of locally topologically nilpotent sections).

A formal &-scheme X is formally of finite type if it is quasicompact and locally
formally of finite type over Spf &

REMARK 2.1.2. Let us denote O[[uy, ..., u,]l{vy, ..., vy) to be the completion
of Oluy,...,u,,vy,...,v] with respect to (p,uy,...,u,). We say that a
topological -algebra R is formally finitely generated over O if it can be written
as the quotient of O[[uy, ..., u,]l{vy, ..., v,). Note that the Jacobson radical J
of R is the ideal of topological nilpotent elements, and the natural topology on
R is the J-adic topology, with respect to which R is separated and complete. (In
particular, any maximal ideal of R is necessarily open.)

Now, it follows that an affine formal scheme X = Spf R is formally of finite type
over ¢ if and only if R is a formally finitely generated &’-algebra equipped with
the natural topology (that is, the J-adic topology, where J is the Jacobson radical).
Similarly, a locally noetherian formal scheme X over & is locally formally of
finite type over ¢ if and only if X admits an affine open covering {Spf R;} where
each R; is formally finitely generated over &’ equipped with the natural topology.

Later in this paper, we work with two (not necessarily equivalent) topologies
on formally finitely generated &-algebras R; namely, the natural topology and
the p-adic topology (cf. Definition 4.6). To minimize confusions, we introduce
the following convention:

(1) If the topology on R is not specified, we always endow R with the J-adic
topology (referred to as the natural topology), where J is the Jacobson
radical. An ideal of definition Jy of R means an ideal of definition for the
natural topology.

(2) By Spf R, we always endow R with the natural topology. If there is any risk
of confusion, we use the notation Spf(R, Jy) where Jj is an ideal of definition
for the natural topology.

(3) A formally finitely generated W-algebra R is called formally smooth (over
W if it is formally smooth over W with respect to the natural topology.
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(4) We write Spf(R, (p)) to denote the formal spectrum of R endowed with
the p-adic topology. If p is nilpotent in R (so the p-adic topology on R
is discrete), then we have Spec R = Spf(R, (p)).

Since any maximal ideal of R is open for the natural topology, the natural maps
Spec R — Spf(R, (p)) — Spf(R, J) induce bijections on the set of closed points.

Let C be a pseudoabelian symmetric tensor category such that arbitrary
(infinite) direct sum exists. (Pseudoabelian categories are defined in the same
way as abelian categories, except that we only require the existence of kernel for
idempotent morphisms instead of requiring the existence of kernel and cokernel
for any morphism. In practice, the pseudoabelian categories that we encounter are
the category of filtered or graded objects in some abelian category. For definitions
in category theory, see [52] and references therein.) Let 1 denote the unit object
for ®-product in C (which exists by axiom of tensor categories).

Let D be a full subcategory of C which is stable under direct sums, tensor
products, and direct factors. Assume furthermore that D is rigid; that is, every
object of D has a dual. (For example, C can be the category of R-modules filtered
by direct factors over R, and D can be the full subcategory of finitely generated
projective R-modules filtered by direct factors.)

DEFINITION 2.1.3. For any object M € D, we let
M® eC

denote the direct sum of any (finite) combination of tensor products, symmetric
products, alternating products, and duals of M. Note that M® = (M*)®.

DEFINITION 2.1.4. Throughout this paper, a reductive group G over a scheme
S means an affine smooth group scheme such that each geometric fibre is a
connected reductive group. (Note that we always impose the connectedness as
a part of the definition of reductive groups.)

PROPOSITION 2.1.5. Let R be either a field of characteristic 0 or a discrete
valuation ring of mixed characteristic. Let G be a reductive group over R, and A
a finite free R-module equipped with a closed immersion of algebraic R-groups
G — GL(A). (We identify G with its image in GL(A).) Then there exist finitely
many elements s, € A® such that G coincides with the pointwise stabilizer of
(sq); that is, for any R-algebra R’ we have

G(R") = {g € GL(Ay) such that g(s,) = s, Ya}.
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Proof. A more general statement is proved in [32, Proposition 1.3.2]. O

EXAMPLE 2.1.6. For any ring R, let A be a finite free R-module, and (,) :
A ® A — R be a perfect alternating form. Then we construct a tensor s € A®
from R* - (, ) so that its pointwise stabilizer is GSp(A, (,)). Letc : GSp(A, (,))
— G, be the similitude character, and let R(c) be R as a R-module equipped
with the GSp(A, (,))-action via c. Then (, ) induces a GSp(A, (, ))-equivariant
morphism A ® A — R(c).

Now, since the pairing (,) induces an isomorphism A — A* sending A €
Ato (A, ) € A*, we can view (,) as a pairing of A*. Then the natural action
of GSp(A, (,)) on A* preserves this pairing up to similitude, with similitude
character ¢ !; that is, we obtain the following GSp(A, (, ))-equivariant morphism

A*® A* — R(c™") = R(0)*,

induced by (, ). By double duality, we now obtain a GSp(A, (,))-equivariant
section R(c) — A ® A. (By choosing an R-basis {¢;} of A, we can make these
maps explicit as follows. Let {e}} denote the dual basis of A*, and we define ;- €
A by the condition (e}, ¢;) = §;; for any j. Then the pairing of A* induced by (, )
sends e} ® e’ to (¢, e;). By applying double duality, the map R(c) — A ® A
sends the basis 1 € R(c) to 3_, ;(e}", er) - (e ®e)).)

Therefore, (, ) induces the following GSp(A, (, ))-equivariant endomorphism

A®RA—~ R(c) > ARA; Qe (ei.e)) Y (e ¢j)- (e ®ey). (2.1.7)

[-/’j/

(The endomorphism is independent of the choice of {¢;}.) We may view this
endomorphism as a tensor s € A®* ® A*®2, Note that replacing (,) with any
R*-multiple does not modify s.

We claim that the pointwise stabilizer of s in GLz, (A) is GSp(A, (,)).
Indeed, any g € GSp(A, (,)) fixes each of the maps in (2.1.7) by construction.
Conversely, if g € GLz(A) fixes s, then it should preserve the image of R(c) —
A ® A (that is, the line in generated by Zi,_j,(ef,, eﬁ) - (e; ® €;1)). This condition
means that g fixes the pairing on A* induced by (, ) up to similitude, which is
equivalent to fixing the pairing (, ) on A up to similitude.

2.2. {u}-filtrations.

DEFINITION 2.2.1. Let R be any ring and M a finitely generated projective R-
module. For a cocharacter u : G,, - GLz(M), we define a grading gr; M so
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that gry, (M ) is the ‘weight (—a)-part’; in other words, the G,,-action on M via
w leaves each grading stable, and the resulting G,,-action on gr7, (M) is given by

2>z ¢ z>zid

Gn — G, —— GL(gr},(M)).

We say that a filtration Fi1°*M is induced by u if we can write Fil“M =
Dosa 9riM.

In the definition, we chose the sign so that it is compatible with the standard
sign convention in the theory of Shimura varieties (as in [18, 40]).

Let G be a reductive group over Z,. We choose A € Repy, (G) with faithful
G-action, and finitely many tensors (s,) C A® which define G (in the sense of
Proposition 2.1.5). Let X be a locally noetherian formal scheme over SpfZ,, and
& a finite-rank locally free Ox-module (that is, a vector bundle on X). Let (¢,) C
(X, &%) be finitely many global sections.

We introduce a notion of filtrations on & which étale-locally admits a splitting
given by some cocharacter (but such a splitting may not be defined globally); see
Definition 4.6 for the relevant setting.

Given u : G,, = Gy, let us recall the definition of parabolic groups and their
unipotent radicals over W:

Ps(n) :={g € Gy lirr(}ad(u(t))g exists.} C Gy and
t—

» . . , (2.2.2)
Us(u™) :=={g € Gwl }1_1)1(}3(1(# (1))g =id} C G,

where the existence of the limit is defined as in [14, page 46]. Recall that both
groups are smooth over W cf. [14, Proposition 2.1.8(3)].

DEFINITION 2.2.3 (X. Zhu [54, Definition 3.8]). Let u : G, — Gy be a
cocharacter, and let {i} denote the G(W)-conjugacy class of w. A filtration
Fil*& of & is called a {u}-filtration (with respect to (z,)) if the following formal
scheme

Prirs, = Isom, . ([@@, (1), F11°8], [Ox ®z, A, (1 ® 54), Fil;]) 2.2.4)
is a Pg(w)-torsor. (This notion does not depend on the choice of © € {u}.)

REMARK 2.2.5. Note that if there exists a {u}-filtration of & with respect to (z,),
then the following formal scheme is a G-torsor:

P = Isom,, ([, (t)], [Ox ®z, A, (1 ® s,)]). (2.2.6)

https://doi.org/10.1017/fms.2018.6 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2018.6

W. Kim 10

If P is a G-torsor, then a filtration Fi1°& of & is a {u}-filtration (with respect
to (t,)) if and only if the following condition holds: for some étale-local section
¢ € P(®) (where ) — X is an étale covering), the filtration (F11°&)y of &y
is induced from the conjugate of the cocharacter u over ) by some element g €
G (). In the earlier version of this paper, this was stated as the definition of
{u}-filtration, and Definition 2.2.3 is the equivalent formulation by X. Zhu [54,
Definition 3.8].

REMARK 2.2.7. If G = GL(A) and & is a vector bundle over X with rank equal
to rankz, (A), then a filtration F11°& of & is a {u}-filtration for some {1} if and
only if each of the graded pieces gr'& is of constant rank. (And one can write
down {u} uniquely up to conjugation from the ranks of gré&’.)

In the setting of Definition 2.2.3, let Flg{(fj‘}) denote the functor on formal

schemes over X, which associates to 2) EN % the set of {u}-filtrations of f*&
with respect to (f*t,). We write Fli = FlGL(A), 1u)» and use the same symbol to
denote the representing formal scheme, which is relatively projective and smooth
over X.

LEMMA 2.2.8. Assume that P (2.2.6) is a G torsor. Then Flg (l'j)
represented by a closed formal subscheme of F1¢, () Which is smooth over X with
nonempty geometrically connected fibres.

can be

Proof. Let us first deduce the lemma when the torsor Pg; 1% (2.2.4) is trivial. In
this case, the representing formal scheme is isomorphic to (Gw/Pg (i) X spec w X.
Note that the representability of Gy /Pg (1) as a proper smooth W-scheme can
be deduced from [14, Proposition 2.1.8(3)] and the Iwasawa decomposition [8,
Section 4.4]. (Indeed, [14, Proposition 2.1.8(3)] together with the Iwasawa
decomposition shows that Gy /Ps(n) admits an open dense subscheme
isomorphic to Ug(u™") and its translates by G(W) covers Gy /Pg(i). And
the W-scheme Gy /Pg (1) satisfies the valuative criterion for properness thanks
to the properness of each fibre and the Iwasawa decomposition.) Now, the
natural morphism Flg(’“) — Fli} is a closed immersion, being a proper
monomorphism. (Note that the properness follows from the properness of the
source and the target.)

In general, the natural inclusion FlG — Flﬁ; can be represented by a
closed immersion étale-locally on X, and 1t respects the étale descent datum. Now
the lemma follows from effectivity of étale descent for closed immersions. O

(ta)

The following corollary is straightforward from Lemma 2.2.8:
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COROLLARY 2.2.9. Assume that X is locally noetherian and P (2.2.6) is a G-
torsor. Then a filtration_ Fil*& is a u-filtration if and only if it is so over the
Sformal neighbourhood X, for any closed point x in X.

Let us finish the section with the following trivial but useful lemma:

LEMMA 2.2.10. Let &/X and (t,) be as in Definition 2.2.3, and let Fi1°& be a
{u)-filtration on &. Then we have t, € I'(X,Fi1°&®) for each a.

Proof. Since the claim is étale-local on X, we may assume that the torsor Pr;-¢
(2.2.4) is trivial. Fixing a trivialization of Ps; 1.+ we may assume that the filtration
Fil®& is given by a cocharacter i : G,, — Gx. This means that Fi1°& admits
a splitting by the weight decomposition gr;é’ using the G, -action by w. In
particular, grzéo ® is precisely the G, -invariants (with respect to p). On the
other hand, the G,,-action fixes each 7, as the cocharacter u factors through the
pointwise stabilizer of (z,). It follows that ¢, € grzé) ® for each a. O

2.3. Review on p-divisible groups and crystalline Dieudonné theory.
Throughout the paper, « be an algebraically closed field of characteristic p > 0
unless stated otherwise. (Most of the time, there is no harm to set ¥ := Fl,). We
set W := W(k) and K := W[i]. Let o denote the Witt vector Frobenius map on
W and K.

We only consider compatible PD thickenings; that is, the PD structure is
required to be compatible with the standard PD structure on pZ,.

If B is a Z,-algebra and b C B is a PD ideal, then for any x € b we let x!'!
denote the ith divided power.

DEFINITION 2.3.1. We define the isogeny category of p-divisible groups over a
scheme X over SpfZ, as follows:

e objects are p-divisible groups over X

e morphisms ¢ : X --+ X’ are global sections of the following Zariski sheaf over
X:
QHomg (X, X') := Hom(X, X') ®z Q.

If X is quasicompact (for example, X = Spec R for R € Nilp,,) then morphisms
can be understood as equivalence classes of diagrams of the form

[p"1] !
x < xLx
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where the equivalence relation is defined by ‘calculus of fractions’. We also say
that ¢ is defined up to isogeny, and often write 1 = #L/ ort! = p".

We use dashed arrows X --+ X' to denote morphisms defined up to isogeny. By
quasi-isogeny t : X --+ X', we mean an isomorphism in the isogeny category;
that is, an invertible global section of QHom, (X, X’). Let Qisg, (X, X') be the
set of quasi-isogenies. A quasi-isogeny ¢ is called an isogeny if ¢ is an actual map
of p-divisible groups.

We define the height h(t) of an isogeny ¢ : X — X’ to be a locally constant
function on X so that Zariski-locally on X, the order of ker(:) is p"“. We extend
the definition of the height to a quasi-isogenies by

h(p™1) == h() — h([p"D

Zariski-locally on X, where ¢ is an isogeny.

When p is nilpotent on the base, Qisg, (X, X') satisfies the ‘rigidity property’
analogous to rigidity of crystals; namely, for any B — R with nilpotent kernel
killed by some power of p, and p-divisible groups X and X’ over B, the natural
morphism

Homgp (X, X/)[%] — Hompg (Xg, X}?)[i] (2.3.2)

is bijective. (Cf. [27, Lemma 1.1.3]. Note that it is important to invert p to obtain a
bijection, since to lift a morphism Xy — X, over B one often needs to introduce
some denominator.) In particular, for a locally noetherian formal scheme X over
Z,, the isogeny categories of p-divisible groups over X and X4 are equivalent
via the pull-back functor.

Let X be a where p is nilpotent, and let X be the closed subscheme of X cut
out by the ideal generated by p. Let icris ‘= (icris,« icgis) : (?/Z,,)CRIS —
(X/Z,)cris be the morphism of topoi induced from the closed immersion
X <> X. Then icgis. and ity induce quasi-inverse exact equivalences of
categories between the categories of crystals of quasicoherent (respectively,
finite locally free) Ox/; -modules and Oxz,-modules. (This follows from [15,
Lemma 2.1.4], which can be applied since the natural map icgs «Ox 1z, > Ox /2y
is an isomorphism by [4, Section 5.17.3].) In particular, for any crystal D of
quasicoherent Oy z,-modules, we define the pull-back by the absolute Frobenius

morphism ¢ : X — X as follows:
o*D = iCRIS,*(UC*RISiéRIS]D))'
For a p-divisible group X over X, we have a contravariant Dieudonné crystal

ID(X) equipped with a filtration (Lie X)* = Fil}( C D(X)x by a Zariski-local
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direct factor as a vector bundle on X, where ID(X)3 is the pull-back of D(X) to
the Zariski site of X. (See [39], [38], or [3] for the construction.) We call Fili(
the Hodge filtration for X. If X = Spec R, then we can regard the Hodge filtration
as a filtration on the R-sections Fili( C D(X)(R). From the relative Frobenius
morphism F : X5 — o* X5, we obtain the Frobenius morphism F : o*D(X) —
D(X). On tensor products of D(X)’s, we naturally extend the Frobenius structure
and filtration.

We set 1 := D(Q,/Z,) and 1(—1) := D(up~). Note that 1 = Ox/z, with
the usual Frobenius structure and Fi1' = 0. We define D(X)* to be the (’)x/zp—
linear dual with the dual filtration. (Note that the Frobenius structure on ID(X)* is
defined ‘up to isogeny’.) We set 1(0) := 1 and

1(—¢) :=1(—D® and 1(¢c) := 1(—c)* if ¢ > 0.

For any crystal D with Frobenius structure and Hodge filtration, we set D(r) :=
D ® 1(r) for any r € Z. Note that D(X") = D(X)*(—1) by [3, Section 5.3].

We can extend the above definitions for p-divisible groups X over a locally
noetherian formal scheme X over SpfZ, as follows. We write X = hm X,
where X, is a closed subscheme of X cut out by some ideal of definition, "and
we set X, := Xz, . Then we define D(X) to be the projective system {D(X,)}
with respect to the pull-back under the natural inclusion X, — X, (cf. [15,
Section 2.4]), and we carry out all the operations for D(X) on the level of the
projective system {ID(X,)} (such as o*D(X) := {o*D(X,)}, D(X)* := {D(X,)*},
and so forth). We let D(X)x denote the vector bundle on X given by the projective
system {D(X,)x,}, and we obtain the Hodge filtration Fil}( C D(X)« given by
the projective system {Fil;n}. If X = Spf R, then we denote by D(X)(R) the
global sections of ID(X)x, and identify Fi1l ; with its global section.

DEFINITION 2.3.3. We define the category of isocrystals over X as follows:

e objects are locally free Ox/zp—modules D; we write D[i] if we view DD as an
isocrystal;

e morphisms are global sections of the Zariski sheaf Hom(D, ]D)’)[i] over X. If
X is quasicompact (for example, X = Spec R for R € Nilp,,) then morphisms
can be understood as equivalence classes of diagrams of the form

DLEDS D
where the equivalence relation is defined by ‘calculus of fractions’.

An F-isocrystal over X is a pair (ID)[%], F) where D[é] is an isocrystal over X

and F : O'*]D)[i] > ]D)[i] is an isomorphism of isocrystals.
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For a p-divisible group X, D(X )[%] can be naturally viewed as an F'-isocrystal.
Note also that the notion of F-isocrystals is closed under direct sums, tensor
products, and duality. So D(X )*[i] is an F-isocrystal although the Frobenius
structure may not be defined on D(X)*.

We often let 1(—c) denote the F'-isocrystal associated to 1(—c).

Note that for any morphism up to isogeny ¢ : X --» X’ of p-divisible groups
over X, we obtain a morphism of isocrystals D(¢) : ]D)(X/)[i] — ID)(X)[%]. If ¢ is
a quasi-isogeny, then D(¢) is an isomorphism of F-isocrystals.

We now define D(X)® by setting C to be the category of (integral) crystals of
quasicoherent Oy ,z,-modules and D C C to be the full subcategory of finitely
generated locally free objects (cf. Definition 2.1.3). Then the Hodge filtration
on D(X)x induces a natural filtration on ID(X )‘?g, and the Frobenius morphism
on D(X) induces an isomorphism of isocrystals F : G*D(X)@’[i] > ]D)(X)®[ﬁ].
More generally, for any quasi-isogeny ¢ : X --+ X’ of p-divisible groups over R,
D(t) extends to

D) : D(X)®[1/p] = D(X)®[1/p].

DEFINITION 2.3.4. For a ring R where p is nilpotent, a surjection B — R is
called p-adic PD thickening if B = hm B/p™ where B/p™’s form a projective
system of PD thickenings compatlble with the PD structure for pLy.

Let X be a p-divisible group over R. For a p-adic PD thickening B — R, we
set

D(X)(B) := limD(X)(B/p™)

For 7 : 1 — D(X)® a morphism of crystals, we define the section t (B) of t over

B (or the B-section of t) to be the image of 1 under the map

B = 1(B) = D(X)(B)®.

Let us review the interpretation of crystals and morphisms thereof as modules
with connection and horizontal morphisms thereof, following [15, Section 2.2].
Let R be a formally finitely generated W/ p™-algebra for some m, and we choose a
surjection A — R from a formally smooth formally finitely generated W-algebra
A.Let D — R be the p-adic completed PD hull of A — R. (Note that if R is
formally smooth over W/ p"™, we may choose A so that A/p™ = R, in which case
wehave D = A))

Let £2, denote the module of p-adically continuous Kihler differentials of A.
By [15, Remark 1.3.4], .ﬁA is isomorphic to the module of continuous Ké&hler
differentials with respect to the natural topology. (In particular, Q,isa locally
free A-module with rank equal to the relative dimension of A over W; note that
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ﬁw = 0 as the residue field of W is perfect, S0 §A =0 4,w-) Then the universal
p-adically continuous derivation V : A — £2,4 naturally extends to a p-adically
continuous connection

V(=Vp):D — D®y Q4

see [15, (2.2.1.2)] for the formula.

Let & be a crystal of quasicoherent Ogpe. g sz,-modules. (Note that we work over
Spec R, not over Spf R with the natural adic topology.) Then one can naturally
define the connection

V(= Ve): ED) — ED) @4 24 (2.3.5)
over Vp; cf. [15, Remark 2.2.4 d)]. We recall the following result

LEMMA 2.3.6 [15, Proposition 2.2.2]. The connection Vg is integrable and
topologically quasinilpotent (in the sense of [15, Remark 2.2.4 c]). Furthermore,
the assignment & ~~ (& (D), V) induces an equivalence of categories from the
categories of crystals of quasicoherent Ogpec /z,-modules to the category of D-
modules with integrable and topologically quasinilpotent connections, matching
locally free crystals and locally free D-modules.

REMARK 2.3.7. We choose R = A/p,so D = A. Let & be a crystal of locally
free Ospec & sz,-module of finite rank. Then although the crystalline connection on
& (A) is a priori only p-adically continuous, it turns out to be continuous for the
natural J-adic topology (where J is an ideal of definition). Indeed, this follows
from the J-adic continuity of the universal p-adically continuous derivation V :
A — £2,; cf. [15, Section 2.5].

REMARK 2.3.8. We may extend Lemma 2.3.6 for isocrystals over Spec R
as follows. Let & [é] be an isocrystal over Spec R. We choose a crystal &

representing & [é], and consider & (D)[é] equipped with connection Vg1, :
é"(D)[i] — <§’(D)[i] ®7 27 defined by extending V.. Then (é’(D)[i], V)
is independent of the choice of &. Now, Lemma 2.3.6 shows that the assignment
& [i] ~ (& (D)[i], Vg17) induces a fully faithful functor from the category

of isocrystals over Spec R to the category of D[i]-modules with integrable
topologically quasinilpotent connection.

REMARK 2.3.9. We choose a lift of Frobenius endomorphism o : A — A, which

naturally extends to a lift of Frobenius endomorphism o : D — D. (To see this,
D turns out to coincide with the p-adically completed PD hull of A — R/p, and
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o : A — A sends ker(g — R/ p) into itself. Now we apply the universal property
of PD hull to obtain ¢ : D — D.) Given an F-isocrystal & [ﬁ] over Spec R (i.e,

an isocrystal & equipped with an isomorphism F : 6*& [%] 5 & [%]), we obtain
the following horizontal map

F:0°&(D)[1]=D®,p ED)L] = ED)[L]

induced by F : o*& [i] > & [i]. Then Lemma 2.3.6 induces a fully faithful
functor from the category of F-isocrystals to certain Frobenius-modules with
connection.

REMARK 2.3.10. Let R — R’ is a quotient map of formally finitely generated
W/ p™-algebras, and let D’ — R’ denote the p-adically completed PD hull of
A — R — R’. Then we have a natural PD morphism D — D’.

Let & be a crystal of quasicoherent Ogpe. g/z,-modules, and &” its pull-back
over Spec R’. Then we have a natural isomorphism

&'(D) = ED)®p D,

where —®,, D' is the p-adic completion of the scalar extension. Furthermore, one
can obtain Vg by naturally extending V. (This horizontal isomorphism can be
obtained by applying the rigidity axiom of crystals [3, Définition 1.2.1] to the PD
morphism D/p™ — D'/p™ over R — R’ for any m’ > m.) This discussion can
be applied to the pull-back of (F-)isocrystals via closed immersions Spec R’ —
Spec R.

Let J be an ideal of definition of R. Then a projective system {&,} of crystals
over Spec R/J" can be interpreted as a projective system {&,, (D, )} of D,-modules
with connection, where D,, — R/J" is the p-adically completed PD hull of A —
R — R/J". This way, one can get an interpretation of ‘crystals over Spf R’ in
terms of certain modules with connection (which would be different from the
descriptions of crystals over Spec R unless R is finitely generated over W/p™).

2.4. F-isocrystals with G-structure over k. We review some basic
definitions and results on ‘F-isocrystals with G-structure’. See [44, Ch. 1]
for a detailed overview.

Recall that the category of quasicoherent crystals of Ogpec, w-modules is
equivalent to the category of W-modules by taking sections over W = W (k).
Therefore, an F-isocrystal over k can be regarded as a pair (D, F), where D is a
K-vector space and F : 0*D — D is an isomorphism. By abuse of notation, we
also call (D, F) an F-isocrystal over k.
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Let (D, F) be a rank-n F-isocrystal over x. By choosing a basis of D (or
equivalently, by choosing a faithful algebraic action of GL, on D), we can find
b € GL,(K,) which is the matrix representation of F (thatis, F is the linearization
of bo). Choosing a different basis of D, b is replaced by a suitable ‘o-twisted
conjugate’. Motivated by this, we make the following definition (cf. [34], [44,
Section 1.7]):

DEFINITION 2.4.1. Let G be a linear algebraic group over Q,. We say that b,
b’ € G(K,) are o-conjugate in G(K,) if there exists g € G(K,) such that b’ =
gha(g)~!. Let [b] C G(K,) denote the set of o-conjugates of b € G(K,) in
G (Ky).

Let Repg, (G) denote the category of finite-dimensional Q,-vector spaces with
algebraic G-action. Then for any b € G(K,) we can functorially associate, to any
Ve RepQF(G), an F-isocrystal B,(V) = (K¢ ®q, V, F},), where Fj, is defined as
follows:

Fy:0*(Ko®g, V) = Ko ®g, V2% Ko ®q, V. (2.4.2)
Here, py : G — GL(V) is the homomorphism of algebraic groups defining the
G-actionon V. For b, b’ € G(K), we have 8, = B, if b and b’ are o -conjugate in
G(Ky). Note thatif G = GL,/Q, and V = Q’; is the standard representation of
GL,, then b — B,(V) induces a bijection between the set of o-conjugacy classes
in GL, (Kj) and the set of isomorphism classes F-isocrystals of rank n over «.

We define the following group-valued functor J, = Jg, on Algg :

Jy(R) := (g € G(R ®q, Ky)| gbo(g)™' = b}, VR € Alg, . (2.4.3)

PROPOSITION 2.4.4 [44, Corollary 1.14]. If G is a reductive group over Q,, then
Jy can be represented by an inner form of some Levi subgroup of G.

2.5. Affine Deligne-Lusztig set. From now on, we let G be a reductive group
which is unramified over Q, (that is, quasisplit and split over Q%; or equivalently,
G admits a reductive model over Z,). We fix a reductive model Gz, over Z,, and
will often write G = Gy, if there is no risk of confusion. For any Z,-algebra R,
we write G g the base change of G over Spec R.

Recall that G is split over W (which is a strictly henselian discrete valuation
ring). Choosing a maximal torus T of Gy, we have a bijection

X.(T)/W(G,T) — Homy(G,, Gy)/G(W)
= HomKO(Gm, Gk,)/G(Kop) = GWH\G(Kp)/G(W) (2.5.1)
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induced by {v} — G(W)p"G(W), where p* := v(p) € G(Ky) and W(G, T)
is the Weyl group; indeed, the first two bijections are standard for split reductive
groups, and the last bijection is the Cartan decomposition.

DEFINITION 2.52. To b € G(Ky) and a G(W)-conjugacy class {v} of
cocharacters v : G,, — Gy, we associate the affine Deligne—Lusztig set as
follows:

X7, (b) := {g € G(K,) such that g'bo (g) € G(W)p"G(W)}/G(W)
C G(Ko)/G(W).

In the intended application, we choose {v} so that b € G(W)p"G(W). If {v} is

chosen this way, then we write X (b) := X[} (b) since it only depends on (G, b).

For y € G(K)j), the left translation gG(W) — ygG (W) induces
XS,y ~'bo () > XG)(b). (2.5.3)

In particular, we obtain a natural action J,(Q,) on X{GU}(b) (since J,(Q,) C
G(Ko)).
The following properties are straightforward to verify from the definition:

LEMMA 2.5.4. (1) For any morphism f : G — G’ of reductive group over
Z,, we have a natural map Xg}(b) — X{Gf/ov}(f(b)) induced by gG(W) —
f(@)G'(W). Furthermore, if f is a closed immersion, then the induced map
on the affine Deligne—Lusztig sets is injective.

(2) For another reductive group G’ over Z,, b’ € G'(W) and a conjugacy class
of cocharacters v' : G,, — G, we have an isomorphism
XGG (b, b)) = XG,(b) x X5, (D)

induced by the natural projections.
In particular, f : G — G’ induces X (b) — X (f (b)) and we have a natural
isomorphism XS (b, b') = X%(b) x X' (b)).

Proof. The only possibly nontrivial assertion is the injectivity of the map
X {GU}(b) - X [G/OU}( f(b)) when f is a closed immersion. Indeed, the following
map

G(Ky)/G(W) — G'(Ko)/G' (W),

induced by f, is injective, from which the desired injectivity follows. O
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Later, we consider pairs (G, b) which can be related to some p-divisible
group. Let us first spell out the condition when G = GL, and A = Z7 is the
standard representation. Then p 4.1, : GL, — GL, is the isomorphism sending

P

b to its transpose-inverse. Now, we consider ﬂb(A*[i]) = (Ko ®z, A", Fp)
(cf. Definition 2.4.1), and let M;‘ denote the W-lattice W ®z, A* in ,B,,(A*[ﬁ]).
Then M;' is a Dieudonné module of some p-divisible group over « if and only
if we have pM; C F,(c*M}) C M, which is equivalent to requiring that
b € GL,(W)p"GL,(W) where p* := diag(l,...,1, p~' ..., p7" for some
— —
n—d d

d € [0, n].

DEFINITION 2.5.5. We fix b € G(K,). Assume that there exists a faithful G-
representation A € Rep (G) such that the W-lattice

M} = W ®;, A" C B,(A*[1])

satisfies pM;' C F,(c*M}) C M;', where pay G — GLQI,(A*[%]) is the
morphism defining the contragradient G (Kj)-action on Ky ®z, A*. Then, M
is an Fj-stable W-lattice in ﬂh(A*[i]), which is a (contravariant) Dieudonné
module of some p-divisible group over k. (The existence of such A is a restrictive
condition on G and b. See Example 2.5.12 for the reason to dualize A in the
definition of M}".)

For such b and A, we let X{! denote the p-divisible group over k such that we
have an isomorphism D(X;')(W) = M,j1 as an F-crystal.

Just like the abelian variety which appears as a complex point of some Shimura
variety of Hodge type has certain Hodge cycles, the p-divisible group X as in
Definition 2.5.5 has certain crystalline tensors from the fact that b € G(Ky). The
following lemma is straightforward.

LEMMA 2.5.6. Let (G, b) and Xg‘ be as in Definition 2.5.5. Let s € A® be such
that for any Z,-algebra R, 1 @ s € R ® A® is fixed by G(R). (For example,
we may take s = s, for s, as in Proposition 2.1.5.) Consider 1 ® s € W ®
A® = DX (W)®. (Recall that A® = (A*)®; c¢f. Definition 2.1.3.) Then 1 ® s €
D(X;‘)(W)®[%] is fixed by F, where we extend F naturally to ]D)(XZ‘)(W)‘@[i].

DEFINITION 2.5.7. We fix finitely many tensors (s,) C A® which defines G in
the sense of Proposition 2.1.5. We set (t,) := (1®s,) € W®z, A® = D(X])(W)®.
By Lemma 2.5.6, each t, is fixed by the crystalline Frobenius operator in
D(X;)(W)®[+], which is induced by b via M = D(X;)(W).

https://doi.org/10.1017/fms.2018.6 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2018.6

W. Kim 20

LEMMA 2.5.8. Let (G, b) and A be as in Definition 2.5.5, and set X := X;‘. Let
{u} be a G(W)-conjugacy class of cocharacters G,, — Gy. Then the following
hold:

(1) For a cocharacter u : G,, — Gy, the Hodge filtration Fil%g Cc DX)(x) =
K ®z, A* is induced by w if and only if b € G(W)p"*“fl. (Recall that we
identified D(X)(W) = M; = W ®;, A*.)

(2) The Hodge filtration Filég C DX)(«) is a {u}-filtration with respect to
the image of (t,) in D(X)(x)® (cf. Definition 2.2.3) if and only if we have
be GW)p ™ G(W).

(3) The image of (ty) in D(X)(k)® lies in the Oth filtration with respect to the
Hodge filtration.

Proof. We write V = A[%] and let py- : G — GL(V*) denote the
homomorphism defining the G-action on V*.

Let us first show (1). Assume that b € G(W)p" for some v : G,, = Gy. Since
the Hodge filtration Filég C D(X)(«) is the kernel of py+«(b)(c ® id4+) acting on
k ®z, A" = D(X)(k), we have

(pv=(b)o) ' (pM;) = o (pv-((p™")") - pM}) = gr( 1), M + pM}.
io.—l)*v—l
action of py-((p~!)") with eigenvalue p'.) This shows that the Hodge filtration
Fily is the image of gr M/ in M;'/pM;* = D(X)(x) (that is, Fi1y is

(To see the second equality, recall that gr M/ is the eigenspace for the

1

(o.—l )*v—l

induced by p with v := o* ™).
Conversely, assume that Fi 1} is induced by u : G,, — Gy . By reversing the

engineering, we have

pv+ (") (pM}) = gr, M}l + pM;' = (py-(b)o) ™' (pM}).

Applying p~' py«(b)o to this equation, it follows that py-(b - o (p*))M;' = M.
(Note that py- commutes with o as it is defined over Q,.) Since G(W) C G(K,)
is the stabilizer of the W-lattice Mj' = W ®;, A* in Ky ®q, V* (via py-), we
have b - o (p*) = b - p°* € G(W). This proves (1).

Let us show (2). Choose a cocharacter v : G,, — Gy such that b €
G (W) p"G(W);recall that such v is unique up to G (W)-conjugate. By replacing v
by a suitable G (W)-conjugate, we may assume that b = gp” for some g € G(W);
indeed, if b = g,p"g, for g1, g2 € G(W), then we take g = g,g, and replace v
with g5 ! vg,. From (1) it follows that the Hodge filtration Fil§g is a {u}-filtration
for u = (o ~")*v~!. Conversely, if Fil;{ is a {u}-filtration, then it suffices, by (1),
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to show the existence of a cocharacter u : G,, — Gy (over W, not just over
Fp) that induces Fil%. To show the existence of such w, note that there exists,
by definition of {u}-filtration, a cocharacter py € {it} over W such that Filég is
given by the conjugate of the special fibre i : G,, — Gy, by some g € G(F,,).
Now, we choose a lift g € G(W) of g and let u denote the conjugate of u by g.
This proves (2).

By Lemma 2.2.10, (3) follows from (2). O

REMARK 2.5.9. We use the notation in Lemma 2.5.8. Then Lemma 2.5.8 asserts
that for any X := X! with b € G(Kj), there exists a unique conjugacy class of
cocharacters {u} such that the Hodge filtration Fil%g is a {u}-filtration.

Since there is no obstruction of lifting {u}-filtrations (cf. Lemma 2.2.8), there
exists a {u}-filtration Fi1l} C M;' lifting Fil}. If p > 2, then such a lift Fil}
gives rise to a p-divisible group X over W. For such a lift X, the tensors (ty) C
DEX)(W)® = (M}")® lie in the Oth filtration with respect to the Hodge filtration
for X; cf. Lemma 2.2.10.

We consider (G, b) and A as in Definition 2.5.5, and choose finitely many
tensors (s,) C A® defining G C GL(A) as in Proposition 2.1.5. Then to
(G, b) and A, we have associated (X, (t,)) and an isomorphism ¢ : W ®z, A* =
D(X)(W), where X := X;‘ is a p-divisible group over «, (t,) C DX)(W)®
are F-invariant tensors (cf. Lemma 2.5.6), and ¢ is a W-linear isomorphism
which matches (1 ® s,) and (t,). Note that we can recover (G, b) from
(X, (t2), ¢). In the setting of Example 2.1.6 (when G = GSp,, and A = fo’ is the
standard representation), we can interpret (X, (t,)) as a principally quasipolarized
p-divisible group.

We now interpret X%(b) = X{i*ﬂ,l}(b) in terms of quasi-isogenies of p-
divisible groups with F-invariant tensors over k. For a coset in G(Ky)/G (W)
belonging to X (b), we pick a representative g and set b’ := g~ 'bho (g). Consider
M;‘, = W ®z, A* with F given by b' € G(K)), and F-invariant tensors (t,) =
(1 ® s4) C (M2)®. The condition b € G(W)p®* ' G(W) implies that M
corresponds to a p-divisible group X' := X}, whose Hodge filtration is a {u}-
filtration with respect to (t,) by Lemma 2.5.8. We also obtain a quasi-isogeny
t: X --+ X’ corresponding to

ML) = Ko ®z, A" 5 Ko®z, A" = M;[2],
which matches (t,) C (M})® with (t,) € (M;)®. The tuple (X, (t), ) only

depends on gG (W) up to isomorphism of p-divisible respecting the tensors and
quasi-isogeny.
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PROPOSITION 2.5.10. The map defined above gives a bijection from X% (b) to
the set of isomorphism classes of tuples (X', (t,), 1) which satisfy the following

e X'isa p-divisible group over k and (t,) C D(X')(W)® are F-invariant tensors,
such that there exists a W-linear isomorphism ¢’ : D(X")(W) S W ®z, A*
that matches (1®s,) and (t,,), and the Hodge filtration Filég, is a {u}-filtration
with respect to (t,).

e 1 : X --» X' is a quasi-isogeny such that D(1) : ]D(X’)(W)[i] > D(X)(W)[i]
matches (t,) with (t,).

Proof. We define the inverse map. By construction of X = X4, we have an F-
equivariant isomorphism ¢ : D(X)(W) > Mg‘ = (W ®z, A", F},) matching
(t,) with (1 ® s,). Let (X', (t,),t) be a tuple as in the statement, and we
choose a W-linear isomorphism ¢’ : D(X')(W) S W ®z, A* that matches
(1 ® s4) and (t), which exists by assumption on (X', (t,), ¢). Then one can find
a unique b’ € G(K,) depending on ¢’, such that ¢’ induces an F-equivariant
isomorphism D(X")(W) > Mg‘, Let g € G(Kj) be an element that defines the
middle isomorphism below

D@ : DEY W18y (A" [ D— o B(AT D —DE) (W]

Note that the underlying K,-vector space of ,Bb/(A*[i]) and ,Bb(A*[]—lj]) is
Ky ®z, A", so ,oA*[%](g) defines the middle isomorphism above. Since D(¢) is
F-equivariant, we obtain gh'c = bo (g)o (that is, b’ = g~'bo(g)). Lastly, since
the Hodge filtration for X' is a {u}-filtration, we have b’ € G(W)p"*’fl G(W).
The choice of tensor-preserving W-linear isomorphism ¢’ : D(X')(W) >
W ®z, A* is not canonical, but any other choice of ¢’ is of the form ¢’ o i for
some h € G(W), which would replace g by gh. One can easily check that map
sending the isomorphism class of (X', (t,), ¢) to gG (W) is well defined, and gives
the desired inverse map. O

The following notion, which is the local analogue of Hodge-type Shimura data,
turns out to provide a group-theoretic invariant associated to X ¢ (b) up to bijection
given by (2.5.3):

DEFINITION 2.5.11. Let G be a reductive group over Z,, and b € G(K,). We

associate to any (G, b) a tuple (G, [b], {'}), where [b] is the o -conjugacy class
of b in G(Ky) and {uu~'} is the unique G(W)-conjugacy class of cocharacters
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G,, — Gw such that b € G(W)p"*’fl G (W). (The unique existence of such {u}
is by the Cartan decomposition.)

If there is a faithful representation A € RepZP(G) as in Definition 2.5.5 (that
is, there exists a p-divisible group X as in Definition 2.5.5), then we call the
associated triple (G, [b], {~'}) an (unramified) local Shimura datum of Hodge
type. We take the obvious notion of morphism.

To an unramified Hodge-type local Shimura datum, one can easily associate a
local Shimura datum as defined in Rapoport and Viehmann by replacing G with
Gq, [43, Definition 5.1]. (Since G is split over W, geometric conjugacy classes of
cocharacters can be viewed as G(W)-conjugacy classes of cocharacters defined
over W.)

If (G, [b], {x™'}) is an unramified Hodge-type local Shimura datum via A, then
the inclusion G < GL(A) induces a morphism (G, [b], {u"'}) — (GL(A), [b],
{u='}) of unramified Hodge-type local Shimura data.

Let (G, [b'], {'"'}) be another unramified local Shimura datum of Hodge
type induced by (G’,b’) and a faithful G-representation A’ (giving rise to a
p-divisible group X#'). Then the product (G x G/, [(b, b)], {(n™", w'™H}) is
again an integral unramified Hodge-type local Shimura datum. (Indeed, we can
associate the following p-divisible group X(’,‘;b{;/ = X x Xg‘,/.)

EXAMPLE 2.5.12. Assume that G comes from a reductive group over Z,), which
we also denote by G. Assume that there exists a Hodge-type Shimura datum
(Gg, 9). Let K, := G(Z,) be the hyperspecial maximal subgroup of G(Q,). By
construction, the integral canonical model YKF(GQ, £), when it exists, carries
a ‘universal’ abelian scheme depending on some auxiliary choices. See [50,
Section 1.4] or [32, Section 2.3] for more details on the construction. Pick any
point valued in W := W(Fp), and let X be the p-divisible group associated to the
corresponding abelian scheme over W. Let A := T (X) denote the (integral) Tate
module. Then by construction there exist finitely many Galois-invariant tensors
(s) C A® whose pointwise stabilizer is Gz,. By a conjecture of Milne (proved
independently in [51, Main Theorem 1.2] and [32, Proposition 1.3.4]) there exists
a W-isomorphism -
W ®z, A" = DX)(W)

which takes (1 ® s,) to the F-invariant tensors (t,) obtained from (s,) via
crystalline comparison isomorphism. Choosing such an isomorphism, we can
extract b € G(K) from the matrix representation of F.

Ast, : 1 — (M;‘)® are morphisms of ‘strongly divisible modules’, we may
apply Wintenberger’s theory of canonical splitting [53, Théoreme 3.1.2] and
obtain a unique cocharacter u : G,, — Gy such that p gives the Hodge filtration
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for X and b € G(W)p® with v = o*u~"; cf. Lemma 2.5.8. Therefore, the triple
(Gz,, [b], {n~"'}) obtained from pr (Gg, H)(W) is an unramified Hodge-type
local Shimura datum in the sense of Definition 2.5.5. Note that the geometric
conjugacy class {u} corresponds to the geometric conjugacy class associated to
the Shimura datum (Gg, $).

3. Faltings’s construction of universal deformation

In this section we review Faltings’ explicit constructions of a ‘universal’
deformation of p-divisible groups with crystalline Tate tensors (depending on
some auxiliary choices). Furthermore, we also show that the underlying formal
scheme of the deformation space of p-divisible groups with crystalline Tate
tensors is independent of auxiliary choices (such as the choice of A and tensors
(s¢) C A®) and satisfies some functoriality properties (cf. Proposition 3.7.2). We
crucially use this formal local construction to obtain the natural closed formal
subscheme of a Rapoport—Zink space where some natural crystalline Tate tensors
are defined. Most results in this section (except Propositions 3.7.2 and 3.8) can be
found in [19, Section 7] and [41, Section 4].

Let « be an algebraically closed field of characteristic p > 2, with W := W (k).
We consider a p-divisible group X over «. Recall that 2Ry, is the category of
artin local W-algebras with residue field «.

DEFINITION 3.1. We define a functor Defyx : ARy — (Sets) as follows: for any
R € ARy we set

Defe(R) == {(X/r, 1) 1 1: X > X))}z,

where X is a p-divisible group over R, and an isomorphism of tuples (X, 1) —
(X', 1) means an isomorphism X — X’ lifting ¢/ o ™!

isomorphism ¢ : X = X,, and write X € Defx (R).

. We often suppress the

3.2. Explicit construction in characteristic p. The functor Defy can be
prorepresented by the formal power series ring over W with d - d" variables,
where d and d are respectively the dimensions of X and XY; cf. [26,
Corollaire 4.8(1)]. Faltings made such an identification via explicitly describing a
‘universal Dieudonné crystal’ when p > 2; cf. [41, Section 4.8], [32, Section 1.5],
which we recall now.

For a p-divisible group X over «, we write (M, F) = ID(X)(W) for the
contravariant Dieudonné module. Choosing a lift X over Spf W, we obtain a direct
factor Fil%g C DX)(W) = M from the Hodge filtration for X. We also fix a
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splitting of this filtration; or equivalently, we choose a cocharacter u : G,, —
GLy (M*) which induces Fil%g and have weights in {0, —1}. (Note our sign
convention in Definition 2.2.1.) Using the choice of splitting, we can define the
‘opposite unipotent subgroup’ U(u~') (that is, U(u™') is the unipotent radical
of the parabolic subgroup opposne to the stabilizer P (i) of Fll~ note that we
have U (u~ I) = Ugray(n™ ") using the notation of (2.2.2)). Let AGL be such that
SpfAgL = U (u™") is the formal completlon of U(u™") at the identity section.
We choose an isomorphism AGL = WI[u;;]], and define a lift of Frobenius
o AgL — AGL by o (u;;) = ”u
Letu, € U (1~ ") (AgL) be the tautological point and we define the following:

MGL = AGL Rw M, FillMGL = AGL Qw Fll%{, F = I/lt_l o (AGL X F)

More concretely, if we choose an isomorphism M = M;' (with the notation of
Definition 2.5.5 for G = GL(A)) then the matrix representation of F' on Mg =
AgL ®z, A*isu;'b.

As discussed in [41, Section 4.5], Faltings constructed a unique integrable
connection V on Mg, which commutes with F'. In particular, the tuple Mg, F,
V) is a crystalline Dieudonné module in the sense of [15, Definition 2.3.4] and
gives rise to a p-divisible group X, over Spec AL /(p) by [15, Main Theorem 1].
Since o*(Fi1'Mg./(p)) is the kernel of F on Mg, /(p), it follows that
Fil'Mg. /(p) is the Hodge filtration of XL (Crystalline Dieudonné modules
over Agp correspond to Dieudonné crystals over Spec AgL/(p), not Spf AgL/(p).
The distinction between Spec and Spf will be important, especially for verifying
the effectivity property Section 6.1(4).)

Faltings also showed that X, is a universal mod p deformation of X via the
Kodaira—Spencer theory. Implicit in the proof is the following lemma, which
compares the tangent space of A /(p) and the deformations over k[€]/(€?) given
by the Grothendieck—Messing deformation theory. We give a proof of the lemma
as we need it later (cf. Proposition 3.8).

LEMMA 3.2.1. Let B := k[€]/(€?), and we give the square-zero PD structure on
b:=€B. Foranyy € U(,u, "(B) = Homy (AgL, B), we set” X := y*Xq.. Then
¥ X is the lift of X which corresponds, via the Grothendzeck—Messmg deformation
theory, to the lift of the Hodge filtration y (B ®, FllX) C B @, DX)(x) =
D(X)(B), where y(B Q, FllX) is the filtration translated by y € U(,u_l)(B)

Proof. Let B = Wlel/(€?), and we give the square-zero PD structure on €B,
which is compatible with the standard PD structure on (p). We also define a lift
of Frobenius o : B — B by letting o (¢) := €” = 0. Since Bisa (compatible)
PD thickening of both « and B, there exists a natural Frobenius-equivariant
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isomorphism D(* X )(]_’N?) > ]D)(X)(E) such that after reducing modulo p the
Hodge filtration for ¥ X on the left hand side maps to the lift of the Hodge filtration
for X' which corresponds to ' X via the Grothendieck—Messing deformation theory.
Note that choosing a lift 7 € U(u~")(B) of y, we obtain natural isomorphisms

DO X)(B) = B ®.46 Mar = B @y D(X)(W) (3.2.2)

and the crystalline Frobenius action on the left hand side corresponds to 7! o

(E ® F) on the right hand side. (Recall that we used the inverse of the tautological
point to define Frobenius action on Mg, .) Thus, the natural Frobenius-equivariant
isomorphism D(” X)(B) = D(X)(B) can be translated as g € 1 + e Endy(M)
which makes the following diagram commute:

D(' X)(B) — B @y DX)(W) —— B @y DX)(W) «—— D(X)(B)

3.2.2)

7 o(BoF) BoF

B @ DE)(W) —— B @o.w DEO(W).

By chasing the top row, the Hodge filtration of 7 X in D(” X )(E) maps to g(E Rw
Fi 1;2) C D(X) (E). So to prove the lemma, it suffices to prove that g = y. Indeed,
note that 0*(g) = id because g = id mod(€) and o (¢) = 0, so the commutative
square above induces

(-7 Do (B®F)=(B®F).

Since (B ® F) becomes an isomorphism after inverting p, we obtain g = y from
the displayed equation. O

3.3. Explicit construction: lifting Hodge filtration. Since X, is a universal
mod p deformation of X (cf. Lemma 3.2.1), any lift X, of Xq1 over Spf(AqL,
(p)) is a universal deformation of X. Note that the Frobenius endomorphism and
V on D(XgL)(AgL) only depends on X that is, we naturally have a Frobenius-
equivariant horizontal isomorphism D(X 1) (AgL) = Mg.

We now turn to the Hodge filtration for X, . Since the Hodge filtration for Xao
is the image of Fil'Mg. in MgL/(p), the Grothendieck—Messing deformation
theory gives us an Ag -lift Xg of X with Hodge filtration Fi1'Mg, if p > 2.

To sum up, we have proved the following result:

THEOREM 3.4 (Faltings). Assume that p > 2. Then the p-divisible group

XgL over AgL, corresponding to the filtered crystalline Dieudonné module
(MgL, Fi1'Mgy, F, V), is a universal deformation of X.
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3.5. Deformation with Tate tensors. In this section, we return to the
‘unramified Hodge-type’ setting (cf. Definition 2.5.5): namely, we let G C GL(A)
be a reductive subgroup over Z,, and assume that there exists an isomorphism
X = X for some b € G(Ky). (In particular, we assume that there exists an
isomorphism M = M;' of Dieudonné modules.) For finitely many tensors
(s4) C A® whose stabilizer is G, we let (t,) C M® denote the image of
(1 ®s,) € (M;")® via the isomorphism M = M'. Note that (t,) are F-invariant
after inverting p.

Let us now recall Faltings’ construction of the ‘universal’ deformation of
(X, (t,)) when p > 2. We can choose a W-lift X whose Hodge filtration is induced
by some cocharacter i : G,, — Gy; cf. Remarli 2.5.9. Then (t,) lies in the Oth
filtration with respect to the Hodge filtration for X by Lemma 2.2.10.

Let Ug(u™") := U(—pn) N Gy be the scheme-theoretic intersection. Since
u is valued in Gy, this definition coincides with (2.2.2), so it follows that
Ug(u™") is a smooth affine W-group with connected unipotent fibres (cf. [14,
Proposmon 2.1.8(3)]). Let A; be the quotient of AL corresponding to the formal
subgroup UG(,u") - U(u‘l) Then, Ag is a formal power series over W. We
also choose‘coordinates’ for Agy so that the kernel of Ag;, — Ag is stable under
o. (In particular, we get a lift of Frobenius o on A; induced by o on Ag.)

Let X denote the pull-back of X over Spf(Ag, (p)). Then, D(Xs)(Ag) with
the Hodge filtration and Frobenius action corresponds to the following quotient
of (MGL» FillMGL, F)

Mg = Ag®wM; Fil'Mg:=Ag®wFily; F:=u; ' o(Ag®F), (3.5.1)

where (M, F) := D(X)(W) and u, € Ug(u~")(Ag) is the tautological point.

From this explicit description, it is immediate that the tensors (1 ® t,) C
(MG)®[%] are F-invariant, and the pointwise stabilizer of (1 ® t,) is G4, C
GL(M),,. Since Fil'Myg is a {u}-filtration, the tensors (1 ® t,) lie in the Oth
filtration by Lemma 2.2.10. It is also known that (1 ® t,) are horizontal (cf. [32,
Section 1.5.4]). So for each o we obtain a morphism

21— D(X6)® (3.5.2)

of crystals over Spf(Ag, (p)) such that %’““’(AG) =1®t, on the As-sections by
the usual dictionary [15, Corollary 2.2.3].

Now we can rephrase the theorem of Faltings as follows (cf. [19, Section 7],
[41, Theorem 4.9]):

THEOREM 3.6 (Faltings). Let A be either W([uy, ..., uy]l or W[[uy, ..., un]l/
(p™) for arbitrary N > 1 and m > 1, and choose a p-divisible group X over A
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which lifts X. Let f : AgL — A be the morphism induced by X (via Spf AgL =
Defy). Then f factors through Ag if and only if the map 1 — M® sending 1 to t,,
has a (necessarily unique) lift to a morphism of crystals over Spf(A, (p))

t, 1 — D(X)®

which is Frobenius-equivariant up to isogeny and has the property that its A-
section t,(A) € D(X)(A)® lies in the Oth filtration with respect to the Hodge
filtration. If this holds, then we necessarily have f*i'™ = t,.

Furthermore, the image of the closed immersion Spf Ag — Def, given by Xg,
is independent of the choice of (t,) and n € {u}.

Proof. The universal property for A for test rings of the form A = W[[uy, ...,
uy]] was proved by Faltings (cf [41 Theorem 4.9]). When A = W([[uy, ...,
uyl]l/(p™), we choose a lift X over A= = Wlluy, ..., uyll corresponding to a
{u}-filtration (with respect to (z, (A))) in D(X )(A) 11ft1ng the Hodge filtration of
X. Then ¢, also defines a unique morphism 1 — D(X )® (as it only depends on the
mod p fibre of X ), and we obtain the desired claim by applying [41, Theorem 4.9]

to (X, ().
The closed immersion Spf A — Defy is clearly independent of the choice of
(t,), and the independence claim on p € {u} follows from the universal property.
O

3.7. Functoriality of deformation spaces. We identify the deformation
functor Defy with the formal spectrum of complete local noetherian ring which
prorepresents D efy.

DEFINITION 3.7.1. Using the notation from Theorem 3.6, we define Defy
to be the formally smooth closed formal subscheme of Defy which classify
deformations of (X, (t,)) over formal power series rings over W or W/(p™) in
the sense of Theorem 3.6. Note that for any cocharacter i : G,, — Gy giving
rise to the Hodge filtration of X, we get an isomorphism ﬁG (™ - Defx
induced by X, and the closed formal subscheme Defy ; C Defy is independent
of the choice of (¢,).

Note that for any isomorphism (X, (t,)) = (X{, (1 ® s4)), we have a natural

isomorphism Defy - Defxa . Therefore, we fix an identification X = X
for the moment, and show that Defy ; only depends on (G, b), not on A, in a
canonical way, and that it is functorial with respect to (G, b). (See Remark 3.7.4
for the discussion on the choice of isomorphism (X, (t,)) > XA, (1 ®s4)).)
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We consider another pair (G', b’) and A’ as in Definition 2.5.5, and consider
X' := X{!'. We also obtain a subfunctor Defy, 5 C Defy, such that for any
cocharacter ' : G,, — G, that induces the Hodge filtration of X’ we have a
natural isomorphism Us(=" > Defy ¢ induced by X;,. We do not assume
the existence of any morphism between X and X'.

PROPOSITION 3.7.2. In the above setting, the natural monomorphism Defx X
Defx — Defx,x, defined by taking the product of deformations, induces an
isomorphism

Defx ¢ X Defy o —> Defxux oo

Let f : Gy — G, be a homomorphism over W such that f(b) = b'. We
choose a cocharacter p : G,, — Gy inducing the Hodge filtration of X := X}\.
(Since f(b) = V', it follows that f o p induces the Hodge filtration of X'.) Then
the morphism Defy ¢ — Defy g, corresponding to flg, -1y Us(n™ —
Ug/(f o u™"), depends only on f, not on the choice of L.

Before we begin the proof, let us make some remarks on the statement.

REMARK 3.7.3. One can apply this proposition to the identity map on (G, b)
with different choice of A and A’ to obtain a natural functorial isomorphism
Defxa g = :Defx,j".c' Under this identification, the morphism Defxsc —
gefxg,’,c/ associated to f : (G,b) — (G',b’) depends only on f, not on the
choice of A and A'.

Proof of Proposition 3.7.2. For the first assertion on the product decomposition,
observe that we have X;.g = Xg x X, which follows from the explicit
description (Section 3.5). The claim now follows.

Let us now show that for a fixed choice of A and A’ the map Defy ; — Defy o
induced by f|p, (.-, is independent of the choice of . For this, we factor the
map Defy o — Defy o as follows, and show that each arrow on the top row is
independent of the choice of u:

Pry

pry
Defx o - Defyr,6 > Defrxr oxar = Defy g X Defw g —» Defw
I 1= I

= \Lz
S (id, f)
G( l

Us “ U, Usxe = ﬁG x Ug ﬁc’.

f
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Here, we write ﬁG :: ﬁc(u‘l) and so forth, and view A x A’ as a faithful

G-representation by G 22 G x G',sowe have X x X' = XZ‘XA’.

Note that the third arrow on the top is the isomorphism defined by taking
the product of deformations, which is independent of the choice of p since the
subspaces Defy ¢ C Defyx and Defy o C Defy are independent of the choice
of cocharacters (cf. Theorem 3.6). Similarly, it follows that the projection maps
on the top row (pr, and pr,) are independent of the choice of u, as they are the
restrictions of the natural projections Defy x Defy, — Defyx and Defx x Defy, —
Defy to a closed subspace independent of the choice of cocharacter.

The second arrow on the top row can be obtained from the universal property
for Defx,x gx» hence it is independent of the choice of . This shows that
the first arrow does not depend on the choice of w as it can be obtained as the
compositions of maps independent of p. Furthermore, it is an isomorphism as
it corresponds to the identity map of l?G (u~1). Now, chasing the diagram, we
conclude that the map Defy ; — Defy ¢ does not depend on the choice of . [

REMARK 3.7.4. We remark on the effect of different choice of isomorphism X =
X7 in Proposition 3.7.2. For g € G(W), we write b’ := g~'bo (g) and X' := XJ\.
Then g induces an F-equivariant isomorphism g : M/} — M}, so we get an
isomorphism

X, (1®52) = (X', (1®54)),

preserving tensors, where X := X/ as before. This induces an isomorphism

Defx g > Defy . We want to give a group-theoretic interpretation of this
isomorphism via the explicit construction of universal deformations with Tate
tensors.

Choose a cocharacter u : G, — Gy which induces the Hodge filtration of X.
Then, ' := g ' ug induces the Hodge filtration of X', so we have an isomorphism
UG(,u’ "y = Spf A, = Defy, G defined by the deformation X;; of X'. Let u, €
Us(u™H(Ag) C G(AG) and u, € Us(u'~ “(AL) C G(A}) be the tautological

points.

We have an isomorphism Jo ¢ Ug(u™ > Ug(uw'™"), defined by the
conjugation by g~', and we have u, = g 1(Jgu,)g as an elements in G(Ap).
So we have

)~ (g7'ba(g)) = (g7 j;(u;Hg) - (g7'bo(8)) = g j; (u; 'b)o(g).
In particular, by identifying the underlying A‘(’;’-modules of M and JeMg

with Ay ®z, A*, the isomorphism g : M/G = j;MG is horizontal, filtered,
and F-equivariant. In short, we obtain the following commutative diagram of
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isomorphisms

Ug(u™) —— Us(u'™)

Xal lXé;

@efx’c % @efx/,G,

where the bottom isomorphism is induced by (X, (1®s,)) > (X, (1®s,)) which
corresponds to g : M, — M.

Let us return to the setting of Proposition 3.7.2, and consider a homomorphism
f : G — G’. Then it follows without difficulty that for any g € G(W) the
following diagram commutes

Defyp ¢ —— Defuy, o (3.7.5)

J; F

@efoq G — C‘DRfXA' G
¢ 1ba(g) f(g~bo(g)

where the vertical isomorphisms are as constructed above associated to g € G(W)
and f(g) € G'(W), respectively, and the horizontal arrows are associated to f :
G — G’ via Proposition 3.7.2.

We now study deformation theory for points of Defy ; valued in complete local
noetherian rings. Let R be a complete local noetherian W /p™-algebra for some
m, with residue field «, and consider a W-morphism f : Spf R — Defy ;. We
set (Xg, (1)) := (f*Xg, (f*fg“iv)). Let B — R be a square-zero thickening with
finitely generated kernel b (so that B is complete local noetherian ring as well),
and give the square-zero PD structure on b; thatis, a! =0 foranyi > 1 anda € b.
Then we can define the B-sections (7,(B)) C ID(X)(B)® as in Definition 2.3.4.
Let f : Spf B — Defy ; be a lift of f, and set (X, (7)) := (f*Xg, (f*1")).
Then we have a natural isomorphism D(X3)(B) = D(Xg)(B), which matches
(i, (B)) with (,(B)).

PROPOSITION 3.8. Assume that p > 2. Let (X, (t,)) and B — R be as above.
Then a B-lift Xp of X defines a Spf B-point of Defx ; if and only if the Hodge
filtration

Fily, CD(Xp)(B) = D(Xg)(B)

is a {u}-filtration with respect to (t,(B)), where u : G,, — Gy is the cocharacter
in the definition of X .
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Let us outline the basic strategy of the proof. The proposition when B = k[€] —
R = k can be deduced from Lemma 3.2.1. When B — R is a small thickening
(that s, b is of B-length 1) then we prove the proposition using the fact that the set
of B-lifts of f is a torsor under the reduced tangent space of Defy ;. The general
case can be deduced by filtering B — R into successive small thickenings.

Before beginning the proof of the proposition, let us review fibre products of
rings. Let B — R be a small thickening of rings in 2R, with kernel b C B. Let
k [b] denote the «-algebra whose underlying k-vector space is k @ b, such that b is
the augmentation ideal. If we pick a generator € € b then we have k[b] = «[€]/€.

We have the following isomorphism

B x.k[b] > BxgxB=B: (a,a+d)— (a,a+d), (3.8.1)

where a € B, a’ € b, and a € « is the image of a. The inverse is given by
(a,a’)— (a,a+ (@ —a)).

Let F : ARy — (Sets) be a prorepresentable functor. (For example, F = Defx
or J' = Defx ;.) Then we have a natural bijection

F(B xg B') > F(B) X F(B)
for any B, B — R. So we obtain from (3.8.1) a natural bijection
F(B) x F(x[b]) => F(B) X ) F(B), (3.8.2)

which defines an JF («[b])-action on F(B) (where F («k[b]) has a natural structure
of a k-vector space by [45, Lemma 2.10]), and makes the set of feFB) lifting
afixed f € F(R) into a F(k[b])-torsor.

Let us consider the case when F = Defy. For any R € ARy, we set My :=
R®yMand Fil'My := R ®y Filég C Mg. Via the Grothendieck—Messing
deformation theory, we have a natural bijection

U (") (k[b]) = Defy (k[b]). (3.8.3)

Indeed, we associate to y € l/]\(;fl)(/c[b]) the lift X € Defyx(x[b]) which
corresponds to the filtration y (Fi1'M,e)); cf. Lemma 3.2.1.

Now we give the square-zero PD structure on b. (We still assume that p > 2.)
We define the U (u~Y (k[b])-action on Defy(B) to be the one induced from the
natural U (=Y (k[b])-action on the Hodge filtration of X 3 via the Grothendieck—
Messing deformation theory.

LEMMA 3.8.4. In the above setting, the actions of ﬁ(,ufl)(/c[b]) and Defx (k[b])
on Defx(B), which are defined above, coincide via the isomorphism (3.8.3).
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Proof. Let us give the square-zero PD structure on the kernel of B’ := B xzx B —
R so that both projections B’ =% B are PD morphisms. Let ¥ X € Defx(«[b]) be
the deformation corresponding to y € U (1~ 1 (x[b]). Then the action of ¥ X maps
X p to the pull-back of Xy xx VX € Defyx(B’) via the second projection B’ — B.
Meanwhile, X xx ¥ X corresponds to the filtration

Fill, Xpim, [¥ FL11'Mee)] C D(XR)(B) xpm, My = D(Xz)(B'), (3.8.5)

using the notation as above. Now from the isomorphism (3.8.1) it follows that the
image of the filtration (3.8.5) under the second projection is yFil}(B. O

Proof of Proposition 3.8. If B = «kl[e] then the proposition is clear from
Lemma 3.2.1. Now assume that B — R is a small thickening (that is, the
B-length of b is 1). We let f : Spec R — De¢fx ; denote the map induced by Xg.

For any lift f Spec B — Defy  of f (with X := f*X¢) the Hodge filtration
Fily, C D(Xp)(B) = D(Xg)(B)

is a {u}-filtration with respect to (#,(B)); indeed, Fil ;E and (#,(B)) are
respectively the images of Fil'Mg and (f;‘“iV(AG)). (Note that we have a natural
isomorphism D(X3)(B) = f*MG.) So we obtain a map

(f e Defy ¢(B) lifting f} — {{u}-filtrations in D(X ) (B) lifting Fil;R},
1~
— f*Xg*
Ug (") (k[b])-torsors, so it has to be a bijection. This proves the proposition
when B — R is a small thickening.

Now let B — R be any square-zero thickening with B € 2Ry, and consider an
quotient R’ of B which surjects onto R. Then b’ := ker(B — R’) is a square-zero
ideal, so by giving the ‘square-zero PD structure’, b’ is a PD subideal of b. We fix
alift f' € Defx (R’ of f and set (X g, (1)) := (f*Xqp, (f/*f;mi")).

Since b’ is a (nilpotent) PD subideal, we have a natural isomorphism
D(Xg)(B) = D(Xg)(B), which matches (¢,(B)) and (¢,(B)). Indeed, for
any maps f € Defy ¢(B) lifting f (and hence, f) and (X3, (7)) pulling back
the universal objects, we have natural isomorphisms D(Xz)(B) = D(Xg)(B) =
D(X)(B) matching (t,(B)), (¢,(B)), and (7,(B)). Therefore, the proposition
for B - R with B € 2Ry is obtained by filtering it with successive small
thickenings.

When B is a complete local noetherian W/p™-algebra (for some m) with
residue field «, we filter B — R by square-zero thickenings of artin local rings
B, — R, (for example, B, := B/m}, and R, := B, ®p R), and the proposition
follows from applying the artin local case of the proposition to the lift X5 of X
for any n. O

sending f to Fil By Lemma 3.8.4, this map is a morphism of
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4. Moduli of p-divisible groups with Tate tensors

In this section, we state the main results on the Hodge-type analogue Rz , of
Rapoport—Zink spaces (Theorem 4.9.1). This construction recovers EL and PEL
Rapoport—Zink spaces if (G, b) is associated to an unramified EL and PEL datum
(Section 4.7).

Let « be an algebraically closed field of characteristic p, and set W := W («x)
and K, := Frac W. The most interesting case is when x = Fp. Let X be a p-
divisible group over k.

We begin with the review of the formal moduli schemes classifying p-divisible
groups up to quasi-isogeny [44, Ch. II], which is the starting point of the
construction of RZ .

DEFINITION 4.1 [44, Definition 2.15]. Let RZx : Nilp,, — (Sets) be a covariant
functor defined as follows: for any R € Nilpy,, RZx(R) is the set of isomorphism
classes of (X, t), where X is a p-divisible group over R and ¢ : Xg,, --+ Xg/p is
a quasi-isogeny. (We take the obvious notion of isomorphism of (X, t¢).)

For h € Z, let RZx(h) : Nilp,, — (Sets) be a subfunctor of RZx defined by
requiring that the quasi-isogeny ¢ has height /.

REMARK 4.1.1. Let X be any p-divisible group over W which lifts X := XA
Then for any (X, t) € RZx(R), t uniquely lifts to

:Xp- X (4.1.2)

by rigidity of quasi-isogenies; cf. (2.3.2). (Recall that p R is a nilpotent ideal killed
by some power of p.) So we may regard RZx(R) as the set of isomorphism classes
of (X,7) where 7 : X --+ X is a quasi-isogeny.

THEOREM 4.2 (Rapoport, Zink). The functor RZx can be represented by
a separated formal scheme which is locally formally of finite type (cf.
Definition 2.1.1) and formally smooth over W. We also denote by RZx the
formal scheme representing RZx. For h € 7, the subfunctor RZx(h) can be
represented by an open and closed formal subscheme (also denoted by RZx(h)).
Furthermore, any irreducible component of the underlying reduced scheme
(RZx)req Of RZx is projective.

Proof. The representability of RZx is proved in [44, Theorem 2.16]. It is clear

that RZx (%) is an open and closed formal subscheme of RZx. The assertion on the
irreducible components of (RZx).q is proved in [44, Proposition 2.32]. O
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For each h € 7Z, we can write RZx(h) as the direct limit of subfunctors
representable by closed schemes, as follows. Let (Xgruyn), trogny) denote the
universal p-divisible group up to height-4 quasi-isogeny.

DEFINITION 4.3. We fix a W-lift X of X, and view RZx(R) as a set of
{(X,7: Xz --+ X)}/ = (cf. Remark 4.1.1). Then for any m > 0 and n € Z,
we define RZx(h)™" C RZx(h) to be the subfunctor defined as follows: for
any W/p™-algebra R, RZx(h)™"(R) is the set of (X, 1) € RZx(h)(R) such that
p"l: Xk --+ X is an isogeny of p-divisible group. (We set RZx (h)™"(R) = @ if
p"R #0.)

As explained in [44, §2.22], RZx(h)™" can be realized as a closed subscheme
of certain grassmannian, hence it can be represented by a projective scheme
over W/p™. And it is a closed subscheme of RZyx(h) such that RZx(h) =
li_r)nm . RZx (h)™".

We now recall the deformation-theoretic interpretation of the completed local
ring of RZx.

LEMMA 4.3.1. For x = (X,, ) € RZx(x), the formal completion (RZx), at x
represents the functor Defy , using the notation above.

Proof. We have a morphism (RZx), — Defy given by forgetting the quasi-
isogeny. By rigidity of quasi-isogenies (2.3.2), we have a natural morphism of
functors Defy — (RZx); defined by sending X € Defy (R) to (X, 1) € RZx(R)
where ¢ : Xg,, — Xg/, is the unique quasi-isogeny that lifts ¢,. It also follows
from rigidity that the composition (RZx); —> Defy — (RZx)~ is an identity
morphism. To finish the proof, note that both are representable by formal power
series rings over W with same dimension. (The dimension of (RZx), can be
obtained from [44, Proposition 3.33].) L]

4.4. Let us return to the setting of Section 2.5. Let (G, b) and A be as in
Definition 2.5.5, so we have a p-divisible group X := X! with the contravariant
Dieudonné module M;'. We choose finitely many tensors (s,) C A® which
defines G as a subgroup of GL(A); cf. Proposition 2.1.5. We also choose a W-
lift X(= X7') of X as in Remark 2.5.9.

DEFINITION 4.5. Let (X,7) € RZx(R) with R € Nilp,,, where 7 : Xz --» X
is a quasi-isogeny; cf. Remark 4.1.1. We define s,p : 1 — ]D)(X)‘X’[é] to be the
composition

1~ 1Qsy

1 DE L2 DX)e[ L],
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where the first morphism is the pull-back of the map 1 — ]D)(X)® which induces
1+ 1® s, onthe W-sections.

Note that s,p : 1 — ]D(X)®[i] only depends on (X, t) € RZx(R) but not on
the choice of X. Indeed, the morphism

1~ 1Qsy

1 D(X/) 21— D(X )T

uniquely determines S, p.

It is clear that each s, 1, is Frobenius-equivariant, but it may not come from a
morphism of crystals 7, : 1 — ID(X)®. Even if it does, such a morphism ¢, of
(integral) crystals may not be uniquely determined by s, p due to the existence
of nonzero p-torsion morphism when the base ring R is not nice enough. (See
Appendix in [5] for such an example.) To deal with this problem, we work only
with a morphism of (integral) crystals 7, : 1 — D(X)® giving rise to s, p which
is ‘liftable’ in some suitable sense that we now describe.

Let Nilpj};' denote the category of formally smooth formally finitely generated
W/ p™-algebras A for some m, endowed with the J-adic topology where J is the
Jacobson radical of A. For example, (W/p™)[[ui, ..., u,]l[v:, ..., v,] € Nilp}/,
and we give the (u,, ..., u,)-adic topology. (We emphasize here that R € Nilpy,
is always given a discrete topology, while A € Nilpj;' is equipped with the J-adic
topology.)

REMARK 4.5.1. Let A be a formally smooth formally finitely generated
algebra over either W or W/p™. In this remark, we give a convenient moduli
interpretation of the set of A-points of RZx. Recall that we have

Homy (Spf A, RzZx) = 1£1>1 RzZx(A/J"),
so we may view Homy (Spf A, RZx) as the set of isomorphism classes of
(X, 1), where X is a p-divisible group over A and ¢ is a quasi-isogeny defined
over Spf A/ p. By rigidity of quasi-isogenies (2.3.2), giving such ¢ is equivalent to
giving an quasi-isogeny t4,; : X/, -+ X4, for some ideal of definition J C A
containing p. (Recall that J/J" is nilpotent and killed by some power of p.)

We remind that there is a natural equivalence of categories between the
categories of p-divisible groups over Spec A and Spf A, so we may view the
p-divisible group X either over Spec A or Spf A. On the other hand, the quasi-
isogeny ¢ over Spf A/p may not be defined over Spec A/ p, and we only require
¢t to be defined over Spf A/p, not over Spec A/p. And we have just shown
that quasi-isogenies over Spf A/p are uniquely determined by their restriction
to Spec A/J for some ideal of definition J containing p.
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Recall that there exists a p-adically separated and complete formally smooth
W -algebra A which lifts A; indeed, we apply [15, Lemma 1.3.3] to obtain a p-
adic W-lift A of A / p, which is formally smooth over W by construction, so we
may view A as a lift of A. By formal smoothness over W, any two such lifts are
(not necessarily canonically) isomorphic.

DEFINITION 4.6. For any A € Nilpy,', we define
RZ$(A) C Homy (Spf A, RZx)

as follows: Let f : Spf A — RZx be a morphism, and X a p-divisible group over
Spec A which pulls back to f*Xy;, over Spf A. Then we have f € RZ(S”) (A) if
and only if there exist morphisms of integral crystals (over Spec A)

t, 11— D(X)®
such that

(1) For some ideal of definition J of A (or equivalently by Lemma 4.6.3, for
any ideal of definition J), the pull-back of #, over A/J induces the map of
isocrystals s, p : 1 — ]D)(XA/,)@’[i].

(2) We choose a formally smooth p-adic W-lift A of A, endowed with the
standard PD structure on ker(A — A) = "’A for some m. Let (1, (A)) denote
the A-section of (t,) (cf. Definition 2.3.4). Then the A-scheme

Px = Isomz[(D(X)(A), (t,(A)], [A ®z, A%, (1 @ 5,)]),

classifying isomorphisms matching (z, (K)) and (1 ® s,), 1s a G-torsor. (Cf.
(2.2.6).) Note that this condition is independent of the choice of A, since any
choices of A are isomorphic.

(3) The Hodge filtration Fil ; C D(X)(A) is a {u}-filtration with respect to
(t,(A)) C D(X)(A)®, where {u} is the unique G(W)-conjugacy class of
cocharacters such that b € G(W)p"*"f1 G(W).

We thus obtain a functor RZ%’(); : Nilp}' — (Sets). For (X, 1) € RZ<S“) (A), we
call (),‘NO,) as above crystalline Tate tensors or Tate tensors on X.
If A is formally smooth and formally finitely generated over W, we write

RZS(A) 1= lim RZ$") L(A/p™) C Homy (Spf A, RZx) = h_r)nRZX(Z/JN”),

m n
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where J is the Jacobson radical of A. When f € RZ(S“) (A) and X is the p-
divisible group over A given by f*Xzzy, then we have a morphism 7, : 1 —
D(X )® of crystals over Spf(A (p) satisfying the same conditions (1)—(3), where
(A, J, (1)) is replaced by (A J () everywhere (Recall that we define D(X )
over Spf(A (p)) to be the prOJectlve system {]D)(X i »m)}. On the other hand, note
that for any m > 1 we have D(XA/ m)(A) = ]D)(XA/,,)(A) with extra structure,
so we indeed have D(X ) (A) = D(X i p)(A) and all the objects appearlng in the
definition of f € RZ(J“) except the Hodge filtration Fll' C ID)(X ) (A) depends
only on XA/p.)

We give more motivations for the definition in Remark 4.6.2. In the meantime,
let us emphasize that (z,) are required to be morphisms of crystals over Spec A
(not just over SpfA), while we work with the quasi-isogeny ¢ defined only
over Spf A (or equivalently by Remark 4.5.1, the quasi-isogeny defined over
Spec A/J). In particular, we do not claim that an arbitrary quasi-isogeny ¢
(defined only over Spf A) induces an F-equivariant map 1 — D(X )®[i] over
Spec A. We still show later (in Lemma 4.6.4) that if the crystalline Tate tensors
(t,) in Definition 4.6 do exist (which is an assumption), then (z,) are uniquely
determined by f € Homy (SpfA, RZx); in other words, (#,) are uniquely
determined by the quasi-isogeny ¢ : X,,; — X,4,, defined over Spec A/J.

EXAMPLE 4.6.1. If G = GL(A), we may choose (s,) to be the empty set.
Then we claim that RZx represents RZ%G. Indeed, we only need to check
Definition 4.6(3), which is clear since for any (X, t) € RZx(R) the dimension
of X is constant on R and consistent with {u} associated to (G, b); cf.
Remark 2.2.7.

In Section 4.7, we recall how to attach (G, b) and (s,,) to an EL (respectively,
PEL) datum, and compare RZ(S“) with the moduli functor considered by Rapoport
and Zink. Roughly speaking, we verify the following in the (P)EL case (cf.
Proposition 4.7.1):

(1) The existence of the crystalline Tate tensors (z,) satisfying Definition 4.6(2)
corresponds to the existence of an action of the given semisimple Q@ ,-algebra
B on X up to isogeny (and the quasipolarization with certain properties in the
PEL case).

(2) Definition 4.6(1) means that the quasi-isogeny ¢ is ‘B-linear’ (and commutes
with the quasipolarization in the PEL case).

(3) Definition 4.6(3) corresponds to the ‘Kottwitz determinant condition’.
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Note that the tensors (7,) coming from endomorphisms or quasipolarizations over
Spf A automatically give Tate tensors of crystals defined over Spec A; cf. [15,
Proposition 2.4.8].

REMARK 4.6.2. Let us now explain the motivations and intuitions for the
conditions in Definition 4.6 defining Rzégf(); (A) C Homy (Spf A, RZx) for A €
Nilpy'. We consider f : SpfA — RZx, which corresponds to (X,¢) as in
Remark 4.5.1.

Let us begin with the existence of (z,) satisfying Definition 4.6(1). Recall that
ty : 1 — D(X)® is a morphism of crystals over Spec A, not over Spf A. Since the
quasi-isogeny ¢ may not be defined over Spec A, we may not have an isomorphism
between D(X )[ll)] and D(X, /p)[i]. In particular, it is unclear whether for any
f : Spf A — RZx corresponding to (X, ¢), the tensors (s, p) induce Frobenius-
equivariant morphisms 1 — ]D)(X)‘X’[%]. (If the tensor s,p corresponds to a
quasipolarization or an endomorphism of X, then any f : SpfA — RZx
corresponding to (X, ¢) givesrise to ¢, : 1 — D(X )®[§] defined over Spec A by
[15, Proposition 2.4.8]. On the other hand, the author does not know whether such
a statement should hold for more general tensors (s, p).) Therefore, the existence
of (t,) satisfying Definition 4.6(1) can be seen as integrality and algebraizability
of (s, p) in the following sense: for any ideal of definition J containing p
the tensors (s,p) are integral with respect to the F-crystal lattice D(X4,,)®
of ]D)(XA/,)‘@[i] (defined via ¢), and 7, : 1 — DD(X)® is an algebraization of
Sap : 1 = D(X,,,)® in the sense that 7, is a common lift of s, p independent of
the choice of J.

It is natural to expect such integrality and algebraizability condition for tensors
(s¢.p) to appear in the definition of RZ%})}. To explain, assume that (X, (sy.p))
arise from a mod p point of Hodge-type Shimura varieties with good reduction
embedded in some Siegel modular variety. Once we represent Rzgg‘fé by a formally
smooth formal scheme (cf. Theorem 4.9.1) and the Rapoport—Zink uniformization
(cf. [30]), then for any (X,t) € Rzégf‘(); (A) there exists an A-valued point in the
integral canonical model such that X is the p-divisible group associated to the
pull-back of the universal abelian variety and (¢,) can be obtained by pulling
back the universal de Rham tensors on universal abelian scheme on the integral
canonical model (obtained in [32, Corollary 2.3.9]).

Now, we choose a formally smooth W-lift A of A. Definition 4.6(2) is needed
for defining {u}-filtrations in ]D)(X)(Z/ p™) for any m > 1; in particular, in
ID(X)(A). We need to obtain the G-torsor Pz over Z, not just over A, because
we would like any point in Rzégf‘(); (A) to be liftable over A /p™ for m > 1. Finally,
Definition 4.6(3) assert that the Hodge filtration Fil}( C D(X)(A) should be a
{u}-filtration.
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LEMMA 4.6.3. Let R € Nilpy, and I be a nilpotent ideal of R. Let X be a p-
divisible group and consider Frobenius-equivariant morphisms of isocrystals

11— }D)(X)®[%].
Then we have t = t' if and only if the equality holds over R/ 1.

In particular, Definition 4.6(1) for some ideal of definition J implies
Definition 4.6(1) for any ideal of definition J’; indeed, if J° C J then we
apply the lemmato R := A/J and I :=J/J .

Proof. We may assume that pR = 0. Then by Frobenius equivariance, one can
replace X by o"*X for some n, while 6"*X only depends on Xg,; if 6" (/) = 0;
cf. the proof of [15, Corollary 5.1.2]. O

LEMMA 4.6.4. Let X be a p-divisible group over A € Nilpy,. Then given any
morphisms of isocrystals t,t' : 1 — ]D)(X)®[%], we have t = t' if and only if they
restrict to the same morphism of isocrystals over A/ J for some ideal of definition
J C A

In particular, if (X,t) € RZ(S“) (A) for some A e Nilpy)' (using the convention
as in Remark 4.5.1), then the Tate tensors ty : 1 — D(X)® in Definition 4.6 are
uniquely determined by (X, t), and induce Frobenius-equivariant morphisms on
the isocrystals.

Note that this lemma holds if we replace A with a formally smooth formally
finitely generated W-algebra A; indeed, for a p-divisible group X over _ At
1 — D(X)® only depends on its restriction 7 : 1 — ]D)(XA/p)® over Spec A/ p.

Proof. Let us choose a p-adic W-flat lift A of A, and a lift of Frobenius
endomorphism o : A — A. Given an ideal of definition J C A, let D — A /J
be the p-adically completed PD hull of A A /J. Then o extends to a lift of
Frobenius of D. Using Lemma 2.3.6 (together with Remarks 2.3.8 and 2.3.9), the
first claim can be reduced to the injectivity of the natural map

AT1— DIL1.

To see the injectivity, note that D[i] can be embedded into some affinoid algebra
containing Av[i]; cf. [15, Section 5.5].

To show the rest of the lemma, we first note that the Tate tensors (z,) are
uniquely determined by the map it induces on the isocrystals 7, : 1 — D(X )®[i].
(Using the ‘dictionary’ given by Lemma 2.3.6 and Remark 2.3.8, the claim
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follows from the W-flatness of g.) Therefore, if (¢,) and (¢,) are two sets of Tate
tensors for (X, () € RZ(X'Y,% (A) (using the notation of Remark 4.5.1), then ¢, and
t/ induce the same map on the isocrystals 1 — (X ,,,)® by Definition 4.6(1).
By the first part of the lemma, we obtain f, = ¢, for any «. The Frobenius
equivariance of (f,) can be similarly obtained by applying the first part of
the lemma to (¢,) and (F(c*t,)), where F is the crystalline Frobenius map

F: J*D(X)®[i] = ID)(X)®[%]. O

4.7. Example: unramified EL. and PEL cases. To a (not necessarily
unramified) EL or PEL datum, Rapoport and Zink formulated a suitable moduli
problem of p-divisible groups with extra structure, and constructed a representing
formal scheme [44, Theorem 3.25]. (See also [20] for the exposition that is just
focused on the unramified case of type A and C.) In this section, we show that
when (G, b) comes from an unramified EL or PEL datum, the formal moduli
schemes constructed by Rapoport and Zink represents Rzggj% for some suitable
choice of (A, (). '

Let us first recall the setting of [44, Ch. 3] in the unramified case. Let O be
a product of matrix algebras over finite unramified extensions of Z,, and A be a
faithful &’z-module which is finite flat over Z,. We consider the following data
(cf. [44, Section 1.38], [20, Ch. 2]):

unramified EL case (Op, Oy, A, G), where (Op, A) is as before, OF is the
centre of 0y, and G = GL4, (A) is a reductive group over Z,,.

unramified PEL case (OF, O3, %, A, (,), G), where (OF, Oy, A,G) is an
unramified EL-type Rapoport-Zink datum, (,) is a perfect alternating
Z,-bilinear form on A, % : a +— a* is an involution on Oy such that
(av, w) = (v, a*w) for any v, w € A, and

G =GUg, (A, (,))) := GLg,(A) NGU, (A, (,))
where the (scheme-theoretic) intersection takes place inside GLz, (A).

(To make the comparison with Definition 4.6 more direct, we work over Z,
instead of over @, as in the aforementioned references.)

For G as above, consider b € G(K) such that we have a p-divisible group
X := X (cf. Definition 2.5.5), and choose a conjugacy class {i} so that b €
G(W)p"*‘fl G (W); Definition 2.5.11. In the PEL case, we additionally assume
that ord,(c(b)) = —1, where ¢ : G — G, is the similitude character. This
assumption is to ensure that the pairing (, ) induces a quasipolarization of X via

crystalline Dieudonné theory and a +— a* corresponds to the Rosati involution;

https://doi.org/10.1017/fms.2018.6 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2018.6

W. Kim 42

cf. [44, Section 3.20]. (Note that our choice of b is the transpose-inverse of the
Frobenius matrix (cf. the remark above Definition 2.5.5), so in our convention we
have ord,(c(b)) = —1, which differs by sign from [44, Section 3.20].)

Under this setting, Rapoport and Zink formulated a concrete moduli problem
for p-divisible groups, and constructed a formal moduli scheme M : /\/lG b
which turns out to be a formally smooth closed formal subscheme of RZx. See
[44, Definition 3.21, Theorem 3.25, Section 3.82] for more details.

For the unramified EL case, we choose a Z,-basis (s,) of & and view them
as elements in A ® A* C A®. For the unramified PEL-type case, we additionally
include a tensor 5o € A% ® A*®? C A® associated to the pairing (,) up to
similitude, as in Example 2.1.6. Now we consider the subfunctor RZ(Y“) of RZx
using this choices (A, (s,)); cf. Definition 4.6.

PROPOSITION 4.7.1. Assume that p > 2. In the unramified EL and PEL cases,
the subfunctor RZ(X“) of RZx can be represented by the formal moduli scheme M
constructed by Rapoport and Zink (cf. [44, Theorem 3.25, Section 3.82]).

Proof. Let us first handle the unramified EL case. By considering simple factors
of B and applying the Morita equivalence, it suffices to handle the case when
O = Or = W(ky) and A = O}, where k is a finite extension of F,. Let us
assume this.

Let (X, ) denote a p-divisible group over A € Nilp}' with quasi-isogeny
defined over A/J for some (or any) ideal of definition J containing p. We choose
(s¢) corresponding to a Z,-basis of 0. If (X, () corresponds to Spf A — M,
then the induced Ojp-action on X gives rise to Tate tensors (z,). If we have
(X, € RZ(S") (A), then the Tate tensors (z,) do correspond to an O’z-action
by the full falthfulness of the Dieudonné theory over A/p (cf. [15]) and the
Grothendieck—Messing deformation theory.

From now on, we assume that X is equipped with an &g-action corresponding
to a certain set of morphisms of crystals 7, : 1 — D(X)®, and we translate
Definition 4.6 in terms of the &'sz-action and Kottwitz determination condition.

Firstly, Definition 4.6(1) is equivalent to the B-linearity of the quasi-isogeny ¢
over A/J for any ideal of definition containing p by full faithfulness up to isogeny
of the crystalline Dieudonné functor over A/J (cf. [15, Corollary 5.1.2]).

We next show that under Definition 4.6(1) (or equivalently, under the B-
linearity of ¢ over A/J) the scheme PA (with the notation as in Definition 4.6(2))
is a GLg, (A)-torsor. Since O ®z, A= ]_[MO;)]F A it follows that Py is a

GL g, (A)-torsor if and only if D(X) (Z) is afree O3 ®z, A-module with the same
rank as A. On this other hand, the rank can be computed after the scalar extension
to D[%], where D — A/J is the p-adically completed PD hull of A — A/J
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(since Al [i] — D[i] is injective by the proof of Lemma 4.6.4), the existence of
B-linear quasi-isogeny ¢ over A/J implies the desired freeness and rank equality.

Let us show that Filﬁ( is a {u}-filtration with respect to (#,(A))
(Definition 4.6(3)) if and only if the ‘Kottwitz determinant condition’ holds
for X 4, for each n [44, Definition 3.21(iv)]. For this, it suffices to show that for
afixedn and R := A/J", Fil}k is a {u}-filtration if and only if the ‘Kottwitz
determination condition’ holds. Since the claim is étale-local on Spec R, we may
assume that the torsor Py is trivial. (The notion of {u}-filtration is étale-local
on the base. The Kottwitz determinant condition can be phrased in terms of the
ranks of certain vector bundles, and ranks can be computed étale-locally.) Since
Op = W (ko) for some finite extension k, of F,,, we can decompose

DXp)(R) =[] DEXp(R):.

TEHOm(Ko,FI,)

Fily, = [] Filk..

reHom(ko,Fp)

It follows that the G (R)-conjugacy classes of (minuscule) cocharacters p exactly
correspond to certain integer tuples (a,), with a, € [0, rkR®ZF s D(Xg)(R).],and
Fil;(R is a {u}-filtration if and only if a, = rkg Fil}(“, which is exactly the
Kottwitz determinant condition.

Let us turn to the unramified PEL case. Since ord,(c(b)) = 1, there exists
u € W* such that ¢(b) = p~'o(u) 'u. Then we obtain an F-equivariant perfect
pairing

u(.) M @MA S Mg 5 M, = 1(—1),

where M, for z € G,,(K,) denotes the F-crystal on W with F given by
multiplication by z. (Recall that M/ = W ®z, A”, so the similitude character for
the pairing (,) on M} is ¢!.) Then u(, ) induces a principal quasipolarization
Ao : X — XV, and Z; - Ag 1s well defined independent of the choice of u.

Conversely, given an O-linear principal quasipolarization A : X — XV of a p-
divisible group over A € Nilpy;, we obtain a tensor £, : 1 — D(X )82 @ D(X)*®?
only depending on Z - 2; cf. Example 2.1.6. By the full faithfulness result as
before, the existence of a principal quasipolarization A : X — X" is equivalent to
the existence of a certain Tate tensor t,. If s € A® is the tensor corresponding to
Z; - (,) and t, the Tate tensor on X corresponding to sy, then we have f, = ¢,,.

We choose a W-lift X of X which lifts the & g-action and Aq. We let Ay and 7,
also denote their lifts over W. For any (X', ") € RZx(R’) with R’ € Nilp,,, we
choose the unique lift 7" : Xz --» X',
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We now claim the following are equivalent:

(1) For any n, the quasi-isogeny [ §~§A s ==+ X 4,y» matches the Tate tensors
to for X and 1, for X. F11~rthermore,~the scheme Pz, constructed as in
Definition 4.6(2) using (¢,(A)) and t, (A), is a GU g, (A)-torsor;

(2) The quasipolarization A is O’z-linear, and for any n the following diagram
commutes up to the multiple by some Zariski-locally constant function c :
Spec A/J" — Q;:

Xasm — X3/ 4.7.2)

+

i )

o " v

Xapy ———— XY -
Granting this claim, it follows that M represents RZ$%) in the unramified PEL
case; indeed, the ‘Kottwitz determinant condition’ and Definition 4.6(3) can be
matched in the identical way as in the unramified EL case.

Let us first show that (1)=-(2). For this, we may replace Spf A by some étale
covering (of formal schemes) to assume that the torsor Py is trivial. Then the &’-
linearity of A follows from the full faithfulness of the Dieudonné theory over A/ p
(cf. [15]) and Grothendieck-Messing deformation theory.

Now, let (,)o : DX)®? — 1(—1) and (,), : D(X)®* — 1(—1) denote
the perfect symplectic F-equivariant pairing induced by the principal
quasipolarizations. To simplify the notation, set R := A/J". By definition
of 7y and t,, the quasi-isogeny ¢ over R matches #, and f, if and only if
there exists a Zariski-locally constant function ¢ : Spec R — Q) such that
c(,)nr = (,)or o (D()®*) as pairings on ID)(XR)[%]. (Indeed, c is Q;-Valued
because the automorphism of the F-isocrystal 1(—1) over a finite type k-scheme
18 Q; — a very degenerate case of [15, Main Theorem 2].) On the other hand,

D(Aglfv)») : ]D)(XR)[i] — D(XR)[%] is the ‘transpose’ of D(7) in the sense that
()o.ro@D®id) = (, )r,ro(ild ®D(A5'T71)) : D(XR)[ﬁ](E@D(XR)[i] — 1(=1).

Therefore, we have c(,),z = (,)or o (D)%) if and only if we have
D(A,'7Al) = cid. By full faithfulness of Dieudonné theory up to isogeny
over R, this is equivalent to IV Azl = cAg g. This shows that (1)=(2).

To show (2)=(1), it remains to show that (2) implies that Py is a GUg,(A)-
torsor. Since M is formally smooth, we may lift (X,¢) so that A = A is
formally smooth and formally finitely generated over W. Then, it suffices to
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show that P4/;» is a GUg,(A)-torsor for each n, which follows from [44,
Theorem 3.16]. I

4.8. ‘Closed points’ and deformation theory for Rzggj‘();. We choose (G, b),

A, and (s,) C A® as before. Let (G, [b], {#™'}) denote the unramified Hodge-
type local Shimura datum associated to (G, b); cf. Definition 2.5.11. In this
section, we show that the moduli functor Rzg,“é C RZx interpolates X°(b) C

XCUA (p) on k-points and Defy ; C Defy on ‘formal neighbourhoods’.

REMARK 4.8.1. This remark is to justify why we restrict our focus on the set
of closed points and the formal neighbourhoods thereof. Since the underlying
reduced scheme RZE of RZy is Jacobson (being locally of finite type over k),
any closed subscheme Z C RZ§d is determined by the subset Z(k) C RZx(x) of
closed points.

Now, givgn a formal closed subscheme 3 C RZx, we can recover the completed
local ring 05, at any n € 3™ (not necessarily a closed point) from the closed
point 7 € E and the quotient O3 . of Ogg, . as follows. Choosing a preimage
1 € Spec O3, C Spec Oy, . of n, we can recover O3, as the image of the map
ORZx.n — (ORZx,Z)/ﬁ\_» (O3z)/ﬁ\

By Proposition 2.5.10, we have a natural bijection
X%(b) = R2E(K). (4.8.2)

Recall that X¢(b) satisfies functorial properties with respect to (G, b)
(Lemma 2.5.4). We also have the following cartesian diagram:

X6 (b)——— XL (p) (4.8.3)

RZ$% (k) RZx (k),

where the vertical isomorphisms are given by Proposition 2.5.10, and the
horizontal map on the bottom row is the forgetful map.

Consider (X,, t,) € Rzggf‘é (1) corresponding to a closed point x € RZx (k). We

define the ‘formal completion’ (Rzgg‘fé . of RZ§§:% at x to be the set-valued functor
on the category of formal power series rings over W/(p") (for some m) defined

as follows: for any formal power series ring A over W/(p™), (Rzégfé . (A) is the
subset of elements in Rzgg‘f(); (A) which lift x. Equivalently, we have the following
description

(RBYL)T = RZEY Xany (RZx)T (4.8.4)
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where the right hand side is viewed as the fibre product of functors on the category
of formal power series rings over W/(p™). If RZ%"(); can be represented by a
formal scheme formally smooth and locally formally of finite type over W, then
(Rzég‘fc); . can be represented by its formal completion at x.

Choose a coset representative g, € G(K,) of x € X¢(b) C G(K,)/G(W), and
write b, := g;'bo (g,) (so that we have (X, (f..r)) = (X}, (1 ® 54))). Then for
a suitable choice of 1 € {1}, the universal deformation with Tate tensors (Xg .,
(%‘fﬂv)) of (X,, (t,.x)), together with the quasi-isogeny ¢, : X --» X,, defines an
element RZ%% (Ag.x), where A . was defined in Section 3.5. (This can be verified
by the explicit construction of Mg .. Note that we have added the subscript
x to the notation of Section 3.5 to indicate that we are deforming X,.) Now,
Theorem 3.6 shows that the isomorphism Defy = (RZx): (cf. Lemma 4.3.1)

induces the following isomorphism

Defy, ¢ — RIFLT (4.8.5)

of functors on formal power series rings over W/(p™); note that the deformations
coming from Defy ; automatically satisfy the condition on the Hodge filtrations
(Definition 4.6(3)) thanks to the explicit construction of the universal deformation

(5a) ™~

over Defy . In particular, (RZx";), can be prorepresented by a formal power
series ring over W. If RZ%% can be represented by a formal scheme which
is formally smooth and locally formally of finite type over W, then the above
isomorphism gives an identification of the formal completion at a closed point x
with Defy 4.

For A € Nilp}, let f : Spf A — RZy such that f € Rz{*%(A). Then for any
closed point x in Spf A, f induces '

fi: Sprx — Defy 6
by (4.8.5). If we let X denote the p-divisible group over A corresponding to f,

then we have a morphism of crystals 7, : 1 — D(X)® for each &, which exists by
the definition of RZ{"); cf. Definition 4.6.

LEMMA 4.8.6. The pull-back of t, over Spec A\x (for a closed point x in SpfA)
coincides with the pull-back ( fx)*(f?;giv) of the universal deformation of Tate
tensors. The same statement holds if we replace A with a formally smooth
formally finitely generated W -algebra A

Proof. This follows from Lemma 4.6.4 applied to fx € Rzggf‘(); (Ax). O
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Let us record some functorial properties that Defy ; enjoys. To explain, let
(G', b’) and A’ be as in Definition 2.5.5. (We do not assume the existence of any
‘equivariant’ morphism A — A’.) We write X' := X/!'.

For any x” € X% (b) and the corresponding element (X ", 1) € RZx (k) (via the
embedding X' (b') — X®-)(p'), we have a natural isomorphism

Defx, ¢ ¥ :Defxx/,G' - QefXXXXX/,GxG” (4.8.7)

defined by taking the product of deformations. This isomorphism is compatible
with the morphism RZyx x RZx — RZx.x defined by taking the product of p-
divisible groups and quasi-isogenies.

Let f : G — G’ be a homomorphism over Z, which takes b to b’, and consider
the map X%(b) — X (b') associated to f by Lemma 2.5.4. We choose x €
X%(b) and let x’ € X9 (b') denote its image by this natural map. We choose
a coset representative g, € G(Ky) of x € X9(b) C G(Ky)/G(W), and write
b, = g;lba (gx) and b}, := f(b,). Then by the choice of g, (and f(g,)), we
obtain isomorphisms

Defy, ¢ = Defx,g,c’ Qefxi,,c' = Qefx;,’ G
/,

So by Proposition 3.7.2 we obtain a morphism
Defy ¢ — Defy, o (4.8.8)

By Remark 3.7.4 it follows that the morphism above does not depend on the
choice of the coset representative g, of x € X9(b) C G(Ky)/G(W).

4.9. Main Statements. We are ready to state the main result, which asserts
that the subset Rzégf‘é (k) C RZx(x) and the subspaces (Rzggf'(); . C (RZx); for
x € Rzg‘gj’(); («) patch to give a closed formal subscheme RZ§, C RZy, and the
functorial properties enjoyed by X¢(b) = Rzég‘f();(ic) and Defy ; = (Rzggf’(); n
patch to give the corresponding functorial properties for Rzg" b

THEOREM 4.09.1. Let p > 2. Then there exists a closed formal subscheme

RZ&, C RZx which is formally smooth over W and represents the functor Rzé‘gfg

Jor any choice of (s4) C A® with pointwise stabilizer G. More precisely, for any
Sq there exist ‘universal Tate tensors’

t(;miv . 1 — D((XRZx)|RZéb)®7

such that for A € Nilpy', a map f : Spf(A, J) — RZx factors through RZ{;
if and only if [ € RZ%‘%(A), in which case (t,) as in Definition 4.6 recovers

(f*t‘;miv).
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For another pair (G', b') and A" € Rep,, (G') that give rise to a p-divisible
group (as in Definition 2.5.5), we consider the closed formal subscheme RZS:, y C
RZx which was just constructed. Then the following properties hold:

(1) The morphism RZx Xsprw RZx — RZxux, defined by the product of p-
divisible groups with quasi-isogeny, induces an isomorphism

A N Ax A’
RZG p Xsptw RZGr iy = R2G56 .0

such that it induces the product decomposition of affine Deligne—Lusztig
sets (Lemma 2.5.4) and the deformation spaces (Proposition 3.7.2) via the
isomorphisms (4.8.2) and (4.8.5), respectively.

2) Let f : G — G’ be a homomorphism which takes b to b'. Then there exists
a (necessarily unique) morphism RZéqb — RZéi’b, which induces the maps

that fit in the following cartesian diagrams:

Lem2.5.4 ’ (4.8.8)
XO(b) =25 X9(b) Defy ¢ —>©efxx,ycl
glm.s.z) glm.s.z) ;l(mﬁ) zl(zL&S)
RZg (k) —— RZG, (k) (RZG ) s — (RZG )7

where x' € RZé:,h, (k) is the image of x, and the arrows on the top row are
the natural maps induced by f.

Furthermore, if G' = GL(A), then the natural inclusion (G, b) — (GL(A),
b) induces the natural inclusion RZ%, — RZ& 4, = RZx (cf
Example 4.6.1).

We prove this theorem in Sections 5 and 6.

REMARK 4.9.2. When the pair (G, b) and the choice of (A, (s,)) correspond to
the unramified EL or PEL case (cf. Section 4.7), then RZ$, C RZx coincides

with the formal moduli subscheme M C RZx constructed by Rapoport and Zink,
often referred to as an EL or PEL Rapoport—Zink space.

REMARK 4.9.3. Just as in the (P)EL case, we construct (in Section 7.4) coverings
of the rigid generic fibre (Rzé, ,)"¢ by adding suitable level structure, and obtain
a rigid analytic tower with Hecke G(Q,)-action. We verify in Section 7 that
this covering has the extra structure expected for the ‘local Shimura variety’
{M(G, [b], {~" D }xccz,) associated to (Gg,, [b], {n™'}) as stated in [43,
Section 5.1]. In this viewpoint, we can view Theorem 4.9.1 as a construction
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of a (formally smooth) formal model of the local Shimura variety M(G, [b],
{=") @ with ‘hyperspecial level structure’, when the local Shimura datum is
of Hodge type.

Formal smoothness of Rzg’b is compatible with our expectation that the
conjectural local Shimura variety M(G, [b], {#~'D¥ should admit a formally
smooth formal model if G is an unramified reductive group over Q, and K C
G(Q)) is hyperspecial. (This is a local analogue of good reduction of Shimura
varieties).

REMARK 4.9.4. The argument to ‘algebraize and glue’ the deformation spaces
Defy ¢ for x € X9(b) in Sections 5 and 6 makes use of the functor Rzg’%
using Nilpy, as ‘test rings’ (cf. Definition 4.6). Implicit in this approach is the
expectation that RZ’G" , should be formally smooth (as explained in the previous

remark).

REMARK 4.9.5. Choose g € G(K,) such that b’ := g~ 'bo(g) also defines a p-
divisible group X' := X/. We let ¢, : X --» X' denote the quasi-isogeny induced
by g : Mz/;\'[ﬁ] = M,f[i]. Then we have a natural isomorphism Rzggif)c = Rzég’%
by postcomposing ¢, (or rather, the suitable base change of it). In particular, we

obtain an isomorphism Rz2 , — RZ4 ,.

REMARK 4.9.6. Applying Theorem 4.9.1(2) to f =id : (G, b) — (G, b), we
obtain a canonical isomorphism Rz , = Rzéj , which respects the identifications
of k-points with X (b) and the formal completion at a k-point x with ’)Defg, by

Combining this with Remark 4.9.5, it follows that Rzg’,, only depends on
the associated unramified Hodge-type local Shimura datum (G, [b], {#™'}) up to
(usually noncanonical) isomorphism. Furthermore, if (G, [b'], {u'~'}) is another
unramified Hodge-type local Shimura datum, then for any map f : (G, [b],
') — (G, [p'], {'""}), we have a morphism Rz2, — Rz, for some
suitable choice of (b, A) and (b', A'). '

REMARK 4.9.7. In the setting of Theorem 4.9.1(2), the association
[(G.b) — (G',b)] ~ [R2§, — RZE /]

respects compositions and products of morphisms (in the obvious sense), since
the analogous statement is true for X (b) and @eféyb‘.

REMARK 4.9.8. If f : G — G’ is a closed immersion (so we write b’ = b),
then the associated map Rz5, — RZ?;:,h is a closed immersion. Indeed, by
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Remark 4.9.6 we may take A = A’, and the natural inclusion RZ$, < RZx
factors as Rz , — RZ{, , <> RZx by Remark 4.9.7.

REMARK 4.9.9. If (G, b) comes from an unramified EL or PEL datum, then
it follows from Proposition 4.7.1 that our construction of Rz , is compatible
with the original construction of Rapoport and Zink. On the other hand, the
“functoriality” aspect of Theorem 4.9.1 produces morphisms between EL and PEL
Rapoport—Zink spaces which cannot be constructed as a formal consequence of
the (P)EL moduli problem. For example, consider an exceptional isomorphism
GSp(4) = GSpin(3, 2) of split reductive Z,)-groups, and set G := GSp(4)z,. Let
(G, [b], {™"'}) be a unramified Hodge-type local Shimura datum, coming from a
(global) Shimura datum for GSp(4) g as in Example 2.5.12. Recall that we have
another faithful G-representation A; namely, the even Clifford algebra for a split
rank-5 quadratic space over Z,. It turns out that there exists a perfect alternating
form 1 such that the natural G-action on A induces a closed immersion f : G =
GSpin(3,2) — GSp(A, ¥) =: G’ and the local Shimura datum (G', [f(b)],
{f o u™'}) is of PEL-type. Then Theorem 4.9.1 produces a closed immersion
RZGp — RZnyf(b).

REMARK 4.9.10. Since the first version of this paper became available, there has
been a lot of progress in understanding Rng. For example, given the formal
closed subscheme Rzg.h C RZx as in Theorem 4.9.1, then we can describe
RZg (k") group-theoretically, where «’ is either a perfect field extension of
k (cf. [54, Proposition 3.11]) or a finitely generated extension of « (cf. [24,
Theorem 2.4.10])).

5. Descent and Extension of Tate tensors from a complete local ring to a
global base

In this section, we prove the technical results (especially, Propositions 5.2
and 5.6) which allow us to ‘globalize’ the Faltings deformation spaces.

Let Nilp\, be the category of finitely generated W/ p"-algebras for some m. We
first define the following subfunctor Rz/ , of RZx, where X = X!. (So we have
RZx = RZ&‘L( A).-) We show in Section 6 that this subfunctor can be represented
by a closed formal scheme of RZyx which satisfies the desired properties stated in
Theorem 4.9.1.

DEFINITION 5.1. In the setting of Section 4.4, we define a functor

RZg, Nilp}, — (Sets) as follows: for any R € Nilp,, RZ§,(R) C RZx(R)
consists of (X,t) € RZx(R) such that for any x : Speck — Spec R, we have
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(X,,t,) € RZ(S“) (x) and the map Spr/Q\x — Defy, , induced by Xp , factors
through @efXMG

For (X, 1) € RZ4 G.»(R) with R € N11pW, we set
fux 11— D(X3)® (5.1.1)

to be the pull-back of the universal Tate tensors t““‘V (3.5.2) via Spf R — Defy g

From the definition of RZ{ ,, it is not clear whether RZg , is formally smooth,
and whether we have RZ(S") (A) = l(iLnn RZ& ,(A/J") for A € Nilpy with ideal
of definition J, where RZ%’“(); is defined in Definition 4.6 (cf Proposition 5.2(3)).
Also it is unclear how to rule out the p0551b1hty that RZ4 G.» 1s the disjoint union
of Defy  when the closure of RZS (k) in Rz is positive-dimensional (cf.
Proposition 5.6). These issues will be resolved by the technical results proved
in this section.

Let us first state our descent result:

PROPOSITION 5.2. Assume that p > 2.

(1) Let (X,1) € Rzé"h(R) for R € Nilp%,. Then for each «, there exists a unique
morphism of crystals

ty: 1 — D(X)®

which induces s, on the isocrystals (cf. Definition 4.5), and pulls back to
tu.. for each closed point x in Spec R (cf. (5.1.1)).

(2) Let R € Nilpﬁ, and choose a presentation A/J = R where A is formally
smooth formally finitely generated over W and J is an ideal of definition.
Let (X,1) € RZ’G‘,,,(R) and let f : Spec R — RZx denote the corresponding
morphism. Then there exists a lift f : Spf A — RZx of f such that f €
Rzgg,% (A). Furthermore, if we let X denote the p-divisible group over A
obtained by pulling back the universal p-divisible group via f, then for any
«a the Tate tensort, : 1 — ID)(?)® (which exists by the definition ofRzg‘g%; cf.
Definition 4.6) pulls back to t, constructed in (1) via restriction.

(3) Let A be a formally smooth formally finitely generated W -algebra with ideal
of definition J. We consider a projective system (XV,19) € Rzx(A/JY),
which corresponds to a map f : Spf(A, J) = RZx. Then we have (X, 1))
€ RZé1 ,(A/JY) for each i if and only 1ff € RZ(S“) (A). The same holds if we
replace A with A/p™ < Nilpy,".
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We prove this proposition in Sections 5.3-5.4, and for now we remark that the
claims (1)—(3) will be proved simultaneously; we first prove a weaker analogue
of (1) (cf. Proposition 5.4.1), from which we deduce (3) (cf. Proposition 5.4.11,
Lemma 5.4.12), and using (3) we prove the rest of Proposition 5.2 (cf.
Lemma 5.4.13).

Let us now begin the proof of Proposition 5.2.

5.3. Preparation: Liftable PD thickenings.

DEFINITION 5.3.1. Let B — R be a PD thickening of Z/ p™-algebras for some
m = 1. We call B a liftable PD thickening of R if there exist a Z,-flat p-adic PD
thickening D" — R and a surjective PD morphism D — B.

The most important class of liftable PD thickening to us is square-zero liftable
PD thickenings, by which we mean a square-zero thickening B — R equipped
with the ‘square-zero PD structure’ on ker(B — R), such that B — R is liftable
as a PD thickening. (If we assume that p > 2, then any square-zero PD structure
is compatible with the standard PD structure on pZ,.)

The following lemma is obvious from the definition.

LEMMA 5.3.2. Let R” — R’ — R be square-zero thickenings of 7./ p™-algebras
for some m > 1. If R” — R is a square-zero liftable PD thickening, then so are
R”" - R and R’ — R.

Note that there exists a ring R of characteristic p which does not admit a Z,-
flat p-adic PD thickening (so the trivial thickening R — R is not liftable for
such R). See [48, Remark 4.1.6] for such an example, which is the quotient of a
perfect IF,-algebra by an infinitely generated ideal. On the other hand, the trivial
thickening of a reduced «-algebra is liftable, as W(R) — R is a W-flat p-adic
PD thickening.

LEMMA 5.3.3. Let R — R be a square-zero thickening of finitely generated
W/ p™-algebras for some m = 1. We choose a formally smooth W-algebra
A — R' and let D — R denote the p-adically completed PD hull of A — R.

Then R — R is a square-zero liftable PD thickening if and only if the natural
PD morphism D —» R’ factors through the image D of D in D[%].

The author knows whether D — R factors through D" if R is finitely generated
over W/p™ for some m, or if there is any counterexample.
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Proof. Let Dy, := ker(D — D). If D — R’ factors through D", then we have
Dy, C ker(D — R), and it is a PD subideal as the PD structure preserves the p-
power torsion elements. Therefore, D" is the W-flat p-adic PD thickening, which
admits a PD surjection onto R’.

Conversely, if R” — R is liftable, then by assumption there exist a W-flat
p-adic PD thickening D’ — R and a surjective PD morphism D’ — R’. By
choosing a lift A — D’ of A — R’, we can natural extending it to a PD morphism
D — D'. Therefore D — R’ factors through D", as it factors through a flat
W-algebra D’. O

The aim of this section is to show that ‘sufficiently many’ rings in
characteristic p admit lots of liftable PD thickenings (although we cannot
handle all finitely generated «-algebras). In general, it seems quite hard to
produce a p-torsion free PD thickening, and our approach is to embed our finitely
generated k-algebra into some f-semiperfect ring and use some construction of
p-torsion free PD thickening available for some f-semiperfect rings.

Recall that a ring R of characteristic p is called semiperfect if the Frobenius
map o : R — R is surjective. To a semiperfect ring R we can form a inverse
perfection
R :=1limR, (5.3.4)

<

(e
complete with respect to the natural projective limit topology. Let 7 C R denote

the kernel of the natural projection R — R.
The following definition is from [48, Definition/Proposition 4.1.2] and [35]:

DEFINITION 5.3.5. A semiperfect ring R is called [f-semiperfect if there is a
finitely generated ideal JNO C R’ such that for some n > 0 we have a”(fo) -
J C Jo. ~

A semiperfect ring R is balanced if (ker(cr))p = 0. This is equivalent to require
that J := ker(ﬁb —» ﬁ) satisfies J? = a(f); cf. [35, Lemma 4.6].

Note that any f-semiperfect ring R, admits a surjective map V¥ : Ry - Rto
a balanced f-semiperfect ring R such that o (ker(v/)) = 0 for some N > 0; cf.
[48, Definition/Proposition 4.1.2].

LEMMA 5.3.6. Let R be a balanced semiperfect ring. Then there exists a Z,-flat
quotient W(R) of W(R ) such that W(R)/p R.

Note that W(R) was denoted as Wpp, o(R) in [48 proof Lemma 4.1.7]. We see
from the construction that we have W(R ) —» W(R) —» W(R)
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Proof. This lemma can be extracted fr(lm [48, prgof Lemma 4.1.7]. (See also [35,
proof of Lemma 4.6].) To explain, let J := ker(R” — R), and define

[J]:= {Z[ri]pi = (ro,rl ..l ) € 7} c W) C W(R,

i>0

wh1ch turns out to be an ideal of W(R”) smce we have o (J ) Jr by balancedness
of R (The nontrivial part is to show that [J ] is stable under addition if we have
cr(J ) = JP. See [35, proof of Lemma 4.6] for the verification.)

Now, we set W(R) = W(R )/ [J I. Clearly (from the definition of [J 1), there
is no nonzero p-torsion in W(R) and we have W(R)/p Rb/J = O

LEMMA 5.3.7. Let ¢ : R — R be a nilpotent thickening of balanced f-
semiperfect rings such that we have (ker(y))? = 0. We give a PD structure on
ker(vy) determined by f'P! = 0 for any f € ker(yr).

Then there exists_a unique PD structure on ker(W(R) —» R) such that the
natural projection W(R) — R'isa PD morphism. In particular,  : R — Ris
a liftable PD thickening (cf. Definition 5.3.1).

Proof. Since o (ker(y)) C ker(y)” = 0 (that is, ¥ factors o : R — R), it follows
that ¢ induces an isomorphism ﬁ/b~:> R’. We let J' := ker(R" > IE’ yand J =
ker(R* — R). Since both R and R’ are balanced, the ideals [J], [J'] C W(R)
make sense (cf. proof of Lemma 5.3.6), and we have To>T>Jr= U(J ).

We write > a = ker(W(R) —» R) which is generated by p and the image of
[J] Since W(R ) = W(R )/[J 1is Z,-flat, there exists at most one PD structure
on a, and the only candidate of the PD structure is the restriction of the unique
divided power of a in W(ﬁ’)[ﬁ] = (W(ﬁb)/[j/])[i]. Therefore, to show that a

has a PD structure, it suffices to show that for any o € (p, [f D C W(ﬁ ) we
have & € a + [J ][ -] C W(Rb)[ ]. (Note that the same claim for %7 w1th n>=
follows from the case withn = p. )

Since any o € (p, [J]) can be written as « = [ro] + pB, for ry € J and B e
W (R"), we have

o _ (ol + pp)’ =Xp: ol P g _L0G ow ).
il (p—10)! p!

p! p!

Since we have o(J) € J' by assumption, el

we have L e pW(R ) for any a € a. Therefore acC W(R ) is a PD ideal and the

maps to zero in W(R E ] and

mod p reductlon W(R') - R isaPD morphism. O
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COROLLARY 5.3.8. Let « be an algebraically closed field of characteristic p,
and let B be a reduced ring which is formally finitely generated over k (cf.
Remark 2.1.2). Let J C B be an ideal contained in an ideal of definition for
B such that R := B/J is reduced. (Note that we have B = llm B/J'.)

Then there exists a sequence of square-zero liftable PD thlckemngs (in the sense
of Definition 5.3.1):

B—...-» B, —»B —----—»By=R
such that B = lim_ B;.
<—i

In practice, B will be either formally smooth over x (with J some suitable
closed subideal of some ideal of definition), or a reduced complete local
noetherian «-algebra with residue field « (with maximal ideal J, so R = «).

Proof. We write B:= li_r>1r1(r B, and ﬁo =B /J B (which is clearly f-semiperfect).
Then we have

R) = =lim Ry = lim B/o"())B =1 1('£1§/J’”§, (5.3.9a)

(7 I’l m

where the last isomorphism follows since for any n, we have "™V (J )E -
J"B c o"(J )B if J can be generated by _ p elements; cf. [48, proof of
Proposition 4.1.2]. In pamcular B injects into R

Let J := |, 0" (J" RO) which an ideal of R because it is a rlsmg union
of ideals. Then we have J? = o(J) and JR c JC G*N(JRO) if J can
be generated by p" elements. We set R = RO / J. Note that R is a balanced f-
semiperfect ring, and we have

R =R = 1mR /o™ (T) _hmR /(D" cf. [48, Proposition 4.1.2]. (5.3.9b)

n n

We next show that R injects into R. Indeed, the kernel of B — R — R consists
of elements f € B such that 0" (f) = f”" € J*" for some n, but this condition
forces f € J as J is its own radical.

Observe that {(J )} is a fundamental system of nelghbourhoods of 0 in Rb
as it is cofinal with (Ji R }; cf. (5.3.9a) and (5.3.9b). We set B; Rb/J’ and
let B; C B; denote the > image of B. Note that B; is balanced for any i since
o((JN)i) = (O’(.T))l (J)’” As B injects into Rb we have B = 11m B;. (Recall
that B is J-adically complete, and {J’ R } and {(J )} are cofinal.)

It remains to show that for any i the PD thickening B;,; — B, (with respect to
the ‘square-zero PD structure’) is liftable, which we deduce from the liftability
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of the square-zero PD thickening of balanced f-semiperfect rings §,~+] —» 51-
(cf. Lemma 5.3.7). We choose a formally smooth formally finitely generated W -
algebra A surjecting onto B and ker(A — R) is an ideal of definition. (Indeed,
we choose a polynomial algebra A, over W which surjects onto B/J?, and let A
denote the completion of Ay with respect to ker(A, — R).) Let D; — B; denote
the p-adically completed PD hull of A - B — B;, then we obtain a natural
PD morphism D; — B;,;. By Lemma 5.3.3, it suffices to show that D; — B,
factors through the image Diﬂ of D; in Di[i].

We choose a lift A — W(I? )of A—» B — R’. Then by the universal property
of D;, the map A — W(R ) = W(B,H) naturally extends to a PD morphism
D, — W(B,H) cf. Lemma 5.3.7. Now, we consider the following diagram

A—— W(R) — W(Bi11) (5.3.10)
D; #n B By € Biyi.

Note that the two possible solid arrows A — §i+1 coincide since the composed
map A — W(ﬁb) — B; factors through B and B, is the image of B in
§,+1 Now the universal property of D; applied to the two possible solid arrows
A — B,+1 shows that two possible maps D; — B,+1 coincide; that is, D; —
W(B,H) —» B,H factors through B;, ;. Furthermore, the natural map D; — B,H
factors through the Z ,-flat closure D! (as D; — W(B,H) factors through D by
Z,-flatness of W(B,H)) This shows that ker(D; — B;,1) contains the p-power
t0r510n of D;. O

REMARK 5.3.11. Unfortunately, Corollary 5.3.8 does not show that any finitely
generated k-algebra R admits a p-adic W-flat PD thickening, as there are
examples of R that cannot occur as one of B;’s as in Corollary 5.3.8.

COROLLARY 5.3.12. Let W := W(k) for an algebraically closed field k of
characteristic p > 2. Let A be a formally smooth formally finitely generated
W-algebra, and let J C A be an ideal contained in an ideal of definition for A,
such that R :== A/J is a reduced k-algebra. (Note that we have A = l(ir_ni AJJ)
Then there exists a sequence of square-zero liftable PD thickenings {A,, ;} indexed
by (m,i) € Zé], where each A,, ; is a nilpotent thickening of A, 1 := R killed by
p", such that A, — Ani and Ay i1 — A, are liftable square-zero PD
thickenings for any (m, i), and we have A/p" = Liﬂli A, foranym > 1.
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Proof. We set B = A/p, which is a reduced «-algebra (cf. [15, Lemma 1.3.3]),
so by Corollary 5.3.8 we obtain A ; := B;. Furthermore, we construct ﬁb, E,-, etc,
as in the proof of Corollary 5.3.8, and we have the commutative diagram (5.3.10).

For the chosen lift A — W(R Yof A/p — R’, we set A, to be the image
of A in W(B )/p™. Then we have A/p™ = llm A, for any m > 1. (Injectivity

is clear from A/p™" < W(Rb)/p = 1<£n W(B )/p™, and surjectivity can be
checked modulo p; cf. Corollary 5.3.8.)

Finally, the liftability of square-zero PD thickenings A, ; — A, with
(m',i") € {(m+1,i), (m,i+1)} can be verified via diagram chasing analogous to
(5.3.10). To explain, let D,,; — A,,; denote the p-adically completed PD hull of
A — A, so we obtain the PD morphisms D,,; — A, for (m’,i’) € {(m+1, i),
(m, i+1)}, where the targets are given the ‘square-zero PD structure’ on the kernel
of the projection onto A,, ;. And we have the following diagrams

A—— WR) — W (B;) A— 5 W(ER) ——» W(Biy1)
D‘rfn,i ::::.'.'i".“‘» Appri—— VA[;(]E‘)/[""Jrl D;,i :::::.'.'V'.'.“>> Apip1—— W(§i+1)/l7m~

By the same diagram chasing as in the proof of Corollary 5.3.8, it follows that the
map D, ; = A,y i for (m',i’) € {(m+1,1), (m, i +1)} factors through the Z ,-flat
closure D,‘}“. by Z,-flatness of W (B;) and W (B;;,), which implies the liftability
of A,y — A,,; for (m',i") € {(m +1,i), (m,i 4+ 1)} by Lemma 5.3.3. O

5.4. Proof of Proposition 5.2. Proving the following proposition is the key
step of the proof of Proposition 5.2:

PROPOSITION 5.4.1. Let R — R be a square-zero thickening of finitely
generated W/ p™-algebras for some m. We give the square-zero PD structure on
ker(R' — R). Let (X, 1) € Rz} ,(R).

Then there exist a unique section t, (R ) C ]D(X)(R )® for each a, such that its
image in D(Xg, )(R )® coincides with ta X(R ) for any closed point x in Spec R,
where (to,,x) isasin (5.1.1).

Before we prove the proposition, let us record the following lemma:

LEMMA 5.4.2. Let R' be a noetherian ring. Then the product ||, i?\; over all
closed points x € Spec R’ is faithfully flat over R'.

Proof. By [10, Theorem 2.1], any direct product of flat modules over a noetherian
ring is again flat, which shows that [ R, is flat over R" when R’ is noetherian.
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Now, given any € Spec R’ and a closed p01nt m specializing 7, there exists
n € Spec R mapping to 7, and we can view 7 as a point in Spec(][ [, R, ). This
shows the desired faithful flatness. (|

Let us outline the strategy to prove Proposition 5.4.1. By Lemma 5.4.2, we need
to show that the collection {Z,, A(R’)}x respects the descent datum with respect
to R — [, va where x runs over all closed points of Spec R. We want to
obtain this compatibility from the quasi-isogeny ¢ : Xg,, — Xg,,, which is only
possible if R" — R is a liftable PD thickening in the sense of Definition 5.3.1. In
particular, we can prove Proposition 5.4.1 if both R and R’ are one of A, ; as in
Corollary 5.3.12. In general, we use some fibre product construction to reduce to
the square-zero thickenings appearing in Corollary 5.3.12.

LEMMA 5.4.3. Proposition 5.4.1 holds if R" — R is a liftable PD thickening.

Proof. Let us set up the notation. We choose a formally smooth formally finitely
generated W-algebra A — R’. Let D — R be the p-adically completed PD hull
of A — R’ — R. By liftability, the natural PD morphism D — R’ factors through
the W-flat closure D" of D; cf. Lemma 5.3.3.

For a closed point x in Spec R, we consider the square-zero thickening R —»
R (with the ‘square-zero PD structure). The completion A (viewing x as a
closed point of Spf A) surjects onto Rx, and if we set

D! :=1im D"/p" @ pm A/ p" (5.4.4)
turns out to be a W-flat p-adic PD thickening of I’?\x, admitting a PD surjection
onto ﬁ/ (Indeed, since A/p™ — A «/p™ is flat for any m, the PD surjection
Dﬂ /p" — R’ for m > | naturally extends to a PD surjection D" /p™ @uypm
A /P = R @uypm A, /p" = R/ cf. [4, Corollary 3.22]. The W-flatness of Dff
follows from the W-flatness of D', )

Let us choose a finite-rank direct factor & C ID(X)® where all (z,) factor
through so that &(D") is a finitely generated projective D"-module. Then
[1, (e (D)) defines an element in [, E(DN = &(D") @pn (1, DM, and its
image in & (R) @ ([ ], R ") is given by [ ], (s, X(R )). Here, x runs over all closed
points x in Spec R. Now, by faithfully flat descent and Lemma 5.4.2, we have a
left exact sequence

ER)——ER) @ ([, R)==E(R) @x ([], R\ (5.4.5)

So to prove the lemma, it suffices to show that [, (fox (ﬁ;)) is in the equalizer
of the double arrows. We verify this using its lift [, (,..(D")) € &(D") ®pn

(1. DD
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We first claim that [ ], (fa,x(Df)) lies in the image of
EDH[L] - EDHIL] @ (1"[ ij).

In fact, recall that the quasi-isogeny ¢ : Xg,, — X/, induces the morphism of
F-isocrystals Sop : 1 — ]D)(Xﬁx)®[%] (cf. Definition 4.5). We claim that fo,,x 11—
D(X&,,,)® induces s,,p on the isocrystals. Indeed, by [17, Lemma 4.3] any map
of F-isocrystals 1 — D(X 1@)@[%] is determined by its fibre at the closed point x,
and s, p and fa,x coincide at any closed point x in Spec R by definition of RZ’G" »s cf.
Definition 5.1. (Although [17, Lemma 4.3] is stated for isocrystals over i?\x /p, we
can apply it to isocrystals over I’Q\X since the restriction by Spec i?\x /p < Spec i?\x
is an equivalence of categories on the categories of (iso)crystals.) This shows
that after inverting p, [], (f,..(D")) coincides with the image of ‘sa,D(Dﬂ[i])’e

é"(Dﬂ)[i], so we have

®2
[ [Gar(DD) € ker(éa(Dﬂ) ®pr (]_[ Df}) = &(D") ®pn <]_[ Df}) )

X

We now conclude since the natural map induced by the reduction
®2
ker<éa(Dﬂ) R pi <]_[ D§> = &(D" @pn (]_[ Djj) )
- N NE\
AN ker(é"(R/) Qp (]‘[ R;> = &(R) ®x (]_[ R;> ) < &R,

sends [, (. (D})) to [, (Fex(R.)), so we obtain the desired tensor 7,(R’) €
&(R') from [], (7. (R.)) by faithfully flat descent theory (cf. (5.4.5)). O

To prove Proposition 5.4.1 in general, we need more lemmas on lifting (X, ¢)
€ RZ(’; ,»(R) under nilpotent thickenings (cf. Lemmas 5.4.6, 5.4.8).

LEMMA 5.4.6. Let R* — R and (X,1) € Rzé’h(R) be as in Proposition 5.4.1,

and assume that there exists t,(R') € D(X)(R')® for each a glueing f,, (I/Q\_;)for
any closed point x in Spec R. (In other words, we assume that the conclusion of
Proposition 5.4.1 holds for (X, t) and R" — R.)

(1) The following R’-scheme is a G-torsor:

Pr = Isomy, ([D(X)(R), (ta (RN], [R' @z, A", (1 @ 54)]),
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(2) The Hodge filtration Fil;( C D(X)(R) is a {u}-filtration with respect to the
image (t,(R)) C D(X)(R)® of (t,(R")).

(3) Let (X', ') € RZx(R') be a lift of (X, ). Then we have (X', ') € Rzéﬁh(R’)
if and only if the Hodge filtration Fi1l, C D(X')(R') = D(X)(R') is a {i1}-
filtration with respect to (t,(R")).

Furthermore, (X, 1) can be lifted to some (X', ') € RZA G (R).

By Lemma 5.4.3, the assumption of the proposition is satisfied if R — R is a
liftable PD thickening.

Proof. To show (1), it suffices to show that PR/ X Spec Spec 1/3\’ is a (necessarily
trivial) G-torsor for any closed point x. Let fA Spf R — Defy, ¢ = SpfAg.. be
the map corresponding to the deformation Xz of X, and let [Mg ., (f;‘;"(AG NI
be the universal deformation of [D(X,)(W), (t,..(W))]; cf. Section 3.5. Then for
any lift fz : Spfi?\jc — SpfAg.. of f;, we have an isomorphism D(Xﬁx)(ii’\;) =
fx/*MGJ preserving the tensors, and by construction we have an isomorphism
Mg, = Ag.x ®z, A matching (f;‘f‘XiV(AG,x)) with (1 ® s,); cf. (3.5.1), (3.5.2).

By (1), we have a notion of {u}-filtration on ID(X)(R) and D(X)(R’)
compatible with the notion of {u}-filtration on the formal nelghbourhood
of a closed point x in Spec R defined by (7). Note that R ®g Fily =
fx (Fil MG,X) is a {u}-filtration with respect to (ta,X(Rx)) for any closed point x
in Spec R (cf. (3.5.1)), so we obtain (2) by Corollary 2.2.9.

By Corollary 2.2.9 and the definition of RZé!b (cf. Definition 5.1)), (3) is
equivalent to the claim that for any closed point x in Spec R, X ;@ comes from

alift f/ : Spf R. — Spf Ag., if and only if its Hodge filtration is a {u}-filtration,
which is proved in Proposition 3.8.

Since Fill C D(X)(R) can be lifted to a {u}-filtration of D(X)(R’) by
Lemma 2.2.8, the existence of lift (X', !') € Rzg,b(R’) of (X, t) now follows from
(3) and the Grothendieck—Messing deformation theory. O

Let R, R, and B be finitely generated W/ p™-algebras for some m > 1, and we
have morphisms B — R and R’ — R of W/p™-algebras. Assume that B — R
is surjective with the kernel b killed by the nil-radical of B, and R/, — R4 is
surjective. We set B’ := B xy R’, which is finitely generated over W/p™. By
assumption, we can regard any closed point x € Spec R as a point of Spec R’,
Spec B and Spec B’. Since RZx is representable by a formal scheme, we have a
natural bijection (cf. [1, Corollary 5.4]);

RZx(B') = RZx(B) Xy k) RZx(R). (5.4.7)
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LEMMA 54.8. In the above setting, the natural map RZéyb(B/) —
RZ§ ,(B) Xrzd,(R) RZ& ,(R), obtained by restricting the isomorphism (5.4.7), is
a bijection.

Proof. The lemma follows from the isomorphism
Defy, 6(B,) - Defy, .¢(Bx) X Defy, o(R) Defy, (R,
which holds since Defy_; is a formal scheme and we have Ejf 5 B, x 2 1/3\;. O

Proof of Proposition 5.4.1. Let R — R be a square-zero thickening of finitely
generated W/p™o-algebras for some m, > 1. We choose a formally smooth
formally finitely generated W-algebra A surjecting onto R’ with ker(A — R’)
an ideal of definition. (To obtain this, we choose a polynomial algebra Ay over W
surjecting onto R’ and let A be the completion of Ay for ker(Ag — R'); cf. [15,
Section 1.3].)

Let us choose a sequence of square-zero liftable PD thickenings {A,, ;} of A as
in Corollary 5.3.12. Since we have A/p™ = l(ir_ni A,,,.; by construction of A, ;
(cf. Corollary 5.3.12), there exist (my, ip) such that A,,,;, - R" — R — Ryq =
Aj,1. We consider the following sequence of square-zero liftable PD thickenings

Ay ::Amu,io_»'”_»Aj+1 _»Aj_»"‘AOZRred

obtained by refining the sequence A, i, — Amgio—1 = = Amg1 = Amg—11 —>

- = Ryeq sothatker(A;; — A;) is killed by the nil-radical for any j. Since any
refinement of square-zero [iftable PD thickening is still liftable (cf. Lemma 5.3.2),
A, — Aj is aliftable square-zero PD thickening for any ;.

Recall that Proposition 5.4.1 is already proved for the thickenings A, — A;
by liftability (cf. Lemma 5.4.3). To utilize this special case to obtain the general
case of Proposition 5.4.1, we show that any (X, t) € Rzéyb(R) can be lifted to
(Xay,0) € Rzg,b(AN) by Ay — R.

We write J := ker(A — R). For any j, we set [; := ker(A — A;) and define
R; := A/(J + I;), which is a simultaneous quotient of R and A;. Let (X, ¢)
€ RZ§ ,(R;) denote the pull-back of (X, 1) € RZ ,(R) by R — R;. (To ease the
notation, we do not keep track of the base ring of ¢« under nilpotent thickenings as
¢’s uniquely lift by rigidity of quasi-isogenies.)

Assuming that there exists (X,4,,() € Rzé‘b(Aj) lifting (Xg,, ¢) for some j,
we want to construct a simultaneous lift (X,,,,, ) € Rzéyb(AH]) of (X4,,t) and
(Xg;,,» ). (Note that the induction hypothesis is automatic for j = 0 since Ay =
RO = Rred-)

We define

Bjpi:=A/NI)+ 1) = Ry X Aj = A/(J + 1iy1) Xaut1) ALl
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To see the nontrivial isomorphism, note that, for any ring A and ideals a,a’ C A

the diagonal map
A/(ana) - A/a Xa/ara) A/ (5.4.9)

is an isomorphism, and we apply it to a = J + I;4, and o' = [;. (Indeed, the
injectivity of the map A/(aNa’) = A/a X 4/a+a)A/d is clear. It remains to show
that for a, a’ € A such that a = a’ mod a + o/, the element (¢ mod a, @’ mod a’)
is in the image of A/(a N a'). For this, we may replace (a, a’) with (0, a’ — a),
where ¢’ —a € a+ d'. Now the claim follows from the isomorphism (a+a’)/a’ =
a/(ana’).)

Let us give a diagram of the rings that appeared thus far:

AN AJ_HQ‘RJ‘_H XRj AJ—»AJ (54]0)
R — R = Ry Riyj——— %R,

And we have (Xg,,,,t) € RZ&,(R;11) and (X4, 1) € RZE ,(A;), both of which
lift (Xg;, ) € RZg‘,b(Rj).

Since ker(A;;; — Aj;) is killed by the nil-radical by assumption, we can
apply Lemma 5.4.8 to obtain (Xp,,,t) € RZ§,(B;41) which simultaneously
lifts (Xg,,,,t) and (X4, t). Now, since Aj;; — A; is a square-zero liftable
PD thickening, so is Aj;; — Bj;4; (by applying Lemma 5.3.2 to the top row
of (5.4.10). Therefore, by Lemmas 5.4.6 and 5.4.3, there exists a lift (X4
1) € Rzé,b(AH]) of (X3,,,, ). This completes the induction claim.

By induction on j, we eventually obtain a lift (X,,,t) € RZ4 G.»(An) of (X, 0)
€ RZ&‘ »(R). (Since Ay — R, we have R = Ry.) Note that the tr1V1a1 thickening

Jj+1

Ay 9 Ay 1s liftable in this case (cf. Corollary 5.3.12, Lemma 5.3.2), so we get
(t,(Ay)) C ]D)(XAN)(AN)® glueing { 0“((AN «)}x by Lemma 5.4.3 (applied to the

trivial thickening Ay “ Ay). Since we chose Ay to also surject onto R’, we
have R’ @4, D(X4,)(Ay) = ]D)(X)(R ). Therefore, for any « the image 7, (R’) €
D(X)(R)® of t,(Ay) glues {7, X(R/ )}:, as claimed in Proposition 5.4.1. O

To sum up, we have proved Proposition 5.4.1 for any square-zero thickenings
of Nilp%, (not just for square-zero liftable PD thickenings), so it follows from
Lemma 5.4.6 that Rz , is formally smooth as a functor on Nilpy, .

Let us now prove Proposition 5.2(3).

PROPOSITION 5.4.11. Let A be a formally smooth formally finitely generated
W-algebra with ideal of definition J. For any f : Spf(A, J) — RZx, we have
f € R2§%(A) if and only if flspecassi € RZx(A/J7) lies in R24 ,(A/J") for any
i > 1
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This proposition shows Proposition 5.2(3) for formally smooth W-algebras.
Later, we deduce Proposition 5.2(3) for Nilpy,' from this case.

Proof. The ‘only if’ direction is trivial, and we show the ‘if’ direction
now. Assume that we have (X©, /%) € Rz§,(A/J"), where (X©,19)
corresponds to f I'spec 4 e To show that f € RZ(S"‘) (A), we need to produce
morphisms 7, : 1 — D(X )® of crystals over Spf(A, ( p)) satisfying Definition 4.6.
(Recall that this morphism is determined by its restriction 7, : 1 — D(X4,,)®
over Spec A/p.) Now, by Lemma 2.3.6 (applied to morphisms of crystals over
Spec A/ p), giving a morphism 7, : 1 — ]D)(%)® of crystals over Spf(A, (p)) is
equivalent to giving a horizontal section 7,(A) € D(}? )(A) with respect to the
crystalline connection V (2.3.5).

Let us first construct a candidate for 7,(A). For each (X, (")) € RZ& ,(A/J7),
we obtain (#,(A/J")) C D(XD)(A/J") by Proposition 5.4.1. We claim that
t,(A/J")’s are compatible with respect to the natural projections induced by
A/JT — A/J1, so we get a section

lo(A) 1= lim1,(A/J") € imD(XV)(A/J") = D(X)(A).

i i

Indeed, #,(A/J')’s are determined by {7, .((A/J")5)}’s where x runs over closed
points of SpfA (cf. Proposition 5.4.1), and these formal local tensors are
compatible with varying i by the construction of 7, ,; cf. (5.1.1). Now, we obtain
the desired compatibility with varying i as 7,(A/J')’s are uniquely determined by
{tax((A/ I}, for all closed points x in Spec A/J'.

We have just obtained a section 7,(A) € ID)(? )(A). Furthermore, the image of

i, (A) in ]D)()N( ;x)(;&\x) coincides with the pull-back fx* (f;‘fﬁv) of the universal Tate

tensor fl”ﬁv (cf. (3.5.2), (5.1.1)) via the map fx : Spf;&\,C — Defy  induced by f

We next claim that for any «, 7,(A) is horizontal with respect to the crystalline
connection V (that is, V(Z,(A)) = 0). Since the crystalline connection V is J-
adically continuous (cf. Remark 2.3.7), we can check the vanishing of V(7,(A)) =
0 on the formal neighbourhood of any closed point x in SpfAA. On the other hand,
since the image of 7, (A) in D(Xz,)(A,)® coincides with (f*(#"")(A,), which is
horizontal (cf. (3.5.2)), we conclude that 7,(A) is horizontal.

By horlzontahty of 7,(A) € ]D)(f )(A), we obtain a morphism of crystals 7, :
1— D(X )® over Spf(A, (p)) associated to 7,(A). Now, we verify Definition 4.6
for f SpfA — RZx and (%, ). (That is, we verify Definition 4.6 for f,,, :
Spf A/p™ — RZx induced by f and (%) for any m.) We first note that (2) and

(3) of Definition 4.6 can be verified for fx and (7, x.) for each closed point x of
Spf A. (Indeed, the A-scheme P, is a G-torsor if and only if this holds over any
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Zx. Likewise, Corollary 2.2.9 show that Definition 4.6(3) can be verified for A\x
at each x.) On the other hand, since fx : SpfA\x — Defy ¢ and fa|gx = f;* (f;’f‘;"),

it follows that ﬂ and (fa|;X) satisfy (2) and (3) of Definition 4.6; cf. (4.8.5).

It remains to show that both 7, and s, define the same map of F-isocrystals
1— ]D(XR/p)@[%] (cf. Definition 4.6(1)). Let D — R/p denote the p-adically
completed PD hull of A — R/p. Then by [4, Proposition 3.21], the p-adic
completion of D ®4 El:x (for_any closed point x in SpfA) is the p-adically
completed PD hull of A, —» R,/p. Since the maps 1 — ]D)(XR/p)@’[%] induced
by 7, and s, are determined by their sections over D, they can be compared at
the formal neighbourhood at each closed point x in Spf A. But since any map of
isocrystals over excellent local ring is determined by the fibre at the closed point
(cf. [17, Lemma 4.3)), it suffices to show that 7, and s, induce the same map
1— ]D)(Xx)@’[%] on the fibre of any closed point x in Spf A. But this is clear from

the definition of RZ{ , (R); cf. Definition 5.1. O

The following lemma handles the remaining case of Proposition 5.2(3).

LEMMA 5.4.12. Let B € Nilpy) with the maximal ideal of definition Jg. Then for
any f : Spf(B, Jg) — RZx, we have [ € Rzggf’();(B) if and only ifflspecg/”-? €
RZx(B/J}) lies in RZG ,(B/J}) for any i > 1.

Proof. The ‘only if’ direction is trivial. To show the ‘if” direction, we choose
a formally smooth p-adic W-lift A of B (so that we have A/p™ = B for
some m), and set J := ker(A — B/Jp), which is the maximal ideal of
definition of A. Assume that we have (X, (") e Rzj ,(B/J}), where (X7,
() corresponds to f |spec 8727,- BY Proposition 5.4.11, it suffices to find a lift
(XD,19) € R24,(A/J}) of (XD, D) so that {(X©, D)}, forms a projective
system. Granting this, the projective system {(X®©, ?)}; corresponds to a map
f : Spf A — RzZy lifting f, and by Proposition 5.4.11 we have f € Rzg‘gf’();(A).
Therefore we have f € Rzggf‘();(B).

It remains to construct a lift (X©, (¥ e RZ§ ,(A/J") inductively on i. In other
words, given a lift (X©,(?) of (X©,(?) for some i, we want to find (X7,
(D) € RzE ,(A/J™) simultaneously lifting (X“+V, D) and (X®, ©). For
this, we consider

Ri:=A/(J'0(p", T = AJT X, B/ = AJT X aym i A/ (P, T,
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where the isomorphism follows since (p™, J) = (p™, J'*) + J'; cf. (5.4.9).
By Lemma 5.4.8, there is a unique element (Xg,(g,/,) € Rzévb(R,z)
simultaneously lifting (X", (i+1) and (X©, ().

Now, by the formal smoothness property of RZ¢ , applied to A/J i+l R;, we
can find a lift (XD, (+D) ¢ RZG ,(A/JH) of (X, tr,/p)- By repeating this
for all i, we obtain a desired projective system {(X©, (V) € RZg ,(A/JH)} lifting
(XD, (D) e RZé,b(B/]é)}. I

We are now ready to conclude the proof of Proposition 5.2::

LEMMA 5.4.13. Proposition 5.4.11 implies Proposition 5.2(1) and (2).

Proof. Let (X,1) € RZ{ ,(R) for some finitely generated W/p™-algebra R for
some m. We want to deduce the following claims from Proposition 5.4.11:

Proposition 5.2(1) For any «, there exists a unique morphism of crystals
ty 11— DX)®

that glues {fa,x} (5.1.1) and induces s,p : 1 — ID)(X)®[i] on the F-
isocrystals.

Proposition 5.2(2) Let f : Spec R — RZx be the map corresponding to (X, ¢).
Then for any formally smooth formally finitely generated W-algebra
A surjecting onto R, there exists a lift f : SpfA — RZx with f €

Rzg‘% (A). Furthermore, if we let X denote the p-divisible group over

A corresponding to £, then the unique tensor 7, : 1 — D(X)® (as in
Proposition 5.2(1)) lifts to a map 7, : 1 — ID(X)® (as in Definition 4.6).

Givenany R € Nilpt‘}‘,, we choose a formally smooth formally finitely generated
W-algebra A so that A/J = R for some ideal of definition J. (For example, A can
be constructed as a completion of some polynomial algebra.) Let (X, ) € RZ§,,
which corresponds to a map f : Spec R — RZy. By the formal smoothness of
RZg, as a functor on Nilp}, (cf. Lemma 5.4.6, Proposition 5.4.1), we obtain a
projective system of lifts {( X, ) e RZéyb(Z/JNi)} of (X, 1) € Rz{ ,(R). Then
by Proposition 5.4.11, such a projective system gives rise to f € Rzgg‘fé (A), and
furthermore, if we let X denote the pull-back of the universal p-divisible group
by f, then we have Tate tensors 7, : 1 — ID(X)® satisfying Definition 4.6. By
Definition 4.6(1) and Lemma 4.8.6, the restriction of the Tate tensors f:1—
D(X)® over Spec R satisfies the requirements for (7).
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Now, it remains to show the uniqueness of 7, : 1 — D(X)®. Let s/, : 1 — D(X)®
be another morphism satisfying the requirements for 7, as in Proposition 5.2(1).
Let D — R denote the p-adically completed PD hull of A — R, and let D, be
the p-adic completion of D ®4 Xx for any closed point x in Spec R, which is
a p-adic PD thickening of i?\x. (The argument is identical for D in the proof of
Lemma 5.4.3.) Then by the compatibility with s, p, it follows that u, = ,(D) —
1 (D) € D(X)(D)® is killed by some power of p, and its image in D(Xz, )(D,)®
is zero for any closed point x. We choose a finitely generated p-power torsion A-
submodule M C D(X)(D)® containing all u,’s, then (M ® 4 A), C D(Xz)(D,)®.
Therefore, u, € M has the property that its image in M ®4 Xx is zero for any
closed point x in Spec R. This forces u, = 0 since M injects into

e, ([T4) =TT e &)

by faithful flatness of A — [, A:; cf. Lemma 5.4.2. (We have the isomorphism
in the displayed equation since M is finitely presented over A.) This shows the
desired uniqueness of 7, by Lemma 2.3.6. O

Proof of Proposition 5.2. Proposition 5.2(3) follows from Proposition 5.4.11 and
Lemma 5.4.12. This implies the rest of Proposition 5.2 by Lemma 5.4.13. O

5.5. Weextend Rz{, to a functor on Nilpy, as follows.

DEFINITION 5.5.1. For any R’ € Nilpy, (X',) € RZx(R’) lies in Rzé,b(R/)
if and only if for some finitely generated W-subalgebra R C R’, there exists
(X, 1) € RZ ,(R) which descends (X', t').

LEMMA 5.5.2. The functor RZ{, , on Nilpy, commutes with filtered direct limits.

Proof. Let {R¢} be a filtered direct system of rings in Nilp,, and set R := 1i_r)né R:.

We want to show that for any (X, ) € RZ§ ,(R) there exists (X, tg) € RZ{ ,(R)
which pulls back to (X, ¢). Such (X, t¢) is essentially unique in the sense that if
there is another point (X, 1) € RZ{ ,(R,) for some &', there exists §” > £, &'
such that both (X, t¢) and (Xg/, tz/) map to the same point in Rzg’b(Rg//); indeed,
this property can be checked for RZx as RZé‘b is a subfunctor of RZx, and RZx
commutes with filtered direct limits in Nilp,, as it is locally formally of finite type
over W.

Let us first handle the case when R and R; are finitely generated over W. In
that case, there exists £ such that the natural map R; — R is surjective and admits
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a section R — R;. (Indeed, we can choose &, such that R, surjects onto R. Let
I := ker(Rg, — R), and choose finitely many generators f; € I. Then since
R = li_n)lS R¢, each f; should map to O in R, for some & > &;. Therefore, there

exists & > & so that the transition map R;, — R; factors through R¢ /I = R.)
Now, we set (X¢, 1g) € RZS ,(Re) to be the pull-back of (X, ¢), which has the
desired property (by the essential uniqueness of (Xg, t¢)).

The general case can be reduced to this special case; indeed, we may replace
R with some finitely generated W-subalgebra Ry C R, and work with a filtered
direct system of finitely generated W-subalgebras of R:’s whose direct limit is
Ro. O

DEFINITION 5.5.3. Let R € Nilp,, and choose a finitely generated W -subalgebra
RyC R (X, € Rzg’b(R) descends to (Xg,, t) € Rzg’b(Ro). Then we define

t, 1= D(X)®

by pulling back 7, : 1 — D(Xg,)®, constructed in Proposition 5.2(1). By the
uniqueness part of Proposition 5.2(1) (and Lemma 5.5.2), it follows that 7, on X
is independent of the choice of Ry C R and (Xg,, ¢).

COROLLARY 5.54. The functor RZé‘;,b on Nilpy,, is formally smooth.
Furthermore, the statement of Lemma 5.4.6 holds even when R' — R be a
square-zero thickening of (not necessarily finitely generated) W/ p™-algebras for
some m.

Proof. Given (X, 1) € RZé,b(R) and a square-zero thickening R — R of W/p™-
algebras, we can find a finitely generated W/ p™-subalgebra R, C R’ such that
(X, 1) descends to (X g, Lry/p) € Rzg,b(RO), where Ry C R is the image of R;. By
Lemma 5.4.6 and Proposition 5.4.1, there is an (Xg;, tr;/p) € Rzg"b(R(’]) lifting
(X ko try/p), and its base change via Rj — R’ is an R'-lift of (X, ().

The rest of the statements of Lemma 5.4.6 can be similarly generalized for any
square-zero thickening R" — R of W/ p™-algebras as all the objects involved can
be descended over some finitely generated W/ p™-subalgebras of R" and R. [

Let us now move on to the other main result of this section on ‘effectiveness’:

PROPOSITION 5.6. Let S be a complete local noetherian W /p™-algebra with
residue field k, and let (X, tg/p) € RZx(S). (In particular, 1g is defined over
Spec §/p.) Then we have (X, 1s;,) € Rzg’,,(S) if and only if (Xg/mis Usj(pmi)) €
RZg ,(S/mY) for any .
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The ‘only if” direction is trivial, and we now prove the ‘if’ direction for now
on. Conceptually, this proposition asserts that formal-locally defined Tate tensors
extend over some finite-type base ring if the quasi-isogeny does.

For the Artin representability theorem [1, Corollary 5.4], we need to generalize
this proposition for complete local noetherian W /p™-algebras S with residue field
finitely generated over . We obtain such a generalization in Lemma 6.1.2, using
the idea in Remark 4.8.1

5.7. Preparation. Forany x € X°(b) = Rz{ ,(k), we write Ag, := 6sz,x,
which can be viewed as a universal deformation ring of X, and we let A , denote
the quotient of A, prorepresenting Defy .

We consider (Xg,ts;,) € RZx(S) given by a (necessarily local) map fs :
Ag, — S for some x € Rng(/c). In particular, X is the pull-back of the
universal deformation of (X, (#,.,)) and the universal deformation of Tate tensors
pull back to give morphisms of crystals 7,, : 1 — D(Xs)® over Spec S; cf.
(5.1.1). Therefore, by construction of the universal deformation in Section 3.5,
the following S-scheme

Ps = Isom ([D(Xs5)(S), (fax (SH], [S ®z, A%, (1 ® 55)]),

is a trivial G-torsor, and the Hodge filtration F i 1;5 C D(Xs)(S) is a {u}-filtration
with respect to (., (S)).

To prove Proposition 5.6, we need to construct (X, t) € Rzé,h(R) for some
finitely generated W/p™-subalgebra R C S, such that (X, ¢) pulls back to (X,
ts/p). As a starting point, we begin with a finitely generated W-subalgebra R C §
with the following properties, which exists by standard argument:

(1) There exists (X, t) € RZx(R) which pulls back to (X5, t5/,) over S; this is
possible since RZx is locally formally of finite type over W.

(2) The (finitely many) tensors (fa,x(S)) C D(X5)(S)® lie in the image of
D(X)(R)®; indeed, this can be arranged by considering a finite-rank direct
factor of D(Xs)(S)® containing (fa,x(S)), and possibly by increasing R by
adjoining finitely many elements in S. We let

(1,(R)) C D(X)(R)®
denote the tensors which (injectively) map to (fa,x (S)).

(3) The following R-scheme is a Pg (1t)-torsor for some p € {u}:

Prirg = Isom, (ID(X)(R), (1a(R)), Fill], [R ®z, A*, (1 ®5,), Fil,]);
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in other words, the Hodge filtration Fili( C D(X)(R) is a {u}-filtration
with respect to (#,(R)). In fact, the natural Pgs(u)-action on PFM} is
already transitive, and by increasing R if necessary we can ensure that
PFH;( is smooth with nonempty fibre everywhere. (Cf. [22, EGA 1V,
Proposition 17.7.8, Théoréme 8.10.5].)

This assumption also ensures that the following R-scheme is a G-torsor:

Pr = Isom ([D(X)(R), (1 (R)], [R @z, A*, (1 ® 5,)]).

If R C S satisfies the above conditions, then any finitely generated W-subalgebra
of S containing R satisfies the same conditions.
To prove Proposition 5.6, it suffices to prove the following proposition.

PROPOSITION 5.8. There exists a finitely generated W-subalgebra R C S such
that the properties listed in Section 5.7 are satisfied and we have (X,1) €
RZ&,(R).

As a biproduct of the proof, we also obtain that (z,(R)) coincides with the R-
sections of (z,) constructed in Proposition 5.2.

5.9. Proof of Proposition 5.8. Assume that S is reduced for the moment.
Since the «-subalgebra R C S is also reduced, we can consider the perfections

R:= 1'11)1(r Rand S := h'_n)la S. We extend the injective map R < § to an injective
map R— S ~ ~

We consider (1 ® s,) C W(R)[i] ®z, A® = D(X,;)(W(R))‘X’[i], where the
isomorphism is induced by the quasi-isogeny t; : Xz --+» X5 .

LEMMA 5.9.1. In the above setting, we have (1 ® s,) C D(Xg)(W(I?))Q In
particular, s, for each a (cf. Definition 4.5) comes from a unique morphism of
integral crystals, which we also denote by sqp : 1 — D(X 7)®. Furthermore, the
R-sections (8q, D(R)) € ID)(XR)(R)® of (Se.p) coincide with the image of (t,(R))
in D(X)(R)®.

Proof. Let us first show that the isomorphism
D(3) : DX (W ENIE] = WS)[E] @w DE)(W)

matches (7,(W(S)) € D(X35)(W ($))® with (1 ® s,) C W(S)[+ 21 ®z, A®. Recall
that any F-equivariant homomorphism between constant F- 1socrystals over §

https://doi.org/10.1017/fms.2018.6 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2018.6

W. Kim 70

(that is, F-isocrystals obtained as a scalar extension from F'-isocrystals over k) is
defined over « (cf. [42, Lemma 3.9]). Therefore, to show that D(t5) preserves
the tensors, it suffices to check the claim for D(t.); that is, after reducing
modulo W(m;z). And the claim for D(¢,) follows from the assumption that
x € RZA G.p ().

This shows D(t3) matches (tw(W(S)) with (1 ® s,). Since we have W(R)
W(R)[ ] N W(S) it follows the that each of 1 ® s, lies in ]I))(XR)(W(R))®.
The 1ntegra11ty claim for (s, p) now follows from the standard dictionary (cf.
[23, TV Section 4]). To verify the last claim, we may compare the images
of both in D(Xg)(§)®, where the claim is obvious from the construction; cf.
Section 5.7(2). L]

For any closed point y € Spec R (which may not lie in the image of Spec § —
Spec R), we have a natural map R < R — k(y) = «. By taking the image of
t.(W(R)) in D(Xz)(W(R)) ®w® W = ID(X,)(W), we obtain

(fay) CD(X,)(W)®, (5.9.2)

which induces (s, p) on the isocrystals.

LEMMA 5.9.3. For any closed point y in Spec R, we have (X, t,) € RZ(‘“) («).
Furthermore, the images of (t,,y) and (t,(R)) in D(X,) (k) coincide.

Proof. The only assertion which may not directly follow from the construction
is to Verlfy Definition 4.6(2) for (X, t,). We consider the following scheme over
W (R):

Pwi = Isomy, 7 (IDXR) (W (R)), (ta(W (R, [W(R) ®z, A*, (1 ® 5,)]).

Note that its mod p fibre Py is a G-torsor since it is the pull-back of Pr (cf.
Section 5.7(3)), and PW(,;)[ ) is a trivial G-torsor by the quasi-isogeny t. The
assumption on (Xg, tf) 1mphes that the base change Py, is a G-torsor. (To
see this, _hote that []D)(XR)(W(R)) (4 (W(R)))] pulls back to []D(XS)(W(S))
(Fax (W(S )))], which is in turn the pull-back of the crystalline Dieudonné modules
with Tate tensors [Mg ., (f”“‘V(AG )] by any lift A, — W(S) of Ag., —> S —
S (where f is the map corresponding to the deformation X ). Now we can pull
back the isomorphism [Mg ., (f;fjv(AG,x))] =[Agx®z, A, (1 ®s,)] over W(g),
which exists by construction (cf. Section 3.5).

For any closed point y in Spec R, we set Pw(y to be the fibre of Py, by
W(y) : W(R) — W (induced by y). We want to show that Py, is a G-torsor
over W for any closed point y of Spec R. Since each fibre of Py, is known to
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be a G-torsor, it suffices to show the W-flatness of Pw(y), for which it suffices to
show that Py ,) Xspecw Spec W/ p™ is flat over W/ p™ for any m > 1. Therefore,
it suffices to show that Py, (5, is flat over Wm(R) = W(R)/p for any m > 1.
This can be shown by local flatness criterion.

We consider the following map for any m > 0

Vit Opp = p"Op, i /9" Op, i

induced by the surjective map Op, ; — p"Op, ; given by multiplication by p™.
By local flatness criterion (cf. [37, Theorem 22.3]), Py, (%, is flat over W,,,(I?) if
and only if y,, is an isomorphism for any m’ < m and Py is flat over R. Since we
already have the R-flatness of Pz, it remains to show the injectivity of y,, for any
m > 0. Now, let us consider the following commutative diagram

Op; € 07’3

Vﬂi S®Vm ll

m m+1 m m—+1
P"Op, /0" Op e — P"Op,s /P Op, s -

The right vertical arrow is an isomorphism since Pw is flat over W(E) and
it coincides with S ® Y since (’)pwm = W) w k) OPW(R The top arrow is
injective since it is the scalar extension of the injective map R—§ by a flat
ring extension R > Op;. By this diagram, ker(y,,) C Op, maps injectively
into the kernel of the isomorphism S® ¥m» Which shows that y,, should also be
injective. O

PROPOSITION 5.9.4. Proposition 5.8 holds when S is reduced.

Proof. We work in the setting of Section 5.7 with S reduced. For any closed
point y € Spec R (corresponding to a maximal ideal m, C R), we have (X, ¢,)
€ RZg (k) by Lemma 5.9.3. Now we want to show that the map f) : Spf E —
Defy, , induced by Xz , factors through Defy G-

Applying Corollary 5.3.8 to (B,J) := (Ry,my) we obtain a sequence
of square-zero liftable PD thickenings of artin local rings (in the sense of
Definition 5.3.1):

Ry—»---—> Ryj;1>»R,; »---—» R, o=k«

We choose a formal power series ring A over W with a surjection A — R}, and
let Dy; — R, ; denote the p-adically completed PD hull of A - R — R /m
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We chose {R, ;} so that the natural PD morphism D, ; — R, ;; factors through
the Z,-flat closure Dgi of D,;, which is also a PD thickening of R,; (cf.
Corollary 5.3.8, Lemma 5.3.3).

We set X\ := Xg,,, and let (1,(R,;)) C D(X{)(R,;)® denote the image of
(t,(R)). (Note that we have not constructed a map of crystals 7, : 1 — D(X)®,
and we only have a section #,(R).) To prove the proposition, we need to prove that
for any i we have XV € Defy (R,,), and (. (R,,)) € ]DD(X;,"))(R),,»)® coincides
with the R, ;-section of 7}, : 1 — D(X")®, where i) = fV*(i2™") is the pull-
back of the universal Tate tensor 7" by f” : Spec R, ; — Defy,¢-

We show this claim by induction on i. The base case with i = 0 is exactly
Lemma 5.9.3. Now, we assume the claim for i (that is, X)(f) € Defy, (R,,;) and
tw(Ry;) = fé’;;,(Ry,,-)) and want to deduce the claim for i + 1. Since R, ;11 — R, ;
is liftable, we have (f‘fl’;)y(Dg’i)) C D(X;"))(Dyﬁ’i)‘g’ lifting (f;’;)y(Ry,iH)).

Let us consider the following commutative diagram:

1 ® Sy Lerr];r(la S).9Al ta(W(ﬁ)) ta (ﬁ) Lemma 5.9.1 l‘a(R)
LR

W(R)[1] ®z, A® DX 7)(W(R)® —» D(X7)(R)® +——D(Xg)(R)®

T tu(R)’_)ta(Ry.i+l)l

A® ——— DY [1 @, A% ODXD)(D!)® - D(XD)(Ry 14.1)°

Lem 4.6.3
D(ey,i)

Sq | 1 ® s, 10 (DY ) —— 19 (Ryi41).

(5.9.5)
The commutativity of this diagram follows from the fact that (5 : Xz --» X5
descends to tg : Xz --+» Xg, which lifts i, : Xg,, --» Xpg .

Indeed, the diagram shows that 7, (R, ;1) (respectively, t:fl’)} (R, +1)) is uniquely
determined by s, by chasing the top row and the right vertical arrow (respectively,
by chasing the bottom row), so we have 7, (R, ;1) = i) (Ry.i11).

Now Proposition 3.8 shows that X" e CDefX“G(MRy,,-H) since the Hodge
filtration of X{*! corresponds to a {}-filtration with respect to (tx(Ry,i+1)) by
assumption (cf. Section 5.7). The equality 7V (R, ;1) = t,(R,,i11) follows from
1) (Ryis1) = 1o(Ry;11) and the fact that f;{j” lifts 7", (where 7'}V is the pull-
back of 72).

By induction on i, we have just shown that X € Defy (R, ;) forany i > 0.
so we obtain f) : Spf R\y — Defy g, as desired. O

We are ready to prove Proposition 5.8.
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Proof of Proposition 5.8. Let us first handle the case when S admits the following
sequence of square-zero liftable PD thickenings (in the sense of Definition 5.3.1):

S=Ay—» > A > A - Ay=S/n, (5.9.6)

where n is the nil-radical of S.

We choose R C S, (X, t) € RZx(R), and (#,(R)) C ID(X)(R)® as in Section 5.7.
or 0 < j < N, we set R; to be the image of R in A;. We choose a polynomial
ring Ay over W which surjects onto R (so it surjects onto R; for each j). By
adding more variables if necessary, we also assume that the completion Ag of Ay
with respect to the kernel of Ag - R — S — « surjects onto S. For any 0 <
J < N we define D; — R; to be the p-adically completed PD hull of Ag — R;,
and Dg; — A; to be the p-adically completed PD hull of Ay — S — A;. By
the assumption on A; (cf. Corollary 5.3.12), the natural PD surjection Dy ; —
A;4 factors through the flat closure D ; of Dg ;. Now, since the map D; —
Rj1y — Aj,, factors as D; — Dg’j — Aji1, the p-power torsion of D; lies in
the kernel of D; — R;,, and we get D? — Rj4;. (In other words, R;1; — R;
is a square-zero liftable PD thickening for any 0 < j < N; cf. Lemma 5.3.3.)
We set Dy := Dgy — Ay = S, which also factors through Dg (by considering
Ds — D§\_ | — Ay =25).

By Proposition 5.9.4, when j = 0 we have (Xg,, t) € RZ‘G\’,,(RO), and the image
t4(Ro) € D(Xg,)(Ry)® of 1,(R) (as in Section 5.7) coincides with the section of
19 11 — D(Xg,)® constructed in Proposition 5.2.

We now proceed inductively on j. Let us assume (as the induction hypothesis)
that we have (X, 1) € RZ§,(R;) and 1Y (R;) = 1,(R;) in D(Xg,)(R;)®,
where #,(R;) is the image of 7,(R) and ¢t : 1 — D(Xg,)® is as constructed
in Proposition 5.2(1). We first claim that the natural isomorphism R;;; ®g
D(X)(R) = D(Xg,)(R;41) matches (f,(R;41)) and (z(R;1)), by the following
diagram:

D(es/p) Section 5.7(2)

1® s,

T (DD fox (S) 11, (R)

D§[51®z, A% +2D(X5)(D§)® — D(X5)(S)® «——D(Xp)(R)®

| |

A® —— D?[%] ®z, A® D(Xg,)(DN® = D(Xg,)(Rj41)®

DGr;/p)

So | 1 ® sq

(DY) ——— 1 (R 11),

where Dy — § is the PD hull of Ay — S, and DE is the Z,-flat closure of §, and
we used the notations from Section 5.7. Note that ¢g,, : Xg,, --+ X,, matches
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t:,,,x : 1 — D(Xs)® and s,p by [17, Lemma 4.3], and WRip - Xryp == Xgyp
matches 1) : 1 — D(Xg,)® and s,,p because (X, , tg;/,) and () can be lifted
over some A € Nilp},' (cf. Proposition 5.2(2)), where the desired compatibility
follows from Definition 4.6(1).

By the diagram, the image of 7,(R) in D(Xg,)(R;4) coincides with £’ (R;1).
Since the Hodge filtration F1 1 ;R is a {u}-filtration for (z,(R)) by assumption (cf.
Section 5.7(3)), it follows that (X, ,, tg;,,/p) € Rzé’b(RjH) by Lemma 5.4.6(3).
Therefore, by induction on j and the assumption that S = Ay (so R = Ry), we
conclude that (X, 1) = (X, (™M) € RZ{ ,(R).

Now we handle the general case of the proposition, without assuming the
existence of (5.9.6). Let Ag be a formal power series ring over W surjecting
onto S, and we set J := ker(Ags — S/n). Applying Corollary 5.3.12 to (As, J),
we obtain a sequence square-zero liftable PD thickenings {A,,;} indexed by
(m,i) € Z;l with A;; = §/n. Since we have A/p™" = 1(i£1i A, foranym > 1
by construction of A, ;, there exists (m’, i") such that we have A, ;; — S — S/n.

Let S := A, .
Now, given (Xs, ts/,) € RZx(S) where Xy is given by fs : Agy — S, we
can choose a lift f, : Ag. — S = A, of fs, which corresponds to some

p-divisible group X%, over S'. Since S’ — S is a nilpotent thickening, the quasi-
isogeny ts/, uniquely lifts to a quasi-isogeny ¢, over §'/p, so we have (X,
L’S,/p) € RZé.b(S/) lifting (X, ts/p). Since S’ := A, admits a sequence of
thickenings as in (5.9.6) where A; := A,,, ;, for some suitable (m;, i;) for any
J, we have just shown the existence of (X', () € RZé,h(R/) that pulls back to
(X§. Ug,,), where R” C §' is a finitely generated W/ p™ -subalgebra. By setting
R C S to be the image of R’, we obtain (X, ¢) := (X ,L’R/p) € RZé,b(R), which
pulls back to (X, tg/p). O

6. Construction of the moduli of p-divisible groups with Tate tensors

We give a proof of Theorem 4.9.1 in this section, applying the technical results
proved in Section 5.

6.1. Artin representability theorem. Let p > 2. We choose a W-lift X of
X as in Remark 2.5.9, and define RZ$ ,(h)™" := RZ{, Xzz, RZx(h)™" as a
functor on the category of W/p™-algebras; that is, for a W/p™-algebra R, we
set RZ4 ,(R) := RZ§,(R) N RZx(h)™"(R). Similarly, we define RZj ,(h) :=
RZ& ), Xrzy RZx(h) as a functor on Nilp, .

We first prove (Theorem 6.1.6) that Rzg’b(h)’"'" is a separated algebraic
space locally of finite type over W/p™ using the Artin representability
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theorem [1, Corollary 5.4]. (See also [13] for some clarifications.) See [33,
Section 2] for the definition of algebraic spaces.

To apply the Artin representability theorem as stated in [1, Corollary 5.4], it
suffices to verify the following conditions, some of which will be more precisely
stated when they are verified. (The conditions that we state here are slightly
stronger than the ones given in [1, Corollary 5.4].)

(1) RZé,b(h)’"'” is separated; that is, the diagonal map
RZG ,(W)™" — RZ4 , (B)™" x RZE , (B)™"

is representable by a closed immersion. More concretely, for any W/p™-
algebra R and given two points x, y € RZ‘G" » ()™ (R), the locus over which
x and y coincide is a closed subscheme of Spec R. This follows since
RZ§ ,(h)™" is a subfunctor of a separated scheme RZx (h)"".

2) RZ’G\,b(h)’""‘ commutes with filtered direct limits of W/p™-algebras (that is,
locally of finite presentation over W/p™); indeed, this follows because both
RZx(h)™" and Rzg‘. , commute with filtered direct limits (cf. Lemma 5.5.2).

3) Rzg_b(h)'”’” is an fppf sheaf; cf. Lemma 6.1.1.

(4) Rz, (h)™" satisfies the ‘effectivity property’; namely, for any complete
local noetherian W/ p™-algebra (R, my) such that its residue field is a finitely
generated field extension of «, the following natural map is bijective:

RZG, ()" (R) — BmRZG , ()" (R /)

1

cf. Lemma 6.1.2.

5) RZé, »(h)™" satisfies some suitable generalization of Schlessinger’s criterion
(that is, Conditions (S1’) and (S2) in [1, Section 2]); namely, Lemma 6.1.3
holds and the tangent space at any x € Rzé’ ,(1)™" (k) is finite-dimensional
over k. Finiteness of tangent spaces is obvious since RZ( ,(h)™" is a
subfunctor of RZx (h)™".

(6) If n > O then for any m > 1 there exists an obstruction theory for
Rzé,b(h)’”"‘ in the sense of [1, (2.6), (4.1)]. Indeed, we verify some variant
of this (exploiting the flexibility to increase n), which would still imply the
representability of RZg , (h)™"; cf. Lemma 6.1.5, the proof of Theorem 6.1.6.

We have already verified the first two conditions, so it remains to verify the
remaining four conditions.
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To show that Rz{ ,(h)™" is an fppf sheaf, it suffices to show that RZg , is
an fppf sheaf (as the height of a quasi-isogeny can be computed fppf-locally, and
whether p"7is an isogeny can be verified fppf-locally). Since Rzé, » 18 a subfunctor
of RZx, which is an fppf sheaf (as it can be represented by a formal scheme), the
following lemma shows that Rz, , is an fppf sheaf.

LEMMA 6.1.1. Let (X, 1) € RZx(R) for R € Nilpy,. Assume that for a faithfully
flat R-algebra R’ the pull-back (X g, Lg ) lies in Rzg’b(R/). Then we have (X, t)
€ RZ&,(R).

Proof. We may assume that R is finitely generated. Since whether (X, () €
Rzgyb(R) is decided by the pull-back over all artinian quotients of R, we may
assume that R € ARy. Then (X, 1) defines a map Spec R — (RZx); = Defy,

for some closed point x € RZx(«). This map factors through Defy . if and only
if it does after precomposing with a faithfully flat map Spec R" — Spec R, since
Defy ¢ is a closed formal subscheme of Defy . O

Next, we verify the ‘effectivity property’ (4).

LEMMA 6.1.2. The functor Rzé.b(h)’”*" satisfies the ‘effectivity property’, as
stated above in Section 6.1(4).

Proof. Let (R, my) be a complete local noetherian W/ p™-algebra such that its
residue field is a finitely generated field extension of k. We want to show that the
following natural map is bijective:

RZG ,(R)™" (R) — 1(i£1RZé,b(h)’”’”(R/m"R).
Note that this property holds for RZx (h)™" (cf. [44, Section 2.22]), which shows
the injectivity. It remains to show the surjectivity.

Let (X,t) € RZx(h)™"(R), and assume that over R/m’, for each i we have
(X p/mi 1) € RZg ,(R/m%). We want to show that we have (X, 1) € Rz ,(R).
(By the effectivity property for RZX(h)m . this implies the desired surjectivity.
Also recall that RZé ,(W)™"(R) := RZ§ G.»(R) NRZx(h)™"(R).)

Let n € |[RZx(h)™"| denote the point in the underlying topological space where
(XR/mgs Lr/mg) € RZx(h)™"(R/mpg) is supported. We claim that the closure {n
of 1 contains a closed point x in Rz§ ,(«). Indeed, by assumption there exists a
finitely generated k-subdomain Ry C R/my where the R /m z-point (X, ¢) extends
to (Xg,,0) € RZ (Ro) Then the corresponding map of schemes Spec Ry —
RZx(h)™" sends the generic point to 7. Now, we may choose x in the image of a
closed point in Spec R,.
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By Lemma 6.1.1, we have (X, () € Rzé’b(R) if and only if for some faithfully
flat R-algebra R" we have (X tg/,) € Rzg"b(R/). Let us write A, := @sz,x for
x as in the previous paragraph. Let us now construct a faithfully flat R-algebra
R’ such that the natural map Spec R” — RZx(h)™" factors through Spec A,. We
choose a preimage 7 € Spec A, of 7, and let «’ be the compositum of R/mpg
and the residue field « (1) of A, at 7. Let C and C’ be Cohen rings R/my and
k', respectively, and we choose a C-algebra structure on R and C’ (lifting the
natural one mod p). Then for the completion R’ of R ®c C’, the natural map
Spec R" — RZx(h)™" factors through Spec(A,)7.

Let A, denote the quotient of A, corresponding to Defy . By construction
we have (Xg//mi ,0) € RZ§ ,(R'/mi) for all i (that is, the map A, — R'/mf,
factors through A , for any i), so A, — R’ factors through Ag .. Let S C R’ to
be the image of Ag .. Then the residue field of S is «, and the R’-point (X g/, t)
€ RZx(h)™"(R') is actually defined over S. By Proposition 5.6, this S-point lies in
RZg ,(S), which in turn shows that (X, 1) € RZx(h)™"(R) also lies in Rz , (R).

O

LEMMA 6.1.3 (Cf. Condition (S1') in [1, (2.2)]). Assume that p > 2, and consider
B, R, R € Nilpy, such that B — R is a square-zero thickening with the kernel
annihilated by the nil-radical of B, and R’ — R is a W-algebra map that induces
a surjective map R' — Rieq. Set B' := B Xy R'. Let F be one of Rz{, ,, RZ§ ,(h)
and RZé’h(h)’”'”, where in the last case we assume p™ B = 0 and p" R’ = 0. Then
the natural map

F(B) — F(B) xFwm F(R) (6.1.4)
is a bijection.

Proof. The map (6.1.4) is injective, because the analogous maps for RZx, RZx (h),
and RZx(h)™" are bijections.

To show the surjectivity of (6.1.4) for RZé’ »» we may assume that both B and R’
are finitely generated over W, in which case the claim follows from Lemma 5.4.8.
To show the surjectivity of (6.1.4) for Rz , (k) and Rz § ,(h)™", we observe that
a cofibre product of quasi-isogenies of height & is again of height £, and that a
cofibre product of isogenies is again an isogeny. O

LEMMA 6.1.5 (‘Obstruction theory’). Let 31 C RZx(h) be a quasicompact open
formal subscheme, and choose an integer n large enough so that the natural map
ﬁu/wlumRZx(h)l,n — Q4rrog ey S an isomorphism. Let B — R be any square-
zero thickening such that its kernel b is killed by the nil-radical of B, and let
(X, 1) € U(R) NRZE ,(W)™"(R).
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Then there exists a B-point (Xp,1) € RZéyb(h)”’*"(B) lifting (X, 1) if and only
if there exists a B-point (X, 1) € RZx(h)™"(B) lifting (X, 7).

(Note that there exists n such that §M/W|mRZX(,,)1,n — Qyrrzgminge 18 an
isomorphism as $l is noetherian; indeed, as 4 x g,¢y Spec k. = li_r>nn WUNRzZx ()",
we may choose n so that Y N RZx(h)!" contains the closed subscheme of
U xgprw Speck cut out by the square of the maximal ideal of definition. Note
that RZx (/) may not be quasicompact.)

Note that RZx(#)™" has an obstruction theory that satisfies the conditions in
[1, (2.6), (4.1)] (given by the theory of cotangent complex, for example). The
lemma shows that any obstruction theory for the £[ N RZx(h)™" (which exists)
also provides an obstruction theory for £{N RZéy »(h)™" satisfying [1, (2.6), (4.1)]
if n is large enough (depending on ).

Proof. 1t suffices to prove the ‘if” direction. Let (X, 7) € {(R), and assume that
there exists a B-point (X, 1) € Rzx(h)™"(B) lifting (X, 7). Set Ry := R.q, and
write (Xg,, 1) € U(Rp) denote the pull-back.

Let f, : Spec Ry — 4 denote the map induced by (Xg,, 7). Then the set of B-
points of Rzx(h)™" lifting (X, 1), which is nonempty by assumption, is a torsor
under the Ry-module f; (.(3;] sw) ®r, b by the assumption on 7 in the statement.
(Recall that any lift of (X, ©) lies in il.) Therefore, any B-lift (X, ") € RZx(B) of
(X, ©) actually lie in RZx (h)"™" (B), as the set of such B-lifts is also a torsor under
the same R)-module fo*(S/Z\;/W) ®g, b. Now if we also have (X,7) € RZ(‘}.b(R),
then Corollary 5.5.4 produces a B-point

(Xp,0) € RZE ,(B) NRZx(h)™"(B) = RZG ,(W)™" (B)
lifting (X, 7), as desired. O
We are ready to prove the following:

THEOREM 6.1.6. The functor RZévb(h)m’” can be represented by a separated
scheme locally of finite type over Spec W/ p™.

Proof. Choose a quasicompact open { C RZx(h) which contains RZx(h)™".
(Recall that RZx(h)™" is quasicompact.) Then we have verified the criterion in
[1, Corollary 5.4] to show that 4L N Rzé,h(h)”’*"/ is a separated algebraic space
locally of finite type over W/ p™ for any n’ > n. Since we have

RZG, (™" = (UNRZE,(N)™") Xy o RZx(W)™",

it follows that RZé, »(h)™" is also a separated algebraic space locally of finite type
over W/p™.
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Since the natural inclusion Rzg!b(h)’”’” < RZx(h)™" is a monomorphism
which is locally of finite type, it is separated and locally quasifinite. (By looking
at étale charts, this claim reduces to the case of schemes, which is standard.) By
[36, Théoreme (A.2)], RZ§ ,(h)™" is a scheme. O

6.2. Closedness.

THEOREM 6.2.1. The natural monomorphism RZ4 Gp(W)™" — RZx(h)™" is a
closed immersion of schemes for any m, n, and h Also, the functor RZG p IS
representable by a formal scheme locally formally of finite type over W, and the
natural inclusion RZ$ , < RZx is a closed immersion of formal schemes.

Note that RZ§ , — RZy is a closed immersion if and only if RZ( , (h)"™" —
RZx(h)™" is a closed immersion for any m and n. Since a proper monomorphism
is a closed immersion, we want to show that RZé’ ,(M)™" — RZx(h)™" is proper.
For this, we need to show that RZéY »(h)™" is quasicompact (cf. Corollary 6.2.5),
and verify the valuative criterion for properness (Lemma 6.2.2).

LEMMA 6.2.2. Let R be a k-algebra which is a discrete valuation ring, and L :=
Frac(R). Let (X, 1) € RZX(h)’" "(R) be such that (X, 1) € RZé’b(h)’””’(L). Then
we have (X, 1) € Rz4 G (W™ (R).

Proof. It suffices to show that (X, 1) € Rz G.»(R) in the setting of the statement. As
both RZx and RZ{ , commute with ﬁltered direct limits in Nilpy,, we may assume
that L is a ﬁnltely generated field extension of «, and (X, t) € RZx(R) extends to
(X Ry Lry) € RZx(Ry) for some smooth k-subalgebra Ry C R with L = Frac Ry.
By smoothness, there exists a p-adic topologically smooth W-algebra A, with
Ay/p = Ry. By localizing A, at the ideal corresponding to the closed point of
Spec R and p-adically completing it, we obtain a p-adic flat W-algebra A with
A/p=R.

By the assumption on (X, ¢), the map of isocrystals s, p : 1 — ]D)(X)®[i] comes
from a unique map of integral crystals 7, : 1 — D(X;)® on the generic fibre. So
we obtain the following horizontal section for any «:

(ta(A)) € D(XL)(A()® NDX)(A)®[L] = D(X)(A)®,
since we have A = A[%] N Z(m. We rename this section as 7, (A) € D(X)(A)®.
Since (X, t) is defined over R, it follows that z,(A) € D(X)(A)®[%] lies

in the image of D(XRO)(AO)Q)[é]- Since we also have A, = Ao[li)] N A (as
Ao/p = Ry — A/p = R by assumption), it follows that 7,(A) is the image
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of t,(Ag) € D(Xg,)(Ao)®. Since (7,(Ay)) are horizontal (as they are after inverting
p), it follows that (7,) on X, extend to maps of crystals #, : 1 — D(Xg,)® by
Lemma 2.3.6.

Now consider the following finitely generated A,-scheme

Pa, = Isom, [(D(Xr,)(Ao), (ta(A0))], [Ao ®z, A7, (1 ® s0)]).

By construction, Py, restricts to a trivial G-torsor over AO[%] since the quasi-
isogeny over Ry gives a splitting.

Let us now show that the pull-back P, of P, is a G-torsor over A. It suffices to
show that its pull-back P, is a G-torsor for some suitable faithfully flat A-algebra
A’. To construct such A’, let R’ be a complete discretely valued R-algebra whose
residue field is an algebraic closure «’ of the residue field of R, and we identify
R = «'[[u]]. We set A" := W («")[[u]] and choose a lift A — A’ of R — R'.

We now show that P, is a (necessarily trivial) G-torsor. We already have that
Parniyp is a trivial G-torsor. Since (X, () € Rzé,h(L), it follows that Py, 7, is
a G-torsor where L’ := Frac(R’), so 73%) is a G-torsor. (Note that A\;p) is a p-
adic discrete valuation ring with A\’(p) /p = L', so we have a faithfully flat map

;4\/( n W(Z/).) Therefore, we have that Py is a G-torsor, where U’ C Spec A’
is the complement of the closed point.

By [12, Théoréme 6.13], Py extends to some G-torsor P/, over A’. But since
A’ is strictly henselian, P/, is a trivial G-torsor, which implies that Py is a trivial

G-torsor. Therefore there exists an isomorphism of vector bundles
s Op @y D(X4)(A) > Oy @z, A*

matching #,(A’)|y» with 1 ® s,. Since ¢ is defined away from a codimension-2
subset in a normal scheme, ¢ extends to an A’-section of P4 by taking the global
section. This shows an isomorphism G 4+ = P,. (This argument is adapted from
‘Step 5’ of the proof of [32, Proposition 1.3.4].)

Furthermore, since P,, pulls back to a smooth scheme over A, it has to be
smooth over some open formal subscheme Spec A; C Spec A, containing the
closed point of Spec R, with nonempty fibres at any point in Spec Aj; that is, the
restriction Py, is a G-torsor. By replacing A, with the p-adic completion of Ay,
we may assume that Py, is a G-torsor.

By Lemma 2.2.8, the Hodge filtration F 1 l;{RO C D(Xg,)(Ry) is a {u}-filtration.

(Indeed, Filﬁ(L is a {u}-filtration so Fil;(R0 is a {u}-filtration over the closure of

the generic point, which is Spec Ry.) This shows that (Xg,, tg,) € Rzggfg; (Ry), so

we have (X, t) € Rz& ,(R). O
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It remains to show the quasicompactness of Rzé’b(h)'”’”. We begin with the
following proposition.

PROPOSITION 6.2.3. Let R be a smooth domain over k, and let (X, 1) € RZx(R).
Assume that there exists a dense subset of closed points X C Spec R, such that
for any x € X we have (X,,t,) € RZé’b(K). Then there exists a dense open
subscheme Spec R' C Spec R such that (X, tg') € RZ{ ,(R").

Proof. Let us choose a formally smooth p-adic W-lift A of R. By the standard
dictionary [15, Corollary 2.2.3], the morphism s, : 1 — D(X )®[117], constructed
in Definition 4.5, corresponds to a horizontal section #,(A) € D(X )(A)®[i]. Let
us first show that #,(A) € D(X)(A)®; that is, 7,(A) is the A-section of a (unique)
map of crystals z, : 1 — D(X)®.

We endow the p-adic filtration with A[i] and identify the associated

~

graded algebra gr’A[%] = R(u) by sending p to u. Then we define
{t™ € D(X)(R)®}ez so that Y _ t!u™ is the image of 7,(A) via the

o

map

DX)(A)®[;] = gr*(DX)(A®[;]) = P DR,

meZ, m>»>—0o0

where gr® is with respect to the p-adic filtration.

Note that 7, (A) € D(X)(A)® if and only if £/ = 0 for any m < 0. On the other
hand, if m < 0 then £ vanishes at a dense set of points X, so ™ = 0; indeed,
forany x € X, any map x : A — W lifting R — R/m, = « pulls back #,(A) to
a (p-integral) tensor in D(X,)(W)® because (X,, t,) € Rzégfé(x) = Rzg’b(/c).

We next consider the following A-scheme (as in Definition 4.6(2)):

Py = Isom, ([D(X)(A), (to(A)], [A ®z, A”, (1 ® s)]).

By construction, each fibre of P, at a point of Spec A is either a G-torsor or
empty. Since the fibre P, at x € X' is a G-torsor and P, 1 is a trivial G-torsor, it
follows that the fibre P, at the generic point n of Spec R C Spec A is a G-torsor
(by semicontinuity of fibre dimensions, for example).

By generic flatness, we find a localization R’ of R such that Px is a G-torsor,
and we choose an A-algebra A’ which lifts R’. (If R" = R[1/f] then we let A’ to
be the p-adic completion of A[1/ f ] where f is some lift of f.) We want to show
that P, is a G-torsor. Indeed, Pr and PA/[%] are G-torsors so it remains to show
that P, is flat over A’. By local flatness criterion [37, Theorem 22.3] it suffices
to show that the following surjective map of Op, ,-modules is an isomorphism for

https://doi.org/10.1017/fms.2018.6 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2018.6

W. Kim 82

each m:
Op, = (p"A'/p"T'A) @ Op,, — p"Op,/p" ' Op,,. (6.2.4)

Let X := ¥ N Spec R’, which is a dense set of closed points. For any x' € X', we
choose a lift X’ : Spec W — Spec A’. By the defining condition of X’ it follows
that the map (6.2.4) pulls back to an isomorphism

O”PX/ = PmOP;«/PmHOP;/-

Since UX,ESpeC & Pv is dense in Pg, it follows that the kernel of (6.2.4) is
supported in some proper closed subset of Pg. On the other hand, Op,, is a
domain, which forces (6.2.4) to be an isomorphism.

To see that Fill Xy is a {u}-filtration with respect to (¢, (R")), it suffices to check

this at dense set of points (namely, X’). This shows (X, tg/) € RZ(S") (R). O

Now, Theorem 6.2.1 follows from Lemma 6.2.2 and the corollary below:
COROLLARY 6.2.5. The scheme Rzg’b(h)’"’” is quasicompact for any m, n, h.

Proof. We may assume m = 1 since quasicompactness only depends on the
underlying topological space. Let Z, C RZx(h).: denote the reduced closed
subscheme whose underlying topological space is the Zariski closure of the image
of |RZ& ,(h)""|. Since RZx(h)"" is quasicompact (cf. [44, Section 2.22]), Z,
is necessarily quasicompact. Then by Proposition 6.2.3 (applied to the natural
inclusion of the smooth locus of Z; into RZx), there exists a dense open
subscheme U, C Z, (so Uy is necessarily quasicompact) such that the open
immersion Uy < Z factors through RZ (h)red We can check that the map thus
obtained Uy — RZ§ b(h)red is an étale monomorphlsm soitis an open immersion.

To show quasicompactness of RZ4 b(h)l it remains to show quasicompactness
of the (reduced) complement RZ2 b(h)!eg \ Up. (Indeed, if the complement is
quasicompact, then |[RZ$ b(h)' "| can be covered by |Up| and finitely many affine
open subsets |U;|’s of |RZ b(h)' "] covering the complement of |Uy|.) For this,
we observe that the injective map of topological spaces

IRZE, ()" — | Zo] (6.2.6)

is bijective, which follows from the valuative criterion (Lemma 6.2.2) and the
existence of U, as above. Now, let Z; C Z, denote the reduced complement of
U,. By applying Proposition 6.2.3 to the smooth locus of Z; and the set of closed
points X' C |V, there exists a dense open subscheme U; C Z; (necessarily
quasicompact) such that the open immersion V|, < Z; can be factored by an

https://doi.org/10.1017/fms.2018.6 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2018.6

Rapoport-Zink spaces of Hodge type 83
open immersion U; — RZéyb(h)rlég \ Uy, being an étale monomorphism. We
may repeat this process to obtain a strictly decreasing sequence of closed subsets
|Zol 2 1Zi| 2 --- such that the preimage of |Zo| \ |Z,| in |[RZ{,(h)""] is a
quasicompact open subset for any » > 1. Now, note that Z, = ¢ for some r since
Z, is noetherian, which shows that |Rz§ ,(h)""| is quasicompact. O

6.3. Independence of auxiliary choices and functoriality. We now finish the
proof of Theorem 4.9.1. We have constructed a closed formal scheme Rz, C
RZx (Theorem 6.2.1), which enjoys the following properties:

(1) RZ§, C RZy represents Rzggf‘(); as in the statement of Theorem 4.9.1. The
universal tensors 72" : 1 — D(XRZX|Rzg_b)® can be obtained by glueing the
unique Tate tensors over some affine open covering of RZg ,. This claim
follows from Proposition 5.2(3). 7

2) RZé, » C RZx does not depend on the choice of (s,) € A®; indeed, the subset
Rzé’ »(k) C RZx(k) and the completion at any «-point do not depend on (s, ).

(3) If G = GL(A) then RZ{; , = RZx; cf. Example 4.6.1.

(4) For any closed reductive Z,-subgroup G’ C G with b € G'(Ky), the
closed formal subscheme RZ{‘;,J) C RZx is contained in RZé,b. Indeed, this
claim amounts to verifying analogous claims on the set of x-points and the
completions thereof; cf. Lemma 2.5.4, Proposition 3.7.2.

It remains to verify the functoriality assertions; namely, (1) and (2) in
Theorem 4.9.1. These assertions will immediately follow from Lemma 6.3.1
and Proposition 6.3.2, hence we conclude the proof of Theorem 4.9.1.

Let (G, b") and A’ be another datum as in Definition 2.5.5, and write X' := Xg‘,/.
We have constructed a natural formal closed subscheme Rz, ,, C RZx.

Recall that X[}/ = X! x Xj}' = X x X'. Then we have a closed immersion
RZx Xsprw RZxr <> RZxyx, defined by the product of deformations up to quasi-
isogeny, and a closed formal subscheme Rzéié;’(b!b,) C RZyxx.

LEMMA 6.3.1. We have Rzéié:’(b,b,) = RZ{, Xsprw RZé;’b, as closed formal
subschemes of RZx,x; in particular, Theorem 4.9.1(1) holds.

Proof. As both are closed formal subschemes of RZx,x, it suffices to show the

equality of the set of k-points and the completions thereof, which follows from
Lemma 2.5.4 and Proposition 3.7.2. O
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PROPOSITION 6.3.2. Givenamap f : G — G’ which maps b to V', there exists a
map RZE , — Rzéiyb/ which induces the desired maps on the set of k-points and
completions thereof as described in Theorem 4.9.1(2).

The proposition in the case when f is an identity map asserts that the formal
scheme Rzg,, depends only on (G, b), not on the auxiliary choice of (A, (s,)),
up to canonical isomorphism.

Proof. We follow the structure of the proof of Proposition 3.7.2. The case when
f is a closed immersion and A = A’ was already handled at the beginning of
Section 6.3. For a natural projection pr, : (G x G', (b, b')) — (G, b’), the natural
projection
RZ& S e by = R, Xsptw RZgry = RZG,

has the desired properties on k-points and completions thereof. (The same holds
for the first projection.)

Now, let f : (G,b) — (G’,b’) be any morphism, and consider the graph
morphism

1, f): (G,b) - (G x G', (b, b)),

which is a closed immersion on the reductive Z,-groups. By letting G act via
(1, f) on the faithful G x G’-representation A x A’, we obtain the closed subspace

RZQZA’ C RZxxx. We claim that we have the following commutative diagram:

RZ&, (6.3.3)
|
| 3

<4
Ax A AxA ~ A A A
RZG *» RZG 6wy = RZGp Xsptw RZGr pry RZG v

where the solid arrows are already defined. By looking at the sets of «-points
and the completions thereof (cf. Proposition 3.7.2; especially, the diagram in
the proof), it follows that pr; restricts to an isomorphism Rzg;" — Rz, as
claimed in the diagram. Therefore, the broken arrow is well defined and satisfies

the desired properties on k-points and the completions thereof. O

7. Extra structures on the moduli of p-divisible groups
We assume that p > 2, and setx = Fp, W= Z‘;, and Ko = @‘; We fix (G, b) as

in Definition 2.5.5 (with associated unramified Hodge-type local Shimura datum
(G, [b], {r™'})). With some suitable choice of A (which gives rise to X := X?),
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we construct the closed formal subscheme RZ(; , C RZx. From now on, we write
RZgyp 1= Rzéy » as it does not depend on A up to canonical isomorphism.

In this section, we define a Weil descent datum, the action of J,(Q,), ‘étale
realizations’ of crystalline Tate tensors, the rigid analytic tower {RZIg, »1, and the
Grothendieck—Messing period map—in other words, we construct ‘local Shimura
varieties’ as conjectured in Rapoport and Viehmann [43, Section 5]. Since RZg
is locally formally of finite type over Spf W (cf. Theorem 4.9.1), Berthelot’s
construction of rigid generic fibre RZ;, can be applied; cf. [2], [15, Section 7].

We then construct the period morphism on the rigid generic fibre RZrGigjb, which
is an étale morphism (highly transcendental in general). When RZs; is an EL
or PEL Rapoport-Zink space, the extra structure on RZg, that we define is
compatible with the one defined by Rapoport and Zink in [44]. (We leave readers
to verify this, which is more or less straightforward.)

The category of rigid analytic varieties can naturally be viewed as a full
subcategory of the category of adic spaces (cf. [25, Section 1.1.11]), so we may
regard all the rigid analytic varieties as adic spaces. (In light of the recent work
on ‘infinite-level Rapoport—Zink spaces’ in [48] and [47, Section 6], the theory
of adic spaces is the most natural framework to study the rigid analytic tower
(RZE,))

For the EL and PEL case, Scholze and Weinstein [48] constructed an infinite-
level Rapoport—Zink space. We construct an ‘infinite-level Rapoport—Zink space’
RZg, associated to (G, b) using the infinite-level Rapoport-Zink space for
GLg, (A[%]) and the rigid analytic tower {RZI& »1. This construction is rather ad
hoc, and there should be a more natural construction, as alluded in the introduction
of [48].

7.1. More notation on adic spaces and p-divisible groups. We work with
the notion of adic spaces in the sense of Huber. (See [48, Section 2] for basic
definitions.) Although it is possible to work with classical rigid analytic geometry
for most part of this section (except Section 7.6), the flexibility of the theory of
adic spaces could be useful (for example, to define geometric points).

For any formal scheme X locally formally of finite type over Spf W, we let
X"¢ denote the rigid analytic generic fibre constructed by Berthelot (cf. [15,
Section 7.1]), and we implicitly view it as an adic space.

Let us recall the functorial characterization of X"¢; cf. [15, Proposition 7.1.7].
For any adic space ) (topologically) of finite type over K, we have

Homyg, (Y, X1¢) < lim  Homy (), X), (7.1.1)
m; inrig:y
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where 2) runs through formal models of ). This property uniquely determines
X"¢ by the rigid analytic Yoneda lemma [15, Lemma 7.1.5], so the adic space
associated to Berthelot’s generic fibre X" coincides with Huber’s construction
of the generic fibre of the adic space associated to the formal scheme X; cf. [48,
Proposition 2.2.2].

REMARK 7.1.2. Let K be a complete extension of K, (with rank 1 valuation),
and let O denote its valuation. (We often use C instead of K for algebraically
closed complete extension of Q,.) Then one can check without difficulty that any
point x : Spa(K, Ox) — X" comes from a unique map x : Spf Oy — X of
formal schemes, also denoted by x.

Let X be a p-divisible group over X. Then, X[p"]¢ is a finite étale covering of
X := X", and it is an abelian group object in the category of adic spaces.

DEFINITION 7.1.3. Let T(X) denote the lisse Z,-sheaf on X defined by the
projective system {X[p"]"¢}, and define V (X) to be the lisse Q,-sheaf associated
to T(X); that is, T (X) viewed in the isogeny category. (See [46, Definition 8.1]
for the definition of lisse Z,-sheaf on an adic space.)

As lisse Z,- or Q- sheaves, it is possible to form tensor products, symmetric
and alternating products, and duals (so T(X)® and V(X)® make sense). The
formation of 7(X) and V(X) commutes with any base change ) — X for
reasonable formal scheme %). In particular, for any geometric point x : Spa(C,
Oc) — X the fibre T'(X);, as a Z,-module, only depends on the pull-back X5 of
X by x : Spf O — X. (Here, we use the convention as in Remark 7.1.2.)

REMARK 7.1.4. Let us make explicit the adic space generic fibre RZ%g of RZx.
For any analytic space (or adic space) X" topologically of finite type over K,
the set Homg, (X, RZy%) can be interpreted as the set of equivalence classes of
f € Homy (X, RZx) for any formal model X of &X', where for any morphism
7w : X' — X of formal models of X, f € Homy (X, RZx) is equivalentto f o €
Homy (X', RZx).

If we set Xz, to be the universal p-divisible group over RZx and
fie . X — Rzgg to the map given by f : X — RZx, then we have
T(f*Xrzy) = fU8(T(Xzzy)); in particular, the Z,-local system T (f*Xzz,)
on X is independent of the choice of formal model. A similar discussion holds
for Rz}, in the place of RZy".

Let X be a connected component of RZrGigjb. For a geometric point x of X (that
is, X : Spa(C, O¢) — X for some algebraically closed complete extension C of
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Ky), let 7/ (X, X) denote the algebraic fundamental group of X’ with base point
X in the terminology of [16]. (In [46, Section 3] the algebraic fundamental group
is called the ‘profinite fundamental group’.)

Quite formally, one obtains a natural equivalence of categories from the
category of lisse Z,-sheaves on X to the category of finitely generated Z,-
modules with continuous nfé‘(é’c' , X)-action, where the equivalence is defined by
F ~ ;. (Cf. [16, Section 4], [46, Proposition 3.5].) Similarly, one obtains a
natural equivalence of categories from the category of lisse (Q,-sheaves on X’ (that
is, lisse Z, sheaves viewed up to isogeny) to the category of finite-dimensional

“(X, X)-action. Here, £ can be any prime

Qq-vector spaces with continuous 7}
(including £ = p).
Let 1 denote either the constant rank-1 Z - or Q ,-sheaf.

DEFINITION 7.1.5. An étale Tate tensor on X is a morphism 5 : 1 — V(X)®
of lisse Q,-sheaves on X'. An étale Tate tensor is called integral if it restricts to a
map 1 — 7' (X)® of lisse Z,-sheaves on X

It follows that when & is connected, giving an étale Tate tensor f is equivalent
to giving an nlfé‘(X , X)-invariant element 7o ; € V(X)%, and 1 is integral if and
only if s ; € T(X)? for a single geometric point X.

We now claim that crystalline Tate tensors have ‘étale realizations’.

THEOREM 7.1.6. Assume that X is formally smooth and locally formally of finite
type over Spf W, and let t : 1 — D(X)® be a morphism of crystals which is
Frobenius-equivariant up to isogeny and such that t (R) € F11°D(X)(R)®. Then
there exists a unique morphism ty, : 1 — T (X)® of lisse Z,-sheaves on X, such
that at each geometric point X supported at a classical point x with residue field
K, the (classical) crystalline comparison isomorphism matches ty; € T(X3)®
with t, : 1 — D(X,)® (where t, is the fibre of t at x).

If x is as in the theorem, then 75 ; € T(X)? is invariant under the (X", X)-
action, not just the Gal(K,/K)-action, where X’ C X is the connected
component containing x. Indeed, one can see that the requirement for #; in
Theorem 7.1.6 uniquely determines #.

The main idea of the proof of Theorem 7.1.6 is to construct #, using the
(relative) crystalline comparison for p-divisible groups over X, and show the p-
integrality using the theory of Kisin modules (over a p-adic discrete valuation
ring). Although the proof is quite ‘standard’, it takes a long digression to set up
the notation. We give a proof in Section 8.
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It should be possible to compare the fibres 75 ; € T(X)? and 7; : 1 — D(X;)® at
any geometric point x of X', using the theory of vector bundles over the Fargues—
Fontaine curve. We will not work in this generality, as geometric points supported
at classical points are sufficient to uniquely determine 7.

7.2. The action of J,(Q,). Recall from (2.4.3) that J,(Q,) is the group of
quasi-isogenies ¥ : X --+ X which preserves the tensors (s, p). Then RZg j has
a natural left J,(Q,)-action defined as follows: for any (X, t) € RZg,(R) for
R € Nilpy, and y € J,(Q,), we have y(X,t) = (X,t0y™") € RZx(R). To see
y(X, 1) € RZg(R), it suffices to observe that for R = Fp we recovers the natural
J,(Q,)-action on X6 = RZG.b(FP) (cf. Proposition 2.5.10), and y induces
Y (RZx)s — (RZx),» (as y does not modify the underlying p-divisible group.)
By functoriality of adic space generic fibre, J,(Q,) naturally acts on Rzg%b.

The J,(Q,)-action on RZ¢ j has a kind of ‘continuity’ property in the sense of
[20, Définition 2.3.10]; indeed, the proof of [20, Proposition 2.3.11] works in the
more general setting of ours.

7.3. Weil descent datum. Let (G, [b], {"'}) denote the unramified Hodge-
type local Shimura datum associated to (G, b). The following definition is the
local analogue of the reflex field for a Shimura datum. (Cf. [44, Section 1.31].)

DEFINITION 7.3.1. The (local) reflex field or (local) Shimura field for (G, [b],
{n™')) is the subfield E = E(u) C K, which is the field of definition of the
G (Kp)-conjugacy class of the cocharacter p. Note that E is a finite unramified
extension of Q, (as u descends over some finite subextension of Q, in Kj).

Putd := [E : Q,], and let ¢ = p“ be the cardinality of the residue field of E.
Lett =0 € Gal(Ky/E) denote the g-Frobenius element (that is, the lift of the
qth power map on IF,).

REMARK 7.3.2. By the definition of E, we can deduce the following. For a
cocharacter u € {u} (defined over W), we have u* € {u} where u* := t*pu.

For any formal scheme X over Spf W, we write X7 := X Xgprw,. SpfW. We
similarly define X* for an adic space over (K, W).

DEFINITION 7.3.3. Let X be a formal scheme over Spf W. A Weil descent datum
on X over O is an isomorphism over Spf W

DX > X
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Similarly, we define a Weil descent datum over E for a rigid analytic space X
over K, as an isomorphism @ : X = X over K.

For any positive integer r, let E, C K, denote the (unramified) subextension
of degree r over E. Then for any Weil descent datum @ over O for X, we can
define a Weil descent datum over O, as follows:

r—1
xS xS 2y (7.3.4)
The same construction works for rigid analytic spaces over K.

Let X, be a formal scheme over Spf 0, and X := X X spr 5, Spf W. Then there
exists a natural Weil descent datum over O on X. We say that a Weil descent
datum @ over O is effective if there exists a formal scheme X, over &z such
that @ is isomorphic to the one naturally associated to X,. We similarly define
effective Weil descent data over E for adic spaces X over Kj.

Let X be a formal scheme locally formally of finite type over Spf W, equipped
with a Weil descent datum @ over O. Then on the adic space generic fibre X’ :=
X we obtain a Weil descent datum "¢ : X = X7 induced by ®. If & is
effective, then so is @"e.

We define a Weil descent datum on RZ¢;, over Of by restricting the natural
Weil descent datum on RZyx, which we now recall. For R € Nilp,, with the
structure morphism f : W — R, we define R* € Nilpy, to be R as a ring with
structure morphism f o . Then we have RZg; ,(R) = RZg ,(R").

DEFINITION 7.3.5. For any (X, () € RZx(R), we define (X?,(?) € RZx(R"),
where X® is X viewed as a p-divisible group over R”, and (% is defined as follows:

—d
@ Xy = (T Xy o> Ky = Xegp = Xiy 0

where Frob? : X — t*X is the relative g-Frobenius (with ¢ = p“). This defines a
Weil descent datum @ : RZx > RZ§ over Of; cf. [44, Section 3.48].

Note that for x = (X,, t,) € RZ¢,(F,), we have x? := (X?,:?) € RZG,;,(F;);
indeed, Definition 4.6(3) is satisfied for (X?,:®) by Remark 7.3.2. Then it is
clear from the construction that for x € RZ G,b(Fp), the morphism @ : (RZx), >
(Rz%)se induces @ : (RZg,)s — (RZY ,)xe. Therefore we have (X?,:1%) €
RZg,(R") for any R € Nilpy, by definition of RZg (cf. Definitions 5.1, 5.5.1),

so we get a Weil descent datum @ : RZg, — RZf; , over O defined by sending
(X,1) € RZgp(R) to (X?,(?) € RZ¢,(RY).
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Although the Weil descent datum for RZ¢ ; is not effective, it induces a natural
action of the Weil group W on the £-adic cohomology of Rzg%b. Alternatively,
one can ‘complete’ the components of RZ ;, so that the Weil descent datum would
become effective (cf. [44, Theorem 3.49]).

The Weil descent datum commutes with the natural action of J,(Q,), as the
relative g-Frobenius Frob? : X — 7*X commutes with any quasi-isogenies. In

particular, we have a Wg x J,(Q,)-action on the £-adic cohomology of RZYGI%b.

7.4. Etale Tate tensors and rigid analytic tower. For any open compact

subgroup K C G(Z,), we construct a finite étale cover RZ , of Rzg%b that

naturally fits into a G(Q p)—equivarignt tower {RZI& ) With Galois group G(Z,,).
For any geometric point X of RZ¢, we let 7 (RZ,, X) denote the algebraic

fundamental group of the connected component of Rzg%b containing x.
Let X, denote the universal p-divisible group over RZ¢ 5. By Theorem 7.1.6,
we have a morphism of lisse Z ,-sheaves

foa i 1= T(Xgp)®
corresponding to each ¢,.

PROPOSITION 7.4.1. Let x be a geometric point ofRZrGi%b supported at a classical
point x. Then the following 7Z,-scheme

Peaz = Isom, ([A, (s)], [T (Xgp)z, (fae)])

is a trivial G-torsor. (Here, we view A and T(Xg;)s as vector bundles over
SpecZ,.)

Proof. Note that any G-torsor over Z, is trivial; indeed, since Z, is a henselian
local ring, a G-torsor over Z, is trivial if its special fibre is trivial. But any G-
torsor over a finite field is trivial if G is reductive (so its fibres are connected by
definition).

It remains to show that P ; is a G-torsor. Let K be the residue field at x, and
let X, denote the pull-back of X¢ , by xo : Spec k — Spf O 5 RZ c.»- Then by
[32, Proposition 1.3.4], we have a W-linear isomorphism

W ®z, T(Xgp)s = D(Xy)(W)*

matching (1 ® 1,6 ¢) and (¢, (W)). Therefore, (Pee)w 1= Per i Xspec z, Spec W
is isomorphic to the G-torsor Py, defined using (D(X,,) (W), (f4.5,(W))). ]

LetK© := G(Z,) and K¥ := ker(G(Z,) — G(Z/p")) for any i > 0.
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DEFINITION 7.4.2. We set RZK(b = RZ”” Forany i > 0 we define the following
rigid analytic covering of RZ,:

RZ{, = Isom e ([4/p' A, (51 [XGul P, (e)].);

that is, for an analytic space (or adic space) X" over K|, its X'-point u classifies
isomorphisms of Z/p'-local systems matching tensors after pulling back to X .
Here, we use the identification X ,[p' ]rlg =T X, b)/(p ) to view the mod p'

reduction of (Z,) as tensors of X¢ ,[p']". Since RZK 1 is an open and closed

K()

subspace of Isom, 25, (A/p A, Xg.»[p'1%), one can see that RZg , 1s a finite

étale Galois cover of RZg,- When G = GL(A), this definition of level structure
recovers the usual one. ‘

We let the finite group G(Z/p') = K9 /K® act on the right on Rzg‘; as follows:
an element g € G(Z/p") acts as ¢V > g~! o ¢ on sections ¢ of Rzgf;. This
makes RZSZ an étale Galois cover of Rzg%b with Galois group G(Z/p"). When
G = GL(A), this action is compatible with the natural action as defined in [44,
Section 5.34].

For any open subgroup K C K® which contains K for some i > 0, we set

RZE , = RZIE;(ji);/(K/K(i)).

This definition is independent of the choice of i > 0. The J,(Q,)-action and the
Weil descent datum over E on RZy;, pull back to RZ, ,.

Let us now define the ‘right G(Q,)-action’ of the rigid analytic tower
{Rz{ ,} (that is, Hecke correspondences). We follow [44, Section 5.34] and [20,
Section 2.3.9.3]. Let g € G(Q,), and choose K C G(Z,) so that g~'Kg C G(Z,).
For a fixed g, the assumption on K can be arranged by replacing K by some
finite index open subgroup; indeed, for an open compact subgroup Ky C G(Z,),
K := Ko N gKog~ ! satisfies this assumption. By a (right) G(Q,)-action on the
tower {RZI& »}, we mean a collection of isomorphisms

~ _IK
[g] : RZE, — RZE,*,

for any g € G(Q,) and K C G(Z,) with g"'Kg C G(Z,), which commutes
with the map RZIg’b —» RZG, for K C K, and we have [g] o [¢] = [gg'] for any
g, 8 € G(Q,) whenever it makes sense.

Let us first describe the map [g] on K-points, where K is a finite extension
of K. Recall that RZ”g »(K) = Hom(Spf Ok, RZg,), so a point u € Rz ,(K)
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can be interpreted as a p-divisible group X, := u*Xg¢  over Ok, a quasi-isogeny
t: X --» X, 7 ,and a Gal(K'/K)-stable right coset uK of isomorphisms

i A= T(X,)

where 7 : Spa(K, 0%) — Spa(K, O) is a geometric point. Since u#K is
Gal(K /K)-stable, the Gal(K /K )-action on A via i has its image in K.

Since we assumed that g7'Kg C G(Z,), it follows that gA C A[i] is stable
under the action of K, so it(gA) C V(X,)j; is Gal(K /K)-stable. This means that
we can find a p-divisible group X,,., over Ok with quasi-isogeny j, : X, --+ X,
such that g A is the image of the following map

T(Xug)i = V(X <Jl V(X.)j <1 AL (7.4.3)

Indeed, for n so that p" A C gA, gA/p" A corresponds to the geometric generic
fibre of some finite flat &k -subgroup & of X,[p"]. We set X,,, :== X, /® and

Jo i Xu Do Xy > X, /6 =: X, (7.4.4)

Then the pair (X,.,, J,) satisfies the desired property (7.4.3). Now we obtain the
following K -valued point of RZ%®:

(Xugr Jo7, 0 1) € Homy (Spf Ok, R2x) = RZYE(K). (7.4.5)

LEMMA 7.4.6. In the above setting, let us write (X, t) := (X,,t) and (X', ') :=
(Xugs JoF, © 0); ¢f (7.4.5). Then (X', (") corresponds to a Spf Oy -point of RZ¢.

Proof. By construction, we have étale Tate tensors (7, ) C T(X)® and an
isomorphism A > T (X'); matching (7, o) and (s,). Let S be the p-adically
completed PD hull of some surjection W[u] — O%. Then by Kisin theory, one
associate (#/,(S)) C D(X")(S)® from (1,.&) such that its pointwise stabilizer is
isomorphic to Gy; indeed, (7,(S)) can be constructed using Theorems 1.2.1 and
1.4.2 in [32], and the assertion on the pointwise stabilizer follows from [32,
Proposition 1.3.4].

By compatibility between Kisin modules and Dgr (V (X')) = Dgr(V (X)) [32,
Theorem 1.2.1(1)], the isomorphism }D)(X’)(ﬁK)[ﬁ] > ]D(X)(ﬁK)[i] induced
by j, sends the tensor (,(O)) to (t,(Ok)), where t,(O%) is the image of 7/ (S).
This shows that the Hodge filtration Fily C D(X')(O%) is a {}-filtration (via
valuative criterion and Lemma 2.2.8). Therefore, by compatibility between Kisin
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modules and Dgis(V(X')) = Dgis(V (X)), it follows that x; = (X% ,LEF ) €
P P

RZG,;,(F],). Finally, [32, Proposition 1.5.8] shows that the map Spf Oy — (RZX)Q,
defined by (X', ¢'), factors through (RZ¢ )5 O

Now we can lift (X, J, 7, 0 1) € RZ?gg(K) to RZ?';;Kg (K) by adding the level
structure corresponding to the right g~'Kg-coset of the isomorphism:

A= gA —— T(Xup)i (7.4.7)
g (7.4.3)

By construction, the associated right g~'Kg-coset is Gal(K /K)-stable, so we
obtain a map [g] : RZ§ ,(K) — RZ%T,I,K‘?(K). If g € G(Z,) then this action clearly
recovers the natural ‘Galois action’ of the covering.

The construction (7.4.5) and (7.4.7) can be generalized to X’-valued points in a
functorial way for topologically finite-type Ky-analytic space (or adic space) X .
Then the p-divisible group X, is defined over some formal model X of X. By
replacing X with some admissible blow up if necessary, we can find a finite flat
group scheme & of X, whose rigid analytic generic fibre gives the local system
corresponding to gA/p" A; cf. [6]. Now by rigid analytic Yoneda lemma [15,
Lemma 7.1.5], we obtain a morphism [g] : RZ, , — Rzy®, which factors through
Rzg%b by considering the image of classical points (cf. Lemma 7.4.6). And by
considering the suitable generalization of (7.4.7), we obtain a map [g] : RZ§; , —
R7S Ke

Gb -

Assume furthermore that g’ 'Kg’ C G(Z,) for some g’ € G(Q,). (This can
be arranged by shrinking K further if necessary.) Then we can show that the map
g']: RZG, — RZ%?,;Kg/ is equal to the composition

lg] ~1gg [g'g7 1] I—1gg!
K 4 8 8 8
RZg, — RZg,  —— RZgy, -

—1
By setting g’ = id € G(Q,), we see that [g] : RZE, , — RZ§, ,** is an isomorphism.
Now the following proposition is immediate from the construction:

PROPOSITION 7.4.8. The assignment g > ([g] : RZg, — RZ%T;Kg) defines a
right G(Q,)-action on the tower {RZE‘b} extending the Galois action of G(Z,,),
which commutes with the natural J,(Q,)-action and the Weil descent datum
over E.

This shows that on the ‘¢-adic’ cohomology of the tower {RZ, ,}, we have a
natural action of Wi x J,(Q,) x G(Q)).
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7.5. Period morphisms. Set &5, := D(X¢ 5)rz,, Which is a vector bundle on
RZ¢.» equipped with a filtration F 1 l;G ,- From the universal Tate tensors 7, : 1 —
&S, we get morphisms of rigid analytic F-isocrystals 72 : 1 — (£5%)®. Note
that the (universal) quasi-isogeny treq : (X)(rzg ) ~=* (X6,6) R26.4)q 1DAUCES an
isomorphism of vector bundles on RZ;,

EE SO . A
G,b Rzg%b ®Zp

which matches (t;ig) with the maps (I — 1 ® s,); indeed, the rigid analytic
F-isocrystal é"’gﬁ) only depends on D((XG,b)(RZG_h)wd)[%], as explained in [15,
Section 5.3].

Let 1, denote the projective rigid analytic variety over K, obtained from

the analytification of F1,1"® (cf. Section 2.2). It follows that the Hodge

filtration (F11}_ )" C &% defines a natural map

T i RZEE, = Flg ), (7.5.1)

which we call the period map. By letting J,(Q,) act on Flg ,, via embedding
J,(Q,) C G(K,) the period map m is J,(Q,)-equivariant. In order to have
compatibility with Weil descent data, one has to modify the target of the period
map as in the case of (P)EL Rapoport-Zink spaces. To explain, the map R :
RZg, — A = Homg(X*(G)%@/®) 7) in the (P)EL case [44, Section 3.52]
can be generalized to the unramified Hodge-type case by [11, Lemma 2.2.9];
indeed, loc. cit. gives a functorial map Homy (Spf A, RZs,) — m(G) for
formally smooth formally finitely generated W-algebra A, noting that for a
maximal torus 7 C Gy the natural projection X,(7) — m(G) defines a map
71(G) — A viaevaluation. (One can explicitly describe 8 on Fp—point as follows:
it is the map that sends gG (W) € X (b) to the homomorphism [ > ord, x(g)]
where x : Gg, — G, is a homomorphism over Q, and g is any representative
of gG(W).) We then define a Weil descent datum on F1g ,, X A using the same
formula as in [44, Section 5.43]. One can show that (57, ¥) is compatible with the
Weil descent datum, generalizing the (P)EL case [44, Section 5.46].

PROPOSITION 7.5.2. The period map 7 is étale in the sense of [44, Section 5.9].

Proof of Proposition 7.5.2. The proof is almost identical to the proof of [44,
Proposition 5.15], if we use Corollary 5.5.4 in place of the Grothendieck—Messing
deformation theory.

As in the case of schemes of finite type over a field, étaleness can be checked
via infinitesimal lifting property for nilpotent thickenings supported at classical
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points by [44, Proposition 5.10]. To unwind this criterion, let A" — A be a square-
zero thickenings of local Kj-algebras which are finite-dimensional over K. Let
A° C Aand A C A’ respectively denote the subrings of power-bounded elements
[48, Definition 2.1.1]. Then we claim that the dotted arrow in the commutative
diagram below can be uniquely filled:

rig

Spa(A, A°) —— RZg,

T
3 l
b4

Spa(A’, A®) —— Flg

Let us translate this diagram in more concrete terms. Let Fi1l, C A’ ®z, A be
a {u}-filtration such that for a finite flat W-subalgebra Ry C A there exists a map
f : Spf Ry — RZg,p such that the isomorphism

A®r DO (R)) 5> A ®z, 4, (1.5.3)

takes the Hodge filtration AQ g, Fi1} to AQ,Fill, where (X, ¢) is the pull-back
of the universal object (X 5, t) by f, and ID(¢) 4 is the isomorphism induced by .
The existence of the dotted arrow means the existence of a finite flat W-subalgebra
R C A’ and amap f’': Spf R" — RZg, lifting f in some suitable sense, such
that the Hodge filtration A’ ® g Fi1}, corresponds to Fi 1!, by the isomorphism
D(t') o, where (X', ¢) is the pull-back of (X 5, t) by f'. (Note that the uniqueness
of the dotted arrow follows from the Grothendieck—Messing deformation theory.)

We choose a finite flat W-subalgebra R’ C A’, and let R C A denote the image
of R" in A. Assume that R contains R,. Note that the pull-back of the universal
quasi-isogeny induces an isomorphism

A @r D(Xg)(R) ﬁ A ®z, A, (7.5.4)

where we give the square-zero PD structure on R* — R.
By increasing R’ if necessary, we may assume that the intersection

Filp :=Fill, ND(Xg)(R')

is a {u}-filtration with respect to (z,(R’)), where (z,) is the pull-back of the
universal Tate tensors over RZg,. To see this, note that A is the preimage
of the valuation ring of the residue field of A’. Then by valuative criterion for
properness applied to the projective R’-scheme Flﬂgfﬁt"})(R,)’(’“(R,)), the A’-point

corresponding to F1 1, uniquely extends to an A”-point, which has to be defined
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over some finite R’-subalgebra R” C A’ (as A’ is the union of such R”’s). We
rename R” to be R’. Now, the existence of (X', (') lifting (X, ¢) follows from
Corollary 5.5.4. 0

REMARK 7.5.5. One defines étale maps for adic spaces to be maps locally
of finite presentation satisfying the usual infinitesimal lifting property for
formal étaleness using any affinoid (K, W)-algebras as test objects; cf. [25,
Definition 1.6.5]. By [25, Example 1.6.6(ii)] and [44, Proposition 5.10],
this definition coincides with the definition of étale morphisms given in
Proposition 7.5.2.

7.6. Infinite-level Rapoport-Zink spaces. In this section, all the rigid
analytic spaces are regarded as adic spaces in the sense of [48, Definition 2.1.5].

Since we will not directly work with the definitions of (pre)perfectoid
spaces, we refer to [48, Section 2.1] for basic definitions. Roughly speaking,
a preperfectoid space over Spa(K,, W) is an adic space over Spa(Ky, W) which
becomes a perfectoid space after base change over any perfectoid extension
(K, Ok) of (Ky, W) and take the p-adic completion’; cf. [48, Definition 2.3.9].
In particular, preperfectoid spaces may be nonreduced as explained in [48,
Remark 2.3.5].

Scholze and Weinstein [48, Theorem D] constructed a preperfectoid space RZ$
over Rzéigg, which can be viewed as the ‘infinite-level’ Rapoport—Zink space. (In
[48] RZY is denoted as M.) By definition, RZ{ parametrizes Z,-equivariant
morphism over RZ32

A — (llmXRZX[p ])(KO W)

which induces an isomorphism A > (thRZX[p N (ko) (K K™ of

Z,-modules on the fibres at each point Spa(K,K*) — Rz} Here,
(llmXsz[P”] (ko.w) 18 the generalized adic space over (Ko, W) associated
to the formal scheme hm Xrz,[p"], constructed in [48, Section 2.2].

For any open compact subgroup K" C GLgz,(A)(Z,), there exists a natural
projection Rz — RZ§ respecting the tower. It may not be known whether
RZ represents the projective limit of RZX as sheaves (or even, whether one
should expect this), since taking projective limits of adic spaces is problematic
as explained in [48, Section 2.4]. In other words, although any map Spa(A, A™)
— RZY gives rise to an isomorphism A — T (Xgy,) .4+ of lisse Z,-sheaves
on Spa(A, A™), obtained from the natural maps RZY — RZ§§ , 1t 1s not known
whether the ‘converse’ holds.
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Instead of working with a problematic notion of projective limit, Scholze
and Weinstein [48, Theorem 6.3.4] showed that a weaker notion of equivalence
RZY ~ 1(i£1RZ§ holds, where ~ is defined in [48, Definition 2.4.1]. To simplify
the description of the equivalence, note that any projection Rz — Rz has the
property that there exists an affinoid open cover {Spa(Ag, A;)} of RZ{ whose
image in RZ§ is an affinoid open cover {Spa(Ay ¢, A;,g)} for each K'. (This
follows from the cartesian square in the first paragraph of the proof of [48,
Theorem 6.3.4].) By the equivalence RZ$ ~ l(gl RZE we mean that:

e The natural map on the topological space |RZY| — 1<i£1|RZ§ | is a
homeomorphism.

e The image of lim Ay ¢ in A, is dense for each &.

Let K C G(Z,) and K'© C GLz,(A)(Z,) respectively denote the kernel of
reduction modulo p'. We define RZ{y, to be the ‘projective limit’ of RZ X .o
. ’ X
Rzg(f,),; more concretely, we let RZg’, be the closed adic subspace of RZ, cut out
by the equations defining Rz X g Rzgf;, foralli.

Note that the natural projection RzZP — RzX" restricts to RZE, —» Rzg(:;,

which factors as

o0 o ) K® k®
RZg, = Rigx XRZ§/(:> RZgp, = RZgy-

Therefore, a morphism Spa(A, A*) — Rz, gives rise to an isomorphism A >
T (XG.p)a,a+) of lisse Z,-sheaves on Spa(A, A™), which matches (s,) and (f,¢),
where X, is the universal p-divisible group over RZg 5.

PROPOSITION 7.6.1. The generalized adic space RZg, is a preperfectoid, and
we have Rz, ~ lim RZ¢ .
: < :

Proof. Since any closed subspace of a preperfectoid space is a preperfectoid space
[48, Proposition 2.3.11] it remains to show Rz, ~ lim RZ ,.
s <—K 5
On the underlying topological space we clearly have a natural homeomorphism.

|RZE,| = 1(i£1|RZIé’h|.
K

To verify the other condition, let {Spa(Ag, A;)} be an affinoid open covering
of RZ{ whose image in RZ%’“) is an affinoid open cover {Spa(A;, Al?_})}. Let
Spa(Bg, Bf) C Rzg, be the pull-back of Spa(A¢, A7), and we similarly define
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Spa(B; ¢, Blfg) - Rzg(f;. Then we have the following commutative diagram

lim A,’E E— As
s

|

limBig E— Bg,
s s

where the right vertical arrow is a quotient map and the upper horizontal arrow

has a dense image. It thus follows that the lower horizontal arrow also has a dense

image. This shows Rz, ~ lim RZg ,. O
s <—K s

REMARK 7.6.2. As remarked in the introduction of [48], it should be possible
to obtain an ‘infinite-level Rapoport-Zink space’ RZg, for (G, b) (or at least, an
adic space equivalent to RZg,) directly without going through finite levels, and
obtain an ‘explicit description’ of RZg, using the theory of vector bundles on
Fargues—Fontaine curves (in the spirit of [48, Theorem D]). Such a construction
should work for more general class of ‘local Shimura data’ (G, [b], {™'}).

8. Digression on crystalline comparison for p-divisible groups

The goal of this section is to prove Theorem 7.1.6, for which we need to recall
the basic constructions and crystalline comparison theory for p-divisible groups.
We use the notation and setting as in Section 7.1. and we additionally assume
that X = Spf R is a connected formal scheme which is formally smooth and
formally of finite type over W, §R/W is free over R, and one can take an R-
basis du; such that u; € R* for all i. The choice of R is more general than [7]
(where various natural properties of (relative) period rings are proved), but one
can rather easily deduce the properties of crystalline period rings that are relevant
for us. (The properties of B, (R) that will be used can be rather easily deduced
by the same proof as in [7]. More subtle properties which require refined almost
étaleness, such as R[i]—ﬂatness and the mr-invariance, will not be used in this
paper, although they are obtained in [29, Section 5] by slightly extending refined
almost étaleness and repeating the proof of [7].)

In this section we allow p = 2. Although all the results hold when « is a perfect
field (instead of an algebraically closed field) with little modification in the proofs,
we continue to assume that « is algebraically closed for the notational simplicity.

8.1. Crystalline period rings. Choose a separable closure E of Frac(R), and
define R to be the union of normal R-subalgebras R’ C [ such that R/[i] is finite
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étale over R[i]. Set R := 1<iLnn E/(p"). (When R is a finite extension of W, we
have R = OU%,.) We let i) denote the geometric generic point of any of Spec R[i],
Spec ﬁ[i], and Spec ﬁ[i].

Let us briefly discuss the relation between the étale fundamental group of
Spec R[i] and the algebraic fundamental group of (Spf R)"e. For any finite étale

R[%]-algebra A, let R, be the normalization of R in A. Since R is excellent, R,
is finite over R. (Note that R is a quotient of some completion of a polynomial
algebra over W by [15, Lemma 1.3.3], and such a ring is known to be excellent;
cf. [49, Theorem 9].) By construction, (Spf R4)"e is finite étale over (Spf R)", so
we obtain a functor Spec A ~~ (Spf R4)"# from finite étale covers of Spec R[%] to

finite étale covers of (Spf R)"¢. This induces a natural map of profinite groups
7 ((Spf R)™, ) — m(Spec R[1/p], X), (8.1.1)

for any geometric closed point x of Spec R[1/p], which can also be viewed as a
‘geometric point’ of (Spf R)"e.

REMARK 8.1.2. In the case we care about (such as 7' (X); for a p-divisible group
X over R), the action of [ ((Spf R)"¢, x) factors through 7{(Spec R[1/p], X).

We set . .
R = l‘l_m, R/(p),
which is a perfect ﬁ%ﬂ—algebra equipped with a natural action of 7% (Spec R[i],
. B
For any (x,)nez, € R , define

x(n) = lim (-)Zm-ﬁ—n)pm
m— 00

for any lift X,., € R of X,., € R/(p). Note that x® is well defined and
independent of the choices involved. Consider the following W -algebra map

0:W®R)—> R, Oaga..) =Y pa®. (8.1.3)
n=0

over the classical map W(ﬁ%ﬂ) —» ﬁi’. The kernel of 6 (8.1.3) is a principal ideal
generated by an explicit element p — [p’], where p” = (a,) with a, =‘p'/" mod
p’. This claim can be obtained from Lemma 8.1.4 below, since p — [p°] also

generates the kernel of W(ﬁ%o) —» ﬁ’a.
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LetO; : R Qw W(?) —» R be the R-linear extension of 6, and define Ay;s(R)
to be the p-adic completion of the PD envelop of R ®y W(ﬁi) with respect to
ker(Ag). We let Fil' Ay (R) denote the kernel of A (R) — R, which is an PD
ideal. (Note that the notation is incompatible with A.;5(R) for f-semiperfect ring
R introduced in Section 5.3. In this section, A.;(R) as in Section 5.3 will not
appear.)

By choosing a lift of Frobenius ¢ : R — R (which exists by the formal
smoothness of R), one defines a lift of Frobenius o on R ®y W(fb), which
extends to A.;s(R). The universal continuous connectiond : R — §R /w extends
(by usual divided power _calculus) to a p- adically continuous connection V :

Auis(R) = Auis(R) ®r .QR/W Finally Amb(R) has a natural yr,e‘(Spec R[ 1, n)-

action, which extends the natural action on R and fixes R.

LEMMA 8.1.4. The natural map
o~ —b o~
(R®WW(R ))®W(ﬁ% )Acris(W) - Acris(R)
0

is an isomorphism, where @ denote the p-adically completed tensor product.

Proof. We want to show that the above map is an isomorphism modulo p” for
each m. Since A;(R)/p™ is the PD envelop of (6 mod p™) over W/p™, it

suffices to show that R ®y W, (Eb) is flat over Wm(ﬁ%o) for each m by [4,

Proposition 3.21]. By local flatness criterion, it suffices to show that R’ is flat
over ﬁ%o. (Note that R is flat over W.) Since ﬁ%o is a valuation ring (of rank 1),

b . . . —b b
ﬁ? -flatness is equivalent to torsion-freeness, but clearly R has no nonzero ﬁ? -
0 0
torsion. 0]

Lemma 8.1.4 allows us to deduce explicit descriptions of A.;(R) from
Acis (W), which is well known; cf. [21, Section 5].

Since Ais(R) is an Agi(W)-algebra, the element ¢ € A (W), which is
‘Fontaine’s p-adic analogue of 2wi’, can be viewed as an element of A.;(R).
We define

B (R) i= Acis(R)[51,  Beis(R) := BE (R[] = Auis(R)[1.

The Frobenius endomorphism o and the connection V extends to B, (R) and

Beis(R). For any r € Z, we define the filtration Fi1” B (R) (for r > 0) to be the

Cri1s
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ideal generated by the rth divided power ideal of A;(R), and set

Fil" By (R) 1= Z tT'Fi17 BY. (R).

Cr18

iz—r
LEMMA 8.1.5. We have

Zp = Acris(R)U:hv:O;
@p = (FilOBcris(R))UZI;vzo'

Idea of the proof. One may repeat the proof of [7, Corollaire 6.2.19]. Indeed, the
main ingredient of the proof is an explicit description of A;(R) in terms of ‘¢-
adic expansions’ [7, Proposition 6.2.13], which can be deduced, via Lemma 8.1.4,
from the classical result on A.;(W) in [21, Section 5.2.7]. O

8.2. Crystalline comparison for p-divisible groups. Now, let X be a p-
divisible group over R, and let 7 : R — IE denote the geometric generic point,
where [ is the separable closure of Frac R that contains R. We can consider
T(X) as a lisse Z,-sheaf on either Spec R[%] or (Spf R)"¢. (This will not lead
to any serious confusion as observed in Remark 8.1.2.)
Then we have
T(X); = Homz(Q,/Z,, X=%), (8.2.1)

which defines a natural map
px + T(X)7 — Hom(D(X%) (Acris(R)), Acris(R)) (8.2.2)

by sending f € T(X); to the pull-back morphism f* : D(X3) — 1 =
D(Q,/Z,) evaluated at A.;(R). First, note that ID(X)(Aci(R)) is naturally
isomorphic to A.;5(R) ® g D(X)(R), and this identification respects the Frobenius
endomorphism and the connections. So for any f € T(X); the morphism
px(f) : D(X)(R) — Auis(R) respects both the Frobenius action F and the
connections V, and py(f) maps the Hodge filtration Fil ; C D(X)(R) into
Fil'Agi(R). Furthermore, py is equivariant under the natural nlé‘(Spec R[%],
n)-action.

To summarize, the following map can be obtained by B (R)-linearly
extending py and dualizing it:

Beis(R) @r D(X)(R) = Bais(R) Qq, V(X);. (8.2.3)
Furthermore, this map respects the naturally defined Frobenius actions,

connections, filtrations, and nlét(Spec R[i], n)-action. (Here, we declare that
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V(X )’}; is horizontal, is fixed by the Frobenius action, and lies in the Oth filtration,
and D(X)(R) carries the trivial & (Spec R[%], n)-action.)

Letx : R — Ok be amap where O is a complete discrete valuation W-algebra
with residue Aﬁeld «, and choose a ‘geometric point’ X : R — O < 0. We can

extend ¥ to R — O, also denoted by *.

We can repeat the construction of (8.2.3) for the p-divisible group X, over
O, although O is not necessarily formally smooth over W (that is, absolutely
unramified). Recall that we have a natural isomorphism of isocrystals ID(X x)[%] =

D((X+.) 6/p)[5] induced by

@’K/ll

D(X,) = D(X;, ﬁ[(/p) «—— D" (Xx,06/p))

= D((Gr*xx,K)ﬁK/p) —K> D((Xx,;()ﬁ[(/p)’

lifting the identity map on D(X K)[ L] where r is chosen so that the maximal ideal
of Ox/p is killed by p"th power, and Frob/, o)y and Frob, respectively denote
the rth iterated relative Frobenius morphisms for X, ¢,,, and X, ,. With this
choice of r, we have 6" (X, g,,,) = (06" X, ) 6,/p- The resulting isomorphism
D(Xx)[%] = ]D)((Xxy,()m/p)[%] is independent of the choice of r.

From this we get a natural isomorphism:

D(X) (Acis(WDI1Z BEL (W) @y DX, ) (W). (8.2.4)
We also have a natural Gal(f/ K)-isomorphism
T(X.): = Homz(Q,/Z,, Xz). (8.2.5)
Now, by repeating the construction of the map (8.2.3) we obtain
Buis(W) @w D(X,, )(W) = Bais(W) ®q, V(X.)3, (8.2.6)

whicgrespects the naturally defined Frobenius action, connection, filtration, and
Gal(K /K )-action.

THEOREM 8.2.7. The maps (8.2.3) and (8.2.6) are isomorphisms.

More general version of this theorem is proved in [29, Theorem 5.3].

Idea of the proof. By Theorem 7 in [19, Section 6], it follows that (8.2.6) is an
isomorphism. To prove that (8.2.3) is an isomorphism, we repeat the proof of [19,
Theorem 7] to show that the following map

Acis(R) @r D(X)(R) = Acis(R) ®qg, V(X);,
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induced by py (8.2.2), is injective with cokernel killed by 7. One first handles
the case when X = p,~ either by considering the PD completion of As(R)
as originally done by Faltings or by some explicit computation with the Artin—
Hasse exponential map as in [48, Section 4.2]. (See the footnote in the proof of
[29, Theorem 6.3] for slightly more details.) Now one deduces the general case
from this by some Cartier duality argument, as explained in [19, Section 6]. [J

Let us now show that the (relative) crystalline comparison isomorphism (8.2.3)
interpolates the crystalline comparison isomorphisms at classical points (8.2.6).

For x as before, we set x : R S0 K > ﬁ?, and choose an extension ¥ : R — K.
(Indeed, we can lift the geometric point R [%] — K to ﬁ[%] — K,and R maps
to O%. We then take the p-adic completion.)

By (8.2.1) and (8.2.5), we get an isomorphism

T(X); — T(X)z = T(X,)s, (8.2.8)

sending Q,/Z, — Xz to its fibre at x : R— O=.

Note that x induces a map x” : Eb — ﬁ%. Choose x; : R — W such that x; and
x induce the same «-point of R (which is possible as R is formally smooth over
W). Then the map xo ® W(x°) : R ®w WER) — W(ﬁ%) extends to A (R) —
Ais (W), respecting all the extra structure possibly except o; indeed, xo : R —> W
may not respect o.

LEMMA 8.2.9. The following diagram commutes

Beis(R) @r D(X)(R) W B.is(R) ®q, V(X)]

l =

Bcris(W) ®W D(XXK)(W) @T”())> Bcris(W) ®Q,, V(X);,

where the left vertical arrow is induced from

BE (W) ®aury D(X) (Acris(R))
= D(X,) (Aais(W)[1/p] = BE (W) @y D(X, ) (W).

Here, the second isomorphism is (8.2.4).

Proof. Clear from the construction. O
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We extend the isomorphism (8.2.3) to the following isomorphism:

Beis(R) @ D(X)(R)® = Buis(R) ®g, (V(X)5)® = Buis(R) ®q, V(X)Z,
(8.2.10)
respecting all the extra structures. Now, givenz : 1 — ID(X)® as in Theorem 7.1.6,
the element

t(Acris(R)) =1 & t(R) € Acris(R) ®R ]D)(X)(R)® C Bcris(R) ®R ]D)(X)(R)®

is fixed by the Frobenius and Jrlé‘(Spec R[%], n)-action, is killed by the connection,
and lies in the Oth filtration. By the isomorphism (8.2.10) and Lemma 8.1.5, the
above element 1 ® f(R) corresponds to an element #5; € V(X )? fixed by the
7 (Spec R[%], n)-action. Therefore, by the usual dictionary there exists a unique
map of lisse Q,-sheaves

ta:1— V(X)® (8.2.11)

such that it induces the map 1 — 4 on the fibre at 7. By Lemma 8.2.9, ¢ ;
interpolates the étale Tate tensors associated to the fibre of ¢ at classical points.

It remains to show that 7 is ‘integral’; that is, we have #; : 1 — T(X)®. For
this, it suffices to show that s ; € T(X)? for some geometric point x (since R is
assumed to be a domain). By formal smoothness, we may choose x that lies over
x : R — W. In the next section, we verify the integrality claim using the theory of
Kisin modules. (The integral refinement of (8.2.10) a la Fontaine—Laffaille does
not work in general unless 7 factors through a factor of D(X,)® with the gradings
concentrated in [a,a + p — 2].)

8.3. Review of Kisin theory. For simplicity, we assume that Ox = W. (The
rest of the discussion can be modified for O that are finitely ramified.) We follow
the treatment of Sections 1.2 and 1.41in [32]. Let G := W[[«]] and defineo : & —
G by extending the Witt vectors Frobenius by o (u) = u?”.

DEFINITION 8.3.1. By Kisin module we mean a finitely generated free G-module
I equipped with a o -linear map ¢ : 9T — sm[ﬁ] whose linearization induces
an isomorphism 1 ® ¢ : o*fm[piu] — im[ﬁ].

For i € Z we define Fili(a*mt[i]) =1¢) ' ((p— u)im?[i]). There is a
good notion of subquotients, direct sums, ®-products, and duals.

We choose p° € ﬁ%o and define & — W(ﬁ%o)(c Ais(W)) by sending u to
[p’]. The following can be extracted from the main results of [31]:
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THEOREM 8.3.2. There exists a covariant rank-preserving fully faithful exact
functor M : L +— IMM(L) from the category of Gal(K o/ Ko)-stable Z,-lattices of
some crystalline representations to the category of Kisin modules, respecting -
products and duals. Furthermore, the functor I satisfies the following additional
properties:

(1) We have natural Gal(K / Ko)-equivariant isomorphisms
L = Fi1°(Byis (W) @ ML) /uIM(L))" ™
= Fi19(Beis (W) @56 M(L))" ™,
which identifies Dcris(L[%]) = o*(im(L)/uim(L))[i].
(2) We have a natural filtered isomorphism
Dar(L[1/p]) = (™ ML)/ (u — p),
where on the target we take the image filtration 0fFil°(o*Sm(L)[%]).

(3) For two Z,-lattice crystalline Gal(K, / Ko)-representations L and L', let § :
M(L) — M(L') be an g-equivariant map. Then there exists at most one
Gal(K o/ Ko)-equivariant map f : L — L' with M(f) = f, and such f exists
if and only if the map

Bcris(W) ®U,G 9)/t(IJ) ﬁ Bcris(W) ®6,6 9"'TZ(IJ/)

is Gal(fo/ Ky)-equivariant, in which case f [%] is obtained from the ¢-

invariance of the Oth filtration part of the isomorphism above.

Proof. The theorem can be read off from the statement and proof of [31,
Propositions 2.1.5, 2.1.12]. O

We continue to assume that Ox = W, so we have Dcris(L[%]) = DdR(L[i]) as
K-modules. We clearly have that 9(1) = (&, o) (where 1 denotes Z, equipped
with the trivial Gal(K, / Ky)-action). If there is no risk of confusion, we let 1 also
denote the Kisin module (G, o).

COROLLARY 8.3.3. For 9 := IM(L), the isomorphisms in Theorem 8.3.2(1)
induce

L[1/p]S&o/K0 = (1 /p]*=" = Fi1°Dyr(L[1/p]) N Deis(L[1/p])*=",
which restrict to

LONKD = (o* )= = F11°Dar(LI1/p]) N (W ®5e M)*~.
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Proof. The first isomorphism is obtained by taking Gal(K,/K,)-invariance
of the isomorphisms in Theorem 8.3.2(1). Indeed, we have ((f*im[%])‘ﬂ=1 C
Filo(a*i)ﬁ[%]) by definition of Filo(o*fm[i]).

Let us show the last integrality assertion. Note that we have 1 ® ¢ :
(o*9M)#=! = M#='. Now Theorem 8.3.2(3) gives the following isomorphism

LONE/K) = Homgy gk, (1 L) — Home , (1, M(L)) = M=,

sending f : 1 — L to M(f) : 1 — M, which is compatible with the isomorphism
L[i]Gal(KO/KO) = o*M[1/p]*="! 1;) Sﬁ[ﬁ]‘pzl that was just proved.
®¢

It remains to show that the mod u reduction (o*9M)¢*=! — Fi1°Dg(L[1 /phHN
(W ®,.¢ M)¥=" is an isomorphism. Since the map becomes an isomorphism after
inverting p, it suffices to show that given m € FilODdR(L[l/p])ﬂ(W®g,6 M) #=!
its lift m € (o*im)‘”:'[%] lies in (o *9M)¥=".

Note that the natural inclusion LGXo/K0) 5 [ corresponds to the following
injective map of Kisin modules

& ®g, LUK 2 & @, M= <— 6 @, ("M > o™M,
®¢p

and its cokernel is p-torsion free. Therefore for m € (o *9N)¢~! [i], we have m €

(o*9M)¢=1 if and only if its mod u reduction lies in W ®,. & 90; that is, any m €
Fil°Der(L[1/p]) N (W ®,.e M)?=! can be lifted to i € (o*M)*=". O

THEOREM 8.3.4. For any p-divisible group Y over W, the isomorphism
D (V(Y)*) = ]D)(Y)(W)[%] restricts to an isomorphism of F-crystals

W Qo6 M(T (Y)") = DY) (W).

If we invert p, then the Hodge filtration on the right hand side induces the image
filtration 0fFil°0*im(T(Y)*)[i] on the left hand side.

Proof. If p > 2 or XY is connected, then this is a result of Kisin (cf.
[32, Theorem 1.4.2]. The remaining case when p = 2 follows from [28,
Proposition 4.2(1)]. O

Proof of Theorem 7.1.6. Let us first show Theorem 7.1.6 when X is a p-divisible
group over R, where R is as in the beginning of Section 8. For ¢ : 1 — ID(X)® as
in Theorem 7.1.6, let z5 : 1 — V(X)® denote its étale realization as constructed
in (8.2.11). We choose x : R — W and a ‘geometric point’ x supported at x. Set
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M, = MT (X,)}) and M, := D(X,)(W). By Theorem 8.3.4 we have a natural
F-equivariant isomorphism

W ®U,G mx = Mx- (835)

Letts ; € (Dﬁf’[%])*”:l be the tensor corresponding to 75, € (V (X)2)CKo/K0) py
Corollary 8.3.3.

We want to show that 7 is integral, for which it suffices to show that s ; €
(fmff)“’=1 by Corollary 8.3.3. Recall that # ; is constructed so that it corresponds
to the morphism #, : 1 — ID(X,)® by the crystalline comparison isomorphism.
It now follows from Theorem 8.3.2(1) and (8.3.5) that the following natural
isomorphism

Ko ®q 011/ gmff[%] = M?[i]( = Dcris(V(X);f)®)

matches 1 ® ts; with t,(W). But since £, (W) € Fi1°M?® (not just in M®),
we obtain fs; € (Dﬁ;‘f’)“’=1 from Corollary 8.3.3 and (8.3.5). This shows
Theorem 7.1.6 when X = Spf R.

To prove Theorem 7.1.6 in general, note that X admits a Zariski open covering
{4l¢} where each il = Spf R; satisfies the assumption as in the beginning of
Section 8. We have just proved that there exists a morphism #4| e ! 1— T(Xy,)®

for each £ that satisfies the condition in the theorem, and these morphisms should
coincide at each overlap by uniqueness. So the locally defined tensors {f| ugg}

glue to give a tensor 5 on X', which concludes the proof. 0
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