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AN APPLICATION OF JACOBI TYPE
POLYNOMIALS TO IRRATIONALITY MEASURES

ARI HEIMONEN, TAPANI MATALA-AHO AND KEIIO VAANANEN
The paper provides irrationality measures for certain values of binomial functions

and definite integrals of some rational functions. The results are obtained using
Jacobi type polynomials and divisibility considerations of their coefficients.

1. INTRODUCTION

In the previous work [13] we considered the irrationality measures of the values of
the Gauss hypergeometric series

(1) P = (]

) Z (b)n -

where b,c # 0,—1,—2,... are rational parameters, and (b), = 1, (4), = b(b+1)
...(b+n—-1), n=1,2,.... The general result of the work [13] was sharpened in the
case of the logarithmic function by using the divisibility properties of the coefficients of
the approximation polynomials. This idea was first realised for the binomial function
by Chudnovsky [5], and then for the logarithmic function by Rukhadze [15], see also
Dubitskas (7] and Hata [10]. In this paper we apply the results of [13], especially the
general divisibility criterion, to the case b = 1/k, ¢ = 1+ 1/k (k > 2) and to the
binomial case b = 1/k, ¢ =1 (k > 3) in order to get sharper irrationality measures
both in the archimedean and p-adic case. For example in the first case we achieve
generalisations of the theorems of Chudnovsky [4], Danilov [6], Dubitskas 7], Hata
[10, 11] and Huttner [14]. In the binomial case we obtain the archimedean results of
Chudnovsky [5] (see also Easton [8]), which considerably improve the work of Baker
(2], and p-adic analogues improving the work of Bundschuh [3].
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2. NOTATION AND RESULTS

We shall denote by Q, the v-adic completion of Q, where v € {oo, primes p}, in
particular Qo = R. For an irrational number 8 € Q,, by an irrationality measure
my(0) of 6 we mean the infimum of all m satisfying the following condition: for any
€ > 0 there exists an Hy = Hy(e) such that

P
0——=| >H ™ *
-2

for all rationals P/Q satisfying H = max{|P|,|Q|} > Ho. In the following we denote
Moo (8) = m(6). All our measures are effective in the sense that Hy can be effectively
determined.

In our first case we have b =1/k, ¢c=1+ 1/k, where k > 2 is a natural number.

For a given rational /s, (r,8) = 1, we denote the denominators of (s —r)/k and
(8 —7) / (k II p) by k* and k™*, respectively. Further, with a given rational § > 1 we

pik
define
_ B
A(B,z) = min ((p + 12)(p + |2| — sgn2) ) (2<00rz21),
0<p<|z|+§(1—sgn 2) P
Y.
S(8,z) = max L Cnl) SRR

o<t 1 — 2t

. k* A k** B Ak .
w1(B) = kpx min (7) (k_,;) PAR)-o(B k)

QB =wr(B)IrP 4(8,2), R(B,k)=wn(B)Ir 575 (,0),

where

h
1
Bh = le/(}’—l), A(h) = _hT Z = (hez?)
plh $(h) = ¢
(%,A)=1
and o(8,k) is given in the formula (19). Then the following theorem holds.

THEOREM 1. Let r/s € (—1,1) be a rational number satisfying (r,8) = 1. Then

1
m(n (0 < U -agn)
where infg means that for a given r/s the infimum is taken over all rationals § > 1
satisfying R(B,k) < 1.
We note that the choice # =1 implies
m (zpl ( L, & _)> <1 20 (Vo + VE=T) + M) +Inmin{k s, k)
1+ 2In |/ — /s —r| + A(k) + In min{k*p1, k**}

L]
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for all rationals r/s € (—1,1) satisfying

min{k*px, k**}e*® (Vs— Vs — r)z <1.

This is a sharpening of Huttner’s Theorem [14]. In Hata [11] some improvements of

Huttner’s results were obtained under the assumption r = 1 = s{mod k [] p) , which
plk
implies k** = 1. Further, we note that the numbers in Theorem 1 are definite integrals

of the form
l/” dt
z J, 1Ltk

and the transcendence of this kind of numbers was considered by van der Poorten [16]
using Baker’s results on linear forms of logarithms.

Some numerical examples are given in the table of the following page.

Some of the numbers given explicitly in the table have been considered in Hata
[10, 11], where the bounds are the same as we have (compere also with Huttner [14]).
Recently Hata has achieved an improvement m(m/ \/§) < 4.601579... in the work [12],
where he also reached a remarkable result m(w) < 8.0161. Further, we note that the
table contains some examples where the value 8 =1 does not give any measure.

Our p-adic result is

THEOREM 1p. Let p fk be a prime and let us assume |r/s|, <1.
(1) Ifr/s >1 is a rational number satisfying

min{k*pg, k**}e ®)r |r|:, <1,

then

1,1
m,, 2F1 1+l
E

(2) K r/s <1 is arational number satisfying

Z) < 2ln|'r|p
s)) = 2ln|r|P+1nr+z\(k)+lnmin{k*pk,k“}'

min{k* s, k*}eX® (V5 + Vo =7)’ [rl2 < 1,

then

1,1
myp 2F1 l+l
k

1)) < 2In|r|,
8)) " 2lnr|, +2In|v3 + s — 7| + A(k) + In min{k*ps, k**}’
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L]k number B | upper bound B=

-1 12 = 2 | 5.0874... | 83099...

-2 | 2 £ 91.719... -

-1 12 V7arctan 7= 4 | 4.0298... | 4.8569...
L] V5 log 35 8| 31346... | 3.2571...
L2 V2log 2211 T ] 41.032... | 493.12...
1 [ 2 V5 log YEL 2| 44937... | 6.5082...

-2 13 11 84.960... -

-1 13 £ | 11531... | 21.327...

-1 13 log3 + - 2| 4558... | 5.5280...

- | 3 11 67886 ... | 7.8411...
113 £ | 92848... | 14.242...
K £ | 30435... -

-1 14 4| 66372... | 9.2718...

-2 |4 3P| 94453... -

—L | 4 8§ | 12.086... | 16.347...

—2& | 4| log% +2arctan$ 281 13.164... | 13.764 ...
& | 4 log 2 + arctan 3 2| 36073... | 3.7160...
3| 4| vV3(log(2+v3)+3)| § | 6.1382... [ 8.2100...

-1 15 $ | 33251... -

-1 |5 5 | 85809... | 11.538...

—L |5 $ | 42604... | 4.6295...
L5 2| 49971... | 5.3453...
L5 £ | 7.8909... | 10.230...

- | 6 7 | 6.5200... | 7.3106...
=~ |6 B 1 16211... | 18508...

https://doi.org/10.1017/5S0004972700013691 Published online by Cambridge University Press

(4]


https://doi.org/10.1017/S0004972700013691

(5] Irrationality measures 229

Our second case considers the binomial function. Let b=1/k, ¢ =1, where k > 3
is again a natural number, and for a given r € Z let us denote the denominators of r/k

and r / (k II p) by k. and k.., respectively. Further, let

¢() > (vw-u(3)),

k/2<q<k
(g.k)=1

(k) =

where ¥ is the digamma function, see [9].

THEOREM 2. Ifr/s € (—1,1) satisfles

min{k*y'k1k#*}e_r(k) (\/;— Vs — 1')2 < 1’
then
<(1 ,_.) —l/k) <1 2In (v/3+ /5 — 7) — 7(k) + ln min{k, g, ksx }
m s = 21n|\/_—\/3—r|—T(k)+lnmin{lc,p,k,k"}'

For example we have m (\/—) 2.4297... and m (\3/6_5) < 2.3205..., which are
among the examples given by Chudnovsky [5, p.377]. In addition we obtain m (\4/5) <
2.7473..., r/s = 1/81, m(V17) < 5.0311..., r/s = 11/37, and m(V127) <
2.70468..., r/s =1/27, where the underlined bounds are better than Thue’s bound.

In the p-adic case we have an improvement of the work of Bundschuh [3].

THEOREM 2p. Let p [k be a prime and let us assume |r/s|, <1
(1) Kfr/s>1 and

min{k, i, kys Je~ 7 Fr lrlz <1,
then

~1/k < 2In |r|
My ( _;) = 21n|r|P+lnr——'r(k)+1nmin{k.p.k,k"}'
Especially we have

-1k 2llnp
""’((1 P) )gllnp+'r(k)—lnkm.

for all p* > k;u,e_"(").
(2) Ifr/s<1 and

min{k.p, ke e ™ (Vo + Ve 1) Ir2 < 1,

then

r 1/k 2ln|r|
m(0-9™) < Vot
|, +2In V& + s —7| — 7(k) + In min{k.p, ks }
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For example

3 r 128 3 r 32
< 2. ceey — = —— <2 ceey T = S5
ms (\/5)\24597 e ma (\/5) 2.7088..., = = =
. r 3-128 . r 3.25
< 2. ey — = ————— < 2. ey = = ——
mz( 41)\24597 Vo= o ms( 11)\27845 e
8'34 .3
ms(v4—23,<3.1125..., £=?—, ms (\4/6)€3.2746., §='2—4Qi'<1,
\‘/—- r 35 \4/—' r 254
Tns( 13)<3.1717”";=2_8<1’ m5( 46)<2_m-__;7 ;= 64 <1,
28 3.45
my (V18) <26809..., T=%,  mo (¥53) <3am6..., =<1

3. PADE TYPE APPROXIMATIONS

Throughout this paper we shall assume that ¢ > & > 0, b = a/f, ¢ = g/h,
where a, f,g,h are natural numbers such that (a,f) = (g9,h) = 1. Let us denote
B=b-1=E/F,C=c-b-1=G/H with E,G€Z,F,HE€N, (E,F)=(G,H)=1.
Further, let I,m and n denote positive integer parameters satisfying ! € min{m,n}.

By using the Jacobi type polynomial

(2) Al mn(z) = _ 1 1/4d : (zn+B(1 _ z)m+C)
fim,n 2B(1—2)° 1 \dz
and the integral representation

3) F(z) = /0 1“’_(‘2tdt, w(t)=-r(_£%w5tﬂ(1—t)° (12 < 1)

we obtained in [13] the approximation formula

(4) Rimn(2) = Qumn(2)F(2) = Pimn(2),
where

' Aimn(1/2) = Atmoa(t)
_. ant+m=—I-1 l,m,n l,mmnit .
Pl,m,n(z) =2z ‘/; l/z —1 ""(t) dt’

1
- Al m n(t)w(t)
_ nitm-l \ T,
R A
— (_1)‘Zn+m(b)n(c—b)m F i1+1 s n+b
2 n+m+c

(c)n+m
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In the following we suppose that ! = n, m = [fn], where 8 > 1 is a rational
number, and we use the notation

Pn(z) = Pl,m,n(z)v Qﬂ(‘z) = Ql,m,n(z), Rﬂ(z) Rl,m,n(z)

Further, let § = §(v) be 1,if v = 00, and 0, if v is finite. By ¢;,¢3,... we shall denote
positive constants independent of n. We now have the following lemma.

LEMMA 1.
(i) If |z|, <1 and in the finite case v [ fh, then we have

|Ra(2)l, < exn? = ([2[5* 5(8,2)")"

for all n 2 c,. In the archimedean case the bound on the right-hand side

of this inequality is an asymptotic for |Rn(z)| (n — ), and the bound
holds at z = -1, too.

() If z € [-1,1) and S(B,2) < A(B,1/2)/ ||, then
mas{Qn() Pa(o)} < e (14 (8.2))
(ii) If ¢ = max{B,C} > —1/2, =1 and z > 1, then
max{Qn(:)], 1Pa(2)]} < cxn®*? el".
(iv) Iff=1and 2 < —1, then

max{[Qa(), Pa)} < s (114 (1.1))

Further, all these bounds (i)-(iv) with the value 8 = 1 are true, if P,(z), Qn(2)
and R,(z) are replaced by
Po(2) = Pannti(2), @nl(2) = Quania(z),  Ba(2) = Bannia(z),
respectively.

PrOOF: Our lemma follows immediately from Lemmas 1 and 3 of [13]. We only
need to note that the the polynomial A, nn4+1(z) with parameters B and C equals
the polynomial zA4, , n(z) with parameters 14 B and C. 0

LEMMA 2. If8 =1, then
oy Bl =By (~n =Y 4
=00 ()™

Qn(z)  Pu(2)
Qn+1(z) Pn+1(z)

A@n(l) Aﬁn(Z) _ (_l)n (b)n+1(c - b)n ('—n —c— 1) z2n+1

Qn+1(z) Pﬂ-i-l(z) (c)2n+1 n+1

The first equality is proved in [13, Lemma 6], and the other can be proved similarly.

https://doi.org/10.1017/5S0004972700013691 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700013691

232 A. Heimonen, T. Matala-aho and K. Vaininen (8]

4. ON THE ARITHMETIC PROPERTIES OF THE COEFFICIENTS OF P,, AND @,

From the definition of P, and @, it follows that (see [13])

Qn(z) =3 (~1)"aj(1 - 2",

o (2= 1VTT (O 4. (C )
Pulz) = -2 Z K =o( z ) cfe+1)...(c+i-1)’

1=m-—-n 3

where
n+B\/m+C imtn m—i m—j+1
© “"=( i )(n—j)’ 9= & (e (T

Let us consider our first case, when B = 1/k—1, C = 0. Asin the proof of Lemma
4 in {13] we have

1
6 a; € ——=7Z ) =0,...,n),
( ) 2 k’ﬂk(]) (.7 ’ )
1 .
(7 cj € kj'"""”,u.k(j—m-}-n)z (j =m-—n,...,m),
k%! Eur(i
(8) : e Krli)y

A+k)...0+ik) = di(k)

where we have used the notation

ue(i) = [[p?®,  di(k) =lcm{1 +k,...,1+ik}.
plk

(As usual, if » € Q, r # 0, then vp(r) is defined by r = p"?(WR/S, where (R, S) =
(R,p) = (S,p) = 1.) Thus the terms in the sum presenting P,(r/s) are of the form

() e € e )
i\~ (L+k)...(L+ik) ~ (r—s)(rk) *pa(G — m +n)di(k)

where we used (8) to obtain the last expression. Since

vp((m — n)!) + vp((5 — m +n)!) — vp(i!) — vp((7 —%)")

< = (5= - ) < )

r<[B3]

https://doi.org/10.1017/5S0004972700013691 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700013691

[9] Irrationality measures 233

it follows that the above expression belongs to

E™ " up(m —n) r—s\’""
(r — 8)yri— = dy(k)pe( — ) [1, PO ( k ) z

)

where C(n) =2 Further, by (6), the terms in the sum giving Qn(r/s) satisfy

w72 ment c k™ pp(m — n)(r — 8)™ " z
7 s sm—n+jkm—n+jpk(m -n+4 j)

These considerations imply
LEMMA 3. Supposethat B=1/k—-1, C=0. If

(r — 8)s™ dm (k) [T °™

Qs = e o min (k)" a(m), (6°)"}

then
01@n (2), Busa (2 €.

Next we consider our second case, where B = (1 — k)/k, C = —1/k. By the Gauss
summation formula (see [9, p.104])

.F (a ’c_")l) = (c(:)z)" (c#0,-1,...)

it follows that
z) = z": (n+ %) (n- %)(1 —z)y = i (n+ %) (2n ])(—Z)J
2.\ )\n-; 2.\
J_ ]—
Thus 1
~ /T
@n (;) € s"k"m,(n)z'
This result can be improved in many cases. Namely, @n(r/ 8) is the sum of the terms

(2n J)(1+(n 1+1)k) .(1 + nk) (_;_1‘)’

belonging to
1 r\7
87 pi(5) (E) z
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Since F(z) = (1 — z)_l/k it follows that ﬁ,,(z) = AQ}(z) where X is a constant
and @;, is obtained from Qn by replacing 1/k by —1/k. Further

[@n(2)F(2)]_ = Pula)

(f f(2) = Y fi#*, then [f(2)]n = 3. f;2?) and Qn(0) = Q%(0), and therefore A =1.
j=0 j=0
These results give us the following

LEMMA 4. If
Q2 = s" min {k]pr(n), k. },

then
0n20n (5), QaPa(C) ez
s s

In many cases the coefficients a; of the polynomial @Q,(2) have common factors.
We follow Chudnovsky’s [5] ideas to cancel them out. Recently his ideas were used
successfuﬂy by Rukhadze [15] and Hata [10, 11, 12}, and in [13] we gave a further
approach to apply these ideas. Our main tool is the following lemma from [13] giving
a criterion for primes p > cgy/n dividing the numbers (5).

We use for a rational number 7 the notation p|r or r=0 (mod p), if v,(r) >
1. Further, if v,(r) > 0, then there exists a unique 7 € {0,1,...,p—1} satisfying 7 = r
(mod p).

LEMMAa 5. (Divisibility criterion for the coefficients of Q,) Let P(l,m,n)
denote the set of all primes satisfying p |FH,

p? > max {t, m@x{IE+(n—j)FI,IG+(m—J')HI}},
o<t

(9) n+B+m+C+1<l

( 11 p)](ntBX";LC) (=0,1,...,0).

PEP(l,m,n)

Then

Now we apply this criterion to our cases 1 and 2.
Case1: Let k€ N, £ >2, B=1/k~1, C =0. The inequality (9) has now the
form (I =n)

—k
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Hn+(1-k)k=n+(1-k)/k(<p), then (10) cannot hold. Thus we must have

are valid.

We consider the primes p satisfying p > ¢74/n, p = ¢' (mod k) with some ¢' €
{1,...,k =1}, (¢',k) = 1. There then exists a unique q € {1,...,k — 1}, (¢,k) =1,
satisfying g¢' = —1 (mod k). When ¢' runs over the reduced residue classes (mod k),
so does also gq. Thus

1-k 1-k+gp
ko k )

It follows that p satisfies (10), if

-9 -1k cnen ocmerle-?

or

(11) n < kn+1-% km+1—k< m
N+1 PYNkNtk—g Mik—q PSmr

where we have used the notation #» = n — Np, m = m — Mp. These inequalities give
the following conditions and the corresponding intervals, where all the primes p = ¢'
(mod k) satisfy (10):
(i) E<(B+1)q
(1) BN+B>M 22BN +B—-1+4q/k, (n/(N+1),m/M);
(i2) BN +B8—-1+q/k>M >SN +B(1-g/k),
((km+1—-k)/(kM + k — q),m/M);
(i8) BN +B(1—q/k)> M > BN +(B-1)(1 - g/k),
((km+1—k)/ (kM +Ek—gq),(kn+1—k)/(EN + k — q));
(i) k>(B+1)q
(il) BN+B8>M >N +B(1-q/k), (n/(N+1),m/M);
(i2) BN +B(1-q/k)> M > BN+ -1+ q/k,
(n/(N +1),(kn+1—Ek)/(EN + k- q));
(ii3) BN +B—1+q/k>M > BN + (B —-1)(1 - gq/k),
(km+1—k)/(kM +k — q),(kn+ 1 —k)/(EN + k — g)).
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After getting these intervals we use the prime number theorem in arithmetic pro-
gressions to find out an asymptotic for the part of the common factor obtained from
the primes p = ¢' (mod k) (for effectivity we refer to Adleman-Pomerance-Rumely [1]).
Multiplying these we then get an asymptotic for the total common factor.

If we choose § ==z/y, z,y €N, (z,y)=1,and N =yK +1,1€ {0,...,y — 1},
then (il) is of the form

a:K+ﬂi+ﬁ>M>zK+ﬂi+ﬂ—1+%.

Thus the condition

Bi+pB—-1+4q/k or

(12) k< (B +1)g, ﬂi+ﬂ7é[ﬁi+ﬁ]={[ﬂi+ﬂ+4/k]

gives us an integer M = zK + [Bi + (3] satisfying (i1). The corresponding interval is

(13) (yK:i+1’zK+[ﬂ[;£+ﬂ]).

For fixed i and g satisfying (12) we can calculate the asymptotic contribution e™Zia.t

for the common factor, where

1
Yig1= d)(k) Z (K+[ﬂ1,+ﬂ]/:c K—’r(i'*‘l)/y)

- (¢ () -0 (229

The same interval (13) and X;q,; is obtained, if the pair (i,q) satisfies the condition

(14) E>(B+1)a, Bi+B#Bi+0=[pi+8(1-1)]+1

given by (iil). If the pair (i,q) satisfies neither the condition (12) nor (14), we set
% g1 = 0. The inequality (i2) is of the form

Z‘K+ﬂi+ﬂ—l+g>M>zK+ﬁi+ﬂ(1—%),

k

which may give more than one integer solution M, if (8 + 1)g/k > 2. More precisely,
let us define '

I=[gi+p-1+2] - [si+s(1-2)],
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h_{O, if fi+B—1+q/k#[Bi+B-1+q/k],

1, ffi+B—-14+q/k=[Bi+B—-1+q/k|.
Thus the condition

(15) E<(B+1l)g I-h2>1

gives I—h integer solutions M ="zK+[Bi + 8 — 1+ q/k|—3j, j = h,...,I—1, satisfying
(i2). These all give disjoint intervals and we thus have the asymptotic e"¥i4,2 | where

Sion = _¢1(_k)’2‘3<\1, ({ﬂi+ﬂ+q/k]—j—q/k) . ([ﬂi+ﬂ—1+q/k]—j)).
yo(k) = z z

The condition (ii2) is transformed to

k> (B+1)g [ﬂi+ﬂ(1—%)] - [ﬂi+ﬂ—l+%] +1 or

(16) i+a(1-2)] =pi+p(1-2) o
[ﬂi+ﬂ—1+%] =ﬁi+ﬂ—1+%

leading to the asymptotic e™¥4:2 | where

e = g (1 (57) -# (F57))

Again, if (i, ) satisfies neither the condition (15) nor (16), let £; 42 = 0. The remaining
cases (i3) and (ii3) give us the conditions
an  k<@+g [B+8(1-2)]=[si+B-n(1-2)]+1,
(18) E>(B+1)g, Bi+p-1+2#[pi+p-1+%]
- fre-n -l

respectively, and the asymptotic in both cases is e

i s = y¢1(k) (\I, ([ﬂi+ (6-1)Q - a/F)] +2—q/k) _g (i + ly—q/k)) _

As before, we set X; 43 =0, if (4, ) satisfies neither the condition (17) nor (18). All the
intervals obtained from the conditions (12), (14), (15), (16), (17) and (18) are disjoint.

03 where
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a(8,4)

0.8}

- [14]

Picture 1

Thus the multiplication of the contributions of all these cases gives us the asymptotic

e™o(B:%) of the common factor D, 1, where

(19) o(B,k)= Y Bigu

(i,9,t)

the summation running over the triples (i,q,t), ¢ = 1,...,k -1, (g,k) =1, i =
0,...,y—1,t=1,2,3. Picture 1 shows the graph of o(8,4) (the interval of subsequent

values of 3 is of length 1/120).

Case 2 (the binomial series): Let k€ N, k >3, B=1/k—1, C = ~1/k. Let

further n =n'+ 1, I = m =n' so that the criterion (9) has the form

(20) n+l/k+n~1/k+1<T,

where we have dropped the apostrophes.

Again we consider large primes p satisfying p = ¢' (mod k) for some ¢' €

{1,...,k—1}, (¢',k) = 1, and choose g € {1,...,k—1}, (g,k) =1, such that gq'

(mod k). Then

1 _(k—gp-1
. .

_gqp+1
’ k

k

| =

First suppose that

_+1< - 1
n E p, n+ % <p-

https://doi.org/10.1017/5S0004972700013691 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700013691

{15] Irrationality measures 239

In this case (20) is of the form 7 + p + 1 < 0, which is impossible. By similar reasons
the cases i+ 1/k > p, B+ (—1/k) < p and A+ 1/k < p, B+ (—1/k) > p give no
contribution. Thus, we are left with the case

n+ 1 Z n+ 1 2
n EZ p, n k] % p.
These inequalities and (20) are satisfied if (7 = n — Np)

ma.x{(k_qk)p_l,qu_l}gn—lvp<p

or

n << mi kn+1 kn —1
N+l PST™M \ENTE_¢ kN 14

n kn+1
N+1'kN+k-q)’

n kn—1
N+1'kN+gq)’
if ¢>k/2.

Therefore the above intervals imply for the common factor D, ; the asymptotic

e (¥)  where

7( ( > Z(N+q/k N11)=¢(2k) > (ew-v(3))-

k/2<q<k N=0 k/2<q<k
(g:k)=1 (g,k)=1

This gives us an interval

if ¢ <k/2, and an interval

5. PROOFS OF THE THEOREMS

We shall use the following well-known results (see, for example, Chudnovsky [5,
Corollary 3.3] and [13, Lemma 7]). Let « > 0 and y < 0 be given. Suppose that
for each € > 0 there exists a constant ¢ and rational integers p,, g, satisfying for all

n 2 ¢g the inequalities

1
(21) ;]‘nma‘x{lqnlilpnl} <z+teg,

1
(22) y"€<;h]|7'nlv<y+5,
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where 7, = goa — pn,. Then the number a € @, has an irrationality measure m,(a)
not greater than

1—"'", lfv—cx),
lfv 18 te + .
P nl ana r y

The lower bound in (22) is not needed, if ppgnt1 — gnPnt1 0 for all n > cp.

In Case 1 we have an approximation formula

1,1«
n — (n F TR}~ n
T qn 2 1(1+% s) Pns
where
_ QaQu(r/s)  _ QnaPa(r/s)
" D, v Pn = D,

are integers. Using Lemma 1 and the asymptotic bounds for Q,,; (see [13, Lemma 5])
and D, ; we get the following lemma.

LEMMA 6. Let € >0 begiven. If |r/s] <1 and R(B,k) <1, then
max {|pn|, g1} < Q(B, k)T,
R(B, k) +™ < || < R(B, k)77

for all n > c¢y9.

Therefore we immediately achieve the estimate

(33 41D) - 28

s I R(B,F)
for any rational 8 > 1 satisfying R(B,k) < 1, which proves Theorem 1.
In the corresponding p-adic case we choose § =1, p [k and |r/s|, < 1. Thus

Lemma 1 and Lemma 5 give

LEMMA 7. Let £ > 0 be given and suppose v/s > 1. Then

: * ** (+e)n
max {|pal, |gal} < (mingk" e, k3B s}

ral, < r|G "

forall n > ¢;;.

Now the use this lemma and the condition

min{k*puy, k**}e*F)r |1'|12J <1,
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implies

1,
mp 2F1 1+_1_
k

Part 2 is proved similarly using corresponding parts of Lemma 1. This completes

1_- < 21[111“,
s)) " 2In[r[, +Inr + A(k) + In min{k*pe, k**}

the proof of Theorem 1p.

In the second case we have

1,1
Tn=¢1n2F1 1

T)
- = Pn,
8

_ Q02Qn(r/s) _ QnaPa(r/s)

where

n — n
Dn,2 Dn,2

are integers. Further, we denote

wy = min {ky g, koo } 6775,
Q(k) =w2 (Vs + Vs —r)z ,
R(k) =wa (V3 — Vs —r}z .
Analogously to Lemma 6 we thus have

LEMMA 8. Let £ > 0 be given and let |r/s| <1, R(k) < 1. Then

max {|pal,lgal} < Q(R) ¥,
(k)™ < ra] < R(R) 7"

forall n 2 ci2.

Clearly we get the result

(-1

Thus Theorem 2 is proved.

By similar considerations we achieve the cases 1 and 2 in Theorem 2p using the
corresponding polynomial bounds in Lemma 1. In our examples the p-adic values

z) (€@ I, <1)

1, -1
(l—z)l/k=zFl( 1 k
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are the unique solutions of the equation

zk=1—z,

satisfying the property
z=1 (mod p).

In these cases we denote
(1-2)* = ¥1-2.

. 52 3
{’/1—3435 = ‘/1_13=—%€/1_1er-
V(=4

REMARK. All the numerical computations were made using MATHEMATICA pro-
grams.

For example

REFERENCES

{1] L.M. Adleman, C. Pomerance and R.S. Rumely, ‘On distinguishing prime numbers from
composite numbers’, Ann. of Math. 117 (1983), 173-206.

[2] A. Baker, ‘Rational approximation to ¥/2 and other algebraic numbers’, Quart. J. Math.
Ozford Ser. (2) 15 (1964), 375-383.

(3] P. Bundschuh P., ‘Zur Approximation gewisser p-adischer algebraisher Zahlen durch ra-
tionalen Zahlen’, J. Reine Angew. Math 265 (1974), 154-159.

[4] G.V. Chudnovsky, ‘Number theoretic applications of polynomials with rational coeffi-
cients defined by extremality conditions’, in Arithmetic and geometry (Birkhauser, Boston,
1983), pp. 61-105.

[5] G.V. Chudnovsky, ‘On the method of Thue-Siegel’, Ann. of Math. 117 (1983), 325-382.

[6] L.V.Danilov, ‘Rational approximations of some functions at rational points’, (in Russian),
Mat. Zametki 24 no. 4 (1978), 449-458.

(7] A.K. Dubitskas, ‘Approximation of w/v/3 by rational fractions’, (in Russian), Vestnik
Moskov. Univ. Ser. I Mat. Mekh. 42 no. 6 (1987), 73-76.

(8] D. Easton, ‘Effective irrationality measures for certain algebraic numbers’, Math. Comp.
46 (1986), 613-622.

[9] H.A. Erdélyi, W. Magnus, F. Oberhettinger and F.G. Tricomi, Higher transcendental
functions 1 (McGraw-Hill Book Company, Inc., New York, 1953).

{10] M. Hata, ‘Legendre type polynomials and irrationality measures’, J. Reine Angew. Math.
407 (1990), 99-125.

[11] M. Hata, ‘Irrationality measures of the values of hypergeometric functions’, Acta Arith.
LX.4 (1992), 335-347.

[12] M. Hata, ‘Rational approximations to = and some other numbers’, Acta Arith. LXIII.4
(1993), 335-349.

https://doi.org/10.1017/5S0004972700013691 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700013691

[19] Irrationality measures 243

[13] A. Heimonen, T. Matala-aho and K. Véananen, ‘On irrationality measures of the values
of Gauss hypergeometric function’, Manuscripta Math. 81 (1993), 183-202.

[14]) M. Huttner, ‘Irrationalité de certaines integrales hypergéométriques’, J. Number Theory
26 (1987), 166-178.

[15] E.A. Rukhadze, ‘Lower estimate for rational approximations of In2’, Vestnik Moskov.
Univ. Ser. I Mat. Mekh. 42, no. 6 (1987), 25-29.

[16] A.J.van der Poorten, ‘On the arithmetic nature of definite integrals of rational functions’,
Proc. Amer. Math. Soc. 29 (1971), 451-456.

Department of Mathematics
University of Oulu

90570 Oulu

Finland

https://doi.org/10.1017/5S0004972700013691 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700013691

