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1. Introduction

Let Y be a closed Riemann manifold, and let B = {1);} be an orthonormal basis of L?(Y")
consisting of Laplacian eigenfunctions Av; = \;9;. A subsequence {I/Ji].} of B is called
quantum ergodic if, for every degree 0 pseudo-differential operator A on Y with principal
symbol a € C(S*Y'), we have

<A’l/}i_7~7wij>L2(y) _>]£*Yad:uL as J — 0.

Here pr is the Liouville measure on the cosphere bundle S*Y and § indicates
normalization by the volume. The quantum ergodicity theorem of Snirelman [32], Zelditch
[35], and Colin de Verdiére [10] states that if the geodesic flow on S*Y is ergodic, one
may extract from B a density 1 quantum ergodic subsequence. More precisely, they show
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In this paper we are concerned with a version of quantum ergodicity where, in contrast
to the foregoing semiclassical statement, in which the manifold is fixed and the eigenvalue
goes to infinity (the large-frequency regime), we allow the manifold to vary while keeping
the eigenvalue constrained to a fixed spectral window (the large-spacial regime).

The most natural setting in which one can formulate such variation is in the Gromov—
Hausdorff space of pointed locally compact spaces — or, rather, its space of probability
measures — where one has a notion of convergence due to Benjamini and Schramm [5].
Here one may consider a sequence of manifolds which converge, almost everywhere, to
their common universal cover. Under certain auxiliary conditions, the question of quantum
ergodicity for Benjamini—Schramm convergent sequences was recently settled for a large
class of rank 1 symmetric spaces [2, 24]. The aim of the present paper is to address this
question for higher-rank locally symmetric spaces; for the most part we restrict ourselves
to compact quotients associated with SL4(R).

1.1. The setting of locally symmetric spaces

As our setting will henceforth be that of locally symmetric spaces, we begin by
commenting on some of their particular features in higher rank, and reviewing what
is known for their quantum ergodic properties in the large-frequency regime.

We let S be a Riemannian globally symmetric space of noncompact type: nonpositively
curved and having no Euclidean de Rham local factor. We may write S = G/K, where
G is a connected semisimple Lie group with finite center and K is a maximal compact
subgroup. The rank of S is defined to be the dimension of a maximal flat subspace in S;
equivalently, it is the dimension of a maximal split torus A in G.

In rank 1, S is of strictly negative curvature, and A gives rise to the geodesic flow
on the cosphere bundle of S via the identification of the latter with G/M, where M
is the centralizer of A in K. It is important to note, however, that when the rank
is strictly greater than 1, such as for SLg(R)/SO(d) when d > 3, the curvature of S,
while nonpositive, can vanish, as indeed any geodesic triangle in a maximal flat will be
Euclidean.

Now let I' C G be a uniform lattice in G and form Y =T\ S, a compact locally symmetric
space with geometry S. In higher rank, due to the presence of maximal flats, the geodesic
flow is not ergodic on the cosphere bundle of Y. For this reason, the quantum ergodic
statement (1) cannot hold, as it is known to be equivalent with the ergodicity of the
geodesic flow [36, Theorem 1].

Nevertheless, the higher-rank split torus A does act ergodically — in fact it is mixing
—on I'\G, and this is enough for one to expect similar quantum ergodic phenomena to
that of Snirelman’s theorem, at least if one refines the notion of eigenfunction as follows.

Recall that a Maass form on Y is a function ¢ € L?(Y') which is a joint eigenfunction
of the algebra D(S) of left-G-invariant differential operators on S. Since A € D(S)
a Maass form is again a Laplacian eigenfunction, but in higher rank, L2(Y) can
be further diagonalized. A Maass form 1) gives rise to an algebra homomorphism
x € Homg_a1g(D(S),C) verifying Dy = x(D)y for all D € D(S). The Harish-Chandra
homomorphism allows one to realize x as the Weyl group orbit of an element v in ag,
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the complexification of the dual of the Lie algebra a of A. We call v the spectral parameter
of 9.

One can then formulate a natural extension of formula (1) for Maass forms on Y with
growing spectral parameter. To the best of our knowledge, this form of quantum ergodicity
has not yet been established, although recent work by Nelson and Venkatesh [28] on
microlocal analysis and representation theory should shed light on this problem.

Remark 1.1. There are of course harder conjectures that one can formulate here, such as
quantum wunique ergodicity [25, Conjecture 1.2]. In the arithmetic setting, certain higher-
rank congruence manifolds have been shown to satisfy the arithmetic quantum unique
ergodicity property [30, 31], a generalization of the work (and techniques) of Lindenstrauss
[26] (see also [33]). We will not make further comments on this active line of research,
and refer the reader instead to [24, §1.3] for a discussion of a conjectural strengthening
of quantum ergodicity for varying manifolds.

1.2. Our main result

We now pass to the large-spacial regime for higher-rank locally symmetric spaces Y =T\ S,
and allow I' to vary along a nonconjugate sequence of torsion-free uniform lattices with
growing covolume.

We furthermore require that the sequence I' be uniformly discrete, a property which
we now recall. Let d be the Riemannian distance on S. Then the local injectivity radius
about a point x € Y is the quantity

1
InjRadp(z) = 5 min{d(z,y.x):1#~v€T}.

The global injectivity radius InjRad(Y") is the infimum of InjRad(z) over all x € Y7; this is
strictly positive, since Y is compact. We say that that a sequence of uniform torsion-free
lattices I, is uniformly discrete if InjRad(Y;,) is bounded away from zero. A conjecture
of Margulis [27] states that this is automatic in higher rank; this is a weak form of the
Lehmer conjecture on monic integral polynomials.

Our precise result is as follows. We refer to §3.1 for any unexplained notation.

Theorem 1.1. Set d > 3. Let T',, C SLy(R) be a uniformly discrete sequence of torsion-
free cocompact lattices such that vol(Y,) — oo as n — oo, where Y, =T,,\ SL4(R)/SO(d).
Let ay, be a sequence of uniformly bounded, measurable functions on Y.

There is 0 > 1 such that for sufficiently reqular v € ia*, we have

1 (n) . (n) ][
e AR — andvol
N<BO(V7 Q)vl_‘n) Z ‘<a ,l/)] wj >L2(Yn) Y, ¢ YO

Gi§™ € Bo(v,0) "

2
—0

as n— oo, where § denotes the normalization of the integral by the volume of Yy,

Bo(v,0) = {A€ia”: [A-vls < o}
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18 the ball of radius o in the unramified tempered spectrum, and
N(BO(va)vrn): ‘{]V](n) €BO(V,Q)}" (2)

This extends to higher rank the rank 1 version of the same result in [24] (for hyperbolic
surfaces) and [2] (for higher-dimensional hyperbolic manifolds), which themselves built
upon the breakthrough results of Anantharaman and Le Masson [3] for large regular
graphs. All of these works imposed the following additional hypotheses:

(i) The manifolds (or graphs) Y,, converge to S in the sense of Benjamini and Schramm:
for every R > 0, we have

vol((Yn)<r)

k) g
wolY,)

as n — 00, where the R-thin part of Y,, is defined as
(Yn)<r = {x €Y, :InjRady_(z) < R}. (3)
(ii) The Y,, have a uniform spectral gap.

The proof of Theorem 1.1 also requires those properties, but they are automatic in higher
rank (see [1, §4] and [20]).

We note that in [2] the large-frequency regime for Laplacian eigenfunctions was
interpreted as the Benjamini-Schramm convergence to Euclidean space via a rescaling of
the Riemannian metric.

Remark 1.2. We point out two differences between the quantum ergodicity theorem of
[2] for rank 1 spaces and the higher-rank version we present in Theorem 1.1. In contrast
to our result, the authors of [2] allow for two more general features:

(a) They allow the spectral window to shrink with n, thereby isolating in the large-n
limit a fixed tempered eigenvalue for the universal cover. This added flexibility was
also present in [3, Theorem 1.3].

b) They take more general operators than scalar multiplication by functions a,,. This
y g y
more advanced formulation was first put forward in [3, Theorem 1.7], using the
pseudo-differential calculus for trees developed in [23].

Our Theorem 1.1 therefore more closely resembles the main results of [8, 24], in which
neither of these two features is present. By taking more elaborate test functions, we
believe we can incorporate (a) into our setup. By contrast, we have so far been unable to
extend (b) to this higher-rank setting.

1.3. Comments on the proof

To prove the theorem we first reduce the assertion to several intermediate statements, as
explained in §2. This reduction roughly follows along the lines of [24] and the subsequent
[2]. To establish these intermediate results, however, we need several new ideas to deal
with a number of issues that arise only in rank 2 or higher:
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e The first main reduction step involves the use of a normalized averaging operator
on S =G/K (akind of wave propagation) with expanding support Cy, t — co. At
a later critical point we need to estimate from above the volume of intersections
CiNgCy with g € G. In [2, 24] they work with C; being the metric ball B; in S
of radius ¢, and exploit the fact that S is a CAT(—1) space in rank 1. In higher
rank, S is only a CAT(0) space, and working with intersection of metric balls
becomes problematic. We therefore need to define new types of C; that look more
‘polytopal’” and are easier to work with in higher rank (see equation (15) and §5.5).

e We need to establish a suitable lower bound for certain averages of spherical
functions. In rank 1, this can be dealt with in a relatively straightforward
manner, as the elementary spherical functions are basically linear combinations
of trigonometric functions in one variable. In higher rank, we need to deal with
linear combinations of exponential functions in several variables, which makes the
analysis much more delicate (see §4). The techniques of §4 might also be of interest
in other contexts.

Additionally, we need to establish a type of local Weyl law/limit multiplicity for the Y,
that gives a lower count for the number of eigenvalues locally around sufficiently regular
points in the spectrum of Y,,. We only need the sharp lower bound in the level aspect
stated in formula (7), but along the way we prove a stronger version that also yields the
right order in the spectral parameter; for the exact statement, see Proposition 2.1. Such a
result is also necessary for the rank 1 situation, but involves a much more careful analysis
of the nontempered spectrum in higher rank.

2. Outline of proof and reduction steps

In this section, we shall reduce the proof of Theorem 1.1 to that of two auxiliary estimates:
one spectral, one geometric. Let G = SL4(R) and K = SO(d). As a preliminary step, we
note that by replacing a,, with a,, — JCYn an, we may suppose that the measurable, right-
K-invariant functions a,, on I',\G satisfy

/ ap, =0 and |an|c <1. (4)
I\G

Under that assumption it will then be enough to prove

1 ) (n)
N(Bo(v,0).T) 2 ‘<a"¢j Vi >L2(Yn)

jvi™ €Bo(v,0)

2
-0 (5)

as n — 0o. The rest of the paper is devoted to establishing formula (5).

2.1. Spectral estimate

We shall first need to control the spectral counting function defined in equation (2). This
is provided in the following result, to be proved in §3 (see [2] for a more abstract approach,
in rank 1, using the limit-multiplicity result of [1]):
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Proposition 2.1. Let G be a connected noncompact simple Lie group with finite
center, and K a mazimal compact subgroup. Let S = G/K be the associated irreducible
Riemannian globally symmetric space of noncompact type. Let T, be a sequence of
uniformly discrete, torsion-free, cocompact lattices in G such that Y, =T,\S converges,
in the sense of Benjamini and Schramm, to S. There exist 0 < 01 < 1< g2 such that the
following holds: Fix e >0, and let v € ia* be e-regular. Then

N(B(V3Q1)7Fn) < VOI(FH\G)B(V) < N(B(V792)3Fn)7 (6)

where B(v,0) ={\ € af | ||\—v|2 <o}, and N(B(v,0),I';,) = ‘{j | l/j(-n) € B(V,Q)}‘ is the

counting function.

We shall only make use of Proposition 2.1 in the form
vol(I',\G) < N (B(v,0),I'n), (7)

for a sufficiently regular spectral parameter v. Indeed formula (7) follows from the second
estimate in formula (6) using the fact that G(v) > 1 for all v € ia*. See §3.1 for our
notational conventions on the dependence on the implied constants on the assumption of
sufficient regularity.

We note that Proposition 2.1 is stated for general symmetric spaces S. By contrast, we
have restricted the setting of the next two results, Theorems 2.2 and 2.3, to the symmetric
space S = SL4(R)/SO(d).

2.2. The averaging subset

Following [8, 24], the main idea behind formula (5) is the strategic use of a self-adjoint
normalized averaging operator which on one hand acts nondecreasingly on the spectral
average (Theorem 2.2) and on the other hand has small Hilbert—Schmidt norm (Theorem
2.3). This idea can be traced back to the work of Brooks, Le Masson, and Lindenstrauss
[8], which presents an alternative proof of [3, Theorem 1.3], using discrete normalized
averaging operators.

In the following we give a definition of an exhaustive sequence of sets E; C SL4(R),
which we shall use in our averaging operators. The difficulty in higher rank is finding a
set E; which satisfies simultaneously the desired spectral and geometric properties (in
rank 1, the obvious choice of a Riemannian metric ball is shown to work in [[2], 24]).

We begin by introducing some notation. Let g be the trace 0 matrices in My(R). Let

a={X =diag(Xy,...,X4) € g}

be the standard Cartan subalgebra of diagonal matrices. Let W = Nk (a)/Zk (a) be the
Weyl group of (a,g); the action of W ~ S, on a is by permutation of the coordinates. Let
a® be the standard positive Weyl chamber in a given by X; > X5 > --- > X,. For a vector
X € a we will write

1 X |loo = max{|X1],...,| X4}
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The W-invariant norm ||-|c on a induces a subadditive bi-K-invariant norm on G =
SL4(R) via the Cartan decomposition G = Kexp (F) K. Namely, if ¢ € G with g €
KeX K, then we write |g| = || X||oo. We have |g| >0, ‘g’1| =g/, and |g192| < |g1| + |g2]-

With this notation, we put
Er={geG:lg| <t} (8)

This is the averaging set we shall use for our wave propagator. One may view FE; as a
radially invariant subset of the symmetric space G/K. See §2.5 for more commentary on
the nature of E;.

2.3. The two main results

We now define
1
ki = ———=1g
mG(Et)

¢

Let pr\g denote the right-regular representation of G on L*(I'\G), and consider the
wave-propagation operator on L?(T'\G) given by

Ui = pr\a (ki) (9)

From E, L= FE, it follows that k; is a self-adjoint operator. For a measurable right- K-
invariant function ¢ on I'\G satisfying equation (4), and for 7 > 0, we consider the time
average

Ar)=1 / " UaUsdt. (10)

T Jo

In §4 we shall prove the following spectral estimate:

Theorem 2.2 (spectral estimate). Let S = SLg(R)/SO(d). Let T' a cocompact lattice
in SLg(R), and put Y =T\S. Let Q Cia* be compact. There exist constants c¢,m9 > 0,
depending on €1, such that for T > 1y, we have

2 2
Z ‘<awj7¢j>L2(y)‘ <c Z ‘(A(T)Qﬂj»%‘)m(y)

Jiv; €Q YRZ15Y

In §5 we shall use the Nevo mean ergodic theorem [29] (see also [15, Theorem 4.1])
to prove the following geometric estimate. Recall that the Hilbert—Schmidt norm of a
bounded operator A on a separable Hilbert space H is given by

2
1Alfs =D HAeien)”,

where {e;} is any orthonormal basis of H.

Theorem 2.3 (geometric estimate). Let S = SLg(R)/SO(d). Let T' be a cocompact
torsion-free lattice in SLq(R), and put Y =T\S. Let a be a measurable function on
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L2(T'\S). There are constants b,c1,c2 > 0, depending only on d, such that for >0,

Ha”g e’ 2
+ c 1 (T\G) <. .
InjRad(Y")dims vol (T\G)<es 2r-41)) lall e

LA(T) s <o

2.4. Reduction to two main results

We now deduce the main estimate (5) from the foregoing results.

We first note that if v € ia* is sufficiently regular in the sense that |(v,a")| > C,
for all simple roots a, with C, > 0 a sufficiently large constant depending on p, then
{j | VJ(-n) € By(v, g)} = {j | uj(n) € B(v, Q)} because of formula (23). By the lower bound

(7), which follows from Proposition 2.1, it suffices to prove an upper bound for

1 () () ’
vol(T',\G) Z ‘<a”wj 3 >L2(Yn)‘ '

jv§™ €B(v,0)
From Theorem 2.2, it follows that for 7 > 79,

(o517

1 2

< o1t A O s

1
vol(I',\G) Z

L2(Yn)
j:VJ(.")GB(u,g)

We now apply Theorem 2.3 to the right-hand side. To bound the first term, we use the
estimate ||a, |3 < |lan||% vol(T',,\G) along with the uniform boundedness of a,,. For the
second term we insert the bound InjRad(Y;,) > 1 coming from the uniformly discrete
hypothesis in the statement of Theorem 1.1. We obtain

2 1 C1Tn vol ((Fn\G) S62(2T7L+b))

1
(n) il
vol(T\G) [ < e ol(T)\G)

(11)

We know from [1, §4] that for any sequence I',, for which vol(I',\G) — oo, the space
I')\G/K converges in the sense of Benjamini and Schramm to G/K = SL4(R)/SO(d)
(recall our assumption that d > 3). We deduce that there is a sequence R,, — co such that

vol (I'n\G)<r,)
vol(I', \G)

as n — 0o. Given this sequence R,,, we let r, > 0 be a sequence such that

=0 (12)

(i) rp — 00 as n — oo and

(i) ecmn vol(Pa\G) <y 2 ) )

olTN\G) — 0 asn— o0.

Taking 7, = r,, both terms in formula (11) go to 0 with n, establishing formula (5).

Remark 2.1. One could deduce an effective rate of convergence in Theorem 1.1 for
congruence subgroups I';, of SLy4(Z) by inserting, in place of the o(1) result in formula
(12), the explicit bounds on the R-thin part for such sequences proved in [1, Theorem
5.2].
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2.5. Remarks on the averaging subset

We now make several remarks about Fj:

(i) In rank 1, the set E} recovers the metric ball centered at ¢ € H of radius 2¢ for the
hyperbolic metric (de +dy2) /y? on the upper half-plane H = SLy(R)/SO(2).

(ii) In higher rank, the set E; differs substantially from a metric ball centered at the
identity for the metric induced by the trace form Tr (X TY) (a constant multiple of the
Killing form) on g.

To see this, let us first compare a geodesic ball and the set E; by means of the Cartan
decomposition of G =SL4(R). Let B={X € a:[|X|]; <1}, where || X||3 =tr (X?) = X{+
-+-4 X2, The geodesic ball B; of radius ¢ > 0 centered at the origin is given by

B, = Kexp(B/) K, (13)
where B =tBnNat (see [4, Proposition 4.2]). On the other hand, let

P={Xeal||X]o<1}. (14)

Note that P is a bounded convex polytope in a, being the intersection of the half-planes
+X,; <1. It is clear that

E, = Kexp (P/) K, (15)

where P = tPNat. One sees from equations (13) and (15) that an element in B; or E;
has Cartan radial component contained to, respectively, an expanding ball or a dilated
W-invariant polytope in a.

(iii) Related to the foregoing description is the difference in the volume asymptotics
between B, and E;. Both are expressed, naturally, with respect to the half-sum of
the positive roots p € a*, as that quantity governs the Jacobian factor in the Cartan
decomposition of the Haar measure on G (see §4.1).

For the geodesic ball, a result of Knieper [21], valid more generally for irreducible
Riemannian symmetric spaces S = G/K of noncompact type, states that

ma(By) =< t=D/2e2Hell2 (16)

where 7 is the rank of S. On the other hand, we show in Corollary A.4 that, for G = SL4(R),

ma(Er) ~ e2e® P X°) ¢ o0,
where X0 € P is the unique point satisfying
X0 = . X). 17
(p.X") = max (p.X) (17)

One can compute that

_ PN 2 _
||p||2—<p,”p”2> A& 1)1z, (18)
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whereas using Lemma A.1, we have

< XY > I K d even,
PO,/ T (1) d—1)V2/4, dodd.
We have normalized by HXO ||2 so that By is the smallest geodesic ball containing Ey /) xoy, -

We see that the exponential volume growth of B, in SL4(R)/SO(d) is of order 2t4/d?/12,
whereas that of Fj | xo, is of order 2¢y/d?/16, which is smaller by a factor of V3/2.

(iv) Another norm that one often considers in the context of G = SLy4(R) is the
restriction to SLg(R) C My(R) of the Frobenius norm, defined on My(R) as ||g||*> =
tr (g "g), where g is the transpose of g. Note that ||g~!|| # ||g|| in general. Since invariance
under inversion is important for the self-adjointness of the propagator U; from equation
(9), we define the Frobenius ball as

Et:{geG:maX{HgH,Hg_lﬂ}§et}. (19)

From the point of view of their large-scale geometry, the Frobenius balls are similar to
the sets E; from equation (8). Indeed, in the proof of Proposition 5.8 we show that
ma(E) < mg(E:). Moreover, the very statement of Proposition 5.8, which is a key
component of Theorem 2.3, holds equally well for E;. On the other hand, because they
are not defined by their radial Cartan component, Frobenius balls are not amenable to
our proof of Theorem 2.2.

3. Weyl-type law

Our aim in this section is to prove Proposition 2.1. Throughout this section only, we let
G denote a connected noncompact simple Lie group with finite center and K a maximal
compact subgroup.

3.1. Notation

The notation we introduce here will be consistent with that already introduced for the
particular case of G = SL4(R) and K = SO(d).

Let 6 be the Cartan involution on G for which K = G?. Let © be its differential and let
g =p Dt be the Cartan decomposition of the Lie algebra g of G into the £1 eigenspaces
of ©. We may identify £ with the Lie algebra of K.

Let k(X,Y) =tr(ad X adY’) denote the Killing form on g. Then —x(X,0Y") defines an
Adg-invariant inner product on g, which induces a left-invariant Haar measure on G,
denoted dg or mg.

The Killing form defines an Adg-invariant inner product (-,-) on p, and in particular
on a, the maximal abelian subalgebra of p. Let W = Nk (a)/Zk(a) be the Weyl group.
Let ||-||2 denote the W-invariant norm® on a induced by (-,-).

'When G = SL4(R), we introduced in §2.5(ii) the norm induced by the trace form on g, denoted
there by the same symbol ||-||2. The Killing form for SL4(R), in fact, differs from the trace
form by a constant factor of 2d. When we return to the specific situation of SLgq(R) in later
sections, we shall always take the norm ||-[|2 on a to mean || X5 = tr (X?).
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Let @ C a* denote the system of roots for the adjoint action of a on g. For o € @, let
go denote the corresponding root space. Let m C g be the centralizer of a in g. Then we
have the root-space decomposition

g:m®a®@ga.
acd

Choose a positive system of roots ®* in ®. Let A C ®T be the set of simple roots.

Let a* = Hom(a,R) be the dual vector space of a. We may identify a with a* via the
Killing form. We again denote by ||-||2 the induced norm on a* and extend it to a complex
bilinear form on the complexification a = a* ®@r C. We call v € ia* regular if (o,v) # 0 for
all « € A, and for ¢ > 0 we call v € ia*c-regular if [(a,v)| > ¢ for all @ € d+. An element
v €ia* is sufficiently regular if there exists a sufficiently regular ¢ > 0 (which may vary
at each occurrence) such that v is c-regular. Unless otherwise noted, implied constants
for statements valid for sufficiently regular v can depend on the value of c.

Let n =) ce+ 0o and write N = expn. Then we have the Iwasawa decomposition
G = NAK, where A = expa, which gives rise to the Iwasawa projection

Hy:G—aq, g =nak — loga,

along the A component.

We may decompose the Riemannian Haar measure dg on G according to the Iwasawa
decomposition. We let da denote the Haar measure on A obtained by pushing forward
the Lebesgue measure on a by means of the exponential. We let dk denote the probability
Haar measure dk on K. We normalize the left-invariant Haar measure du on N as in [12,
§3.1]. As usual, we put

1 1 .
p= §tr (ad(a)]n) = 5 Z (dimgg ).

aedt

Then we have [14, Proposition 2.4.10]
dg = cre~2PHo9) qudadk, c; =2~ (/2 dmN,
Since A normalizes N and det Ad(a)|, = e2p(Ho(a))
dg = crdadudk (20)

in the decomposition G = ANK.
Recall the Cartan decomposition G = K exp (aj) K, where at denotes the closure of the

(open) positive Weyl chamber a™ = {X €a:a(X)>0Va € ®*}. We have the following
decomposition of the Riemannian Haar measure dg into the Cartan decomposition:

dg = ccJ(X)dkidadks, cc =2 "N vol(K)vol(K/M). (21)
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Here, vol(K) is the Riemannian volume on K for the measure induced by the inner
product —(X,Y’) on £, and similarly with vol(K/M). Finally, J(X) is the Jacobian
factor, given by

J(X)= [ sinh(a(x))me, X eat (22)

(see [14, Proposition 2.4.11]).

Let Py be the normalizer of m@a®n in G. Then Py has Langlands decomposition
Py = MAN, where M is the centralizer of A in G. For A € ag, let m\ denote the unique
unramified irreducible subquotient of Indg0 (1®e*®1). Let

a’, ={\ € af :m unitarizable}
be the spherical unitary dual of G. Furthermore, let
ay, = U {Aeat:wr=-A}
weW

denote the spherical Hermitian dual of G [22, §3.3]. Let ¢a be the subspace of af, consisting
of A taking on purely imaginary values. We may write A € af, uniquely as A=ReA+ImA\ €
a* @ia*. We have

ia® Cay, Cap N{A € ag : [[ReA[2 < |lpll2} (23)
For p € ia* and r > 0, we let
Bo(p,r) ={A€ia”: [A—pl2 <7}

denote the ball of radius r about p in the tempered spectrum ia*. When r =1 we write
By () for Bo(u,1). We also write

B(pr)={Aeag: [A-pl2 <7}

for the ball of radius r around  in ag.

3.2. Plancherel density and the c-function

We denote by S the density function for the Plancherel measure on the spherical unitary
dual, which can be identified with a}, / W. Then g is a W-invariant function supported
on ia* that can be described as a product of I'-functions [17, Ch. IV, §6]. Following [22],
we put

B = [ t+ina))™™ e, Xeia®, t>1,
acdt

and B(\) = B(1,)). From [17, Ch. 1V, Theorem 6.14] and standard estimates for the
I-function, it follows that S(\) < S(A) for all A € ia*. Since

L [(EA+ o) < T+E[(Na”) |+ (0]
< (L4 [A]2) + (i) < (L4 [A][2) (E+ [ a)])
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for all A €ia* and t > 1, we get
BN+ 1) < (L4 A[|2) ™" Bt ) (24)

for all such A, u, and ¢

The Harish-Chandra c-function ¢ : ai — C for G asymptotically describes the behavior
of the elementary spherical functions ¢, (e*’) of G as the group parameter H grows. The
quantity c¢(A) depends only on the root system of G, and can be explicitly computed as
described in [17, Ch. IV, Theorem 6.14]. Up to normalization, the Plancherel density 5(\)
equals |c(\)| =2 for \ € ia*.

3.3. Test functions

For A € ag, let

%(g):/ Ot Ho(kg)) gjo
K

denote the spherical function on G with spectral parameter A\. Here Hy: G — a is
the Iwasawa projection. Let C$°(G//K) be the space of complex-valued bi-K-invariant
functions on G. The Harish-Chandra transform of a function k € C°(G//K) is defined
to be

k(X) = /G ex(9)k(g)dg.

For t > 0, let B; denote the ball of radius ¢ centered at 0 in a with respect to the
usual Euclidean norm |[|-||2. Let G<; = KexpB, K. Let C°(G//K)<; denote the space
of smooth compactly supported bi-K-invariant functions on G, supported on G<;. Let
PW (ag), denote the class of Paley~Wiener functions of exponential type ¢. The Paley—
Wiener theorem with supports (see [13, Theorem 3.5]) states that the Harish-Chandra
transform is a topological isomorphism C°(G//K)<; —» iPW(a("{:)ZV of Fréchet spaces.
The inverse map sends h € PW (a(*c)rv to

ﬁ / hu)eulg)B(n)dp.

In particular, for k € C°(G//K) we have

) = 7 [ HGB) (25)

We shall need a Paley—Wiener function concentrating about v and verifying certain
positivity properties.

Lemma 3.1 ([9, §4]). Fort>1 andv €ia*, there is k, ; € C3°(G K )<1/+ whose Harish-
Chandra transform hy, ; € fPW(a{E‘:)ZV satisfies the following:

(1) hy,¢ is real and nonnegative on a; .
(2) For all X € a},, we have

hut(N) <a (T4 [|(Im A —v) /t]|2) =4
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(3) There are constants 0 < c1,co <1 such that for A € a,
have ca < hy (A) < 2.

(4) kyi(g9) < B(y)t’“(l + Hlngd(g,K))_l/2, where r = dima.

o With |[ImA —v||2 < ¢qt, we

3.4. Proof of Proposition 2.1.
Recall that for v € ia* and ¢ > 0, we denote by B(v,c) the ball {\ € af | [A—v|2 < ¢} in
af. Moreover, for any set Q C af,, we write N(Q,T',,) = Hj | 1/](-") € Q}’

In the notation of Lemma 3.1, we write h, = h, 1 and k, =k, 1. Then

3 hu(A) = vol( n\G)kV(l)Jr/r . > k(97 'vg) dg,

AEA, yel',
v#1
where A, denotes the spectrum of T',\G (each A\ appearing with its respective
multiplicity).
To deal with the second term, we use Lemma 3.1(4), as well as the support condition
on k,, to deduce

/F > k(97 '9) dg<<5(1/)/ [{v € Tn\ {1} : d(g,79) < 1}|dg.

n\G —Yel"n Fn\G
v#1
As T, is torsion free, the inner sum is empty for all g € (I';\G)>1, so that it suffices to
bound
| Nalo)ds
(Fn\G)Sl

where

Nr(g) = {v €y :d(g,v9) < 1} (26)

For g € (I',\G)<1 we apply [1, Lemma 6.18], which provides a constant C > 0, depending
only on G, such that Ng(g) < CInjRadp, (9)~ 4™, The uniform discreteness of the
(torsion-free) ', implies that InjRadp (¢9)~! < 1, uniformly in n and g. Taking these
estimates together, we get

3 hu(A) = vol( AG%AU+O(@WWMRAGEO. (27)
AEA,

Furthermore, we have
k(1) <c B(v), (28)

where only the lower bound depends on ¢. Indeed, the upper bound results from Lemma
3.1(4). To obtain the lower bound, one applies the Plancherel inversion formula (25) and
Lemma 3.1(1) and (3) to get

bz [ BNz [ A0

€ €
IA—v]2<é IA=vll2<é
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for any 0 < d < ¢1. Recall that v € ia* is e-regular. Taking § small enough, we may assume
that the A € ia* such that ||A —v||2 < ¢ are ¢/2-regular. Then the lower bound follows
from the inequality B(\) 3. B()) for such A (see [12, (3.44a)]).

From formulas (27) and (28), it follows that

T i) <l G)) (1+o(=imTe)),

where only the lower bound depends on . By the Benjamini—Schramm assumption, we
have vol(I',\G)<1 = o(vol(I',\G)) as n — oco. Thus for n large enough we have

Z hy(A) = vol(T,\G)B(v). (29)

AEA,

For the first bound in formula (6), it suffices at this point to take g; = ¢1, apply Lemma
3.1(1) and (3), and then quote the upper bound in formula (29) to get

N(B(v,c1),ln)<cz Y N <er Y hy(A) < vol(T,\G)B(v).
i )\elll\n AEA,
A—v|[2<c1

For the second bound in formula (6), we must show that the left-hand side in formula
(29) approximates N(B(v,p),I'y,), for some g > 0.

A crucial ingredient for passing from a smooth count as before to a sharp count will
be a good upper bound on N(B(u,t),I',,), for any center p € ia* and any ¢ > 1. This is
proved similarly to the preceding analysis. Indeed, from Lemma 3.1 and the preceding
geometric argument, we obtain

S Y by () =l T\GY, o (1) 40 (vl (DAG) B ()
AEA, A€A,
[TmA—pl|l2<t

Now k,, +(1) < B(u)t" from Lemma 3.1(4). We conclude that (for n large enough)
N(B'(11),') < vol (T, \G)B(u)t", (30)

where B’ (p1,t) ={A € af | |[ImA — ||z < t¢}. We now return to the left-hand side of formula
(29). We first claim the following:

Lemma 3.2. For every o> 1,

> k(N <avol(T\G)B(v)e~ . (31)
lenie—[l\/ﬁg >0

Proof. To prove formula (31) we cover {\ € ia* : ||A—v||2 > o} by balls of unit radius
with centers based at an affine lattice A C ia* containing v. Let A(v,p) denote the set of
all A € A such that the ball of radius 1 in ia* around A is entirely contained in the ball of
radius o in za* around v.
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For any fixed 1 € A— A(v,0), we bound the contribution of A € A,, for which Im A € B(u)
by using Lemma 3.1(2) to get

Yo ) <a (U llu—vll2) N (B (1,1),In).
AEAR
T x—pl2<1
Using formula (30) with ¢ =1 and summing over u € A — A(v,0) we get
Yo ) <avolT\G) Y (Allu—vll2) "B
AEA, neA—A(v;0)
ITmA—v|[2>0

Now by formula (24) we have §(u) < (1+ || — v|]2)3™"5(v), so that

hy(A) <4 vol (D, \G)B(v) Z (1+ ||ps — v|]) ~ATdimn,

TmA—v|2>e HEA—A(v,0)
For o sufficiently large, this last sum is at most O 4 (Q‘A+dim“), as desired. O
From this lemma, we want to deduce the following estimate:
> h(N) <avol(T\G)B(v)e . (32)
>\€An
IA—vll2>e

For this we split the sum on the left-hand side into three parts:

> )+ > ho(N) + > hy (M)

AEA, A€, AEA,
TmA=vl2>e &= llpll3<[Tm A—v||3 <o Itm A—v|3<0®~lpll3
IReA|13> 0% ~|[Im A—v|3 IReA|13> 0%~ |IIm A—v|3

Using Lemma 3.2, the first sum can be bounded by <4 vol(I',,\G)3(v)o~*. The third
sum is in fact empty: The conditions on the real and complex parts of A imply that
IReA||2 > ||pll2, which is not possible for A in the spectrum of L?(I",\G), by formula (23).
Finally, for the second term, we extend the sum to all A € A,, with |[[Im A —v/||3 > 0> —||p|3.

This is possible because h,,(\) is nonzero on the unitary spectrum, by Lemma 3.1. Hence
we can use Lemma 3.2 to bound this term by < 4 (0% — ||p||§)7A/2.

We deduce from the lower bound in formula (29), as well as from formula (32) that
with A > 1 fixed and p large enough with respect to the implied constant,

> k(N > vol(T\G)B(w).
AEA,
IA=vl2<e
On the other hand, by applying Lemma 3.1(3) we have
N(B,0)I'n)> > (.
AEA,
IA=vl2<e

Combing these yields the second bound in formula (6), with g2 = p. O
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4. Spectral side

We now return to the setting of G = SL4(R) and prove Theorem 2.2. In the course of the
proof, we will make use of both Appendices A and B.

We first examine how k; acts on eigenfunctions v¥,. The Harish-Chandra transform of
k; is given by

hi(A) (33)

=Ti(Et)/E ©x(g)dyg.

Then, recalling the definition (9), we have

Uihy = he (M),

which follows from the doubling formula of elementary spherical functions.
Let A(7) be the time-averaging operator of equation (10). Since k; is self-adjoint, we
have

[KA(T)YxYx) 12| = <71_ /OT|ht(>\)|2dt> |<a7/}/\77/)/\>L2(Y)|2-

To prove Theorem 2.2, it will therefore be enough to show that |h:(\)| is bounded away
from 0 on average over t. More precisely, we prove the following higher-rank generalization
of [2, §8.1]:

Proposition 4.1. Let G = SL4(R). Given a compact nonempty set Q2 C ia*, there exist
constants C,m9 > 0, depending on §2, such that for every T > 1y and X € §,

* [ mpae=c.
T Jo

4.1. Main idea of proof

We begin by writing the integral defining A, in polar coordinates, according to the Cartan
decomposition. Recall the averaging set F; from §2.2 and its polar decomposition (15).
Letting fy(X) = e{»X) oy (eX), and using the Cartan measure decomposition (21), we
find that equation (33) becomes

he(N) X)J(X)e »Xdx. (34)

———<__ | il
vVma(Ey) Jof
The idea of the proof of Proposition 4.1 is to replace fy by the main term ®,, discussed

later, of its Harish-Chandra asymptotic expansion relative to the Levi determined by X°,

defined in equation (17). We do this by showing in Appendix A (see Lemma A.2) that

P is the intersection with at of a translated cone €= X° 4 C° in a. We then show that

when A is taken to be rational, ®) behaves like a sum of characters in the direction of

X0, An argument using linear independence of characters then yields the result. We carry

out this argument in this section, using some combinatorial results which we establish in

Appendix B.
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4.2. The main term and periodicity

We wish to replace f) by the main term in its Harish-Chandra expansion. This is possible
thanks to Proposition 4.2. To state it, we must introduce some notation beyond that of
§3.1. For simplicity, we continue to take G = SL4(R), although Proposition 4.2 applies
more generally.

A Levi subgroup of G will be called semistandard if it contains A. Let Ay C A be
a (possibly empty) subset of the set of simple roots, and let ®J be the subset of &+
generated by Ag. The sets Ay correspond to semistandard Levi subgroups M C G such
that @] is the set of positive roots of A on M. With this identification, Ag = () corresponds
to M =Aand Ag=A to M =G.

For fixed Ay and corresponding M, we further introduce the following notation:

pM is the half-sum of all a € ®7;

WM is the Weyl group of A in M;

cM denotes the Harish-Chandra c-function for <I>3' ;
¢ is the spherical function on M for A € af — that is,

o (m)= [ el g
KNnM

o for X€a, A€ag, and t >0, let fM(t,X)= e<pM’tX>g0f\V[ (etx) and (setting t =1)
let

FMx) = MK (X

e qys is the common null space of all o € q)g , and a is its orthocomplement in a
relative to the inner product (X,Y) =tr XY.

We follow the standard practice of omitting the superscript M from the notation whenever
M = G. In this way we recover the f(X) introduced earlier. Other than G, the only Levi
which will be of importance to us throughout this section is the centralizer of X in
G. Henceforth, we shall take M to be the centralizer of X° in G, and Ag such that it
corresponds to M. In this case, X° € ayy.
For X\ € ia* regular, we define
BO= S SR (39)
weWM\W w )

In fact, we can define ®5(X) for any regular A € af. for which the c(wA) do not have a
pole. We can make this more precise, as follows. For a real number n > 0, let A, C a*
denote the convex hull of the Weyl group orbit of p. Define T,, C ag to be the set of all
A € af with Re X € A;;. Let 1 be so small that for every positive root a and all A € T,;, we
have (Re\,aV) € Z\ {0}. We fix such a 0 < < 1 from now on (we will make our choice
more precise later). Note that T, is W-invariant by construction. We may extend the
definition of ®,(X) in equation (35) to A € T, regular and X € a. Indeed, the c-function
is nonzero on ag and does not have any poles for regular A € T,,, by our choice of 7.
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The relevance of ®,(X) is apparent from the next result, due to Trombi and
Varadarajan [34, Theorem 2.11.2], providing the full asymptotic expansion of the spherical
function. We have taken the exact statement from [14, Theorem 5.9.4]. This extends to
all X € a the asymptotic expansion proved by Harish-Chandra and Gangolli for conical
subsets of regular elements.

Proposition 4.2. Let 2 Cia* be a compact set and ¢ > 0. Then there exist C' >0 and
m >0 such that for all H € at with Sa,(H) > ¢, where

Ba,(H) = aerrAu\nAoa(H),

and for every regular A € €1, we have
|Fx(H) —®A(H)| < C(1+ || H||z)™e 202 ),

We now describe the key periodicity property of ®(X). For this we need the following
definition:

Definition 4.3. We say that \ € ia* is rational if i<w)\,X0> eQforallwe W.

If X is rational, we can choose 71 € Ry such that 7 <w)\,X0> € 2inZ for all we W.
Recall the definition of € from Lemma A.2.

Lemma 4.4. Let )\ € ia* be rational and let 71 be defined as before. Set 7, = nty for
n € N. Then for every Y € C, t >0, and n € N, we have

[03% (Y+ (t+7’n)XO) = o, (Y—FtXO) .

Proof. By the definition of 7, it follows that (M (T X%)  o(MXO) g every n € N.
Further, note that since (p™,X°) =0 and Hy (keY“XO) =tX"+H (ke¥) for ke KNM,

we have
90{\” (eyﬂxo) = e<”M+’\’tXO><P¥ (eY) = e<’\’tXO><,0¥ (ey) .
Thus
V(Y 41X0) = X7 My, (36)
Applying these two formulas for every w\, w € WM\W, yields the assertion. O

4.3. Convergence of an integral

To take advantage of Lemma 4.4, we shall need to replace the integration domain P;
in equation (34) by the translated cone C. Note that the Jacobian factor (22) can be
alternatively written as

J(X) =279 N " g(w)eXr X)X eat, (37)
weW
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where o(w) € {£1} denotes the signature of w. With this in mind, for ¢ >0 and A € T,,
we put

I(t,A) = / Oy (Y +tX0) elr¥)qy
co

whenever it converges.
We now address this question of convergence. From the defining expression for ®, in
equation (35), it will be enough to understand the convergence of the integral

J(t,\) = 9 (Y +tX°) PV dy.

Lemma 4.5. There is 0 <7 <1 such that for every A€ T, andt >0, the integral defining
J(t,\) converges absolutely.

Proof. We first observe that it suffices to consider ¢ = 0. Indeed, from equation (36) it
follows that

J(tA) = et X0 g0, (38)

where we have put J(\) = J(0,\). There should be no confusion between the integral
J(A) and the Jacobian factor J(X) from equation (22), due to the different nature of
their arguments.

Set Y € @ and write Y =Y, +YM, with Yas € apr and Y™ € ™. Then

R =l YIQM (&) = eyl el Y (eYM> ' (39)

Proposition B.1 then immediately yields the bound ‘eQ"YM)‘ < e 1CPY) on the first
factor on the right-hand side.

To bound the remaining two factors, we first let Y_f_w be a point in the WM-orbit of
YM lying in aM.+ . Then by [19, Ch. X, §2, Proposition 2.2, Theorem 2.8], we have

’@iw (eyM) ‘ < PRex <€YM) = PRex <€Yy)

M M
< max e<WRe’\’Y+ >g0£/1 (eY+ )

weWM

Re\, Y MY —(pM yvM M ydimn
< ma (RN (T (1 |y )T

Now ||YJ£V[||2 = HYMH2 and <pM,YM> < <pM,Y+M>. Thus there is a ¢ > 0 such that

(pM v M) M(YM)‘ (wReX, M) M \dimn
’e oy (e gcwrélévaMe + (1+HY ||2) .

Using the W-invariance of (-,-) and Y™ =Y —Yj;, we obtain

max (wRe\Y}) = max (wReAY™) < max|(wRe),Y)|+ max|(wRe\Yy)|.
weWwM weWwM weWw weWw

Note that wRe A =Rew\ and wA € 7,,. Using Remark A.1, we have [(Re\Y)| < —n(p,Y")
for all A€ T, and Y € @O, From this and Proposition B.1, we deduce that there is a
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constant C’ > 0, depending only on d, such that

Re\YM) < —nC'(p,Y).
Jmax (wReA V) < —nC{pY)

Similarly, we can find ¢ > 0 such that || Y ||2 < c¢||Y||2. Hence if n > 0 is sufficiently small,
then it follows from equation (39) and our estimates that for some ¢’ > 0,

[ < e 1Y)

We therefore obtain

J.

Using Remark A.1 we see that this last integral is finite. Thus the integral defining J(\),
and hence J(t,\), converges absolutely. O

) ay < [ eEeY) (14 |Y]p)dimnay.
A @o

It follows that for A € T,, we have

=3 WAyt (mrx?) (40)

~ cM(w))
weWM\W

where, we recall, J(A) = J(0,\).

4.4. Main-term replacement
Having established that I(¢,\) is well defined, we now show, using Proposition 4.2, that
ht(\) can be approximated by I(¢,\).

Proposition 4.6. There are ¢,C > 0 such that for reqular A € ia*,
hi(A) = CI(t,A)+Ox (e=).

Before we prove this proposition, we establish the following lemma (see Lemma A.2 for
the definition of the 3)):

Lemma 4.7. Set 0 <n <1 and define € =X°=>""_ [0n)B8) =>i_,[L—n1]8Y and
ET =&ENDPT. Then if n is sufficiently small, we have the following:

(i) For every V in the closure PT\ &1 of PT\ &Y, we have
(p.V) < (p,X%) 6 (41)

for some & = d(n) > 0 uniform in all V.

(i) Let AM C A denote the subset of simple roots in M. Then there exists c = c(n) > 0
such that for every X € & and a € A\ AM, we have a(X) > c.

Proof. Since X? is the unique point in P at which the linear map X + (p,X) attains
its maximum, and P*\ T is closed, it will suffice to show that every point in P\ &+
is bounded away from X°. But this is clear, since P* = (X =37 ,[0,00)8Y) Na™ by
Lemma A.2. Note that this argument holds for any 0 < n < 1, with the resulting constant
& of course depending on 7.
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For the second part, we note that for every a € A\ AM, we have o (XO) = 2. Hence if
7 is chosen sufficiently small, each such a stays bounded away from 0 on & so that (ii)
follows. O

Proof of Proposition 4.6. Let

Gt = e HeX) [ £ (X)elrXdx.
»f

From equations (34) and (37), as well as the volume computation in Corollary A.4, we
have

hi(A\) = CG(t,\) +0 (=)

for some c;,C > 0. Next, let €' be defined as in Lemma 4.7 with 7 sufficiently small. Put
Hit N = | fuX)elr X=X gx.
tet

Then G(t,\) = H(t,\) + O (e~ °2!) for some absolute constant ¢y > 0, by Lemma 4.7(i).
Note that by Lemma 4.7, for any X € t€ we have a(X) > ct for a € A\ AM. Using
Lemma 4.7(ii) and Proposition 4.2, there exists ¢z > 0 such that

(X)) —0r(X) <y e st

for every X € t€" and every regular ) € ia*. Hence, for regular A € ia*, we have

H(t,\) = / By (X)elPX=X")4X 10, (e 51)
t&+
:/ Dy (Y +tX°) PV dY + Oy (e7)
te+t—tX0

after a change of variables. Noting that t€+ —tX? C %, we can then extend the integral
to all of €°, incurring an additional error of Oy (e=%?), for some ¢4 > 0. O

4.5. A nonvanishing result

We now show that I(¢,\) is generically nonvanishing on 4a*. This will follow from the
absolute convergence of I(t,)\), the periodic behavior of ®, along X" for rational ), and
a linear-independence-of-characters argument.

Proposition 4.8. There exists a finite number of hyperplanes Hq,...,.Hy Cia* and a
locally finite collection D of (d— 2)-dimensional manifolds in ia* such that for every

AEia*\(J—ClUmU?{NUD),
there exists t =ty > 0 with I(t,\) # 0.

Proof. Let > 0 be sufficiently small and at most as large as in Lemma 4.5. We first
claim that there exists a locally finite collection of (d —2)-dimensional complex manifolds
Z C T, such that J(t,wA) #0 for all A€ T,\ D, w € W, and ¢t > 0. Indeed, for fixed m € M,
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the map A+ 3! (m) is holomorphic in A € a. Since the integral defining J(¢,\) converges
absolutely, J(t,A) is in fact a holomorphic function for A € 7,,. From the nonvanishing at
A=0,

J(t,0) = /eo e<p+pM’Y><péw (e¥)dy #0,

it follows that J(t,\) does not vanish identically in A, hence its zero set Z ={A € T, |
J(t,\) =0} is a locally finite union of (d — 2)-dimensional complex manifolds. Put D =
ZNia*.

By our choice of 7, ¢(wA)/c™ (wX) has no pole for regular X in T,. Let T} denote the set
of all regular A € T,,\ D such that <)\,w_1X0> * <)\,v_1X0> for all w,v € WM\W, w # v.
Then 77 is in fact dense in T,, since w™' X% # v~ 1 X0 for all w # v, w,v € WM\W, so
that we can obtain T} by removing the hyperplanes {\ | (A, w ' X%) = (\v~'X?)} for
each v # w in WM\W.

Recall the expansion (40). By the definition of T}, the phases (WA X)), we WM\,
are pairwise distinct for A € J;,. We can therefore apply [16, Lemma 56] (see also [19, Ch.
VIII, Lemma 0.1]) to the sum over w € W*\W to obtain, for each A € T},

c(wA) 2

limsup |1(£,\)]* > Z cM(wh)

oo weWM\W

J(w)

Now for each w € W and A € T}, the terms Cf}’(”;‘/)\) J(w) are nonzero, and hence for each

A € T;, there exists t =ty such that I(t,\) # 0. O

4.6. Final arguments

We now finish the proof of Proposition 4.1.

By enlarging  if necessary, we can assume that Q° = Q. Let 7(;,...,7y and D be as
in Proposition 4.8. If necessary, we add in more hyperplanes such that the complement
of their union in ¢a* consists of regular points only. Then the set of rational A in

QN (ia*\ (H1 U+ UKy UD))

is dense in Q. Since A +— %fOT\ht()\)P is a continuous function, and € is compact,
Proposition 4.1 follows from the next result:

Lemma 4.9. For every rational
A€ia™\ (H1U---UHNUD),

there exists Ty > 0 depending on A such that for all T > Ty, we have

I )
= he(A)|“dt > 0.
7 [ >0
Proof. Recall the definition of ‘rational’ from Definition 4.3. Let 71 € Rs¢ (depending on

A) and 7, = n7y for n € N be as in the statement of Lemma 4.4. By Proposition 4.8 we
can choose ¢y > 0 such that I(tg,\) =: a # 0. Write t,, = to + 7, for n € N. Note that by
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Lemma 4.4, we have I(t+7,,A) = I(t,\) for all t >0 and all n € N. Thus I(t,,A) = a, and
we can find a small € > 0 such that for every n € N and every s € (¢, —€,t, +¢€), we have
[I(s,A)| > |al/2 > 0.

From Lemma 4.6 we may choose Ty > 0 so large that |h(A) —I(t,M)| < |a|/4 for all t > Tp.
Let N € N be such that t, —e > Ty for all n > N. Then for every n > N, we have

[hs (M) = [al/4
for all s € (¢, — ¢,t, +¢€). We therefore get, for T' > 2T + 1, that

1 T (T—1-to)/T1 ¢ ) T—TO
2 2 2
?\/0 |ht()\)| dt > T P |htn+s()\)| ds > T|a| > O,

—€

as we wanted to show. O

5. Geometric side

The aim of this section is to prove Theorem 2.3. The essential feature of the geometric
side is the ergodic properties of the sets gFE; N E; in the quotient I'\G, as ¢t >0 and g € G
vary.

5.1. A general bound

In this section, we return to the general setting of §3, with S = G/K and T' a given
torsion-free cocompact lattice in G.

For g,h € G, let Ng(g,h) denote the number of v € I' for which d(g,vh) < R.
This generalizes the notation Ng(g) from equation (26) when g = h. Let Np(R) =

SUp(g, 1) Nr(g,h).
Lemma 5.1. There exists ¢ > 0, independent of R and I, such that
Nr(R) < InjRad(T'\ )~ dimSeck,
Proof. Note that Ng(g,h) = Nr(g,vh) for all v €T, so that we can assume that A is such
that d(g,h) = min,crd(g,vh). If d(g,h) > R, then Ng(g,h) =0, so that we can assume

d(g.h) < R.
Now if v € T is such that d(g,vh) < R, then

d(h,vh) < d(g,h) +d(g,vh) < 2R,

so that Ng(g,h) < Nag(h,h). Applying [1, Lemma 6.18] to Nag(h,h) gives the assertion
of the lemma. O

The following lemma is an adaptation of [24, Lemma 5.1] to our setting. Recall the
geodesic balls By, first introduced in equation (13) in the setting of G = SL4(R), but
more generally defined for all G using the same notation.

Lemma 5.2. There is ¢ > 0, depending only on G, such that the following holds. Let
R >0, and let K € C(G x G) be invariant under the diagonal action of T' and satisfy
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{g7*h:(g,h) € supp(K)} C Bg. Let K be an integral operator on L*(IT'\G) with kernel
K. Then

cR

(&
K< [ [ 1RG0 fotrimes vl (NG)an) IKIE. )

Proof. By definition, we have

2

Kl = [ . / K| dgan

yel

Let D C G be a fundamental domain for I". We decompose D into its 2R-thin and -thick
parts D = D<ap U Dsog, where, similar to equation (3), we have put

D<s>r ={z € D :InjRad-(z) < 2R}.

From the support condition on K, it follows that if K(g,vh) # 0 then d(g,vh) < R.

Now suppose that h € D<o and 7,0 €T, v # §, are such that d(g,vh) < R and d(g,0h) <
R. Then d(vh,0h) < d(g,vh)+d(g,0h) < 2R, but d(vyh,0h) > 2R, since h € Dsp, leading
to a contradiction. Hence there exists at most one v € I' with K (g,vh) # 0. In this way,

2

> K(gah)| =D |K(gAh)P,

yel’ yel
so that
2
[ [kt dgan= [ [ SirgamPagn
D>2R D ’YGF D>2R D’YGF
< [ [ Sitgon)Pdgan
D DvEF
— [ [ 1Ka.Pagan
GJD
=/ / |K (9,h)|*dhdg.
G JaG
To deal with the 2R-thin part, we use Cauchy-Schwarz and the support condition on K
to obtain

> K(gyh)| < Nr(R)Y |IK(g.7h)[*.

vel ~yel
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The factor Np(R) is bounded by Lemma 5.1. Furthermore,

[ [ SiK(gan)gdn
(M\G)<2r /T\G

yel’

< sup IK(g,h)IQ/ / > 1p, (97 'h) dgdh.
ge\G,heG (M\G)<2r F\G’VEF

By unfolding and changing variables, we have

/F\G >_Lea(97"9h) dg = /

15, (97'h) dg = ma(Br) = cc / J(X)dX,
~yel G

+
BR

the last equality coming from the Cartan measure decomposition (21). The Jacobian
factor satisfies J(X) < e2(»X) < e2Blrll2 for X € BF, using equation (37). From this one
deduces? that mqg(BR) < Rre2Blellz | which is enough to complete the proof. O

5.2. Description of the kernel of A(7)

We return to the setting of G = SL4(R). We would like to apply Lemma 5.2 to our operator
A(7) on L*(T\G) from equation (10). For this we shall need a description of its kernel,
which we shall denote by A(7); it is a continuous function on I'\ (G x G).

Lemma 5.3. The kernel of A(7) is

1 /(7 1
A(T)(g,h) = ;/0 mG(Et)/gEtht a(x)dzxdt. (42)

Proof. By definition, the action of U;alU; on f € L*(T'\G) is given by

(Uraly) f(g) = 7nG(Et)/Et a(gh1) Etf(ghlhz)dhzdhy
We set x = gh; and h = xho, apply Fubini, and use E;l = F; to obtain
1
UiaU, = / a(x h)dhdx
Wt f0)= 1 [ et [ g
&7 L, %)
= a(x)dx ) f(h)dh.
/G (mG(Et) 9ENhE, (@) ")
Averaging over t yields the claim. O

5.3. Support and sup of A(7)
In order to bound the second term in Lemma 5.2, we shall need to estimate the support
and the supremum of the kernel function A(7). This is accomplished in the next result,

which is the higher-rank generalization of [2, Lemma 26]. We recall the norm || on
G = SL4(R) introduced in §2.2 and defining the sets E;.

20One could also quote the more precise result of Knieper, recalled in formula (16), but an
exponential bound of any quality is all that is required in our application.
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Proposition 5.4. There exists a constant b > 0 depending only on d such that gE;N
hE; is empty unless ‘h_lg| < 2t+b. In particular, A(7)(g,h) =0 unless |h_1g’ < 27+b.
Further,

sup [A(1)(g,h)[? < [|allZ-
g,heG

Proof. We begin by establishing the following:

Claim: For x € SL4(R), we have |z;;| < el*l. Moreover, there exists a constant ¢ >0
depending only on d, such that for every x = (z;;) € SL4(R) and every i € {1,...,d} there
exists j € {1,...,d} with |z;;] > ce~1*].

Proof of claim: Write x = keZl, with k = (k;;), [ = (I;;) € K =SO(d), and Z € a*. Let
ki = (ki1,. .. ki) and \j = (l1j,...,lg;) € RY, fori,j =1,...,d. Let (-,-) denote the standard
inner product on R?. Then k1,...,kq and Aq,...,\q are both orthonormal bases of R?,
and x;; = </<;i,)\jez>. In particular, by Cauchy and Schwarz we have

ZHW < elZloe — glol,

z
23| = (i, Xje”)| < [ ge
proving the first statement.
For the second statement, we begin by observing that for every j =1,...,d we have

d
(mimie”) =3 e%ikf; > <m}“ez”> il = mine?s > e~ 141e = eI,
j=1

Writing x; as a linear combination k; = a1 A1 + -+ 4+ agAgq, we obtain

d

e < (kikie?) < lagl | (ki Aje?))|.

Jj=1

Note that the a; are uniformly bounded, since k£ and [ are contained in a compact set.
Hence there exist ¢ >0 and j € {1,...,d} such that

|zi;| = ‘</€i,)\jez>| > ce_lx‘,

as claimed.

Continuing with the proof of the proposition, suppose that there exists y € A1 gE, N E;.
We can assume without loss that h='g = e for some suitable Y = (V3,...,Y,,) € aT.

Since y € E, the first part of the claim shows that |y;;| < e’ for all 4,5 =1,...,d.
Moreover, since y € eY E,, we can write y= e¥ z for some z € F,. Then Yij = eyia:ij7 and
the second part of the claim shows that for every i there is a j; such that |z;;,| > ce .
Putting this together, we obtain e* > ce¥ie™*, so that e¥i < c~1e?.

By similar arguments, we also know that |z;;| <e' for all 4,7, and that for every 7 there
exists j/ with e¥t = |yijr| > ce™ — that is, €} > ce .

These two inequalities together imply the first assertion of the corollary, and hence also
the assertion of the support of A(7). The last assertion, on the sup of A(7), is a direct

consequence of the definition (42). O
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Recall from §2.5(iii) that E; C Byjxo,. It then follows from Proposition 5.4 that we
can take R = HXOH (274 b) in Lemma 5.2. Inserting this and the sup norm bound of
Proposition 5.4 into Lemma 5.2, we obtain the second term in Theorem 2.3.

5.4. First term

To establish Theorem 2.3, it remains to estimate the first term in Lemma 5.2, for the
operator A (1) with kernel A(7).

For a measurable set E C G, we write pp\¢(£) for the action by convolution of the
normalized characteristic function of E on L? (F\G). Thus

prva(E)f(x = ma(B /fxg

We shall in particular be interested in this operator for sets of the form gFE; N E;.
We begin with the following elementary upper bound on the quantity

Alr) = / y /G A7) (g.h) [Pdgdh.

Lemma 5.5. For all 7 >0, we have
2
1 T mg(gEtﬂEt
AT )<*/ / — " ||pn\c (9B NEt)a dt | dg,
72 JBaris \Jmax{o,(gl-t)72y  Ma(Er) lory Nezrvay
where b > 0 s as in Proposition 5.4.

Proof. From the definition (42) of A( ), we see that

/ a(x)dxdt dgdh
NG gE:NhE:
Changing variables z — hx and g+ h~'g, this is
T 1 2
7/ a(hx)dzdt| dgdh.
naJalJo (Et) JgmnE,

In view of Proposition 5.4, the integral over g € G may be truncated at |g| < 274 b, and
the lower range of the ¢ integral may be truncated at max{0,|g| —b)/2}. Furthermore,

1 ENE 1
7/ a(ha)de = MeWENE) / a(ha)dz
ma(Et) Jyp,nE, ma(E:)  ma(9E:NE:) Jog,nE,
mg(gEt n Et)
= E:NE, h).
mg(Et) (PF\G(Q t t)a) ( )
We conclude the proof by an application of the Minkowski integral inequality. O

We briefly return to the level of generality of §3, and let G denote a connected
noncompact simple Lie group with finite center. Let (m,V;) be a unitary representation
of G. We recall that the integrability exponent q(m) of 7 is defined as

q(m) =inf{qg > 0: (7(g)v1,v2) € LI(G) for v1,ve in a dense subspace of V. }.
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A classical result of Borel and Wallach [6], Cowling [11], and Howe and Moore [18] states
that 7 has a spectral gap precisely when ¢(7) < co; we can effectively take this as our
definition of the spectral gap in our setting.

Nevo [29] (see also [15, Theorem 4.1]) has proved a mean ergodic theorem for measure-
preserving actions G on a probability space (X, u) whose associated unitary representation
L3(X,n1) has a spectral gap. We shall be interested in the action of G on X =T'\G by
right translation, where I' < G is a lattice. The associated unitary representation is then
plq\G, the restriction of the right-regular representation pr\ g to the subspace L3(I'\G) of
L?(I'\G) consisting of functions f with fF\G f=0. In this setting, they show the following
result:

Proposition 5.6 (Nevo). Let G be a connected noncompact simple Lie group with finite
center. Let T' < G be a lattice. Then there are constants 6,C > 0, depending on the
integrability exponents of pg\G, such that for any measurable E C G of finite measure, we
have

|ohe(B)|, < Cma(E)~".
A famous result of Kazhdan [20] states that when G furthermore has rank at least 2,
sup ¢(m) < oo,
m:mrG=0
the supremum running over all unitary representations of G having no G-invariant
vectors. In this case, the constants of Proposition 5.6 can be taken independently of
I'. In particular, this is true of G = SLy4(R) for d > 3.
We thus return to G = SL4(R), for d > 3, and again require I' < SL4(R) to be a uniform

lattice. Recall that a € LZ(I'\G). We can therefore apply Proposition 5.6 to estimate the
quantity

_ 0
HPF\G(gEtﬂEt)aHL2(F\G) = HpF\G(gEﬁﬁEt)a‘ L2(T\G)

appearing in Lemma 5.5. Hence there is § > 0, depending only on d, such that

a 2 T E.NE 1-6 2
A(r) < | L22(1"\G)/ / mea(gE N EY) it dg.
T Farps \Jmax{o,(lgl-b)/21  Mc(Er)

To conclude the proof of Theorem 2.3, it suffices to show the following estimate:

Proposition 5.7. Let g € G. Then for 7> 1 we have

2
T 1—-6
/ / maloB 0By dg <,
Barsy \Jmax{0,(lg|-b)/21  ™ac(Er)

the implied constant depending on d.

The main point in the proof of this result is an estimate on the intersection volumes
mea(gE:NEy), proved in the next subsection.
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5.5. Intersection volumes

We seek to prove the following estimate on the intersection volumes m¢ (¥ Ey N Ey). See
§2.5 for a discussion of some geometric aspects.

Proposition 5.8. Set Y € a™ and t > 0. Then
me (¥ EyNE,) < e PV img(Ey). (43)

Proof. Recall the definition of the Frobenius norm ||-|| from §2.5(iv) and the Frobenius
ball E; from equation (19). We claim that

Et g Et—i—log\/g g Et—HOg Vd: (44)

Note that [|-|| is bi-K-invariant, so that if g = kjeX ko, where X = (X1,...,Xy) € a, then
llg||? = e**1 +--- +e?X4. Thus we may write E; = K exp(P;)K, where

P, = {X: (X1,...,Xq) € a:]nnax{eQX1 42X em2Xn +-~~+e_2Xd} < th}.

We therefore wish to establish formula (44) for the sets P; and P; = tP, where P is defined
in equation (14):

> If |X;] <t for all i, we have max {1 4. 4 ¢?¥d 7281 ... fem 2N} < de? | s0
that P, C P, /a-

< In the other direction, if max{62X1+~~+62Xd',e’2x1+'~+6’2Xd} < €%, then
| X;| <t for all 4, so that Py C P,.

It is now enough to prove formula (43) with E; replaced by E;. Indeed, suppose that
ma (eYEt ﬂEt) < e_<”’Y>mg(Et) (45)

for any Y € a. We use formula (44) to bound mg(e¥ E; N E;) by mg(eyEH_log\/&ﬂ

E, | g va)- Inserting the estimate (45) and the inclusions (44) again, we find

Y —(pY —(pY
ma (e Et+log\/EﬁEt+10g\/a> <e (P >mG (Et_HOg\/g)ge {p >mG (Et+10g\/g).

Since mg (Et+log\/8> =< mg(E;), by Corollary A.4, we have reduced formula (43) to
formula (45).

We prove formula (45) using the Iwasawa decomposition G = ANK from §3.1. Let g =
auk so that ||g|| = [lau|| and ||g7*| = ||u~a™"||. Now [lau/|* just equals the sum of all the
squares of the matrix entries of au, so that |lau|| = ||g| < e’ immediately implies that ||a|| <
e' and [lau—al| < e'. Similarly, ||g7!|| < e implies |[a7![| <€ and |[uTta™! —a || <€’
Thus we obtain the inclusion

E,C{g=auk€G:|al,[a”"

Nauw—al|, [|[u='a™" —a™t|| < €'}
Applying the same argument to e¢¥ g, for Y € a, and dropping the last two conditions,

eYE, C {g =auk € G: ||67Ya||, ||6Ya71|’ < et}.
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We conclude that mg (eYEt ﬂEt) < I(Y,t), where

o= [ dua

eiA”Sef‘ |eAufeA||<et
||6i(A7Y) ngt HuflefA_efAHSet

A

Changing variables u — eAu —e® 4T in the U-integration, we obtain

I(Y,t) = Iy (t) / e P A A,

[ <e’
| A=Y || <et

where Iy (t) =my (u € U : |lu—I|,|[u=" — I|| < e'). Changing variables A+ A—Y in the
A-integration and dropping a condition, we obtain

/ e (A A = oY) / A A

HeiA <et |‘ei(A+Y)‘ <et
e <t o<t
< e (PY) e~ (PA) JA.
leA ] <et

We write this last integral as I4(t). Using equation (20), this establishes
me (¥ EyNEy) < cre™PY) 14 (t) Iy (t). (46)
We now go in reverse. For A € a, we change variables u — e~ 4u—e~4 + I to obtain
e~ AL (t) =my (ueU: ||6AufeA||, Huile*A fe*AH <e'),
so that
IA()Iy(t) = / / dudA.
llexAll<et ||(eAu)*t —e£4]|<et
Again by the triangle inequality and equation (20), this gives
L)< [[ dudi= me (Brige) < ma (B
ll (au)*1||<2et

Combining this last inequality with formula (46) yields formula (45). O
5.6. Proof of Proposition 5.7
From Proposition 5.8 and Lemma A.4 we have, for Y € a™,

mgag (eYEt ﬂEt)l_e
m(;(Et)

67(179)<p,Y>mG(Et)79 < 67(170)<p,Y>67t9<2p,X0>

Y
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so that, using equation (15),

2
T 1-6
Farsy \Jmax{o,(lgl-b)/21  Mc(Er)

2
< / ( / et9<2p’X0>dt> e~ (1=020Y) J(y)qy.
Pf 1y \Jmax{0.(|Y o—b)/2}

Inserting J(X) < e*»X) for X € at from equation (37) and evaluating the t-integral, we
majorize the foregoing expression by

o~ max{0, \|Y|\ocfb}9<2p,Xo>eH(Qp,Y)dY
(P+

274b
We break up the last integral as I; + I3, according to af = fPZ' and
ay (1) ={Y €at:b< Y| <27+0b}.

Since a is independent of 7 (as is the integrand), we have I; < 1. Next, we have

12<</ 20(( V) =11Vl (0. X)) gy
af (7)

We will drop several of the conditions on Y in the course of the proof to simplify the
integral.
Write 7/ = 27 +b. We distinguish the cases of d being even and odd. Define

_ {d/2 if d is even, (47)

(d+1)/2 if dis odd.
We first assume that d > 3 is odd. We can write Y in the integral as
Y =(a1,...,a5,— a1 —---—as+by+---+bs, —bs,..., — 1),
with 7' >a; > >a,>0and 7/ >by >--- > by >0. Then (p,Y)=>"7_,(s—14)(a; +b;), and

bs >0
using Lemma A.1, (p,X°) =24 with A=3"7 | (s—i). Moreover, ||Y o =max{ay,b1}.
Hence

12(7_) < /.“/629(Zf=1(s—i)(ai+bi)—2Amax{al,bl})7

where the integral runs over

{al,...,as,bh...,bs
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We now integrate first as and bs, and continue successively with as_1,...,a2 and
bs_1,...,ba, until only a; and b; remain to be integrated. In this way we obtain

7_) < //T 620A(a1+b172max{a1,b1})da1db1 — //T 6729A‘a17b1|da1db1
0 0

7_/
= 27'/ e 204 gy < 1.
0

If d is even, then d >4 and s > 2. We can write Y = (ay,...,as, — bs,..., — b1), with
>a > >as>0,7">b > >bs >0, and
a1+ +as=by+---+b,. (48)
Then ||Y||co = max{ay,b; } and
s s s—1
(p,Y):Z(s—z+1/2 )(a; +b;) Zs—i—&—l)ai—FZ(s—i)bi,
i=1 i=1 i=1

where we have used equation (48) to replace bs. Furthermore, using Lemma A.1, we have
<p,X0> = A+ B, where we have put

S S
A:Z(s—i—i—l) and B:Z(s—i).
i=1 i=1
Extending the domain of integration if necessary, we obtain

S/“'/629(2;?:1(sfi+1)ai+2f;11(sfi)bif(AJrB)max{al,bl})’

where the integral runs over

{a17"'7a‘87b17"'7b8—1

T'>a1>0,a1>0a2>0,...,a51 >as >0,
' >b1>0,b1 >b2>0,...,bs_2>bs_1 >0

As before, we successively integrate over ag,as_1,...,a2 and bs_1,bs_2,...,bs, obtaining
T/
<< // Aa1+Bb1 (A+B) max{al bl})daldbl // efzeBlalfblldaldbl < T,
0
as desired. O

Appendix A. Cones and volumes

Recall the definition of P+ and E; in §2.2. Our goal is to write PT as the intersection of
at with a suitable cone in a and to calculate the asymptotic volume of the set Fj.

A.1. Cones

We will identify a as before with the subspace of R? consisting of all vectors X =
(X1,...,Xq) with X744+ X4 =0. We also identify a with the set of all trace 0 diagonal
matrices whenever convenient.
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Lemma A.1. Let X° € P be any point in P satisfying
X% p) = X,p).
(X%p) = max (X.p)

Let {ey,...,eq} denote the usual standard basis of R%. Then

e1+-tes—espi1——e if d is even,
X() _ 1 s s+1 d f . (49)
e1+--+es_1—esy1—--—eq if dis odd,
where s is defined in equation (47). In particular, X° is unique.
Proof. We write the half-sum of positive roots p € a* in coordinates as p = (p1,...,p4) €

R% ~ (Rd)*, where p; +---+pg =0. We have p; > --- > pg and p; = —pgy1_; for every
i <d/2, so that if d is odd, then p(g41)/2 =0. Let X = (Xy,...,Xq) € P. Then

(X,p) = Z (X — Xat1-i)pi-
i<d/2

Since X € P, we have —2 < X; — X441 < 2. Furthermore, p; > 0 for ¢ < d/2, so this sum
is maximized for X; =1 and X y1_; = —1. This proves our assertion for d even. For d
odd, we finally note that X; +---+ X4 =0 forces X(441)/2 =0. O

Lemma A.2. There is a basis p,...,j4g—1 € a* such that u; (XO) =1,i=1,...,d—1,
and Pt = Cnat, where

C=X"4C" and C'={Xca:pu(X)<0}.
In particular, if {8} is the basis in a which is dual to {u;}, then
d—1
el = {leﬂi\/ Vi < O}
i=1
and X0 =BY +-+8Y_,.
Proof. Note that
Pr={Xca:X;<1,-X;<1}nat. (50)
We rewrite this using the system of fundamental weights w; € a*:
Pr={Xca:w(X)<1lwg1(X)<1}Nat. (51)

Since @y (X°) = w41 (X°) =1, we can put p; = w; and pg—1 = wq_1. The strategy is
then to complete {p1,pq—1} to a basis of linear forms {u;} in such a way that

(1) pi (XO) =1foralli=1,...,d—1 and
(2) the conditions X € a and p1(X),pa—1(X) <1, imply p;(X) <1fori=2,...,d—2.
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In this case, property (1) shows that
C=X4C"={Xe€a|Vi:p(X-X°)<0}={X€a|Vi:pu(X)<1},

and then property (2) combines with equation (51) to establish P+ = Cnat.

Note that relative to the standard basis {e;} of RY, py is the (restriction to a of the)
first coordinate functional and pg—1 is minus the (restriction to a of the) last coordinate
functional. Thus if the +pu;, for i =2,...,d—2, are a linearly independent subset of the
remaining d — 2 coordinate functionals, then (2) follows from the fact that 1> X; >--- >
X4 > —1 implies £X; < 1. To ensure property (1), we simply need to choose the sign
suitably and avoid the (d+4 1)/2 coordinate for odd d. Thus for d odd we put

. W; —Wi—1 if2§i§8—1,
pi W; — Wi+1 1f8§’&§d—2,
and for d even we put

B W; —Wi—1 ifQSiSS,
. w;—wip ifs+1<i<d-2,

where s is defined in equation (47). Using the definition (49) of X°, we quickly verify
property (1). O

Remark A.1l. Using the explicit description of the basis {u;}1<i<d—1, one can easily
see that writing p as a linear combination of the p; results in all the coefficients being
positive integers. Hence if Y € €%, then (p,Y) < 0.

A.2. Volumes

Proposition A.3. Suppose P C a*t is a convex polytope. Let Vp denote the vertices of
P, and suppose that Vp 3 X — (p,X) takes its mazimum at exactly one vertex vg € Vp.
Then there exist ¢,0 > 0 such that

/ Z o(w)eforXIdx = cetlrvo) (1+0 (e7™)) (52)
Prwew

ast— oo. Here P, = {tX | X € P} and o(w) denotes the signature of w € W.

Before starting the proof of this proposition, we note that

Z a(w)e<“’p’X> >0

weWw

for all X € at because of the convexity of the exponential function.

Proof. First note that (wp,X) < {p,X) for all X € at, and in fact (wp,X) < (p,X) if
X cat. If P is not simple, we divide it into disjoint simple polytopes P',...,P" whose
respective sets of vertices we denote by V!,....V". The vertices Vp are contained in the
union Uj V3. By Brion’s formula [7], there exist nonzero coefficients aJ € R, j =1,...,r,
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v € VI, such that

/Pg' efwrX)gx = Z a{;e“w"’w.

veVI

We can find § > 0 such that for every j and v € V7, (wp,v) < (p,v0) —J unless w=1v = vq.

Hence,

/ YelvrXgx = Z alo(w) | etPvo), (53)
P

tweWw 7,v,w:
w711}=110

It remains to argue that this last sum in brackets is a positive number. If v is such that
(wp,v) = {p,vg) if and only if w =1 and v = vy, then the left-hand side of equation (52)
tends to +oo as t — co. Moreover, the sum on the right-hand side of equation (53) has
exactly one nonzero term in that situation, which consequently must be positive. If vy
does not satisfy this condition, we choose another polytope P’ C P with regular vertices
(i.e., Vps Cat) that are sufficiently close to the original vertices of P. Then

/9>

elwnX)gx </ o(w)elPX)dx,
tweWw

tweWw

and the right-hand side grows like ce'®’ for suitable ¢ >0 and (p,u0) > ¢ > (p,v0) — 9,
provided P’ is chosen sufficiently close to P. This proves that the sum in brackets on the
right-hand side of equation (53) is a positive number. O

We apply the foregoing result to estimate the volume of Ej.
Corollary A.4. There exist ¢,6 > 0 such that we have
ma(Ey) = ce?H{pX°) (1+0 (eft‘s))
as t — 00.

Proof. By Cartan decomposition, we have
ma(Ey) :/ J(X)dX =2~ d‘m“/ 2w X)qx
P weWwW

where o(w) denotes the signature of w. The assertion of the lemma then follows from
Proposition A.3. O

Appendix B. Angles and inner products

The purpose of this appendix is to prove the following result, used in the course of the
proof of Lemma 4.5.

Recall the notation of that lemma. Let X° be as in equation (17) and let M denote its
centralizer in G. For Y € a we write Y =Yy, + Y™ for unique Yy € apr and Y™ € o™,
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As before, for nn > 0 we write T;, for the set of all A € af such that ReA lies in the convex
hull of the Weyl group orbit of 7p. The cone €° is defined in Lemma A.2.

Proposition B.1. There are constants C,Cy > 0, depending only on d, such that for
every Y € C0, \ ¢ Ty, and w € W, we have
(il) [(ReAYar)| < —Con(p,Yar).

In particular, there is a constant C' >0, depending only on d, such that for all Y € C°
and A € Ty, we have

[(Re A Yar)| < =nC(p,Y).

To prove the proposition we shall work abstractly with linear forms on the Euclidean
space R?, equipped with its standard inner product. Namely, we make the usual
identification of the standard Cartan subalgebra ag of gly(R) with R?, so that a = a§

identifies with the trace 0 hyperplane
H= {X:(Xl,...,Xd) 6Rd3X1+"'+Xd=O}_

We are interested in the linear form L(Y) = (p,Y) on R? or H. It will be convenient to
define a cone €’ in R? such that €’ N coincides with the cone —C° of Proposition A.2.
Property (i) will then follow from a similar maximizing property of L on €'. Property
(ii) requires bounds on the angles that the vectors in —C% can form with X°, which we
deduce from the relative position of X° with 7.

B.1. Positive linear forms
Let {ey,...,eq} denote the standard basis of R%.

Definition B.2. If d is even, let ¢ € R? be the closed orthant

/
€’ = coneg., {el,...,ed/z, —€d/2415- s —ed}.

If d is odd, let @ = Ot UO~ C R? be the union of the closed orthants

+_
O7 = coner. o {€1,--,€(d+1)/2-1,€(d+1)/25 — €(d+1)/2415- -5 — €d }s
O~ =coner.  {€1,---,€(d+1)/2—1> = €(d+1)/2> — €(d+1)/241>+ > — €d -

Remark B.1. Recall the explicit description of X° € R? as given in equation (49) (in
Appendix A). If V; denotes the set of vertices of the unit cube [~1,1]¢, then +X° € V; for
d even and +X° *e(gq1)/2 € Va for d odd. In particular, when d is odd, — X0 lies on the
edge of [—1,1]d connecting the vertices X° *e(g41)/2- We deduce that the origin of RY is
a vertex of — X%+ [~1,1]¢ if d is even, and it is the midpoint of an edge of — X% +[~1,1]¢
if d is odd.

It is easy to see that when d is even, —C’ is the unique orthant in R? containing
—X%+[-1,1)¢, and when d is odd, —X°+[-1,1]¢ C —€".

Remark B.2. If d is even, then €’ does not contain any nontrivial linear subspace, and
if d is odd, the only nontrivial linear subspace of €’ is the 1-dimensional space Re(441) /2.
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Definition B.3. We call a linear form L : R — R positive if it is nonnegative on €’
and either positive on €'\ {0} if d is even or positive on €'\ Re(gy1y/2 if d is odd.

Let £ C R? denote the ray R>oX?. Since XY € €', and € is a cone, we have £ C €'.

We identify the space of linear forms on R? with (Rd)* ~ R?% via the dual basis
to {e1,...,eq}. If L is a linear form, written as L = (Ly,...,Ly) with respect to this
identification, and o € S; is a permutation, we define the linear form oL by the rule
oL := (Lg(l), .. ,Lg(d)). We make the following identification:

Lemma B.4. Let L € (Rd)* be a positive linear form. Let L' be a form in the closed
convex hull of {ocL:0 € Sy} C (Rd)*. Then for all X € £, we have L'(X) < L(X).

Proof. A linear form L = (Ly,...,Ly) is positive if and only if

Ly,...;Lq2>0, Lyjaq1,-..,La <0, if d is even,
L17...,L(d+1)/2_1 >0, L(d+1)/2 =0, L(d+1)/2+1,...,Ld <0, ifdisodd.

It follows that for such L we have L (X%) =|Ly|+---+|Lg|, and hence oL (X°) < L (X?°)

for every o € Sy. Hence if L’ is in the closed convex hull of {cL :0 € Sy} in (Rd)*, we
also have L' (XO) <L (XO). O

B.2. Hyperplane intersections
We now put ¢’ =C'NH.

Lemma B.5. C” is a convex cone in R? of dimension d—1 that satisfies "N (—C") =
{0}. Moreover, there exists v > 0 such that the angle between any nonzero vector in C”
and the vector X° is at most w/2 —.

Proof. The first part of the lemma follows directly from the description of €’ in Definition
B.2, coupled with Remark B.2.

For the assertion on the bound of the angles, we proceed as follows: If d is even, then
€ is just a single orthant in R?, hence the angle between any two vectors is bounded by
7/2. Since X does not lie on the boundary of €', there exists v > 0 such that the angle
between X% and any vector in €’ is bounded from above by /2 — .

For d odd, recall that @ =O*UO~ and X° € 0T NO~, hence the angle between X and
any vector in € is at most 7/2. Moreover, it is readily seen from the explicit descriptions
of X% and OF that the only vectors in € that are orthogonal to X are the vectors on
the line Re(g41)/2. Since e(g11y/2 € H and €” = €' NI is closed, the angle between X0
and nonzero vectors in €” must be bounded from above by 7/2—+ for some v>0. O

Note that £ C €”, since X° € K.

Proposition B.6. Let M C H be a vector subspace that is orthogonal to L. Then for
every X € L, the section

(X+M)ne”
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is compact. Moreover, if M is of dimension d—2, then

¢’ = |J (x+mnen,
Xel

and writing X =rX° for a suitable r >0, we have (X +M)NC" =7 ((X°+M)NC").

Proof. Follows from Lemma B.5. O

B.3. Application to linear forms

In the following lemma, we shall take L to be a positive linear form in the sense of
Definition B.3, and M C H a vector space of dimension d — 2 which is orthogonal to £:

Lemma B.7. There exists a constant ¢ > 0 such that L(X + Z) < cL(X) for all X € £
and Z € M with X +Z € ¢".

Proof. For fixed X € £, the set of all Z € M such that X + Z € €” is compact by
Proposition B.6. In particular, there is D C M compact such that (XO + JV[) Ne"=X%4+D.
Hence any X + Z € €” with X € £ and Z € M can be written as X +Z =rX"+rZ’ for
some suitable 7 > 0 and Z’ € D. Putting

maxz/ep L(Z/)

=1
c + L(XO) ,

we then get L(X +2Z) =rL(X°) +rL(Z') < cL(X). O

B.4. Proof of Proposition B.1

We now apply the previous results to our situation. Namely, we identify ag with R? as
usual so that a = a§ is the hyperplane H. The cone C” = & NI then coincides with the
cone —C0 that we considered in Appendix A, and X° coincides with the vector of the
same name from Appendix A.

We consider the linear form L(Y) = (p,Y), Y € C. Let ap; C a be as before. Then
RX° C ayy. In fact, if d is even, then ap; = RX° and a™ is orthogonal to a,; of dimension
d—2. If d is odd, then aj; has dimension 2. In that case, let V' C aj; be the orthogonal
complement to the line RX? so that V @ aM is orthogonal to RX? of dimension d — 2.

As before, if Y € @, we write Y =Yy +YM for unique Y € apr and YM € aM. If d
is even, then Vs € R>oX?, and if d is odd, we can uniquely write Yys = Y], + Y]} with
unique Yy, € R>oX? and Y}, € V.

Having set up the notation, we now note that (p,-) vanishes on V, and hence Proposition
B.1(i) is an immediate consequence of Lemma B.4.

For part (ii), we first note that by the definition of T, ReX is contained in the
convex hull of the Weyl group orbit of np so that (ReAwX®) <n(p,X°), by Lemma
B.7, for every w € W. This establishes part (ii) for d even. For d odd, we have
n{p,Yar) =n{p, Y1) > (Re\,Y],), since (p,-) vanishes on V. Taking Y}, = X°, the possible
Y} lie in a compact set so that (Re\,Y};) is bounded from above by 7c for ¢ some absolute
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constant. Scaling Y, = X% by a scalar, the compact set of Y]} gets scaled by the same
scalar. Hence there is C' > 0 such that for any ¥ € €, we have (Re\, Yy ) <nC{(p,Yr)O
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