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ABSTRACT

Recently, Wang’s premium principle (Wang, 1995, 1996) has been discussed by
many authors. Considerable attention has been given to the conditions under
which Wang’s premium principle can be reduced to the standard deviation
premium principle. In this paper, we have got two results on this problem. One is
that the natural set is a location-scale family if Wang’s premium principle can be
reduced to the SD premium principle for all surjective distortions. The other is
that the natural set is a location-scale family for all power distortions.
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1. INTRODUCTION

Recently, Wang’s premium principle (Wang, 1995, 1996) has been discussed by
many authors, e.g., Wang, Young and Panjer (1997) and Wang and Young
(1998). Christofides (1998) found that for some distribution families, the
proportional hazards (PH) premium principle, as a special case of Wang’s
premium principle when the distortion is a power function, can be reduced to the
well known standard deviation (SD) premium principle. He conjectures that for
a parametric distribution family with constant skewness, the PH premium
principle reduces to the SD principle. Young (1999) showed that Christofides’
conjecture is true for location-scale families and for certain other families, but
false in general. Wang (2000) introduced the concept of natural set for the
distortion, and showed that for a fixed distortion, the natural set on which
Wang’s premium principle reduces to the SD premium principle is a union of
location-scale families which satisfies some condition. Furthermore, he showed
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that the natural set is a location-scale family if Wang’s premium principle
reduces to the SD premium principle for all distortions, or especially for all
two-step-up distortions in which a two-step-up distortion is a distortion that
takes only the values 0 and 1. In fact, his results mean that corresponding to
each distortion there is a natural set (a union of location-scale families), and the
intersection of all these natural sets for all two-set-up distortions is a location-
scale family. He proposed a question of whether the natural set is a location-
scale family for all power distortions. In this paper, we will provide further
discussion on this topic. We have the following two results. One is that the
natural set is a location-scale family if Wang’s premium principle can be reduced
to the SD premium principle for all surjective distortions. Note that any two-
step-up distortion is not surjective. The other is that the natural set is a location-
scale family for all power distortions.

2. RESULTS

As we all know, the standard deviation premium principle is that

m(X) = E(X) + A/ Var(X)

for some A >0, where 7(X) is the premium charged for insurance risk X.
Wang’s (1995, 1996) premium principle gives the premium

0 00
Hy(X) = / (&lSx(0)] — 1}d1 + / glSx()dr
—00 0

where Sy(#) = P(X > 1) is the decumulative distribution function (d.d.f., or
survival function) of X, and the distortion g is a non-decreasing function from
[0, 1] onto itself. If g is a power function g(w) = w*, then g[Syx(7)] is referred as a
proportional hazard transformation of Sx(zr) (Wang, 1995, 1996), and H,(X) is
called proportional hazard (PH) premium of X. For convenience, denote the
PH premium of a random variable X as H.(X) for any fixed c.

Let g be a fixed distortion, then it is obvious that Wang’s premium principle
can reduce to the SD principle in a set, F, of distributions, if and only if, for any
X € Fand Y € F, the following equation holds,

He(X) — E(X) _ H,(Y) — E(Y)

Var(X) Var(Y)

Now we give the definition of natural set of a distortion function which is
introduced by Wang (2000).
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Definition 1. Let §2 be the set of all distributions. The natural set of a distortion g
with respect to distribution X € ), denoted as Ny(X), is defined as

Hy(X) —E(X) _ Hy(Y) —E(Y) Q}

Ng(X):{Y' VVar(X) — /Var(Y)

If
He(X) — E(X)

A=A = e

we also write Ny(X) as Ng(X).

Obviously, a fixed g may have many natural sets with each set corresponding
to different parameter A’s. The proposition 1 in Wang (2000) said that N,(X) is a
union of some location-scale families.

Definition 2. g is called a surjective distortion if g is a non-decreasing surjection
from [0, 1] onto itself. We denote the set of all distortion function as G, the set of
all two-step-up distortions as T, the set of all surjective distortions as S and the set
of all proportional hazard transformations (power distortions) as P.

Obviously, P, T"and S are all subsets of G and a distortion is a surjective
distortion if and only if g is a continuous distortion satisfying g(0) = 0 and
g(ly=1.

By using a two-step-up distortion, Wang (2000) showed that the natural set
on which Wang’s premium principle can reduce to the standard premium
principle for all distortions (or for all two-step-up distortions) is a location-scale
family. It means that both ﬂ Ng(X) and ﬂ N¢(X) are location-scale families.

In fact, the subscript for wh1ch the 1ntersect10n is carried on need not go through
the set G of all distortions or the set T of all two-step-up distortions. We will

prove that () Ng(X) is a location-scale family, and if X has continuous d.d.f.
ges
and convex support set, then (7] Ng(X) is also a location-scale family. Before the
€P
main results, we present the ?ollowing two lemmas.
Lemma 1. Ler S(x) be a decumulative distribution function of a random variable X,
and

0, 0<w<A4,
I, A4<w<l.

g = {

be a two-step-up distortion function for A € (0, 1). Let u = inf{z : S(¢) < A}, then
Wang’s premium Hg(X) = u.
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Proof: Since the decumulative distribution function is right continuous, S(¢) is
larger than 4 when ¢ < u and smaller than or equal to 4 when ¢ > u. Therefore
we have

asol={g i5e

If u > 0, we have

0 o0 u
i = [ {elsv] - thar+ [ elsvionr= [ di=u
—00 0 0

If u <0, then

0 0
Hy(X) = / {&[Sx(0)] — 1)1 + / glSx(1)]di = / (~1)dt = u

0

The lemma is proved.

Lemma 2. (Feller, 1971, Chapter 13, Theorem la). Let U be a measure on
R* = (0, +00), taking finite values in bounded sets of R*, and

S0\ = / M U(dx)
0

be finite for a < A < oo, where a > 0 is known. Then U is determined by its
Laplace transformation ¢()\).

Proposition 1. (| N,(X) is a location-scale family.
g€eS

Proof: Let-F = [ Ny(X). For any surjective distortion, Wang’s premium

o g€eS . o Ty
principle reduces to the SD premium principle on the set F of distributions. Thus
for any X, Y € F and any surjective distortion g, we have

Hy(X) — E(X) _ H(Y) - E(Y)

v Var(X) VVar(Y)

Let
X - E(X) Y- E(Y)
Ve Var(Y)
Hence, we have
He(U) = H,(V) (1)

because H, is location and scale equivariant (or linear invariant).
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Therefore, in order to prove the proposition it is sufficient to show that if the
equation (1) holds for all surjective distortions g, U and ¥V have an identical
distribution.

Denote the decumulative distribution functions of U and V as Sy(f) and
Sy(t) respectively. Now, using proof by contradiction, we will prove that
Su(t) = Sy(¢) for ¢>0. Assume that there exists a z >0 such that
Su(to) > Sy(t). Let o = Sp(ty), 0 < a < 1. Denote v = inf{z : Sy(¢) = a}, then
v < ty. Take € such that

0<e<Sy(ty) —a

and define
1, ate<w<l;
gw)y=< (w—a)le, a<w<a+e
0, 0<w<a.
I, a+e<w<
o) = {
0, 0<w<a+e
I, a<w<l;
hy(w) =
0, 0<w<a.

Then it is obvious that g(w) is a surjective distortion and A;(w) < g(w) < hy(w)
for all w € [0, 1].
Let u(e) = inf{zr: Sy(t) < a + €}, then

Sv(u(e)) > a
Since Sy(fy) > o + ¢, we have
u(e) > to
Using Lemma 1, we have
He(U) = Hy, (U) = u(e)
and
H (V) < Hp, (V) = v < 1y < u(e)

Hence, H,(U) # H,(V), contradicting equation (2).
Similar to the proof of proposition 2 in Wang (2000), it can be shown that
Su(t) = Sy(r) for ¢t < 0. Hence the proposition is proved.

Proposition 2. If the d.d.f. of X is a continuous function and if the supporting set of

X is a convex set, then (| Ny(X) is a location-scale family.
gepP
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Proof: Similar to the above proof, in order to prove this proposition it is
sufficient to show that if H,(U) = H,(V) for all power distortions g(p) = p°, U
and V have an identical distribution where the d.d.f. of both U and V are
continuous functions and the supporting sets of both U and V are convex sets.

Let g be a power distortion given by g(p) = p°. Now we represent the PH
premium Hg(X) in the form of a Laplace transformation of random variable X
with respect to some function.

0 oo
Hy(X) = / [(Sx(0))~1)dr + / (Sx(n)di
—00 0
- [ wasxtoy

Let z = — In S¥(¢), then
Hy(X) = —c/ Syl (e ?)e “dz
0

which means that H,(X) is the Laplace transformation of —S,!(e %), where
Sy!() is the inverse function of Sx(-). Because the d.d.f. of X is continuous and
the supporting set of X is convex, this Laplace transformation exists. Hence,
according to Lemma 2, if H,(U) = H,(V), i.e.

o, ¢] 00

/S[,‘(e_z)e_cdeZ/S{/l(e*z)e‘”dz

0 0

we have

SpH(e7) = 5! (e )
which implies that Sy(¢) = Sp(r). Hence U and V have an identical distribution.
Thus the proof is completed.
To conclude, the PH-transformation principle reduces to the standard deviation
principle only on a natural set of location-scale family of distributions. This is

merely a result of (and nothing more than) the positive linearty of Wang
premium principle.
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