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Abstract

We develop a sheaf cohomology theory of algebraic varieties over an algebraically closed nontrivially valued
nonarchimedean field K based on Hrushovski-Loeser’s stable completion. In parallel, we develop a sheaf cohomol-
ogy of definable subsets in o-minimal expansions of the tropical semi-group s, where I" denotes the value group
of K. For quasi-projective varieties, both cohomologies are strongly related by a deformation retraction of the stable
completion homeomorphic to a definable subset of I'. In both contexts, we show that the corresponding cohomol-
ogy theory satisfies the Eilenberg-Steenrod axioms, finiteness and invariance, and we provide natural bounds of
cohomological dimension in each case. As an application, we show that there are finitely many isomorphism types
of cohomology groups in definable families. Moreover, due to the strong relation between the stable completion
of an algebraic variety and its analytification in the sense of V. Berkovich, we recover and extend results on the
singular cohomology of the analytification of algebraic varieties concerning finiteness and invariance.
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1. Introduction

Let V be an algebraic variety over a rank 1 nonarchimedean field K. There are two well-behaved
cohomology theories that can be attached to the analytification V" of V in the sense of V. Berkovich: the
singular cohomology and the étale cohomology. Both have been proven to carry interesting information
about V (see [12], [9], [10], to cite just a few).
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When K is a nonarchimedean field of higher rank, E. Hrushovski and F. Loeser [35] introduced
a topological space V(K ) called the stable completion of V, which can be thought as a higher-rank
analogue of Berkovich’s analytification. If V is a quasi-projective variety, the main theorem in [35]
shows a very deep connection between V(K ) and the tropical semi-group I's, associated to the value
group I of K: there is a deformation retraction from V(K)toa piece-wise semi-linear subset of a finite
power of I',. An analogous result was earlier proved by Berkovich [11] for V® under strong algebraic
restrictions on V.

The aim of this article is to introduce a well-behaved cohomology theory of the space V(K ) that
coincides with the singular cohomology when K has rank 1. In particular, we show our cohomology
satisfies finiteness and invariance and has natural bounds on the cohomological dimension. As an
application of the above, we extend results of Berkovich on the singular cohomology and obtain a
tameness result in families showing there are only finitely many cohomology groups in fibres.

Typically (e.g., when K has rank bigger than one), the underlying topological space of V(K ) is not
even locally compact (see later Remark 7.5). We bypass such a problem by introducing a suitable site on
V(K ) (the V+g-site) and using a formalism of sheaves developed by M. Edmundo and L. Prelli ([27]),
which builds on a modification of M. Kashiwara and P. Schapira’s ([40]). Recent applications such as
[2] and [5, 6] are implicitly working within this formalism.

Our approach is reminiscent of J. Tate’s initial attempt to study rigid analytic spaces via
G-topologies [52]. However, it is worthwhile to mention that, in contrast with cohomology theories
defined via the analytification of algebraic varieties, our definition is intrinsically algebraic and makes
no use of Tate algebras or affinoid domains. This confirms Hrushovski-Loeser’s idea that a ‘rigid
algebraic geometry exists as well” (see [35, Chapter 1]).

2. Main results
2.1. Cohomology theories

Let K be an algebraically closed nonarchimedean field of arbitrary rank, I" be its value group and
', = T U {oo} the associated tropical semi-group. In order to fully exploit Hrushovski-Loeser’s main
theorem, part of the present article consists in developing in parallel a sheaf cohomology of definable
(i.e., semi-linear) sets of I'.,. More generally, we lay out a sheaf cohomology for definable sets in
o-minimal expansions of I', over the site of open definable sets, extending theorems from [22, 25, 26, 28]
on sheaves on o-minimal expansions of I', including the formalism of the six Grothendieck operations
(see Remark 6.23). It is worth mentioning that the passage from I" to I's, is more subtle than one might
expect, as already noted by Hrushovski and Loeser (see the first paragraph in [35, Section 4.1]).
The following is the main theorem concerning our cohomology theories:

Main theorem. For algebraic varieties (possibly over a subfield of K), their stable completions and
definable subsets of I, the corresponding cohomology theory satisfies:

(1) the Eilenberg-Steenrod axioms (Theorem 6.11);

(2) finiteness (respectively, Theorems 6.31 and 6.20);

(3) invariance (respectively, Theorems 6.32 and 6.22);

(4) bounds on cohomological dimensions (respectively, Theorems 6.35, 6.36 and 6.20).

2.2. Applications
We obtain the following applications:

(D In rank 1, Hrushovski and Loeser show finiteness of homotopy types in definable families (see [35,
Theorems 14.3.1 and 14.4.4]). As they observed (see the beginning of [35, Section 14.3]), such a result
is no longer true in higher ranks. However, using invariance of cohomology with definably compact
support, we obtain a tameness result showing that given a definable family Z,, of v+g-locally closed
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subsets of a variety, as w runs through W, there are finitely many isomorphisms types for the v+g-
cohomology H. (Zw; Q) with definably compact supports. (See later Theorem 8.1.)

Results of A. Abbes and T. Saito [1], later generalised by J. Poineau [48], showed that for families
parametrised by the norm of an analytic function, there is a finite partition of R into intervals such that on
each piece, m of the fibres are in canonical bijections. For definable families parametrised by I's,, we get
analogues of such results for H}. and ﬂgef (both independently of the rank). See Corollaries 8.2 and 8.3.

It is worth pointing out that assuming finiteness and invariance of cohomology without sup-
port, similar methods lead to bounds on the v+g-Betti numbers of a uniformly definable family of
v+g-locally closed subsets of a variety. Such a result will be an analogue, in all ranks, of a result ob-
tained by S. Basu and D. Patel ([4, Theorem 2]) in the case where the valued field has rank one, using the
usual topological (singular) Betti numbers instead. In comparison with [4, Theorem 2], this approach
will provide a much simpler proof by taking advantage of the fact that we can work in higher elementary
extensions where we can endow the tropical semi-group I's, with the structure of a real closed field and
therefore apply earlier results of Basu himself on bounds in o-minimal expansions of real closed fields
([3, Theorem 2.2]).

(II) We recover results of Berkovich [11] on the singular cohomology of V" concerning finiteness and
invariance (see later Theorems 7.12 and 7.13 and Corollaries 7.19 and 7.17).

(III) We extend Berkovich’s results in two different ways that we briefly explain. Let F be a
nonarchimedean field of rank 1 (not necessarily complete) and V be an algebraic variety over F.
Hrushovski and Loeser also introduced a topological space, called the model-theoretic Berkovich space
associated to V, which they denoted by Br(V) (see later Section 7 for its formal definition). When F is
complete, Br(V) is homeomorphic to the underlying topological space of V". Letting F™** be a max-
imally complete algebraically closed extension of F with value group R, they show the existence of a
closed continuous surjection 7: V(F MaX) — Bpr(V). Such a map allowed them to transfer results from
V(F™>x) to Bp(V) and draw conclusions about the homotopy type of V¥" for V quasi-projective. When
F = F™_the topological spaces V (F), Bp(V) and V" are all homeomorphic, and we show that, in this
particular case, our cohomology coincides with the singular cohomology of V" (Theorems 7.16 and
7.18). Furthermore, the map 7 allowed us to transfer results from the v+g-cohomology on V(F maxy to
the singular cohomology of Br(V) and hence, when F is complete, to the singular cohomology of V",
This is mainly how we recover Berkovich’s results. However, note that our results hold more generally
for Br(V), a space that is well-defined without assuming F to be complete.

A second way in which we extend Berkovich’s results is that our theorems actually hold for semi-
algebraic subsets of Br(V) (respectively, for semi-algebraic subsets of \7(K ), for any nontrivially valued
algebraically closed field extension of F). Here, a semi-algebraic subset should be understood in the
sense of A. Ducros [20] (see later Fact 7.1). Using that \7(1( ) has finitely many definably connected
components (Lemma 5.21), we also recover the analogue result due to Ducros [20] for V*". In a similar
vein, but using completely different methods, F. Martin [43] extended results of Berkovich concerning
the étale cohomology of analytic spaces to the larger category of their semi-algebraic subsets. We would
like to explore in subsequent research if the techniques here employed can also be used to develop an
analogue of the étale cohomology over the spaces V(K) and Bp(V).

2.3. Layout of the article

Throughout, we will use a formalism of sheaves developed by M. Edmundo and L. Prelli ([27]), which
builds on a modification of M. Kashiwara and P. Schapira’s ([40]) notion of T -topology (a Grothendieck
topology). The semi-algebraic site, the sub-analytic site, the o-minimal site and the V+g-site mentioned
above will be examples of such 7 -topologies. The needed background and properties of such a formalism
are presented in Section 3.

The novelty here is the introduction of the notions of 7 -normality and families of 7 -normal sup-
ports on spaces equipped with a T-topology. When we pass to the 7 -spectrum of such Grothendieck

https://doi.org/10.1017/fms.2022.84 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2022.84

4 P. Cubides Kovaciscs, M.J. Edmundo and J. Ye

topologies, the corresponding categories of sheaves are isomorphic, and we get normal spectral spaces
(respectively, families of normal and constructible supports on such spectral spaces). The latter no-
tion will play the role that paracompactifying families of supports plays in sheaf theory in topological
spaces. We study the notion of ®@-soft sheaves when @ is a normal and constructible family of supports
and set up the tools required to obtain the Base change formula, the Vietoris-Begle theorem and, in
Section 6, Mayer-Vietoris sequences and bounds on cohomological ®-dimension. These results were
already known in the o-minimal case ([25]) and the semi-algebraic case ([17]), where 7T -normality
and families of 7-normal supports correspond to definably normal definable spaces and families of
definably normal supports (respectively, regular and paracompact (locally) semi-algebraic spaces and
paracompactifying (locally) semi-algebraic families of supports). Here we present a unifying approach
to this theory.

In Section 4, we define the o-minimal site on a definable set in an o-minimal expansion I', of I', and
recall the notions of definable connectedness and definable compactness. Moreover, in order to be able
to apply the tools of Section 3, we study the notion of definable normality in I',. Unlike in o-minimal
expansions I' of I', in I, there are open definable sets that are not definably normal. The main result of
Section 4, which ensures that we can later apply the tools of Section 3, is Theorem 4.28, showing that
every definably locally closed set in I, is the union of finitely many relatively open definable subsets
that are definably normal. The proof of this result is rather long and is based in ideas from [28].

The v+g-site on the stable completion \7(K ) of an algebraic variety V over an algebraically
closed nonarchimedean field K (and more generally on the stable completion X of a definable subset
X € VxTI)is defined and studied in Section 5. Here, for the reader’s convenience, we recall some
background from [35] on stable completions and the notions of definable connectedness and definable
compactness. In particular, we include a proof (missing in [35]) of the fact that the stable completion
X of a definable subset X C V x I'? has finitely many definably connected components (Lemma 5.21).
The main result of this section is Corollary 5.31 showing that if X is a v+g-locally closed subset, then
X is the union of finitely many basic v+g-open subsets that are weakly v+g-normal. When we pass to
X equipped with the v+g-site, this gives the required conditions to apply the tools of Section 3.

Section 6 is devoted to showing the Eilenberg-Steinrod axioms, finiteness, invariance and vanishing
results for the associated sheaf cohomologies in the algebraic and I, cases. The main difficulty concerns
the homotopy axiom that, as usual, is proved using the Vietoris-Begle theorem. However, extra work
is needed to verify the assumptions of the version of this theorem presented in Section 3. The results
concerning finiteness and invariance in Iy, are obtained by adapting the methods used in [7] and [26].
After verifying that the strong deformation retraction given by the main theorem of [35] is a morphism
of v+g-sites, we obtain finiteness and invariance for stable completions in the quasi-projective case.
The general case is then obtained using Mayer-Vietoris sequences based on the tools of Section 3.

Finally, Sections 7 and 8 gather the above-mentioned applications: the former is devoted to the
relation with Berkovich spaces and the latter to the tameness results on cohomological complexity in
families.

3. T -spaces and 7 -sheaves

In this section, we will recall the notions of 7 -space and 7 -sheaves as well as some of the basic results
obtained in [27]. We then extend the theory of T -sheaves by introducing the notion of families of
T -normal supports and proving several results in this context, generalising those already known in the
o-minimal or locally semi-algebraic cases.

Notations 3.1. Below, we let A be a commutative ring with unit. If X is a topological space (not
necessarily Hausdorff), we denote by Op(X) the category whose objects are the open subsets of X, and
the morphisms are the inclusions. We write Ax for the constant sheaf on X with value A, and we let
Mod(Ax) be the category of sheaves of Ax-modules on X. The category Mod(Ax) is a Grothendieck
category: it admits enough injective objects, it admits a family of generators, filtrant inductive limits are

https://doi.org/10.1017/fms.2022.84 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2022.84

Forum of Mathematics, Sigma 5

exact, and we have on it the classical operations
HomAX (.’ .)’ L4 ®AX .9 f*? f_13 (.)Z’ 1—‘Z()(; .)9 F(X; .)9

where Z C X is a locally closed subset.
Also recall that if Z € X is a locally closed subset and i: Z — X is the inclusion, then we have the
operation

i[(.)i MOd(Az) e MOd(Ax)

of extension by zero such that for 7 € Mod(Az), i\F is the unique sheaf in Mod(Ayx) inducing F on Z
and zeroon X \ Z. If G € Mod(Ax), then

Gz ~G®Az~ijoi'G. (1

If f: X — Y is a continuous map, Z is a locally closed subset of Y, and

X
|
g Ly
is a commutative diagram and F € Mod(A,), then

floiF=jo(f) ' F. 2)

Below, we use these operations freely and refer the reader to [39, Chapter II, Sections 2.1-2.4] or [14,
Chapter I, Sections 1-6] (but the notation is different) for details about sheaves on topological spaces
and the properties of these basic operations.

3.1. T-sheaves

Here, we recall the definition of 7 -space given in [27], adapting the construction of Kashiwara and
Schapira [40], and we recall some of the results obtained in that paper for the category of sheaves on
X7. Those results generalise results from the case of sub-analytic sheaves, semi-algebraic sheaves or
o-minimal sheaves. See Examples 3.7 below.

Definition 3.2. Let X be a topological space, and let 7 C Op(X) be a family of open subsets of X such
that

(i) 7T is a basis for the topology of X, and @ € T.
(ii) 7T is closed under finite unions and intersections.

Then we say that

o A T-subset is a finite Boolean combination of elements of 7.

o A closed (respectively, open) T -subset is a T -subset that is closed (respectively, open) in X.

o A T -connected subset is a 7 -subset that is not the disjoint union of two proper clopen 7 -subsets (in
the induced topology).

If in addition T satisfies
(iii) every U € T has finitely many 7 -connected components that are in 7T,

then we say that X is a T -space.
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Let X and 7 C Op(X) satisfying (i) and (ii) of Definition 3.2. One can endow the category 7 with a
Grothendieck topology, called the T -topology, in the following way: a family {U;}; in T is a covering
of U € T if it admits a finite subcover. We denote by X the associated site. For short, we write A
instead of Ax. for the constant sheaf on X7 with value A, and we let Mod(A7) be the category of
sheaves of A7-modules on X7. If p: X — X7 is the natural morphism of sites, then we have functors

P
Mod(Ax) =—= Mod(A7)
o
with p~! o p, =~ id (equivalently, the functor p, is fully faithful). See [27, Proposition 2.1.6].
By [27, Propositions 2.1.7 and 2.1.8], we have:

Fact 3.3.
(1) Let {F;}ics be a filtrant inductive system in Mod(A ), and let U € 7. Then
limP(U: ) — T(U; imFy).

L 13

(2) Let F be a presheaf on X7 and assume that
(i) F(2) =0,
(i) Forany U,V € T the sequence 0 —» F(U UV) — F(U) & F(V) — F(UNYV) is exact.
Then F € Mod(A7). O
Recall that any Boolean algebra A has an associated topological space that we denote by S(.A), called

its Stone space. The points in S(.A) are the ultrafilters @ on A. The topology on S(.A) is generated by a
basis of open and closed sets consisting of all sets of the form

C={aeS(A):Ceal,

where C € A. The space S(.A) is a compact' totally disconnected space. Moreover, for each C € A, the
subspace C is compact. See [37] for an introduction to this subject.
Let X and 7 C Op(X) satisfying (i) and (ii) of Definition 3.2. Then as in [27], we let

Tioe ={U €Op(X): UNW e T forevery W e T},

and we make the following definitions:

o A subset S of X is a Tj,.-subset if and only if S NV is a T -subset for every V € T.

o A closed (respectively, open) Tj,.-subset is a Tj,.-subset that is closed (respectively, open) in X.

o A Tjoc-connected subset is a 7j,.-subset that is not the disjoint union of two proper clopen
Tioc-subsets (in the induced topology).

Clearly, @, X € Tioe, T € Tioe and Tjyc is closed under finite intersections. Moreover, if {S;}; is
a family of 7Tj,.-subsets such that {i : S; N W # 0} is finite for every W € 7T, then the union and
intersection of the family {S;}; are 7;,.-subsets. The complement of a 7;,.-subset is also a 7;,-subset.
Therefore, the 7;,.-subsets form a Boolean algebra.

Definition 3.4. Let X be a topological space with 7 C Op(X) as above, and let A be the Boolean
algebra of 7Tj,.-subsets of X. The topological space X7 is the data consisting of

o The points a of S(A) such that U € @ for some U € T;
o A basis for the topology is given by the family of subsets {U : U € T }.

We call X7 the T-spectrum of X.

IThroughout the paper, for topological spaces, we say compact to mean quasi-compact and Hausdorff.
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With this topology, for U € T, the set Uis quasi-compact in )?7— since it is quasi-compact in S(.A).
Hence:

Fact 3.5. X7 has a basis of quasi-compact open subsets given by {U : U € T} closed under finite
intersections. Moreover, if X € T, then X7 = X is a spectral topological space. O

Furthermore, by [27, Proposition 2.6.3], we also have:

Fact 3.6. There is an equivalence of categories

Mod(A7) = Mod(Ag ). O

Note that in the statement of [27, Proposition 2.6.3], X is assum~ed to be a 7 -space, but this is not
necessary: all that is used is Fact 3.5 and [27, Corollary 1.2.11] for V with V € T.
We now recall the main known examples of 7 -spaces.

Examples 3.7.

(1) Let R = (R, <,0,1,+,") be a real closed field, X be a locally semi-algebraic space and T = {U €
Op(X) : U is semi-algebraic}. Then X is a 7 -space, the associated site X7 is the semi-algebraic
site on X of [17, 18] (the T -subsets of X are the semi-algebraic subsets of X (see [13]), and the Tjo.-
subsets of X are the locally semi-algebraic subsets of X (see [18])). When X is semi-algebraic, then:

@) YT = X is the semi-algebraic spectrum of X from [15]. For example, if V C R" is an affine
real algebraic variety over R, then Vis homeomorphic to Sper R[V], the real spectrum of the
coordinate ring R[V] of V (see [13, Chapter 7, Section 7.2] or [17, Chapter I, Example 1.1]).

(ii) There is an equivalence of categories Mod(A7) ~ Mod(Ag) (see [17, Chapter 1, Proposition
1.4]).

(2) Let X be a real analytic manifold, and consider 7 = {U € Op(X) : U is sub-analytic relatively
compact}. Then X is a T-space, and the associated site X7 is the sub-analytic site X, of [40, 49].
In this case, the 7j,.-subsets are the sub-analytic subsets of X.

Another example in the sub-analytic context is the conic sub-analytic site ([50]).

(3) LetI' = (T, <, ...) be an arbitrary o-minimal structure without end points, X a definable space and
T ={U € Op(X) : U is definable}. For the notion of definable space, see [53, Chapter 10]. Then
X is a T -space, and the associated site X7 is the o-minimal site Xger of [22]. Also note that the
T-subsets of X are exactly the definable subsets of X (see Remark 4.12). Therefore, X'def =X is
the o-minimal spectrum of X from [46, 22] (i.e., the points are types over I" concentrated on X).
Moreover, there is an equivalence of categories Mod(Ax,,,) ~ Mod(Ag) ([22]).

3.2. T-normality and families of T -supports

Let T be the category whose objects are pairs (X, 7) with X a topological space, 7 C Op(X) is a
family of open subsets of X satisfying conditions (i) and (ii) of Definition 3.2 and such that X € 7, and
morphisms f: (X,7) — (Y, T") are (continuous) maps f: X — ¥ such that f~1(7") c T.

Note that a morphism f: (X,7T) — (Y, 7’) of T defines a morphism of sites

f: Xy > Y
which extends to a homomorphism from the boolean algebra of 7”-subsets of Y to the boolean algebra
of T-subsets of X: namely, f~'(C) is a T-subset of X whenever C is a 7”-subset of Y. It follows that
we have an induced map

]72 iT e ?T'
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between the corresponding spectral topological spaces, where f(a) is the ultrafilter in ?7—/ given by the
collection

{C:Cisa T -subsetand f~'(C) € a}.

The map f: X7 — Y7 is continuous since if V € 77, then clearly f~1(V) = f~1(V).
Later, we will also require the following generalisation of the above constructions:

Remark 3.8. Let {: X7 — Y7 be a morphism of sites that extends to a homomorphism from the
boolean algebra of 7’-subsets of Y to the boolean algebra of 7 -subsets of X. If £(¥Y) = X and

{(A) € {(B) whenever A and B are T’-subsets such that A C B, then { induces a continuous map
{ XT — Y7—/ where ¢ («) is the ultrafilter of 7”-subsets given by the collection

{C :Cisa T -subsetand (C) € a}.

If in addition {: X+ — Y7~ is an isomorphism of sites, then Z is a homeomorphism.
Also recall the following facts:

Remark 3.9 (Constructible subsets and topology). Given (X, 7") an object of T, then X equipped with
the constructible topology is a compact totally disconnected space in which each constructible subset is
clopen. Recall that by a constructible subset of X, we mean a subset of the form Z, where Z is a T -subset
of X, and the constructible topology on X is the topology generated by the constructible subsets of X.

Let T be category with objects X7 for (X,7) an object of T and with morphisms f: X7 — Yp for
f:(X,T) — (Y, T’) amorphism of T. Below, we denote by

T T

the functor sending an object (X, 7) of T to X7 and sending a morphism f: (X,7) — (Y,7’) of T
to f XT — Y.

Remark 3.10. Let (X, 7)) be an object of T. Then the restriction of the tilde functor T — T induces an
isomorphism between the boolean algebra of T -subsets of X and the boolean algebra of constructible
subsets of its 7 -spectrum X preserving open (respectively, closed), and X is T -connected if and only if
its 7 -spectrum X is connected. Moreover, if f:(X,T)—> (Y, T’) is amorphism of T, then:

olIfCisaT’- subset of Y, then f~ (C) f 1(0);
olIfpe Y, then f 1(B) is a quasi-compact subset of X.

For the latter, observe that f ! B =N{f £-1(C) (C) : C € B}, soitis compact in the constructible topology.

The goal of this subsection is to extend to (T, f) some results from [22] and [25] proved for the pair
(Def, I’)jcif), where Def is the subcategory of I of Example 3.7 (3): that is, it is the category of definable
spaces in some fixed arbitrary o-minimal structure I' = (T', <, .. .) without end points, with morphisms
being continuous definable maps between such definable spaces, and Def is the image of Def under
I -

For (T, T), just like in the case of (Def, Def), normality will play the role that paracompactness plays
in sheaf theory on topological spaces [ 14, Chapter I, Section 6 and Chapter II, Sections 9-13] or the role
that regular and paracompact plays in sheaf theory on locally semi-algebraic spaces [17, Chapter II].

So we introduce and study a notion of normality adapted to T :

Definition 3.11. Let (X, 7) be an object of T. We say that X is 7 -normal if and only if one of the
following equivalent conditions holds:

(1) For every disjoint, closed 7 -subsets C and D of X there are disjoint, open 7 -subsets U and V of X
suchthat C CUand D C V.
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(2) For every S C X closed T-subset and U C X open 7 -subset such that § C U, there are an open
T -subset W of X and a closed 7 -subset K of X suchthat S C W C K C U.

(3) For every open T -subsets U and V of X such that X = U UV there are closed 7 -subsets A C U and
B C Vof X such that X = AU B.

We let the reader convince her/himself of the equivalence of (1)—(3).
As in the case of (Def, Def) ([22, Theorem 2.13]), we have the following. Here we give a simpler
proof.

Proposition 3.12. Let (X, T) be an object of . Then X is T -normal if and only if its T -spectrum X is
a normal topological space.

Proof. By Remark 3.10 and quasi-compactness of X, it is immediate that if X is normal, then X is
T-normal. It is a standard fact that a spectral topological space is normal if and only if any two distinct
closed points can be separated by disjoint open subsets (see [ 15, Proposition 2]). So let @ and 8 be two
distinct closed points in X. Since o and S are closed points, we have {a} = ;¢; Ci and {8} = e, Dj,

where C;s and D ;s are closed constructible subsets of X. Since a and B are distinct, we have
ﬂ{cij;iel,jeJ}z(z).

By quasi-compactness of X, there are C = C;; N ... N C;, and D = Dj n...N Dj such that
CND = 0. Since C and D are disjoint, closed constructible subsets of 2( , by Remark 3.10, we can use the
T -normality of X to find disjoint, open constructible subsets of X separating C and D and hence
a and 8. )

As usual, normality implies the shrinking lemma, whose proof is standard; see, for example, [22,
Proposition 2.17] or [53, Chapter 6, (3.6)]. In the T -spectra, due to the quasi-compactness of the base,
we get a stronger result:

Corollary 3.13 (Shrinking lemma). Suppose that (X,7T) is an object of I that is T-normal.
If {U; i =1,...,n} is a covering of X (respectively, of X) by open T -subsets of X (respectively,
open subsets of X), then there are open T -subsets (respectively, open constructible subsets) V; and
closed T -subsets (respectively, closed constructible subsets) K; of X (respectively, of X)(1<i<n)
withV; CK; CU;and X = U{V; :i=1,...,n} (respectively, X = W{V;:i=1,...,n}). ]

Later we will require the following weaker notion:

Definition 3.14. Let (X, 7)) be an object of T. We say that X is weakly T -normal if and only if one of
the following equivalent conditions holds:

(1) For every disjoint, 7 -closed subsets C and D of X, there are disjoint, 7 -open subsets U and V of X
suchthat CC Uand D C V.

(2) Forevery S C X T-closed subset and U C X 7 -open subset such that S C U, there are an 7 -open
subset W of X and a 7 -closed subset K of X suchthat SC W C K C U.

(3) For every T-open subsets U and V of X such that X = U UV, there are 7T -closed subsets A C U
and B C V of X such that X = A U B.

We continue with the T versions of some definitions from [25] that are needed in the sequel.

Definition 3.15. Let (X, 7) be an object of T. A family of T -supports on (X, T) is a family of closed
T -subsets of X such that:

(1) Every closed T -subset contained in a member of ® is in ®.
(2) @ is closed under finite unions.
@ is said to be a family of T-normal supports if, in addition,
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(3) Each element of @ is 7 -normal,
(4) For each element S of @, if U C X is an open 7T -subset such that S C U, then there are an open
T -subset W of X and a closed 7 -subset K of X suchthat S C W C K C U and K € ®.

Example 3.16. Let (X, 7) be an object of T. Then the family of all closed 7 -subsets of X is a family of
T-supports on (X, 7). Moreover, if X is 7 -normal, then this family is a family of 7-normal supports
on (X, T). For other examples that play a crucial role in the paper, see Remarks 6.19 and 6.29.

Let (X, 7) be an object of T. If Z is a T-subset of X and @ is a family of 7 -supports on (X,7T),
then we have families of 7 N Z-supports
dPNZ={SNZ:S5ecd}
and
Dz={Sed:5cZ}

on (Z,T NZ).
If f: (X,7) — (Y,7’) is amorphism in T and ¥ is a family of 7”-supports on (Y, T”), then we
have a family of T -supports

F'¥={ScX:Sisaclosed T-subsetand 3B € ¥ (S C f~'(B)}

on (X,7).

Remark 3.17 (Constructible family of supports). Note that a family of 7 -supports ® on an object
(X, T) of T determines a family of supports

®={ACX:A isclosedand 3B € ® (A C B)}

on the topological space X = 3(? By Remark 3.10, it follows that

®NZ=®NZ, Pz =D and f~'¥=f"T.

We will say that the family of supports ¥ on X is a constructible family of supports on Xif ¥ = @ for
some family of 7 -supports on (X, 7).

Remark 3.18 (Normal families of supports). Let us call a family ¥ of supports on a topological space
Z a normal family of supports if:

(1) Each element of ¥ is normal.

(2) Each element S of ¥ has a fundamental system of normal (closed) neighbourhood in ¥: that is, if
U C Z is an open subset such that S C U, then there are an open subset W of Z and a closed subset
KofZsuchthat SCWCKCcUandK € V.

We point out that instead of (2) above, just like for the notion of a paracompactifying family of
supports in topology ([14, Chapter I, Section 6 and Chapter II, Sections 9 - 13]) or the notion of
a regular and paracompact family of supports in sheaf theory on locally semi-algebraic spaces ([17,
Chapter II]), we could have taken the following apparently weaker condition:

(2)* Each element S of ¥ has a (closed) neighbourhood that is in V': that is, there are an open subset W
of Z and a closed subset K of Z suchthat S C W C K and K € V.

However, these conditions are equivalent. Assume (2)*. Let S € W, and let U C Z be an open subset such
that S C U. Then there are an open subset W’ of Z and a closed subset K’ of Z such that S € W’ C K’
and K’ € W. Then S C W' NU C K’, Sis closed in K’ and K’ is normal by (1). Therefore, there are
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W C K’ an open subset in K’ and K € K’ a closed subset in K’ suchthat S C W C K C W' NnU. It
follows that W is open in Z, K is closed in Z, and we get the stronger (2).

Also observe that as in the case of a paracompact family of supports ([14, Chapter I, Section 6,
Proposition 6.5]), if Y is a locally closed subset of Z and ¥ is a normal family of supports on Z, then ¥y
is also anormal family of supports on Y. Indeed, Y isclosed inanopen U and ¥y = (¥|y)y = (¥|p)NY.

By Proposition 3.12, it follows that:

Proposition 3.19. Let (X, T) be an object of T and ® a family of T-supports on (X,T). Then @ is
T -normal if and only if ® is normal.
Moreover, if ® is T -normal, then the following holds:

(x) Eachelement S of @ has a fundamental system of normal and constructible (closed) neighbourhoods
in @: that is, if U € X is an open subset such that S C U, then there are an open constructible
subset W of X and a closed constructible subset K of X such that S CW C K C U and K € V.

Proof. Suppose that @ is 7-normal. Let S € @, andlet U C X be an open subset such that § € U. Since
S is quasi-compact and U is a union of constructible open subsets of X, there is an open constructible
subset U’ of X such that § € U’ C U. Since S € @, there is §’ € @ constructible such that § C §”.
Hence S = N{S’ € @5 is constructlble and S C §'}. Since (X\U') NS =0, by quasi-compactness
of X\ U, there are §7,...,5] € @, constructible with § C C §; such that (ﬂ SN (X\U) = 0.
Let ' = i:l 7. Then S c S’ C U’ C U. Since @ is T-normal and S’ and U’ are constructible,

there are an open constructible subset W of X and a closed constructible subset K of X such that
SCS CWCKCU'CU. This also shows (x).

Conversely, suppose @ is normal. If S € @ is constructible and U € X is an open constructible
subset such that § € U, then there are an open subset W’ C X and a closed subset K’ € X such that
S C W’ C K’ C U. By quasi-compactness as above, there are an open constructible subset W C X and
a closed constructible subset K C X suchthat SCW C W/ C K’ C K C U. |

Below, we say that ¥ is a family of normal and constructible supports on the spectral topological
space X if ¥ = ® for some family of 7-normal supports on (X, 7).

Example 3.20. The main example of a family of normal and constructible supports on a spectral
topological space X is the family of all closed subsets of X when X is 7 -normal. See also Remarks 6.19
and 6.29.

3.3. Sheaf cohomology with T -supports
Let (X, 7) be an object of T. Due to the isomorphism

Mod(Ax, ) ~ Mod(Ag),

in analogy to what happened in the case (Def, IS?f) ([22] for o-minimal sheaf cohomology without
supports and in [25] in the presence of families of definable supports), in this subsection, we will
develop sheaf cohomology on X7 via this tilde isomorphism.

Definition 3.21. Let (X, 7') be an object of T, ® a family of 7 -supports in (X, 7) and F € Mod(Ax, ).
We define the T-sheaf cohomology groups with T -supports in ® via the tilde isomorphism by

Hy(X; F) = Hy (X F),

where F is the image of JF via the isomorphism Mod(Ax, ) =~ Mod(Ag).
If f: (X,T) — (Y, 7T’) is amorphism in I, we define the induced homomorphism

[T HG(VF) — Hy (X f71F)
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in cohomology to be the same as the homomorphism
Tx * (V. T * v. 7~ T

in cohomology induced by the continuous map f: X —7Yof topological spaces.

Below, we shall use a few facts about sheaf cohomology in topological spaces that can be
found, for example, in [14, Chapter II, Sections 1-8]. We will also need the following T versions
of [14, Chapter II, 9.5] and [14, Chapter II, 9.21], respectively.

Lemma 3.22. Let X be an object of T. Let Zbe a subspace of X and Y a quasi-compact subset of Z
having a fundamental system of normal and constructible locally closed neighbourhoods in X. Then for
every G € Mod(Az), the canonical morphism

imI(UNZ:G) —T(Y:Gy)
YcU

where U ranges through the family of open constructible subsets of X containing Y, is an isomorphism.

Proof. Since Y is quasi-compact, the family of open neighbourhoods of Y in Z of the form V N Z, where
V is an open constructible subset of X, is a fundamental system of neighbourhoods of Y in Z. Hence,
the morphism of the lemma is certainly injective.

To prove that it is surjective, consider asection s € I'(Y; G|y ). There is a covering {U; : j € J} of Y by
open constructible subsets of X and sections s; € I'(U; N Z; Q‘any), J € J, such that Sjlu;ny = S|ujny -
Since Y is quasi-compact, we can assume that J is finite, so U{U; : j € J} is an open constructible subset
of X. Therefore, there are an open constructible subset O’ in X and a normal, constructible locally closed
subset X’ in X such that Y € O’ € X’ C U{U; : j € J}. For each j € J, let U]’. =U; N X’. Since X’
is normal and constructible, by the shrinking lemma, there are open constructible subsets {VJ’. cjed}
of X’ and closed constructible subsets {K j’ : j € J}of X’ such that V! € K J’ cU J’ for every j € J
and X’ = U{V; : j € J}. Since X’ is a constructible locally closed subset of X, it is a constructible
closed subset of an open subset of X, which by quasi-compactness we may assume is also constructible.
Replacing X by that constructible open subset, we may assume that X’ is a constructible closed subset
of X. Foreach j € J,letV; = VJf NO’ and K; = KJ’.. Then for each j € J, V; is an open constructible
subset of X and K is a closed constructible subset of X with V; C K; C U;andY C U{V; : j € J}.

ForxeZnO',setJ(x) ={j €J:x €K,},and let

we=([\vin () Up\ | K«

xeV, jed (x) keJ (x)

Then W, is a constructible neighbourhood of x in X such that if y € W, then J(y) C J(x). Indeed,
suppose that y € Wy, and leti € J(y). Then y € K; and either x € K;, in which case i € J(x),orx ¢ K;,
in which casei ¢ J(x),soy € W, N K; = 0.

Observe that for all i, j € J(x), we have that W, is an open subset of both U; and U;. Hence, for
every i, j € J(x), we have s;jw.ny = S|w.ny = Sjjw.ny- S0, for y € W, NY, we have (s;), = (s), for
any i, j € J(x). This implies that the set

W={ze(( JV)nZ:(s:): = (s)). forany i, j € J(2)}
jeJ

contains ¥ (clearly Y C Uyez Wx NY C (U ey Vj) N Z). On the other hand, if z € W, then for any
i,j € J(z), wehave (s;); = (5;);,50s; = s; in an open neighbourhood of z. Since J(z) is finite, z has an
open neighbourhood in Z on which s; = s; for any 7, j € J(z). Thus W is an open neighbourhood of ¥
in Z. Since Y is quasi-compact, we may assume that W is of the form U N Z for some open constructible

https://doi.org/10.1017/fms.2022.84 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2022.84

Forum of Mathematics, Sigma 13

subset U of X. Since Siwavinv; = Siwavinv, there exists ¢ € I'(W; G) such that #jwny; = s;jwnv;. This
proves that the morphism is surjective. O

A general form of Lemma 3.22 is:

Lemma 3.23. Assume that X is an object of I. LetZbea subspace of X, ® a normal and constructible
Jamily of supports on X and Y a subset of Z such that for every constructible D € ®,, D NY is a
quasi-compact subset of Z having a fundamental system of normal and constructible locally closed
neighbourhoods in X. Then for every G € Mod(Ay), the canonical morphism

lim Fonunz (U N Z;G) — Loy (Y:Gjy).
YU

where U ranges through the family of open constructible subsets of X containing Y, is an isomorphism.

Proof. Let us prove injectivity. Let s € I'paynz(U N Z;G), with D € @ and U D Y open constructible
subset of X and such that s pny = 0. By quasi-compactness of D NY, there exists an open constructible
neighbourhood V of D NY in X such that s;ynpnz = 0. Replacing V with its intersection with U if
necessary, we may assume that V. C U. Set W = V U (U \ D). Then W is open constructible in X,
YCcWcUand S\wnz = 0.

Let us prove that the morphism is surjective. Let s € Topny (Y; G |y), and consider a closed, normal
and constructible set C € ® such that the support of s is contained in C N Y. Since ® is normal and
constructible, there exist a closed, normal and constructible set D € @ and an open constructible set
O C X such that C € O C D. We shall find 7 € I'p(U N Z;G) such that 7jy = s. After applying
Lemma 3.22 above to X, DN Z and D NY, we see that there exist an open, constructible neighbourhood
Vof DNY in X and a section t € I'(V N D N Z;G) such that t|pny = s|pny - Since t|(p\o)ny = 0, then
each point x of (D \ O) NY has an open constructible neighbourhood W, C V such that ¢y, ~pnz = 0.
Using quasi-compactness of (D \ O) NY (it is closed on the quasi-compact set D N Y), there exists
a finite number of points xy,...,x, such that (D \ O)NY C UL, Wy,. Then W := L, W,, is an
open constructible subset and tjwnpnz = 0. Let Uy = (V. N O) U W. Then U is open constructible,
and DNY C Uy CV.Definet' e '(U; N Z;G) by: tllvmonz = tlvnonz and t|/wnz = 0. This is well
defined since (VNONZ)Nn(WNZ) cWnNDNZand tjwnpnz = 0. Also observe that t|’Umsz =t.
Let U = X \ D. Then U = U; U U, is open constructible, Y C U, U; N U, € W, and we can define
1€ T(UNZ;G) in the following way: 7jy,nz = t|’UmZ’t~\U2”Z = 0. It is well defined since U1 N U, C W

and tl’ wnz = 0. Moreover supp? € D and 7|y = s as required. O

For the locally semi-algebraic analogues of Lemmas 3.22 and 3.23, see [17, Chapter II, Lemma 3.1
and Proposition 3.2]. Note that in the locally semi-algebraic case, one only requires that Y has a
paracompact and regular locally semi-algebraic neighbourhood in X, instead of a fundamental system
of such neighbourhoods, since under this assumption, the family of all open locally semi-algebraic
neighbourhoods of Y in X is a fundamental system of neighbourhoods of ¥ in X ([17, Chapter I, Lemma
5.5]). Moreover, these are paracompact and regular: that is, they are normal, and one can apply the
shrinking lemma ([17, Chapter I, Proposition 5.1]). The assumption for @ implies that the same holds
foreach DNY.

The o-minimal versions are [25, Lemmas 3.2 and 3.3]. Unfortunately, in the statement of these
lemmas and also in [25, Proposition 3.7], the assumption that Y (respectively, D NY) has a fundamental
system of normal and constructible locally closed neighbourhoods in X is missing. However, note that
this does not affect the main results of that paper since in those results, Y = X and each D satisfies the
hypothesis as @ is normal and constructible. The only results affected are the Vietoris-Begle theorem
and the homotopy axiom ([25, Theorems 2.13 and 2.14]) that we fix below.

Recall that a sheaf F on a topological space X with a family of supports @ is ®-soft if and only if
the restriction I'(X; F) — I'(S; Fis) is surjective for every S € ®. If ® consists of all closed subsets
of X, then F is simply called soft.

The topological analogue of the next result is [14, Chapter II, 9.3].
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Proposition 3.24. Let X be a topological space and F be a sheaf in Mod(Ax). Suppose that ®@ is a
family of supports on X such that every C € ® has a neighbourhood D in X with D € ®. Then the
following are equivalent:

(1) Fis ®-soft;

(2) Fis is soft for every S € ®;

(3) To(X; F) — Lo (S; Fs) is surjective for every closed subset S of X;
If in addition X is an object of T and @ is a constructible Sfamily of supports on X, then the above
are also equivalent to:

(4) F\z is soft for every constructible subset Z of X that is in ®;
If moreover ® is a normal and constructible family of supports on X, then the above are also
equivalent to:

(5 I'(X; F) — I'(Z; F|z) is surjective for every constructible subset Z of X that is in ®.

Proof. By our hypothesis on @, the arguments in [14, Chapter II, 9.3] show the equivalence of (1), (2)
and (3). The equivalence of (2) and (4) is obvious since every S € ® is contained in some constructible
subset Z of X that is in @. Also, (1) implies that (5) is obvious.

Assume (5), and let § € @ and s € I'(S;F|s). Since ® is normal and constructible, S has a
fundamental system of normal and constructible closed neighbourhoods in ®. In particular, there is an
open constructible subset V of X and a closed constructible subset D of X such that S$ € V € D and
D € ®. By Lemma 3.22, s can be extended to a section t € I'(W; F) of F over an open constructible
subset W of X such that S € W C V. Applying the shrinking lemma in D, we find a closed constructible
neighbourhood Z of § in W. Since D € ®, we have Z € ®. So t|z € ['(Z; F|z), (t|z)s = 5, and t|z can
be extended to X by (5). O

The locally semi-algebraic analogue of Proposition 3.24 is [17, Chapter II, Propositions 4.1 and 4.2],
and the o-minimal version is [25, Proposition 3.4].

The following topological result is often useful. It is an immediate consequence of Proposition 3.24,
and we omit the proof and refer the reader to [25, Proposition 3.6] (compare also with [14, Chapter II,
Propositions 9.2 and 9.12 and Corollary 9.13]).

Fact 3.25. Let X be a topological space and @ be a family of supports on X such that every C € @ has
a neighbourhood D in X with D € ®. Let W be a locally closed subset of X. The following hold:

(i) If F € Mod(Ax) is ®-soft, then Fy is @ -soft.
(ii) G in Mod(Aw ) is @ -soft if and only if iw G is P-soft.
(iii) If F € Mod(Ax) is ®-soft, then Fy is ®-soft.

We now come to the main result here. Its topological analogue is [ 14, Chapter II, 9.6, 9.9 and 9.10],
and the locally semi-algebraic analogue is [17, Chapter II, Propositions 4.8, 4.12 and Corollary 4.13].
The o-minimal version is [25, Proposition 3.7] (as mentioned above, the assumption that D NY has a
fundamental system of normal and constructible locally closed neighbourhoods in X is missing).

Proposition 3.26. Assume that X is an object in T. Let Z be a subspace of X, ® be a normal and
constructible family of supports on X and Y be a subspace of Z such that for every constructible D € ®,
D NY is a quasi-compact subset of Z having a fundamental system of normal and constructible locally
closed neighbourhoods in X. Then the full additive subcategory of Mod(Ay) of ® N Y-soft sheaves is
Tony (Y; ®)-injective: that is,

(1) For every F € Mod(Ay), there exists a ® N Y-soft F' € Mod(Ay) and an exact sequence
0—-F—F.
2) If0 - F 5F LA F'" — 0 is an exact sequence in Mod(Ay ) and F' is ® N Y-soft, then
0 — Ty (Vi F') -5 Tony (Vi F) 25 Tony (V: F7) — 0

is an exact sequence.
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3) If0 » F' - F —» F"” — 0is an exact sequence in Mod(Ay) and F’ and F are ® NY-soft, then
F'is ® N Y-soft.

Proof. Point (1) follows since on any topological space Y, the full additive subcategory of Mod(Ay ) of
injective (and flabby) A-sheaves is co-generating (see, for example, [39, Proposition 2.4.3]) and injective
A-sheaves are flabby, so @ N Y-soft by Lemma 3.23. On the other hand, (3) follows as usual from (2) by
a simple diagram chase using Proposition 3.24 (3).

We now prove (2). Let s € T'pny (Y, F”’). We have to find s € T'pny (Y, F) such that B(s) = s”.
Since @ is normal and constructible, there exist an open constructible subset U of X and a closed
constructible subset C of X such that supps”” C U € C and C € ®.

Suppose there is t € I'(C NY; F) such that B(¢) = s’l’cm,. Then B(t)(c\v)ny) = 0, 50 tj(C\U)nY =
a(s’) for some s’ € T'((C \ U) NY;F’). Since F’ is ® N Y-soft, s’ can be extended to a section
s’ e (CNY; F’). Then (¢t — a(s"))|c\v)yny = 0 and so can be extended, by 0, to a section s € I'(Y; F)
withsupps CCNY e ®NY and B(s) = s”.

Now, considering the exact sequence

’ @ B 17
0— Feny = Feny = Feqy — 0,

since by Fact 3.25 (iii) F(.,y
respectively, we are reduced to proving that the sequence

is still @ N Y-soft, replacing F’, F, F" with F/

cny’? Feny and F/.

cny?

0T(CNY;F)STECny;F) Srcny.7) S0

is exact.
Let s” € I'(C NY;F"). There is a covering {U; : j € J} of C N'Y by open constructible subsets
of X and sections s; € I'(U; N (CNY); F), j € J, such that B(s;) = s,ijm(ch)' By the assumptions

on C NY, we can assume that J is finite, so U{U i €ed } is an open constructible subset of X, and
furthermore, there are an open constructible subset O’ in X and a normal, constructible locally closed
subset X’ in X suchthat CNY € O’ € X’ C U{U; : j € J}. Foreach j € J, let U]’. =U;nX’. Since X’
is normal and constructible, by the shrinking lemma, there are open constructible subsets {VJ’. cjeJ}
of X’ and closed constructible subsets {Kl’ : j € J} of X’ such that ij c KJ’ c UJ’. for every j € J and
X' = U{VJ’. : j € J}. Now we may replace X by a constructible open subset and assume that X’ is a
constructible closed subset of X. Foreach j € J,letV; = VN O"and K = K. Then for each j € J, V;
is an open constructible subset of X and K is a closed constructible subset of X with V; C K; € U;
andCNY CcU{V;:jeJ}.

We now proceed by induction on #J. Suppose that J = I U {j}, and let V; = U{V; : i € I}, K; =
U{K; : i € I} and Uy = U{U; : i € I}. By induction hypothesis, let s; € T'(K; N (C NY); F) be such
that B(sy) = s/fk,m(CmY)' Since B((s1 — 5j)k;nk;) = 0, there is s € T'(K; N K; N (C NY); F’) such
that a(s”) = (s1 — ;) k;nk; thatextends to s” € ['(CNY; F’) since F” is @ NY-soft. Replacing s; with
sl—a(s’lkm(cm,)),we may suppose that s; = s; on K; NK;N(CNY). Thensince (K; UK;)N(CNY) =
C NY, there exists s € ['(C NY; F) such that s|x,n(cny) = 57 and S|k;n(cny) = ;. Thus the induction
proceeds. O

‘We now include several corollaries that will be useful later.

Corollary 3.27. Assume that X is an object in T Suppose either that © is a normal and constructible
family of supports on X and Z is a (constructible) locally closed subset of X or that @ is any family of
supports on X and Z is a closed subset of X. If F € Mod(Az), then

Ho(X5iz ) F) = Hy 2 (Z: F).

Proof. The second case is covered by [ 14, Chapter II, 10.1]. If Z is closed in an open subset U of X, then
®,y is anormal and constructible family of supports on U and @z = @y N Z. In particular, if D € @y,
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then D NZ € @y, so D N Z is a quasi-compact subset of Z having a fundamental system of normal
and constructible locally closed neighbourhoods in U. Now the result follows from Proposition 3.26,
Fact 3.25 (ii) and the fact that I'e (X;iz1F) = I'e|z(Z; F) ([14, Chapter I, Proposition 6.6]). |

It also follows that if X, Z,Y and @ are as in Proposition 3.26, then Hgmy (Y; G) is the gth cohomology
of the cochain complex

0 — Tony (V;Z°) — Tony (V;Z') — ...

where

O—>g—>I|OY—>I|1Y—>...

is a resolution of G by ® N Y-soft sheaves in Mod(Ay ).

Moreover, if G is any flabby sheaf in Mod(Ax ), then the restriction I'¢(X;G) — Tony (Y;G)y) is
surjective (by Lemma 3.23) and Hgmy (Y;Gy) = Oforall p > 0 (since G|y is @NY-soft by Lemma 3.22).
This means Y is @-taut in X (see [14, Chapter II, Definition 10.5]).

Since on any topological space X an open subset is P-taut in X for any family of supports ¥ on X, it
follows from [14, Chapter II, Theorem 10.6] that:

Corollary 3.28. Assume that X is an object in T. LetZbea subspace of X, ® anormal and constructible
family of supports on X and Y a subspace of Z such that for every constructible D € ®, D NY is a
quasi-compact subset of Z having a fundamental system of normal and constructible locally closed
neighbourhoods in X. Then for every G € Mod(Az), the canonical homomorphism

lim H 0, (U N Z:G) — H L (Vi G,
YcUu

where U ranges through the family of open constructible subsets of X containing Y, is an isomorphism
for every g > 0.

For the locally semi-algebraic analogue of the above, compare with [17, Chapter II, Theorem 5.2].
Since fibres of morphisms in T are quasi-compact (Remark 3.10), applying Corollary 3.28, we obtain
the following result (compare with [17, Chapter II, Theorem 7.1]).

Theorem 3.29 (Base change formula). Let f: X — Y be a morphism in T. Assume that f maps
constructible closed subsets of X to closed subsets of Y and that every a € Y has an open constructible
neighbourhood W in Y such that « is closed in W and f~' (W) is a normal and constructible subset of X.
Let F € Mod(Ax). Then for every a € Y, the canonical homomorphism

(R foF)a — HI(f™H (@) Fiy-1(a)
is an isomorphism for every g > 0.
Proof. Fix a €Y. First, notice that

{f~"(V) : V. C W an open constructible neighbourhood of '}

is a fundamental system of open neighbourhoods of f~! (). Indeed, let U be an open neighbourhood of
f~ (). Since f~! () is quasi-compact, we may assume that U is an open constructible neighbourhood
of f~'(@). Then by assumption, f(X \ U) is a closed subset of ¥ not containing a. Let V be an open
constructible neighbourhood of @ in W contained in ¥ \ f(X \ U). Then f~1(V) C U.

Also notice that R? f, F is the sheaf associated to the presheaf sending V to H7(f~!(V); F). So

_ ; -1 . _ ; .
(R1fF)e= lim HI(f'(ViF)= lim HIU;F),
aCVCwW fYa)cU

where V (respectively, U) ranges through the family of open constructible subsets of Y (respectively, X).
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Now, by assumption, @ € W is closed in W and f~! (W) is an open normal and constructible subset of
X containing f~!(a). So the family of all closed subsets of £~'(W) is a normal and constructible family
of supports on f~!(W) (Example 3.20); and since f~!(a) is closed in f~!(W), for every constructible
closed subset D C f~'(W), D n f~'(«) is a quasi-compact subset of £~!(W) having a fundamental
system of normal and constructible locally closed neighbourhoods in f~'(W).

Therefore the result follows from Corollary 3.28 applied to X = Z = f~1(W), ® the family of all
closed subsets of f~' (W) andY = f~!(«). O

Using classical arguments, the Base change formula implies the following form of the Vietoris-Begle
theorem:

Theorem 3.30 (Vietoris-Begle theorem). Let f: X — Y be a surjective morphism in X. Assume
that f maps constructible closed subsets of X onto closed subsets of Y and that every a € Y has an
open constructible neighbourhood W in Y such that « is closed in W and f~(W) is a normal and
constructible subset of X. Let F € Mod(Ay), and suppose that (@) is connected and H(f~ ' (@);
f_lf|f-1 (a)) =0forq > 0andall @ €Y. Then for any constructible family of supports ¥ on Y, the
induced map

[ Hy (VG F) — Hy Ly (X f71F)
is an isomorphism.

Proof. The homomorphism f*: Hy,(Y; F) — H’;.f,\P(X; f~1F) is the composition € o 17, where
e Hy (Y1 f(f7'F) = H} (X, [T F)

is the canonical edge homomorphism Ez*’0 — E* in the Leray spectral sequence
HG(YiRU£(f71F)) = HYl (X: f71F)

of f~!F with respect to f and 7: HL(Y; F) — H;fllp(X;f*(f_l}-)) is induced by the canonical
adjunction homomorphism

F— ff'F.

By Theorem 3.29 and the hypothesis, RY f.(f~'F) = 0 for all g > 0, so the Leray sequence splits
and € is an isomorphism. On the other hand, by Theorem 3.29 and since f~'(a) is connected, we have

(ff " Fla= R f T Fa
~H(f (@) (f ' F)p1(a)
=~ H(f ' (@); Fa)
~ F,.

Hence adjunction homomorphism F — f, f~! F is an isomorphism and 7 is also an isomorphism. O

We end this section with the following, which follows quickly from previous results exactly the same
way as its topological analogue ([14, Chapter II, 16.1]):

Proposition 3.31. Assume that X is an object in T, @ is a normal and constructible family of supports
on X and F is a sheaf in Mod(Ax). Then the following are equivalent:

(1) Fis ®-soft.
(2) Fu is I'p-acyclic for all open and constructible U C X.
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3) H&)(X; Fu) = 0 for all open and constructible U C X.
“ H<II>|U(U’ Fiu) = 0 for all open and constructible U C X.

Proof. (1) = (2) follows from Proposition 3.26 and Fact 3.25 (iii). (2) = (3) is trivial. (3) is equivalent
to (4) by Corollary 3.27. For (4) = (1), consider a constructible closed set C in @ and the exact sequence
0 — Fx\¢c — F — Fc — 0. The associated long exact cohomology sequence

- = To(X; F) = Tojc(X; Fie) = Hy o (X \ C: Fixye) = -

shows that I'e (X; F) — I'p|c (X; F|c) is surjective. Hence F is ®-soft by Proposition 3.24 (5). O

4. A site on definable sets in I,

We will assume some familiarity with o-minimality. We refer the reader to classical texts like [53]. Note
that we allow o-minimal structures to have end points, which is a subtle difference from [53]. Most
results from [53] still hold in this context.

Let I = (T',<,...) be an o-minimal structure without end points. Let co be a new symbol, and
set I'oo = ' U {oo} with x < oo for all x € T'". The example that we have in mind is the case where
I' = (T, <, +) is the value group of algebraically closed field and oo is the valuation of 0.

When (T", <) is nonarchimedean as a linear order (i.e., does not embed into the reals), then infinite
definable sets in the structure I's, induced by I' on I', with their natural topology are in general totally
disconnected and not locally compact. The goals in this section are (i) to introduce an appropriate site
that will replace the topology just mentioned and show that definable sets with this site are T -spaces
(Subsection 4.1); and (ii) to show that for the associated notion of 7 -normality, when I is an o-minimal
expansion of an ordered group, 7 -locally closed subsets are finite unions of 7-open subsets that are
T-normal (Subsection 4.2). We point out that normality in I's, is more complicated than in T (see
Example 4.15 below), which justifies the extra work that will be done below.

4.1. The o-minimal site on I .-definable sets

Here we introduce the natural first-order logic structure I's, induced by I' on I', and show that I's,-
definable sets are equipped with a site making them 7 -spaces.
For x = (x1,...,x,) € I, the support of x, denoted supp x, is defined by

suppx ={i € {1,...,m} : x; # oo}.
For L C {1,...,m},let

(M) ={x eTZ :suppx = L}.

..........

identity,

If 7: T — T'K is the projection onto the first k coordinates, n’: T — I'~* is the projection onto
the last m — k coordinates, and for L C {1,...,m}, n(L) = {1,...,k} N L and n’(L) = -k + {k +
1,...,m} N L, then

()

suppx = supp 7 (x) U (k + supp 7’ (x))
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and moreover,

(). C rm .l

C ik

(T&) () Tk 8 plr@)l

L

where Ty

is a projection onto the first #7 (L) coordinates and

(I7).C o i rit
lid lid lid
Trx XT o ’
(TE) () X (TT17K) 0 (1) > TK x ok T plr(Ly ple ()]

are commutative diagrams.
If, for X C T and for L C {1,...,m}, we set
X, =XnTY)L,

then X = |y cqi,.. my X and Xy
a bijection, 77, (X7) € T''Eland 7
For each m, let

m} = X NI"™. Furthermore, the restriction 7p|: X; — 770.(Xy) is
myl: X NI — X NI is the identity.

.....

.....

G, = {X I : 7.(X.) € T is I-definable forevery L C {1,...,m}}.

Recall that an o-minimal structure (possibly with end points) has definable Skolem functions if, given
a definable family {Y; };cr, there is a definable function f: T — J,cr Y; such that f(¢) € Y, for each
t € T. By the (observations before the) proof of [53, Chapter 6, (1.2)] (see also Comment (1.3) there),
the o-minimal structure has definable Skolem functions if and only if every nonempty definable set X
has a definable element ¢(X) € X.

The following Proposition is left to the reader.

Proposition 4.1. T', = (I'ss, () men) is an o-minimal structure with right end point co. Moreover, if
I has definable Skolem functions, then I', has definable Skolem functions. o

Results in o-minimality usually are stated and proved for o-minimal structures without end points.
Nearly all of those results can be checked to hold with exactly the same proof when there is an end point.
Nevertheless, for convenience, we will now introduce a new structure without end points that contains
as a substructure a copy of I'.

Let £ = {0} x I'w U {1} X T" be equipped with the natural order extending < on I" and on I', such
that (0,x) < (1,y) forallx e 'w andall y € T'.

Set Xy = {0} X ', Z; = {1} X I" and, for @ € 2™, which below we identify with a sequence of Os
and 1s of length m, let

Zo =L Zaq)-
Then £ = | | ,com Lo, 25 = 2 and T = X" If
€2 0 0 1 1
O—m: Zm - Fg ((a(l),XI), IR ] (a(m)7xm)) s (x1’ e ’xm)

is the natural projection, then the restriction o,: £, — T'y is injective, oy : X — T'Y is a bi-
jection with inverse the natural inclusion ¢,,: I’ — Z(’)”: (x15.v 5 xm) — ((0,x1),...,(0,x,)), and
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Om|: X7 — ™ is a bijection with inverse the natural inclusion ¢,,: IT™ — Z;”: (X1,.e s Xm)

((Lx1), ..., (1, xm))

If 7: 2™ — XK is the projection onto the first k pairs of coordinates, 7’: X — X"k ig the
projection onto the last m — k pairs of coordinates, for @ € 2", n(a) € 2K is given by 7(a) = QU1 k)
and 7’ (@) € 2"k is given by 7’(a)(s) = a(s + k), then:

(%)
a =n(a)*n'(a),
where * is a concatenation of sequences, and moreover,

Om

PIS xm

- T

S () K _9k Tk

and

oy

ZQ(—> smoo " o rm

L F

Sr(a) X Epr() > Tk xzmk TETwE o pk o pmek

are commutative diagrams.

If, for X € ¥ and for @ € 2™, we set
Xo=XNZ,,

then X = | |,com X. Furthermore, the restriction o5, : Xo — 07, (X,) is a bijection, 07, (Xq) € I'ly.
For each m, let

S ={X CX": 0u(Xy) ST is T'e-definable for every o € 2"},

Similarly to Proposition 4.1, we have:

Proposition 4.2. £ = (%, (S,,)men) is an o-minimal structure. Moreover, if T' has definable Skolem
functions, then X has definable Skolem functions. O

The following remarks are obvious from the constructions above:
Remark 4.3 (Natural embeddings). We have:

(a) The structure I" and the substructure (T", (&, N T"),,cn) of T's, have the same definable sets.
(b) Under the inclusion ¢; : I'e — Zo, the structure I', and the substructure (Zo, (S N X men) of X
have the same definable sets.

So when convenient, below we will often identify I', with its copy in X.
We now make a couple of observations comparing I', I', and X.

Remark 4.4 (The topologies). Let I' = (I', <,...) be an arbitrary o-minimal structure without end
points. Then the topology of I' is generated by the open intervals (—co,a), (a,b) and (b, o) with
a, b € I' and the topology of I'" is generated by the products of n such open intervals.
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In I, the topology of ', is generated by the open intervals (—oo0, a), (a, b) and (b, oo] witha, b € T’
and the topology of I'Z} is generated by the products of n such open intervals.

It follows that:
o I is open in I'Z, and the topology on I is the induced topology from I'l,.
o I'’ is closed in £, and the topology on I'’; is the induced topology from ™.

Recall the notion of cell in ', defined inductively as follows:

o Acell in 'y, is either a singleton {a} or {co} or an open interval of the form (—o0, a) or (a, b) for
a,b el witha < b.
o A cellin I"%! is a set of the form

C(h) ={(x,y) e %" :x € X and y = h(x)},
or
(f,@)x ={(x,y) €T 1 x e X and f(x) <y < g(x)},
or
(—o0,¢)x = {(x,y) e T4 :x € X and y < g(x)},

for some I'w,-definable and continuous maps f,g,h: X — ', with f < g, where X isacell in I'}.
In either case, X is called the domain of the defined cell.

Remark 4.5 (Cell decompositions). As in [53, Chapter 3, (2.11)] (the proof also works in the case with
end points), we have:

o Given any I',-definable sets Ay, ..., Ax C ', there is a decomposition C of I'Z, that partitions
each A;.

o Given a I',-definable map f: A — I, there is a decomposition C of I'Z} that partitions A such that
the restriction f|p to each B € C with B C A is continuous.

Here (see [53, Chapter 3, (2.10)]), a decomposition of I's, is a partition of I, into cells and a
decomposition of T'5*! is a partition of I'X*! into cells such that its projection to I'X is a decomposition
of TK.
By the inductive construction of cells, it is easy to see that:
(a) If C is a cell decomposition of I'”?, then (i) C partitions the sets in {(I'?). : L € {1,...,m}};
in particular, C;r= is a cell decomposition of I'”. (ii) The cells in C are built using I',-definable
continuous maps f: X — I's, with X € (I'Z2). a cell and such that f is constant with value co or

f=frLotL,

where fi: 7.(X) — I is a I'-definable continuous map.
(b) If B is a cell decomposition of X™ that partitions the sets in {(I'3)z : L € {1,...,m}}, then Bjrm
is a cell decomposition of I'2.

In an arbitrary o-minimal structure, a definable set X is definably connected if and only if the only
clopen definable subsets of X are () and X. We say that a I'.,-definable subset of I is I'w-definably
locally closed if and only if it is the intersection of an open I'w,-definable subset of I'? and a closed I'-
definable subset of I’ or equivalently if and only if it is open in its closure in I'?. A similar definition
applies in I

Remark 4.6 (Definable connectedness). From the above remark about the topologies, a I'-definable
subset of I is I'-definably connected if and only if it is I',-definably connected, and a I',-definable
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subset of '’ is I',-definably connected if and only if it is X-definably connected. Hence, just like in T,
by [53, Chapter 3, Proposition 2.18]:

o Every I',-definable subset of I'; has finitely many I',-definably connected components that are
clopen and partition the I',-definable set.

Remark 4.7 (Definably locally closed subsets). Since cells in I are I'-definably locally closed ([53,
page 51]), by cell decomposition theorem, every I'-definable subset of [ is a finite union of I'-definably
locally closed sets. Working in X, it follows, by Remark 4.4, that:

o Every I'.-definable subset of I'’. is a finite union of I',-definably locally closed sets.

Just like in T, if (T, <) is nonarchimedean as a linear order, then infinite I's,-definable spaces with
the topology generated by open definable subsets are in general totally disconnected and not locally
compact. So, as in Example 3.7 (3), to develop cohomology, one studies I',-definable spaces X equipped
with the o-minimal site:

Definition 4.8 (O-minimal site on I',-definable subsets). Let I = (T, <, .. .) be an arbitrary o-minimal
structure without end points. If X is a I',-definable subset of I')?, then the o-minimal site Xgef on X is
the category Op(Xger) Whose objects are open (in the topology of X mentioned above) I'.,-definable
subsets of X, the morphisms are the inclusions, and the admissible covers Cov(U) of U € Op(Xgef) are
covers by open I'w,-definable subsets of X with finite subcovers.

Proposition 4.9. Let T’ = (I', <, ...) be an arbitrary o-minimal structure without end points. If X is a
I'w-definable subset of T, let

T ={U € Op(X) : U is T'ws-definable}.

Then X is a T -space, X7 = Xget, and )?7- is the o-minimal spectrum X of X: that is, its points are types
over ', concentrated on X. Furthermore, there is an equivalence of categories

Mod(Ax,,) ~ Mod(Ag).

Proof. By Remark 4.4, T is a basis for a topology of X, and @ € T itis clear that T is closed under finite
unions and intersections; by Remark 4.7, the 7 -subsets of X are exactly the I',-definable subsets of X.
Therefore, from Remark 4.6, it follows that every U € 7T has finitely many 7 -connected components.
The rest follows from the definitions and results in Subsection 3.1. m]

The following remark will allow us to work in I's, instead of I' or in X instead of in I', when
convenient:

Remark 4.10. Let I' = (I',<,...) be an arbitrary o-minimal structure without end points. By
Remark 4.4, we have:

o If X € I' is a I'-definable subset, then the o-minimal site of X in I" is the same as the o-minimal
site of X in I', so the o-minimal sheaf and cohomology theories of X in I' are the same as the
o-minimal sheaf and cohomology theories of X in I's.

o If X C I' is a I',-definable subset, then the o-minimal site of X in Iy, is the same as the o-minimal
site of X in X, so the o-minimal sheaf and cohomology theories of X in ', are the same as the
o-minimal sheaf and cohomology theories of X in X.

4.2. Definable compactness and definable normality

In this subsection, we recall the notion of definable compactness for definable sets in I's, (defined in
analogy to the case I') and make a couple of remarks about locally definably compact and definable
completions that will be used later. We introduce the notion of definable normality (which corresponds
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to T -normality for the associated T -topology) and prove that when I is an o-minimal expansion of an
ordered group, every definably locally closed subset of I'.; is the union of finitely many open definable
subsets that are definably normal (Theorem 4.28).

As in [45], we say that a I',-definable subset X C I'”? is I'-definably compact if and only if for
every I',-definable and continuous map from an open interval in Iy, into X, the limits at the end points
of the interval exist in X. Recall that X is locally I'«-definably compact if and only if every point in X
has a I',-definably compact neighbourhood.

Remark 4.11 (Definable compactness). Note that in the above definition it is enough to consider open
intervals of the form (—o0, a), (a, b) or (b, ), where a, b € I" and a < b. Therefore:

o A T'-definable subset X C I'" is I'-definably compact if and only if it is I',,-definably compact.

On the other hand, since for any interval / in £ = Xy LI X, we have that I N %y and I N Xy, if non-empty,
are intervals in [, it follows that:

o A T'w-definable subset X C I'’} is I',-definably compact if and only if it is 2-definably compact.
In particular, by [45, Theorem 2.1], we have:

o A T'w-definable subset X C I'} is I',-definably compact if and only if it is closed and bounded in
I'”: thatis, X C Hi"’:l[ci,oo] forsomec;, e"'(i=1,...,m).

Recall that a type 8 on X (i.e., an ultrafilter of definable subsets of X) is a definable type on X if and
only if for every uniformly definable family {Y; };cr of definable subsets of X, theset{t € T : Y; € B} is
a definable set. And we say a definable type § on X has limit a € X if for any definable neighbourhood
a € U, we have 8 concentrates on U. It is worth pointing out that the definition in [35] of definable
compactness of X is that any definable type on X has a limit in X. At first glance, this seems to be a
stronger criterion than defined above. However, both of them turn out to be the same as being closed
and bounded. The main advantage of the definable type definition is that one cannot use a definable
path on X to describe the topological closure of X, yet the set of limits of definable types on X is the
topological closure of X. This failure is also noted in [45, Theorem 2.3]. Nonetheless, this does not
affect the characterisation of definable compactness in I's.

Remark 4.12 (Locally definably compact). As in topology, locally definably compact is equivalent to
definably locally closed. Suppose that X is locally definably compact. Let a € X and K be a definably
compact definable neighbourhood of a in X. Let U be an open definable neighbourhood of a such that

U N X C K. Taking closures in X and noting that U N X = U N X, we obtain

UNXCUNXcCcK=KCX,

N

which shows that X is open in X. The other implication is also easy.

Remark 4.13 (Definable completions). Let X C I'l be a I'-definable set that is bounded in I'e
and is locally I',-definably compact. Then the inclusion i: X < X into the closure of X in I'} is a
I'.-definable completion of X: that is,

(i) X is T'o-definably compact.
(i) i: X <> X is a Iw-definable open immersion (i.e., i(X) is open in Xandi: X — i(X) is a
I',-definable homeomorphism).
(iii) The image i(X) is dense in X.

Everything here is clear, and i(X) is open in X by Remark 4.12.
It follows that:

o If ' = (T, <,+,...) is an o-minimal expansion of an ordered group (T, <, +), then every
I',-definably locally closed subset of ' is I',-definably completable.
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Indeed, let p: I'eo — ['es X I'ss be the I',-definable map given by

(=x,0) ifx <0
p(x) =
(0, x) otherwise.

Then p(T's) € [0,00] X [0,00] and p: 'y — p(I's) is a I'e-definable homeomorphism. So every
I'.,-definable subset of """ is I',-definably homeomorphic to a I's,-definable subset of [0, c0]>™ (which
is in particular bounded in I's,).

However, note that I'-definable completions do not exist in general for locally I'-definably compact
spaces. Suppose that I' = (I', <,+,...) is a semi-bounded o-minimal expansion of an ordered group
(T, <,+) (see [21, Definition 1.5]). Let X = I', and suppose that there is a I'-definable completion
t: X — P of X. Since P is I'-definably compact, the limit lim,_,, ¢(?) exists in P: call it a. Let (P;, 6;)
be a I'-definable chart of P such that a € P;. Let H;l;l (c;, c;) be an open and bounded box in '™
containing 6; (a). By continuity, there exists b € I" be such that 8; o (((b, +0)) C H;.’;l (c;, c;.). Hence,
0; o)1 (b, +00) — I'™ has bounded image; so, by [21, Fact 1.6 and Proposition 3.1 (1)], this map must
be eventually constant. This contradicts the fact that the map is injective.

Recall that, in an arbitrary o-minimal structure, a definable subset X with the induced topology is
definably normal if and only if every two disjoint closed definable subsets of X can be separated by
disjoint open definable subsets of X. This corresponds to X being 7 -normal (Definition 3.11) for the
T -topology given by the o-minimal site on X.

Remark 4.14 (Definable normality). By Remark 4.4, definable normality of a definable set does not
change when moving between I', ', and 2. Therefore, by Remark 4.11 and [23, Theorem 2.11], we have:

o If I has definable Skolem functions, then every I',-definably compact set is I',-definably normal.

On the other hand, if I' = (T, <, +,...) is an o-minimal expansion of an ordered group (T, <, +),
then by [53, Chapter 6 (3.5)], every I'-definable set is I'-definably normal. However, this is not true in
I's (and so it is also not true in X), as shown in the following example.

Example 4.15. Leta € T, and let U = T2 \ {(0,a)}.Let C = T'x {a}, and let D = {0} x (T'x, \ {a}).
Then U is an open I',,-definable subset of I'2, and C and D are closed and disjoint I's,-definable subsets
of U. We claim that there are no disjoint open I',-definable subsets V and W of U such that C C V and
Dcw.

For a contradiction, suppose that such V and W exist. Let b € I'be suchthatb < a.Let f: T" — [b, a)
be the I'-definable function given by f(z) = inf{x € (b,a) : {t} x (x,a) €V NTI?}. By[2], Fact 1.6
and Proposition 3.1 (1)], there is s € I' and ¢ € [b, a) such that f . is constant and equal to c.
So (s,00) X (c,a) < V. Let (o0,u) € {00} X (c,a) < D be any point. Since W is an open I's-
definable neighbourhood of D in U, it is an open I'w,-definable neighbourhood of (oo, u) in U. So there
are ¢ < ] < u < uy < a and v < oo such that (v, 0] X (uj,up) < W. Let w = max{s,v}. Then
(w, 00) X (u1,u3) €V NW,contradicting the fact that V and W are disjoint.

Let us now recall the following result from [28] that will be true in I', by working in X. After a
couple of lemmas, we will prove a result (Theorem 4.22 below) generalising this fact.

Fact 4.16 [28, Theorem 2.20]. Let Z and K be definable spaces in an o-minimal structure with definable
Skolem functions with Z definably normal and K Hausdorff and definably compact. Then Z X K is
definably normal. O

So from now on, let M = (M, <,...) be an arbitrary o-minimal structure without end points and
with definable Skolem functions.
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Lemma 4.17. If I C M is an interval, then I is definably normal. In particular, every open definable
subset of M has a finite cover by open, definable subsets that are definably normal. >

Proof. Let C and D be disjoint, closed, definable subsets of I. Then C is a finite union of intervals. The
result follows by induction on the number of such intervals. Suppose that C is an interval. Let ¢ be the left
end point of C and ¢’ the right end point. Let d = sup{x € D : x < c¢},andletd’ = inf{x € D : ¢’ < x}.
Since C and D are closed in [ and disjoint, we have d < ¢ < ¢’ < d’. Now take d < u < v < ¢ and
¢ <v <u <d.Then U = ((—co,u) U (u’,00)) NI and V = (v,v’) are disjoint, open, definable
subsets of / suchthat D C U and C C V.

If C is a union of n + 1 intervals, let C’ be the union of the leftmost # intervals, and let C”’ be
the rightmost interval. By induction, there are open definable subsets U’, V' and U”, V" of I such that
DcU,C’cVv,DcU”,Cc”"cv”,UuUnNV =0andU"NV"=0.LetU =U'NU" andV =V'UV".
Then U and V are disjoint, open, definable subsets of / such that D C U and C C V. O

Below, we use the following notation: for each i € {1,...,m}, let
i M — M)
be the projection omitting the ith coordinate, and let
i M™ —> M

be the projection onto the ith coordinate. If Z C M™"! is a definable subset and f,g: Z — M are
continuous definable maps with f < g, then for eachi € {1,...,m}, we let

[f.8]y ={x €M™ :mi(x) € Z and fom(x) <x; < gom(x)}

and we define

(f,8)7 (f.8]7 and [f.g);
in a similar way.
Lemma 4.18. The restriction

miy: [f.8l; = Z
is a continuous, closed, definable map.
Proof. Forz € Z, let
D(z) ={((dy,d}),....(d, . d}_ ) e MV 2 e 1N (d7,df) N Z}

and for d € D(z), let

U(z,d) =11 (d;,df) n Z.

Then {U(z, d)}dep(z) is a uniformly definable system of fundamental open neighbourhoods of z in Z.
Moreover, since the relation d < d’ on D(z) given by U(z,d) € U(z,d’) is a definable downwards
directed order on D(z), by [35, Lemma 4.2.18] (or [34, Lemma 2.19]), there is a definable type 8 on
D(z) such that for every d € D(z), we have {d’ € D(z) : d’ < d} € 5.

Let S C [f, gl be a closed definable subset. Suppose that 7;(S) is not closed in Z. Then there is
z € Z \ m;(S) such that for all d € D(z), we have U(z,d) N ;(S) # 0. Then by definable Skolem

2Here, the existence of definable Skolem functions is not needed.
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functions, there is a definable map
h:D(z) = S C [f. gl

such that for every d € D(z), we have n;(h(d)) € U(z,d) N n;(S).

Let « be the definable type on S determined by the collection {A C S : h~'(A) € 8}. Let a; be the
definable type on 7;(S) determined by the collection {A C ;(S) : (7;)"'(A) € «}, and let > be the
definable type on M determined by the collection {A € M : (n] Y"(A) € a).

Claim 4.19. The limit of « exists, it is of the form (z, ¢) and belongs to [ f, g]’z

Proof. We have that z is the limit of «;: that is, for every open definable subset V of Z such that z € V,
we have V € a). Indeed, given any such V, there is d’ such that U(z,d”) C V and

R ()N (V) 2 N () T (i (S) N U (2, d")))
2 h7 (SN (m) Uz, d))))
2{d" eD(z):d" <d'}.

Since [f, g] ‘Z € a, it follows that for every open definable subset V of Z such that z € V, we have
[f.gli, = (m)""(V) n [f,g],, € @. On the other hand, since a; is a definable type on M, by [41,
Lemma 2.3], a; is not a cut, so a; is determined by either (i) {b < x : b € M}, (ii) x = a, (iii)
{b<x<a:beM, b<a},ivi{a<x<b:beM, a<blor(vV){x<b:be M}, wherea e M.
In case (i), the limit of a; is +oo; in cases (ii), (iii) and (iv), a is the limit of @»; and in case (v), —co is
the limit of a». Let ¢ be the limit of a5.

We show that f(z) < ¢ < g(z). If g(z) < ¢, let I be such that g(z) < [ < ¢. Then since g is
continuous, there is an open definable subset V of Z such that z € V and g(v) < [ forall v € V.
Case (v) does not occur since we cannot have g(z) < —oo; in the remaining cases, we would have
0=1f, g]{, N (n;)_l((l,+00)) € a, which is absurd. If ¢ < f(z) let [ be such that ¢ < [ < f(2).
Then since f is continuous, there is an open definable subset V of Z such that z € Vand ¢ < I < f(v)
for all v € V. Case (i) does not happen; in the remaining cases, we would have @ = [ f, g]{, N (712)‘1
((=c0,1)) € @, which is absurd. O

It follows that (z,¢) € [f, g]% is the limit of @. Since S is closed in [ f, g]é and « is a definable type
on S, its limit (z, ¢) is in S. But then z € 7;(S), which is a contradiction. O

The previous result allows us to obtain a slight generalisation of [28, Lemma 2.23]. In that Lemma,
instead of [f,g] 2, we have Z X [a, b]. The proof of this new version is exactly the same using
Lemma 4.18 instead of the fact that the projection 7: Z X [a, b] — Z is a continuous, closed definable
map. For the reader’s convenience, we include the details.

Lemma 4.20. Let Z C M™! be a definably normal definable subset. Let S C [f, g]% be a closed
definable subset and W C [f, g]% an open definable subset. Then for every closed definable subset
F C 7;(S) such that S N (m))"\(F) ¢ W, there is an open definable neighbourhood O of F in Z such
thatO CONZ Cr;(W)and SN (7)) (ONZ) CW.

Proof. Let W€ = ([f,gl,) \ W.If S C W, then since 7;(S) C 7;(W) is closed in Z (by Lemma 4.18)
and Z is definably normal, there is an open definable neighbourhood O of 7;(S) 2 F in Z such that
0cONnZcri(W),soSn (m;)""(0ONZ)=5C W.So we may suppose that S N W€ # 0.

For z € Z, let {U(z,d)}aep(z) be the uniformly definable system of fundamental open neighbour-
hoods of z in Z given above. Recall that by [35, Lemma 4.2.18] (or [34, Lemma 2.19]), there is a
definable type B8 on D(z) such that for every d € D(z), we have {d’ € D(z) : d’ < d} € 5.
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Suppose that z € F and for all d € D(z), we have (SN (7;) "' (U(z,d))) "W¢ # 0. Then by definable
Skolem functions, there is a definable map

h:D(z) = SOAWE C [f. gl

such that for every d € D(z), we have h(d) € (SN (7;)"'(U(z,d))) N WE€.

Let a be the definable type on SAW¢ determined by the collection {A € SNW€ : h™1(A) € B}. We are
in the setup of Claim 4.19, so the limit of @ exists; it is of the form (z, ¢) € [f, g]g. Since SNW¢ is closed
and « is a definable type on S N W€, its limit (z, ¢) isin S N W€. But then (z,¢) € S N (7;)"'(z) € W€,
which contradicts the assumption on F.

So for each z € F, there is d € D(z) such that S N (7;)"'(U(z,d)) € W. By definable Skolem
functions, there is a definable map e: F — M?>"~1 such that for each z € F, we have €(z) € D(z) and
SN (m;) " (U(z,€(z))) € W. Then

U(F,e) = | JU(z,€(2))

zeF

is an open definable neighbourhood of F in Z such that

SO () (UF€) = ] S0 () Uz () < W.

zZ€F

Since U(F, €) N n;(W) is an open definable neighbourhood of F in Z, F is closed in Z and Z is
definably normal, there is an open definable neighbourhood O of F in Z such that 0 € O NZ C
U(F,e)Nm;(W) Cm(W)and Sn (m;)"'(ONZ) CW. O

We now obtain the following generalisation of the fact that if Z C M™! is definably normal, then
Z X |a, b] is definably normal. We omit the proof since it is exactly the same as in [28, Lemma 2.24,
proof of Proposition 2.21] using Lemma 4.20 and basic o-minimality from [53].

Proposition 4.21. If Z € M™~! is definably normal, then [ f, g) lZ is also definably normal. O

We now extend this result a bit further. First we introduce some notation. Given I C {1,...,m}, we
letI’={1,...,m}\ I, we let

are M — MmN
be the projection omitting the coordinates in 7, and we let
’. 7|
M- M

be the projection onto the coordinates in I (so n; = 7y/). Given Z € M Il a definable set and families
{f': Z = M}e;r and {g': Z — M},c;- of continuous definable functions, we set

(" her g her)y ={x e M™ :xp(x) € Z and fl oy (x) xS g omp(x), VIET'}.
Similarly, we define

A e A8 ey (U e g er]y and [{f her {8 hier) 2.

If g! = g foralll € I, we write

[{fl}lel"g]é’({fl}lelug)é’ ({fl}lel’»g]é and [{fl}lel”g)é

instead and similarly for the case f! = f for all [ € I’ (although we will not need this other case).
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Note thatif 7 = {1,...,m}, then
{f her A8 er ) = {f e A8 her )L = ... = Z.

Theorem 4.22. If Z € M is definably normal, then [{f'}1er', {gl}la,]é is also definably normal.

Proof. The proof is by induction on m. The case m = 0 is clear, so assume m > 0 and the result holds
form —1.If |I’| =0, then I = {1,...,m}, so [{f'}icr {gl}ld/]é = Z. So suppose that [I’| > 0 and
choose i € I’ and set J = I and J’ = I’ \ {i}. Then X = [{f'}ies, {gl}ley]é c M™ ! is definably
normal by the induction hypothesis.

Now let F: X — M be givenby F(u) = fiony (u) and G: X — M be given by G (u) = g' oy (u).
Then F and G are continuous definable functions, F o m;(x) = f' o ny(m;(x)) = f' o mp(x) and
G o mi(x) = g' o mp (x). Therefore,

[ e {8 hier ]} = [F.Glg
and so, by Proposition 4.21, this set is definably normal. O

To proceed, we need to recall the following results:

Fact 4.23 [24, Theorem 2.2]. Let U be an open definable subset of M™. Then U is a finite union of open
definable sets definably homeomorphic, after possibly reordering of coordinates, to open cells. O

Let 7: M™ — M™ ! be the projection onto the first m — 1 coordinates. Clearly, the following also
holds with 7 replaced by each ;: M™ — M™~! as defined above.

Fact 4.24 [19, Theorem 3.4]. Let U be an open definable subset of M. Then there is a finite cover
{Uj . j=1,...,1} of 7(U) by open definable subsets such that for each i there is a continuous definable
section sj: U; — U of r (i.e., w0 s; = idy;,). m|

We now go back to the setting I', I', and X. Note that by the several remarks made previously regarding
definability and definable topological notions (including connectedness, compactness, normality), we
may safely omit the prefix I' (respectively, I', and X) and simply say definable (respectively, definably
connected, definably compact, definably normal) when talking about subsets of I or I'’2 and ™.

Recall that given I C {1,...,m}, I’={1,...,m}\ I,

mp: 2 — xmoll
is the projection omitting the coordinates in / and
T — il

is the projection onto the coordinatesin/ (son; = mrp). If Z C X Il is a definable set and {fl 1 Z > ZYep
a family of continuous definable functions, we set

({fl}lel’,oo]é ={xe¥":np(x)eZand flomp(x) <x; <ooforalll €I'}.

Also recall that, if = {1,...,m}, then ({ '}, 0], = Z.

Proposition 4.25. Let O C '} be an open definable subset. Then O is a finite union of open definable
subsets of the form ({f‘l, hiers 00]{, with I € {1,...,m} and V an open definable subset of T\,

Proof. LetI C {1,...,m} besuchthat O; # 0. For A C 7;(0Oy) and B C l"lg/l, we let A x; B denote
the set defined by

a; €B ifiel

ai,...,ay,) €E Ax; B
(a1 m) ! {aien;(A) ifiel,
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where 77: 77(O;) — I is the restriction of the projection onto the ith coordinate. Consider the definable
set

. _ there is an open neighbourhood U of a in 7; (Oy)
Ur = {(a,b) €7 (0n)xT: and ¢ € Tsuch that ¢ < b and U x; (¢, ]l c O |

Let 7: Uy — 17(07) € 'l be the projection to the first |I|-coordinates.
Claim 4.26. 7(Uy) = 7;(Oy).

The left-to-right inclusion is trivial. From right to left, let a be an element of 7;(Oy). Then there
is a’ € O such that 7;(a’) = a. Since O is open, let V = []2, J; C O be a product of basic open
sets containing a’. Then U := 17 (V) is a neighbourhood of a in 77 (Oy). Moreover, for i € I’, we may
suppose J; = (b;, co] for some b; € . Let ¢ = max{b; : i € I’}. Then Ux; (¢, o0]'l € O.In particular,
(a, b) € Uy for every element b € (c, o0), which shows that a € 7(Uy). This proves the claim.

Claim 4.27. The set Uy is open.

Let (a, b) be an element in Ujy. By definition, let U be a neighbourhood of a in 7;(Oy) and ¢ € T’
such that ¢ < b and U *; (¢, o0]/I'l € O. We let the reader verify that U x (¢, o) C Uy, which shows
the claim.

By Fact 4.24 applied to U; and the projection 7: Uy — T'|, there exists a finite cover V; of
n(Uy) = 11 (Oy) by open definable subsets, and for each V € Vy, there is a continuous definable section
sy : V. — U of 1. We let the reader verify that the previous claims imply that the family

{({sv }ier» ) Yy ev, (*)

is a finite family of open definable subsets of O covering Oj.
The union of Oy ;) and all families as in equation (*) forall I ¢ {1, ..., m} provide the required
family of open sets. O

We are finally ready to prove the main goal of this subsection:

Theorem 4.28. Suppose thatT" = (I, <, +, .. .) is an o-minimal expansion of an ordered group (I', <, +).
Let Z be a definably locally closed subset of T'. Then Z is the union of finitely many relatively open
definable subsets that are definably normal.

Proof. Since a definably locally closed set is of the form O N S with O open definable and S closed
definable, it is a closed definable subset of an open definable subset. Therefore it is enough to prove the
result for an open definable subset O of 2.

By Proposition 4.25, it is enough to show that open definable subsets of O of the form ({ f‘l, Yer, oo]{/

with I C {1,...,m} and V an open definable subset of 11 are definably normal. So fix I C {1,...,m}
and V an open definable subset of T'|. If I = 0, the ({f, };e7, 0]}, = V € I'™ is definably normal

(Remark 4.14). Suppose otherwise, let P = ({f‘l, hers oo]‘l,, and consider
X = U QR ey ¥ = (G Fier G A el
and
Z=[{2fy hernly.

Since X,Y <€ I'"™, by Remark 4.14, they are both definably normal, and by Theorem 4.22, Z is also
definably normal.

Let C,D C P be closed, disjoint definable subsets. Since CNY,D NY C Y are closed, disjoint
definable subsets and Y is definably normal, there are Uy, Vy C Y open, disjoint definable subsets of ¥
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suchthat CNY € Uy and D NY C Vy. Similarly, there are Uz, V2 C Z open, disjoint definable subsets
of Zsuchthat CNZ C Uz and D N Z C V, and there are Ux, Vx C X open, disjoint definable subsets
of X such that C N X € Ux and D N X C Vx. Again, by definable normality, let Uy, C X be an open

definable subset of X such that CNX C Uy, C U5, C Uy, and similarly let U/, C Z be an open definable
subset of Z such that CNZ C U’, C U_’Z C Uz and let Uy, C Y be an open definable subset of Y such
that CNY c Uy C Uy, C Uy.

LetV, = Vy \ (U, UUY), V4 =Vx \ (U, UU,) and V}, = Vz \ (U}, U U%). Let

Q={xel™:ap(x)eVand x; = (2f}) o np(x) forall L € I'}.

We have that Q is a closed definable subset of P and of Y (the f‘l, s are continuous). Let U = U/, \ Q,
andlet V) =V, \ Q.

LetU =U;, WU UUyg,andletV =V, UV} UVy. Since C N Q C Uy, we clearly have C C U.
On the other hand, D N Uy, = D NU,, = D N Uy, = 0; otherwise, D N Ux # 0 and Ux N Vx # 0 or,
similarly, Uz NVz # 0 or Uy NVy # 0. Thus, since DNQ C V7, we also have D C V. By construction,
we have U NV = (. Now Uy, is open in Y and Y is open in P, Uy is open in X and X is open in P, and
U’ is the interior of U, in P, so U is open in P. Similarly, V is open in P. O

5. Sites on definable sets and in their stable completions in ACVF

In this section, we will introduce the v+g-site on definable sets of algebraically closed nontrivially
valued fields and the V+g-site on their corresponding stable completion. We will further show that the
latter forms a 7 -space in the sense of Section 3. Definable compactness and normality will be discussed
in Subsection 5.4.

We begin by recalling the needed model-theoretic background on ACVF. Some familiarity with
valued fields and their model-theory will be assumed, however. For further references, we refer the
reader to [51] or [33].

5.1. Preliminaries on ACVF

Let Ly r be the three sorted languages of valued fields: in both the valued field sort VF and the residue
field sort k, we put the language of rings Lying, and in the value group sort I'e, the language L, of
ordered groups with an additional constant symbol for co, together with symbols for the valuation val
and the map Res: VF? — k sending (x, y) to res(xy~") if val(x) > val(y) and y # 0 and to 0 otherwise.

Let L£g be the geometric language extending L r with new sorts described in [32, Section 3.1].
By [33, Theorem 2.1.1], the theory ACVF of algebraically closed fields with a nontrivial valuation has
quantifier elimination in the language L r; and by [33, Theorem 7.3], it has quantifier elimination and
elimination of imaginaries in the language Lg.

Below, we fix a monster model U of ACVF in the language £ and assume that all sets of parameters
we consider are small substructures C of U (i.e., subsets C of U such that dcl(C) = C and |C| < |U])
and all models K of ACVF considered are elementary substructures of U, again of smaller cardinality.
By R, M and k, we mean the valuation ring, its maximal ideal and the residue field in U.

It is worth noting that over an elementary small substructure K of U, the residue field and the value
group are stably embedded: that is, every definable subset of I', (K) (respectively, k(K)") is already
definable in (I's, (K), E(",‘; (respectively, (k(K), Lying)). See [32, Proposition 2.1.3].

Let C be a small substructure of U. By an algebraic variety V over C, we mean the set of U-closed
points of a separated reduced scheme of finite type over the valued field sort of C (e.g., A" stands
for U"). By an algebraic variety, we mean an algebraic variety V over some small substructure C. Note
that the category of separated reduced schemes of finite type over U and the category of their U-closed
points are equivalent (see [3 1, Proposition 2.6]).
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Given an algebraic variety V over C, there are finitely many charts (V;, U;, fi)i<m such that (i)
V=ViU...UV,; (i) each f; : V; — U; is a isomorphism with U; C A™ an affine variety over C;
(iii) Ui; = fi(V; N'V;) is a Zariski open subset of U;; and (iv) f; o fl.‘1 is an isomorphism between the
quasi-affine varieties U;; and U j; over C. If W is another variety over C, then f : V — W is a morphism
if and only if, for some charts (W;, U}, g;); <k for W, each (g; ofofh: (ST WHNU) - g;(U)
is a morphism of quasi-affine varieties over C. As in [47, Section 3], by a C-definable subset of V, we
mean a subset S such that for each i, f;(S N'V;) is a C-definable subset of U;. Note that this notion is
independent of the choice of the charts.

By a C-definable set, we mean a C-definable subset of some product of sorts and of varieties over C
in U. By a definable set, we mean a C-definable set for some small substructure C. We denote by

Defc

the category whose objects are C-definable sets and whose morphisms are C-definable maps between
C-definable sets (i.e., maps between C-definable sets whose graphs are C-definable sets). Given a
substructure F containing C, we have an inclusion functor Def- — Defr since every C-definable set is
also F-definable.

Given an algebraic variety V with charts (V;, U;, fi)i<m, we have that the Zariski topology on V:
U C Visopen if and only if each f; (U NV;) is a Zariski open subset of U;. Besides the Zariski topology,
we can also equip V with the valuation topology: U C V is open if and only if each f; (U NV;) is an open
subset of U; C A”™ in the valuation topology. Recall that the valuation topology on A! is generated by
the open balls

B°(a,y) ={x e A :val(x —a) > y}

centred at ¢ € A! and with radius y € I's,, and the valuation topology on A" is the product topology.
Note that these topologies are independent of the choice of the charts.

The valuation topology, however, is not suitable for developing cohomology as it is totally discon-
nected (the open balls are also closed sets) and not necessarily locally compact. In Subsection 5.2, we
will introduce an appropriate site on a definable set that will replace the valuation topology. However,
with this site, definable sets do not form a 7 -space. To obtain results for the cohomology theory on
such sites, we have to go through another category associated to Def¢, the category of the stable com-
pletions of objects of Def with morphisms the C-pro-definable morphisms between such objects. We
then introduce another site, isomorphic to the previous one, in the stable completion of a definable set.
In Subsection 5.3, we show, using Hrushovski and Loeser’s main theorem, that the open sets of the site
make the stable completion of a definable set into a 7 -space. Finally, in Subsection 5.4, we show that
in the stable completion of a definable set, for the associated notion of 7 -normality, 7 -locally closed
subsets are finite unions of 7 -open subsets that are 7 -normal.

In what follows, for simplicity, we will adopt the following conventions:

Remark 5.1. Let K be a small elementary substructure of U and X a K-definable set (e.g., a variety V
over K). We write X for the set X(U) of U-points of X, and we write X (K) for the set of K-points of X.
Note that even though in what follows all definitions (respectively, results) are stated for U-points, they
make sense (respectively, they hold) for K-points unless otherwise stated. In fact, a K-definable set X
can also be seen as a functor from the category of all elementary extensions of K to the category of sets.
The category of such functors is actually equivalent to the category of definable sets of U of the form
X (U). Both points of view will be used indistinguishably in what follows. This justifies why we write
X instead of X (U). In case a statement involves two small elementary substructures K and K’ of U, we
will use the notation X (K) and X (K”’) to disambiguate.

We treat I',, R, M and k as (-definable sets. Thus, following our convention, the set I's,(K)
(respectively, R(K), M(K) and k (K)) corresponds to the value group of (K, val) (respectively, valuation
ring, maximal ideal and residue field of (K, val)).
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Given an algebraic variety V, we will consider the sheaf Oy (for the Zariski topology) of regular
functions on V. Since, given charts (V;, U;, f;)i<m for V, the open subsets U C V; for some i are a basis
for the Zariski topology, Oy is completely determined by the sheaves of regular functions O, on the
quasi-affine varieties U;.

5.2. The v+g-sites

We start with the definition of the site replacing the valuation topology. As we will explain below, this site
is based on the work of Hrushovski and Loeser [35]. We then recall Hrushovski and Loeser’s category
of the stable completions of objects of Def¢ and the topology on such spaces. In general, this topology
is also not suitable for cohomology (it is not locally compact), and we will replace it by a site as well.

Definition 5.2 (The v+g-site). Let V be an algebraic variety. A subset of V is a basic v+g-open subset
if it is of the form

(€ Uj : val(f5(w)) < val(g; ()},

jeJ

where J is a finite set and f;, g; € Oy (U;) are regular functions on a Zariski open subset U; C V. A
subset of V is a v+g-open subset if it is a finite union of basic v+g-open subsets; it is v+g-closed if it
is the complement of a v+g-open subset.

A subset of V X I'’?! is a basic v+g-open subset if and only if its pullback under id X val: V x A™ —
V x T is a basic v+g-open subset of V x A™; v+g-open and v+g-closed subsets of V X I'. are defined
analogously.

If X € VXTIZ is a definable subset, we say that a subset of X is v+g-open (respectively, v+g-closed)
if and only if it is of the form X N O (respectively, X N D), where O (respectively, D) is a v+g-open
(respectively, v+g-closed) subset of V X I'’Z. Similarly, a basic v+g-open subset of X is a set of the form
X N O, where O is basic v+g-subset of V X I'l%.

The v+g-site on X, denoted Xy, is the category Op(Xy,) whose objects are the v+g-open subsets
of X, the morphisms are the inclusions, and the admissible covers Cov(U) of U € Op(Xyg) are covers
by v+g-open subsets of X with finite subcovers.

Remark 5.3 (v-open and g-open subsets). Note that if V is an algebraic variety, then:

- Since regular functions are continuous for the valuation topology, a v+g-open subset is v-open: that
is, it is a definable subset that is open in the valuation topology.

- Since the constant function zero is a regular function and val(f(«#)) < oo is the same as f(u) # O,
it follows that a v+g-open subset is g-open: that is, it is a positive finite Boolean combination of
Zariski closed sets, Zariski open sets and sets of the form {u € U : val(f(u)) < val(g(u))} with
f.g € Oy (U).

Thus it follows from the characterisation of subsets that are both v-closed and g-closed when V is
affine or projective ([35, Proposition 3.7.3]; see also below) that the v+g-open subsets as described
above are exactly the subsets that are both v-open and g-open. The sets that are both v-open and g-
open (respectively, v-closed and g-closed) are called in [35] v+g-open subsets (respectively, v+g-closed
subsets).

The following will be useful later:

Fact 5.4 [35, Proposition 3.7.3]. Let V be an affine (respectively, projective) algebraic variety. Then a
subset of V is v+g-closed if and only if it is of the form

U e Vihiy) =0, val(fij(x) < val(gi; ()},

iel jeJ
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where 1, J are finite and h;;, f;;, gij € Ov (V) are regular functions on V (respectively, homogeneous
polynomials on V). O

Remark 5.5 (v+g-opens and valuation topology). The v+g-open subsets of an algebraic variety are a
basis for the valuation topology. However, not every definable open subset is a v+g-open. For example,
in A!, the valuation ring R = |J, < (a + M) is definable, open in the valuation topology but it is not
v+g-open.

In I'Z?, by Fact 5.4, the v+g-open subsets coincide with the open definable subsets of I'2} for the
product of the order topology on I's, (Remark 4.4). So the v+g-site X\4s on a definable subset X € I'}y
is the o-minimal site Xg4er as defined in Definition 4.8.

Remark 5.6 (Definable sets with the v+g-site are not 7 -spaces). Let us say that a subset of a definable
set of V X IT'L is a v+g-subset if it is a finite boolean combination of v+g-open subsets. Note that by
quantifier elimination, the v+g-subsets are exactly the definable subsets.

It follows that the v+g-open subsets of a definable set of V x I'” do not form a 7 -topology unless V
is finite, since condition (iii) of Definition 3.2 fails: any v+g-open is always a disjoint union of clopen
v+g-subsets (i.e., definable subsets).

For the reader’s convenience, below we recall the definition of the stable completion X of a definable
set X. When X is moreover a subset of V X I'Z2, for an algebraic variety V, we will equip X witha topology
and a site, making X into a T -space.

Let B be any subset of U and x be a tuple of variables with length |x|. We denote as usual by S (B)
the space of types over B in the variables x: that is, the Stone space of the Boolean algebra of formulas
with free variables contained in x and parameters from B up to equivalence over ACVF. If B is a model
of ACVF, then S, (B) can be characterised as the set of ultrafilters of definable subsets of B! over B.

Types in S, (U) are called global types. If C is a small substructure, a global type p € S,(U) is
C-definable (or definable over C) if and only if for every Lg-formula ¢(x, y) there is an Lg-formula
d,(¢)(y) over C such that for all b € U1 we have ¢(x, b) € p if and only if d,(¢)(b) holds in U.
Equivalently, since U is a model, a global type p € S,(U) is C-definable if and only if for every
0-definable family {X,};er of definable subsets of U™*! there is a C-definable subset S C T such that
X; e pifandonlyifz € S.

A type p € S(B) concentrates on a C-definable set X if it contains a formula defining X. The
notation Sx (B) is used  to denote the subset of Sx (B) of all such types. Note if B is a model, then Sx (B)
can be identified with X (B), the set of ultrafilters of definable subsets of X (B) over B; this notation was
used in previous sections in the o-minimal setting.

The stable completion of X over C, denoted by X (C), can be characterised in ACVF as the set
of C-definable global types concentrated on X that are orthogonal to I'. Recall that a global type p
is orthogonal to T" if and only if for every definable function i: X — T, the pushforward h.(p)
is a global type concentrated on a point of I's; the pushforward h.(p) is the global type given by
{(Z C T : Z definable and h~'(Z) € p}. Also recall that, by ([35, Proposition 2.9.1], a C-definable
global type p is orthogonal to I if and only if p is stably dominated if and only if p is generically stable.
These other characterisations of orthogonality to I" of an C-definable type will be used when needed.

If f: X — Y is a C-definable map, then we have a map f: X(C) - Y(C) given by f(p) = f.(p).
Indeed, f.(p) is clearly an C-definable global type on Y, and for any definable i: Y — I', we have that
ho f: X — T is definable and (4 o f).(p) = h.(fi(p)) is a global type concentrated on a point of T.
However, there are more maps that one has to consider between the stable completions of definable
sets. To introduce these maps, we need to introduce the pro-definable structure associated to the stable
completion of a definable set.

Let Pro(Def¢) be the category of C-pro-definable sets: that is, the category whose objects are filtrant
projective limits of functors

limHompyf,. (o, X;),

i
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where (X;);es is a cofiltering system in Def indexed by a small, directed, partially ordered set, and the
morphisms are the natural transformations of such functors. By a result of Kamensky [38], the functor
of ‘taking U-points’ induces an equivalence of categories between the category Pro(Def¢) and the
subcategory of the category of sets whose objects and morphisms are projective limits of U-points of
definable sets indexed by a small directed partially ordered set. So one can identify a pro-definable set
X represented by (X;);e;y with X(U) = liLnX,- ().

i
The sets of morphisms are related by

Hompro(pef) (X, Y) = limlimHomper . (X;, ¥;),
J i

and we call the elements of Hompyo(pet) (X, Y) the C-pro-definable morphisms between X and Y.

Below, by strict C-pro-definable set, we mean a C-pro-definable set X for which there is a cofiltering
system (X;);er in Def¢ representing X with the transition maps 7; ;- : X; — X;» being surjective for all
i > i’ in I, or equivalently, with the C-pro-definable projection maps 7;: X — X;, represented by the
transition maps 7; i : X; — X for alli > i/, being surjective for all i € I.
Fact 5.7 [35, Theorem 3.1.1] or [16, Theorem 6.4]. For every C-definable set X, there is a canonical
strict C-pro-definable set E and a canonical identification X (F) = E(F) for every substructure F
containing C. Moreover, if f: X — Y is a morphism in Def¢, then the induced map f: X(F) — Y (F)
is a morphism of C-pro-definable sets. O

Thus we have a category
Defc
whose objects are of the form X (C) for X a C-definable set and whose morphisms are the C-pro-definable
morphisms between such objects. Furthermore, for every substructure F' containing C, we have a functor
Defe — 15€fp

X — X(F).

Example 5.8 (The stable completion of’t\he affine line). Let K be a small elementary substructure of U.
Let us describe the stable completion Al(K) of the affine line. Let n denote the generic type of the
valuation ring ‘R: that is, the global type in Sy (U), where |x| = 1, determined by the following rule: a
definable set X C U is in g if and only if there is m > 1, and there are by, ..., b, € R(K) such that
val(b; —b;) =0foralli # j and
m
RA( b+ M) c x.

i=1

By quantifier elimination and first-order logic compactness, for every formula ¢(x, y) there is an integer
m g such that for all ¢ € Ul if X, is defined by ¢(x, 1), then for all m > mgandall by, ..., b, € R(K)
such that val(b; — b;) =0 forall i # j, we have

RA(Jbi+ M) g X,
i=1

Therefore, nr is a 0-definable global type (see also [32, Lemma 2.3.8]). We let the reader convince
her/himself that n is orthogonal to I (see [32, Lemma 2.5.5]).
Given any closed ball

B(a,y) ={x € A : val(x —a) > v}

https://doi.org/10.1017/fms.2022.84 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2022.84

Forum of Mathematics, Sigma 35

centred at a € K with radius y € I'(K), by moving the centre and rescaling, there is a K-affine
transformation f such that f(R) = B(a,y). We set n1g(a,5) = fe(nr), and we call it the generic type
of the closed ball B(a,y). Thus np(qa,,) is orthogonal to I'. Furthermore, it follows from [32, Lemma
2.3.3] that we have

Al(K) = {nB(a,y) ra€kK,ye FM(K)},
where B(a, o), the closed ball with radius co centred at a, is identified with a.

As a set, pi (K) consists of the disjoint union of Al (K) and the definable type concentrating on the

point at infinity in P! (K). The description of A”(K ) for n > 1 is more complicated (see [35, Example
3.2.3]).

Remark 5.9. Let K be an elementary substructure of U and X a K-definable set. Note that Xisa
functor from the category of all elementary extensions of K into the category of sets (sending an
elementary extension K’ to X(K")). As for definable sets, the category of such functors is equivalent
to the category of pro-definable sets of the form X (U) of all global definable types concentrating on
X that are orthogonal to I'. From now on, unless otherwise stated, we will work with X, but all the
definitions (respectively, results) still make sense (respectively, hold) also for X X (K). When we have two
small elementary substructures K and K’ of U, then we will use the notation X (K) and X (K”) to avoid
ambiguity.

Let V be an algebraic variety, and let Oy be the sheaf of regular functions on V. Let (93‘1 be the sheaf
of I',-valued functions defined by

O(U) = {valo f | f € Oy (U)}

for U C V a Zariski open subset. The topology on the stable completion V is the topology having as a
basis finite unions of finite intersections of sets of the following form:

(pel] fup) e},

where U is a Zariski open set of V, f € O:,al(U ) and [ is an open interval on I'e. VxTI7T is equipped
with the quotient topology induced by the map

idxval: Vx A" — VXTI
and, for a definable subset X C V x I'%, we put on X the induced topology from W
By [35, Lemma 3.5.3], we have:

Fact 5.10. If Y € I'’? is a definable subset, then Y =Y. The topology on [ = I coincides with the
order topology on I'y, and the topology on I:ﬁ Il is the product topology.

__If X is a definable subset of an algebraic variety V/, then there is a canonical bijection from XxYto
X X Y such that the topology on X XY =X XY is the product topology. O

By [35, Proposition 4.2.21 and Corollary 4.2.22], the topology on the stable completion is related to
the v+g-site by:

Fact 5.11. Let V be an algebraic variety over K, and let W be a definable subset of V x I'ZZ. Then W is
v+g-open (respectively, v+g-closed) if and only if W is open (respectively, closed) in V X I'2. Moreover,
a basis for the topology on the stable completion X of a definable subset of V x I'’Z? is given by

{U: U € Op(Xug)}. o
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As we pointed out already, in general, the stable completion topology is not necessarily locally
compact:

Remark 5.12 (The stable completion topology and local compactness). Consider the affine line over

C,, (the completion of the algebraic closure of Q). The space Al (Cp) is not locally compact. Indeed,
suppose for a contradiction there is a compact neighbourhood U of 5%, the generic type of the valuation

—1
ring (the Gauss point). Then there is / C Q an open interval such that val (I) C U.LetJ C I be a

— —-1
closed sub-interval. Then by continuity of val, val (J) is a closed subset of U and hence a compact
subset. Therefore, its image J would be a compact subset of Q.

Due to the failure of local compactness of the stable completion’s topology, in order to develop a

cohomology theory in the category of stable completions of definable sets, we will replace the stable
completion’s topology by a site:
Definition 5.13 (V+g-site on stable completions). If X € V x I'"" is a definable subset, the V+g-site
on X, denoted 5(\@, is the category Op(f@) whose objects are of the form W with W € Op(Xuwg), the
morphisms are the inclusions, and the admissible covers Cov(U) of U € Op(Xg;) are covers by objects
of Op(Xgg) with finite subcovers.

Of course, the v+g-site Xy, on a definable set X and the v+g-site iﬂ‘g on its stable completion are
isomorphic categories, so we will often move from one site to the other whenever convenient.

5.3. The v+g-site and T -spaces

Here we show that the stable completion of a definable subset of V x I'". equipped with the V+g-site is
a T -space. For that, we use the following special case of Hrushovski and Loeser’s main theorem:

Fact5.14[35, Theorem 11.1.1]. Let V be a quasi-projective variety over K, and let X be a definable subset
of V X I'’Z. Then there exists a (continuous) pro-definable deformation retraction H: I X X — X with
image ¥ an iso-definable subset definably homeomorphic to a definable subset of some I'X . Furthermore,

given finitely many definable subsets X1, . .., X,, of X, the pro-definable deformation retraction H can
be constructed preserving each of the definable subsets: that is, the restriction H| : I X X; — X; is still
a continuous pro-definable retraction. O

The 7 in the theorem is a generalised interval: that is, a one-dimensional I',-definable space obtained
by considering finitely many oriented closed sub-intervals of ', and glueing them together two by two,
end to end, respecting the orientations. The set X is called a skeleton of X and is often identified, under
the definable homeomorphism, with a definable subset of T'X .

Also recall ([35, Definition 2.2.2]) that if X is a pro-definable set, then Z is a pro-definable subset of
X if and only if there are cofiltering systems of definable sets (X;);e; and (Z;);¢; representing X and Z,
respectively, such that for each i, Z; C X; and for all i > i’ the transition maps Z; — Z; are the

restrictions of the transitions maps X; — X;v; we say that Z is an iso-definable subset of X if furthermore
there is ip such that restriction maps Z; — Z; are bijections for all i > i’ > iy, or equivalently,
the projection maps Z — Z; are bijections for all i > ij.

Let X be a pro-definable set. A pro-definable subset Y of X is said to be relatively definable if for
some cofiltering system (X;);e; of definable sets representing X, with transitions 7; ;»: X; — X for
all i > i’ in I, there is iy € I and a definable subset ¥;, C X, such that (Y;);>;,, where ¥; = n;}O(Y,-O)
represents Y or, equivalently, ¥ = ;. 1(Y;,), where m;,: X — X;, denotes the natural (pro-definable)
projection map represented by the transition maps 7; ;,: X; — X;, for all i > ij.

The main examples of relatively definable subsets are obtained when we have W € X € V x I
are definable sets, since by construction of the pro-definable structure on the stable completions, Wisa
relatively definable subset of X. The following gives another kind of example that we require below:
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Remark 5.15 (Simple points). Given X € V x I'’? a definable subset, there is a canonical embedding
x: X - X, taking a point a to the global type tp(a/U) concentrating on a. The points of the image
are called the simple points of X , and the set tx (X) will be denoted by )/fs. Note that tx : X — )?S isa
pro-definable bijection. By working on affine charts and using the fact that the induced topology from
VXIZ =V x ' on VXTI via L;,lxro,;, coincides with the product topology between the valuation
topology on V and the (product) order topology on I'?, we see that [35, Lemma 3.6.1] can also be

extended to definable subsets of V x I'’Z :

o The set X of simple points of X is a dense, iso-definable and relatively definable subset of X.

Lemma 5.16. Let X be a pro-definable set, Z be a strict pro-definable subset of X and W be an
iso-definable subset of X. Then:

(a) If' Y is a relatively definable subset of X, then Y N Z is strict pro-definable.
(b) IfY is an iso-definable and relatively definable subset of X, then Y N Z is iso-definable.
(¢) If Y is a relatively definable subset of X, then Y N W is iso-definable.

Proof. Suppose that (X;);¢; is a cofiltering system of definable sets representing X, with transitions
mii: X; — Xp foralli > i’ in 1. Let ip € I be such that ”i_(,l(Yio) =Y for Y;, a definable subset of X;
so that if for all i > iy, ¥; := n;}o (Y;

0>
,), then Y is represented by (Y;);»;,. Without loss of generality,
we may also suppose that if for all i > iy, Z; := m;(Z), then Z is represented by (Z;);»;, and, if for all
> ip, W; = m;(Z), then W is represented by (W;);>j,-

(a) We show that for all i > iy, 7;(Y N Z) = Y; N Z;. The inclusion from left to right is immediate.
For the converse, let a € Y; N Z;. By assumption, there is x € Z such that ;(x) = a. Since Y is relatively
definable, 17! (¥;) =Y, so x € Y, and therefore a € 7;(Y N Z).

(b) It suffices to show that Y N Z =Y N ni‘ol (Z;,), since the right-hand side set ni‘ol (Yi, N Z;,), being
in pro-definable bijection under x;, with a definable set, is iso-definable by [35, Corollary 2.2.4]. The
left-to-right inclusion is clear. For the converse, suppose a € Y and m;,(a) € Z;,. By surjectivity of
Ty Z — Zj,, thereis b € Z such that mr; (b)) = m;,(a) € Y;,. It follows that b € 7%1 (Y;,) = Y. Therefore,
since m;,: ¥ — Y;, is a bijection,a =banda € Y N Z.

(c) We have n;ol Yy, "W;) = ni_ol Yi) N n;ol (W;,) =Y N W since w; : W — W, is a bijection for all
12>1p. ]

The following lemma is easy and left to the reader.

Lemma 5.17. Let X and Y be pro-definable sets and f: X — Y be a pro-definable map. If U is a
relatively definable subset of Y, then f~'(U) is a relatively definable subset of X. )

There is a notion of definable connectedness in the stable completion introduced at the beginning
of [35, Section 10.4]. Note that it is introduced there only for stable completions of definable subsets
of an algebraic variety V over a valued field, but this notion can be extended to stable completions of
definable subsets of V x I'’? in the following way:

Definition 5.18 (Definable connectedness in the stable completion). Let V be an algebraic variety.
A strict pro-definable subset Z of Vis definably connected if and only if the only strict pro-definable
clopen subsets of Z are () and Z.

If X € VXTI is a definable subset, we say that X is definably connected if and only if the pullback
of X under id x val : VX A" — V x I is definably connected.

We have the following characterisation of definable connectedness (slightly extending the observation
at the beginning of [35, Section 10.4] for the case of definable subsets of V).

Lemma 5.19. Let V be an algebraic variety, and let X be a definable subset of V. x I'’}. Then X is
definably connected if and only if the only v+g-clopen subsets of X are 0 and X. In fact, the definably
connected components of X are of the form U for some v+g-clopen subset U of X such that U is definably
connected.
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Proof. The left-to-right implication follows directly from Fact 5.11. For the converse, suppose that the
only v+g-clopen subsets of X are @ and X, and assume for a contradiction that there is a proper strict
pro-definable clopen subset U of X. By Remark 5.15 and Lemma 5.16(b), the set U N X, is an iso-
definable subset of X Furthermore, by the density of X, in X _and the fact that U is clopen, we have
cl(U N X, s) =UnN X = U, where cl denotes the closure in X. Abusing notation, let U N X denote
L;(l Uun )?S). Since )?X is iso-definable, U N X is a definable subset of X.

Claim 5.20. U N X = U.
Proof. First note that (UN X), =U N 55\ Indeed,

pE (U,m\X)S & da € U N X such that p = tp(a/U)
< da € L)_(I(U) such that p = tp(a/U)
epeln )’(\S.

By the density of simple points, this yields that
UnXccd(UnX)=cd(UNX)) =cl(UNX;)=U

which shows that UNX C U. For the converse inclusion, consider W := X \ U. The set W is clopen,
and W N X is also iso-definable since W ﬂ X, = X \UnN X, is in pro-definable bijection with the
definable set X \ UN X. Let WN X denote ¢}, (W nX s). Then the sets WN X and U N X form a definable
partition of X. By the same argument above, W W N X C W. This shows the converse inclusion: if there
were x € U\ UNX,since X =U NXUW N X, we must have thatx € W N X, which implies x € W, a
contradiction. O

The claim, together with Fact 5.11, contradicts the assumption on X. O

A first consequence of Fact 5.14 is the following:

Lemma 5.21. Let V be an algebraic variety, and let X C V X 'y be a definable set. Then X has finitely
many definably connected components.

Proof. Suppose that V is quasi-projective. Then by Fact 5.14, let H: I X X — X be a continuous pro-
definable deformation retraction with image an iso-definable subset X of X ,andlet h: X — X be a
pro-definable homeomorphism of ¥ with a definable subset X of I'X. Let also i7, e; € I be the initial
and last end points of 1. Let f: X - X and g: X — X be the continuous pro-definable maps given by
f(x)=H(ej,x)and g =ho f.

Since definable subsets of I'X, have finitely many definably connected components, let X7, .. ., Xj be
the finitely many definably connected components of X. Let X1, ..., Xx be the corresponding (under /)
finitely many definably connected components of X, and let I/ be the set of definably connected
components of X.

Now if U € U is a definably connected component of X, thereisi € {1,...,k} such that g(U) C Aj.
Indeed, if 7, " are distinct such that g(U) N X; # 0 and g(U) N X;» # 0, then since g~' (&;) and g~ ' (X})
are relatively definable (Lemma 5.17) by Lemma 5.16 (a) and continuity of g, both g~ (X;) N U and

¢~ ' (X») N U would be clopen strict pro-definable subsets of U distinct from 0 and U.

Fixi,andletl; ={U e U : f(U) € X;}. ForeachU € U;, choose xy € U and consider the definable
path yy: I — X given by yy (1) = H(t,xy). Let x;; = y(e;) € f(U) € X;. Since cells in '~ are
definably path connected ([53, Chapter 6, Proposition 3.2]) and cells in 'Y are definably homeomorphic
to cells in T'%, by cell decomposition, any definable subset of I'X, can be partitioned into finitely many
definably path connected subsets. So X; can be partitioned into finitely many X; ; ..., X;; definably
path-connected subsets.
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Let ju be such thatx;, € X; ;,,. We claim that the map U; — {1,...,[}: U ~ jy is injective, so U;
is finite. Hence U/ is finite as well. Indeed, suppose that U,V € U are distinct and ji = jy = j. Then
x{],x(, € X; j, so there is a definable path in X; ; from x{] to x(,. It follows that there is a definable path

§:J — X from xy € U toxy € V.But by Lemma 5.19, both U and V are the stable completions of
v+g-clopen subsets of X, so they are relatively definable subsets of X. It follows by Lemma 5.17 and
continuity of § that both 6~ (U) and 6~ (V) would be clopen (relatively) definable subsets of J distinct
from ( and J, contradicting the definable connectedness of J.

If V is not quasi-projective, consider an open immersion V.— W, where W is a complete variety and
V is Zariski dense. By Chow’s lemma, there is an epimorphism f: W’ — W, where W’ is a projective
variety. Consider the quasi-projective variety V’ = f~1(V). Now if X’ = (f,id)""(X) € V/ x T, X’
has finitely many definably connected components. Since ( f, id) pulls back v+g-clopen subsets to v+g-
clopen subsets, by Lemma 5.19, we see that X has finitely many definably connected components. O

Proposition 5.22. Let V be an algebraic variety, and let X C V X I, be a definable set. Then the
V+g-site X is a T-space.

Proof. As we already saw, the v+g-open sets of X form a basis for the topology and are closed under
finite unions and intersections, which shows conditions (i) and (ii) in Definition 3.2. Since clopen V+g-
subsets are exactly the v+g-clopen subsets, condition (iii) follows from Lemmas 5.19 and 5.21 m}

Note that the previous argument does not hold for Xy, because there are more clopen v+g-subsets
than v+g-clopen subsets (for example, the maximal ideal is a clopen v+g-subset but not a v+g-clopen).

5.4. Definable compactness and v+g-normality

In this subsection, we recall the notion of definable compactness in stable completion, we show that the
notion of weakly v+g-normality (Definition 3.14) corresponds to v+g-normality (Definition 3.11), and
we prove that every v+g-locally closed subset of V X I'Z is the union of finitely many v+g-open subsets
that are weakly v+g-normal.

Since the notion of a definable type on a definable set can be extended naturally to pro-definable sets,
definable compactness of pro-definable topological spaces is defined by replacing curves by definable
types; see [35, Section 4.1]. Also recall that if V is an algebraic variety over a valued field, then we say
that a subset W of V is bounded if there exists an affine cover V = [ JI| U;, and subsets W; C U; such
that W = (U2, W; and each W; is contained in a closed m-ball with radius in I'; we say that a subset
of I'7 is bounded if it is contained in [a, co]" for some a. More generally, we say that a subset W of
V x I'% is bounded if its pullback under id X val: V x A™ — V x I'’? is bounded.

A pro-definable topological space Z is definably compact if and only if every definable type p on Z
has a limit in Z: that is, there is a point a € Z such that for every open definable subset U of Z, the
definable type p concentrates on U.

Remark 5.23 (Definable compactness in the stable completion). By [35, Corollary 4.2.22], if V is an
algebraic variety over a valued field F and X is a definable subset of V x I'%, then:

o Xis definably compact if and only if X is bounded and v+g-closed.

Furthermore ([35, Proposition 4.2.30]), an algebraic variety over a valued field is complete if and only
if its stable completion is definably compact.

The following is a special case of [35, Lemma 4.2.23]:

Remark 5.24. Let V, V' be varieties, X C VXTI andY C V' XI'? be definable subsetsand f: X —» Y
be a definable map that is a morphism of v+g-sites. If X is bounded and v+g-closed, then f is v+g-
closed: that is, f maps v+g-closed subsets of X to v+g-closed subsets of Y.

Indeed, if Z C X is a v+g-closed subset, then 7Z C X is a closed relatively definable subset and
f(Z) C Y is a closed subset ([35, Lemma 4.2.23]). On the other hand, applying [35, Lemma 4.2.6] to
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the surjective definable map f: X — f(X), we get that the map f: X - f(X) is also surjective, which
implies that f(Z) = f(Z), so f(Z) is v+g-closed (Fact 5.11).
Recall the notion of weakly 7 -normal from Definition 3.14. Then:

Remark 5.25. Since open (respectively, closed) V+g-subsets of X are exactly the V+g-open (respectively,
V+g-closed) subsets of X, we have that X is weakly v+g-normal if and only if X is V+g-normal (as in
Definition 3.11).

For the next result, we need to recall the schematic distance function from [35, Section 3.12]. First,
given g(xo, .. .,X,) a homogeneous polynomial with coefficients in the valuation ring R, we define the
function val(g): P™ — [0, o] by

val(g)([xo : -+ < xm]) = val(g(xo/xi, . . ., Xm/Xi))

for some (any) i such that val(x;) = min{val(x;) : j =0,...,m}.

Let V be a projective variety and Z be a closed subvariety. Fix some embedding ¢: V — P™, and
let f = (fi,...,fr) be atuple of homogeneous polynomials in R[Xy, ..., X,;] such that Z is defined
by the zero locus of f in V (note that by rescaling, one can always assume that the polynomials have
coeflicients in R). The schematic distance function to Z5 is the function ¢, y : V — [0, o] defined by

@5 (x) =min{val(f;)(x) : 1 <i <r}.

Note that ¢, ¢ is a morphism of v+g-sites and ¢, -1 (00) Z. In addition, if K is an elementary
substructure of U and everything is defined over K, then the function ¢,  is also K-definable.

Theorem 5.26. Let V be a variety, and let U be a basic v+g-open subset of V. Then U is weakly
v+g-normal.

Proof. First we consider the case where V is a quasi-projective variety; then using Chow’s lemma, we
treat the case V is a complete variety, and the general case will follow by Nagata’s theorem.

So suppose that V is a quasi-projective variety. Let V' be a projective variety such that V is an open
subset of V’. By fixing an embedding of ¢: V' — P, we may suppose without loss of generality that
V’ C P™. Denote by Z the closed subvariety of V' suchthat V. =V’\ Z,, and let f = (f1, ..., f;) denote
a finite tuple of homogeneous polynomials in R[Xp, . . ., X,;,] defining Z in V".

By Definition 5.2 and Fact 5.4, let L be a finite index set such that U is defined by

U= ﬂ{x e V :val(gi(x)) < val(hi(x))},

leL

where g;, h; are homogeneous polynomials on V' of the same degree for each / € L. By multiplying
by a suitable constant, we may suppose for every [ € L that g;, i; have coefficients in R and their
composition under the valuation take values on [0, co].

Let C’, D’ be disjoint v+g-closed subsets of U and C, D be v+g-closed subsets of V' such that
CNU=C’"and DNU = D’. Again, by Fact 5.4, we may suppose that for some finite index sets / and J,
we have

C=J[ Jxre V' :pij(x) =0, val(gyj(x)) < val(rij(x))},

i€l jeJ

where p;;, q;; and r;; are homogeneous polynomials on V' with g;;s and r;;s of the same degree. As
before, we may assume that all such polynomials have coefficients in R and their compositions under
the valuation take values on [0, co].

Let k = 1 +2|L| + 3|1 x J|, and consider the definable map d: V' — [0, co]¥ given by

d(x) = (¢, f (x), (val(gi(x), val(h;(x)))ier, (val(pij(x)), val(r;(x)), val(qi; (x)))ier, jer)s
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where ¢, r: V' — [0, o0] is the schematic distance to Z as defined above. (Recall that ¢, ¢ (x) = oo if
and only if x € Z.)

The function d is a morphism of v+g-sites, as every coordinate function has this property. It is also
v+g-closed by Remarks 5.23 and 5.24.

Consider the set

A= {(ar yier, € ([0,00) x [0,00)) M A\ 1 < 1},
leL

and let Y := [0, 00) x A x [0, 0o]31/*/] Note that by the choice of d, we have d(U) C Y.
Claim 5.27. The sets d(C") and d(D’) are closed in Y and, in addition, d(C") N d(D’) = 0.

Proof. Since d is a v+g-closed morphism of v+g-sites, d(C) and d(D) are closed. Moreover, by the
choice of d,

d(C") =d(C)Nd(U) =d(C)NY and d(D’) = d(D) N d(U) = d(D) N Y. 3)

This show d(C”) and d(D’) are closed in Y. For the second part, suppose there were x € C’ and y € D’
such that d(x) = d(y). Thisimplies y € C’, contradicting that C'ND’ = . This completes the claim. O

To conclude the case V is quasi-projective, it suffices to show that Y is definably normal. Indeed, the
definable normality of Y and Claim 5.27 imply there are disjoint open definable sets Uy, U; of Y such that
d(C’) C Uyand d(D’) C U,. We obtain that C’ € d~'(U;), D’ € d~'(U) and d~"(U;)nd~1(U,) = 0.
In addition, both d~!(U;) and d~' (U>) are v+g-open since d is a morphism of v+g-sites, which shows
U is weakly v+g-normal.

To show the definable normality of Y, first note that the definable map h: A — A’ given by
h((ar, yier) = (a1, v — @p)ier,, where A’ := ([0, o) x [0, 00])!E!, is a definable homeomorphism.
Therefore, Y is definably normal if and only if the set

Y :=[0,00) x A’ x [0, 00] 3%/

is definably normal, and Y’ is definably normal by [28, Theorem 2.20]).

Now suppose that V is a complete variety. By Chow’s lemma, there are a projective variety V' and
a surjective morphism g: V/ — V. Consider the quasi-projective variety ¥ := g~!(V) and the basic
v+g-open subset W := g1 (U) of Y.

Let U{ and U} be v+g-open subsets of U such that U{ U U] = U. By (3) of Definition 3.14, it suffices
to find D; C U{ and D, C Ué v+g-closed subsets of U such that D; U D, = U. By definition of being
v+g-open in U, there are U; and U, v+g-open subsets of V such that U{ =U; NnU and U2’ =U,NnU.
Since g is a morphism of v+g-sites, g~' (U;) and g~! (U») are v+g-open. Fori = 1,2, set W; = g~ (U)).
Note that W; = g~'(U;) N W for i = 1,2. In particular, W, U W, = W and W; is v+g-open in W for
i = 1,2. By the quasi-projective case and (3) of Definition 3.14, there are v+g-closed subsets C; € W,
and C; € W, of W such that C] U C; = W. By definition, this implies there are v+g-closed subsets
C; CYsuchthatC! =C;nW.

By Remark 5.24, the map g is v+g-closed. Then g(C;), g(C,) are v+g-closed subsets of V. We let
the reader check that the sets D; := g(C;) N U defined for i = 1,2 are v+g-closed subsets of U that
satisfy in addition that D; C U] and D1 U D, = U.

For the general case, by Nagata’s theorem, there is an open immersion f: V — V’, where V' is a
complete variety. Therefore, V is homeomorphic to the open subset f(V) of V/ and f: V — f(V)isan
isomorphism of v+g-sites. In particular, since f(U) is a basic v+g-open subset of V’ that, by the case
for complete varieties, is weakly v+g-normal, the result follows. m

We now need to extend Theorem 5.26 to basic v+g-open subset of V X I'’Y. In order to do that, we
require a couple of preliminaries.
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Recall that if V is an elementary extension of U and p € S;(B) is a type over a subset B of U, then p
is realised in V if and only if there is a € V12! such that p = tp(a/B) where

tp(a/B) = {¥(z) : Y (z) an Lg-formula over B and  (a) holds in V}

is the type of a over B. One says in this case that a is a realisation of p. Also recall that any type
p € S;(B) is realised in some elementary extension of U.

Given definable global types p € S, (U) and ¢ € S,(U), the tensor product p ® ¢ is the definable
global type tp(a, b/U), where a realises p and b realises g|U U {a}. Recall that for any B 2 U, one
denotes by g|B the canonical extension of q to Sy (B) given by ¢(y, b) € g|B if and only if d,(¢)(b)
holds in some elementary extension V of U containing B.

Note that p ® g is indeed a definable global type with d,g,(6) given by d,,(d,(0)). On the other
hand, by [35, Proposition 2.9.1] and [36, Proposition 3.2], if the definable global types p € S;(U) and
g € Sy(U) are orthogonal to I', then p ® ¢ is orthogonal to I".

Lemma 5.28. Let (y1,...,vn) € I and b = (by,...,by) be a realisation of n,, ® --- ® 1,
where 11y, = 1p(0,,) is as defined in Example 5.8. Then for every polynomial }, a]-yj € Uly] with
y=(y1,...,Yyn) (in multi-index notation), it holds that

Val(z a]-bj) = mjn{val(ajbj)}.
- J
Proof. Let ¢; € U be such that val(c;) = ;. In particular, Val(ci‘lb[) =0foralli € {1,...,n}. The
definition of the tensor product of definable global types yields that the set
A ={Res(by,cy),...,Res(by,cn)}

is algebraically independent over the residue field k. It follows that every finite subset of distinct
finite products of elements in A is k-linearly independent. Let )’ ; e j(cflbl -+-c;'b,)’ be a U-linear

combination of distinct finite products of elements in {cl‘lbl, . ,c;lbn}, where e; € U and we use
the multi-index notation

(CIIbI T C,_llbn)j = (CIlbl)jl T (C;lbn)jn,
with j = (j1,...,Jn) € N". By [30, Lemma 3.2.2], every such U-linear combination satisfies

val( § ej(cy'by -+ c;'by)Y) = min{val(e;(ci by - ¢, bn)’)}. )
- J
J

To conclude, given a polynomial Y a;y/ in U[y], consider the polynomial i a}y/ , where a;. =

aj (c{' -+~ ¢l"). By equation (4),
val()” a;b’) = val(; (7' by -y b)) = mj@n{val(a;(c;lbl e b))}
= mjin{val(ajbj)}. O
A minor modification of [35, Lemma 3.5.2] shows the following:
Lemma 5.29. Let V be an algebraic variety. The map
s: VXTI > V x An

(P>Y1> s Yn) P POy, @ ®1y,,
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where 0y, = 1p(0,y,;) Is as in Example 5.8, is an injective morphism of v+g-sites, which is a section of
idy xval: VXA" - VI =V xI7".

Proof. That s is a section of idy x val and is injective is straightforward. Let us show it is a morphism
of v+g-sites. Since taking preimages preserves Boolean combinations, it is enough to consider the case
V = A™ and show that if U is a v+g-open subset of A™*" of the form

U={(x,y) € A™" | val(fi(x,y)) < val(fa(x,y))}

with fi, f> € Ulx, y], then we have s~ (ﬁ) =W fora v+g-open subset W of A" x T'7L.

Suppose that fi(x,y) = X ; hi; (x)y/ withy = (y1, ..., yn) (in multi-index notation). Let p ® n,,, ®
- ®1)y, € s(V xI)yn U, and let (a, b) be a realisation of it, b = (by, ..., b,) and val(b;) = y;. By
Lemma 5.28 (applied to the field U(a)), we have

val(fi(a, b)) = minval(hy ;(a)b’)
J

= Pi((val(hyj(a))j> Y1s--+s¥n)

where the function P;: T9*™ — T, is obtained by composition of the natural continuous extensions

of min and +. Here d; is the number of terms in the variable y in the polynomial f;.
It follows that, if (p,y) € VX I'? withy = (yy,...,7¥n), then we have

(py) s (U) & pon, @---on, €U
& val(fi(a, b)) < val(fa(a,b)) forall (a,b) Ep®ny, ® -1y,
& Pi((val(h1 j(@)));.7) < Pa(val((h2,j (@)} ) forall a k= p.

Therefore, setting
W={(a,y) € A" XI'Q, : Pi((val(hy j(a)));,y) < P2((val(ha,;(a)));, ¥)}
W is a definable subset and s~ (17 ) = W. On the other hand, since the pullback of W under id X val is
{(a,b) € Vx A" | Pi(val((h1;(a)));, val(b)) < Pr((val(hy,j(a)));,val(b))}

and min and + are continuous, it follows that (id x Val)_1 (W) is v+g-open subset, so, by definition, W
is v+g-open as required. O

Lemma 5.30. Let f: (X,T) — (Y, T"’) be amorphismin T with a sections: (Y,T') — (X,T), which
is also a morphism in X. If U is a T -open subset of X, which is T -normal, then s~ (U) is a T"-open
subset of Y, which is T'-normal. In particular, if every T -open subset of X is a finite union of T -open,
which are T -normal subsets, then every T -open subset of Y is a finite union of T’-open, which are
T’-normal subsets.

Proof. Let Cy, C; be two disjoint closed 7”’-subsets of s~!'(U). Fori = 1,2, let D; := f~1(C;) N U.
Since f is a morphism in T, both D and D, are closed T -sets. Hence, there are disjoint open 7 -subsets
Uy,U, C U such that D; C U; for i = 1,2. Since s is a morphism in T, the sets W; := s~!(U;) and
W, := s~1(U,) are disjoint open T”-subsets of s™!(U) and C; C W; fori = 1,2 since f o s = id.

For the last part, just note that if f~!(W) = WiU...UW/, then W = s‘l(Wl') U...uU S_I(Wl'). O

Corollary 5.31. Let V be a variety. Then every v+g-locally closed subset X of V X T’ is the union of
finitely many basic v+g-open subsets of X that are weakly v+g-normal. In fact, every basic v+g-open
subset of V X 'L is weakly v+g-normal.
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Proof. Tt suffices to show the result for v+g-open subset as every v+g-closed subset of a weakly v+g-
normal set is again weakly v+g-normal. By the isomorphism of sites (V X A")., and (W(W)Wg and
Theorem 5.26 and Remark 5.25, the result holds fo’r@—open subsets of V x A", By Lemmas 5.29
and 5.30, the result holds for v+g-open subsets of V x I'’,. So by the isomorphism of sites (V X T Jug
and (\7'><_1"\§‘<,)Wg and Remark 5.25, the result holds in V X I'’2. This proof actually shows that a basic
v+g-open subset of V x I'Z} is weakly v+g-normal. O

6. Cohomology, finiteness, invariance and vanishing

In this section, we deduce the Eilenberg-Steenrod axioms for the cohomology on the sites introduced
in previous sections on definable subsets in I's,, on definable subsets in ACVF and on their stable
completions. We also show finiteness, invariance and vanishing results for these cohomologies.

6.1. The Eilenberg-Steenrod axioms

The main work to show the Eilenberg-Steenrod axioms consists in showing the homotopy axiom. To
achieve this goal, we will use the Vietoris-Begle theorem (Theorem 3.30) applied to the tilde

T Xx[a,b] — X

of the projection map. In particular, we need to verify the assumptions of the Vietoris-Begle theorem in
this context. In I's,, these assumptions have been verified in the literature. For definable sets X and X in
ACVF, some work is required.

We start with the following lemma whose proof is exactly the same as that of its o-minimal version
given in [28, Proposition 2.33]:

Lemma 6.1. Let (X, 7T) be an object of . Suppose that for every a € X, any chain of specialisations
of @ has finite length. If every T -open subset of X is the union of finitely many T -open subsets that are
T-normal, then for every a € X, there is an open, normal and constructible subset U of X such that
a € U and « is closed in U. i

In the o-minimal context, the assumption of finiteness of chains of specialisations is verified in
[22, Lemma 2.11]. We will now prove an analogue result in ACVF. Let us first make some general
observations in this context.

Remark 6.2. Let V be an affine variety, say V = Spec(A) for A = U[Ty,...,T,]/J, where J is an
ideal of U[T1, ..., T,]. Note that by quantifier elimination in ACVF, the set V is in bijection with the
set of pairs (I,v), where I € V and v is a valuation on the fraction field Frac(A/I) that extends val.
Formally, the bijection sends p +— (supp(p),vp), where supp(p) = {f € A: f(x) =0 € p}, and
vp is determined by setting v, (f/g) > 0 if and only if the formula val(f(x)) > val(g(x)) belongs
to p (where x = (x1,...,x,)). We will denote the fraction field Frac(A/I) by F,, and R, denote the
valuation ring of F,, with respectto v,.

As in Definition 3.4, recall that V is equipped with the topology generated by U, where U is v+g-
open in V. Given p,q € V, we write p < q to state that p is a specialisation of g: that is, p belongs to
the closure of {g}. Note that if p < ¢, then supp(g) C supp(p) as the set {x € V : val(f(x)) = oo} is
v+g-closed. In particular, we may assume that F,, C F,.

Lemma 6.3. Let V be a variety. Consider V with the topology generated by U, where U is v+g-open in
V. Then any chain of specialisations in'V is bounded by dim(V).

Proof. Since specialisation is local, it suffices to work with the case when V is affine. For affine V, let
A = Oy (V) be the regular functions on V. Suppose that p < ¢ for p, g € V. As observed in the previous
paragraph, we may suppose I, C F),. In addition, note that R, € R . Indeed, if there was f € A such
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that val(f(x)) > 0 € ¢ but val(f(x)) < 0 € p, since the later formula defines a v+g-open, we must
have that val(f(x)) < 0 € g, a contradiction. Hence, every chain p; < --- < p, < p of specialisations
of p € V induces a chain of valued subfields (Fp,Rp) € (Fp,,Rp,) € -+ C (Fp,,Rp,). By [30,
Corollary 3.4.6], the length of every such a chain is bounded by the dimension of V. )

Corollary 6.4. Let V be a variety, and let X C V X I'?! be a definable subset. Then any chain of
specialisations in X has finite length bounded by dim(V) + m. The same holds for X.

Proof. Consider the commutative diagram

VXA" — =V XTI

L

VXAm — =V XTI

where the top arrow is id X val, the bottom arrow is id x val and the vertical arrows are homeomorphisms
induced by isomorphisms of sites (Remark 3.8).
If there were a chain of specialisations in V x I'’Z of length > dim(V) + m, then there would be

a chain of specialisations in VXTI of length > dim(V) + m. Since the bottom arrow has a section

5 V,x_ﬁ.{,‘ — m, which is the tilde of an injective morphism of v+g-sites (Lemma 5.29), we
would also have a chain of specialisations of length > dim(V) + m in V X A™, which contradicts
Lemma 6.3. O

Remark 6.5. One could improve the previous result by bounding the length of the specialisation chain
by an appropriate notion of dimension for definable subsets of A" x I'’?. We would like to point out that
a good candidate to play such a role was introduced by F. Martin in his PhD thesis [42], where he more
generally defined a dimension function for subsets of A" X I')% X k".

In the o-minimal context, we know from Fact4.16 thatif W C I'Z! is definably normal and [a, b] C I
is a closed interval, then W X [a, b] is also definably normal. In the ACVF context, we have:

Lemma 6.6. Let V be a variety. If W is a basic v+g-open subset of VX T and [a, b] C T'w is a closed
interval, then W X [a, D] is weakly v+g-normal.

Proof. We have that the pullback of W x [a, b] under id x val: V x A"™*! — V x I'""*! is the intersection
of the pullback of W X 'y, and the pullback of V x I'”? x [a, b]. The first pullback is a basic v+g-
open subset of V x A™! 5o it is weakly v+g-normal by Theorem 5.26. Since the second pullback is
a v+g-closed subset V x A™*! it follows that (id X val)™' (W x [a, b]) is weakly v+g-normal (being
a v+g-closed subset of a weakly v+g-normal set). From Lemmas 5.29 and 5.30 and Remark 5.25, it
follows that W X [a, b] is weakly v+g-normal. O

In the o-minimal context, since [a, b] is definably compact, the definable map [a,b] — pt is
definably proper ([23, Definition 3.10 and Remark 3.11]), and since X has definable Skolem functions,
the map [a, b] — ptis proper in Def ([23, Definition 3.3 and Theorem 3.15]). Hence if X is a definable
subset of I, then 7: X X [a,b] — X maps closed definable subsets to closed definable subsets. In
the ACVF context, we have:

Lemma 6.7. Let V be a variety. Let X be a definable subset of V X I'" and [a,b] C TI's, be a closed
interval. Then the projection w: X X [a,b] — X is v+g-closed: that is, maps v+g-closed subsets into
v+g-closed subsets.

Proof Let C C X X [a, b] be a v+g-closed subset. Then C is a closed relatively pro-definable subset of
X X [a b]. It is enough to show that 7r(C) is closed. If it is not closed, then by [35, Proposition 4.2.13],
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there is a definable type p on X concentrating on 7??6) with limit p in the closure of 7?(?) in X such
that p ¢ 77(-5) Applying [35, Lemma 4.2.6 (2)] twice to the surjective definable map 7: C — 7 (C),
we have that there is a definable type q on X’xm] concentrating on C such that 7.(q) = p. Since
Xm] = X x [a, b], the topology is the product topology and definable types on [a, b] have limits,
q must have a limit ¢ in Xm] (namely, the tensor product of the limits of the corresponding
projections). By [35, Lemma 4.2.4], g € C,so p=n(q) € 7T/(C\') O

Theorem 6.8 (Homotopy axiom in stable completions). Let V be a variety. Let X € V X I’} be a
v+g-locally closed subset, and let F € Mod(Ag_). Let ¥ be a family of V+g-supports on X. Let
e

[a,b] C [0, o] be a closed interval, m: X X [a,b] — X be the projection, and for d € [a, b], let
ig: X — X X [a, b]

be the continuous definable map given by i;(x) = (x,d) for all x € X. Then

ia =iy : Hyyp, (XX [a,b]; 7' F) — HY(X; F)

foralln > 0.

Proof. The homotopy axiom will follow once we show that the projection map 7: X X [a,b] — X
induces an isomorphism

T HY(X; F) — Hiyy (X X [a,b];7' F)
since by functoriality, we obtain
fa =iy = (@) Hyy (X % [a.b]: 7' F) — HY(X: F)

for all n > 0. Equivalently, we need to show that

= oo, T n v =
Fi H@(X,}') — H\FX[u’b](XX [a,b];m F)

is an isomorphism. For this, we need to verify the hypothesis of the Vietoris-Begle theorem
(Theorem 3.30). R
By Lemma 6.7 (andihe fact that 7(Z) = 7(Z) ([35, Lemma 4.2.6])), 7 maps closed subsets to closed

subsets. It fqllows that 7 maps closed constructible subset to closed (constructible) subsets.
Let a € X. Given Corollaries 6.4 and 5.31 together with Remark 5.25, it follows from Lemma 6.1
that there is an open, normal constructible subset U of X such that @ € U and a is closed in U.

Furthermore, we may assume that U is of the form W, where W is a basic v+ g-open subset of X. From
Lemma 6.6, it follows that W x [a b] is weakly v+g-normal, and hence, by Remark 5.25, W x [a,b] =~

Wx [a, b] is V+g-normal. Since © (W) =71 (W) W x [a, b], this set is normal and constructible by
Proposition 3.12.

Since 7=1(V) = 77! (V), we have a commutative diagram

)’(\x[a,b]%]{\
X x[a,b] =—X
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of morphisms of sites that induces a commutative diagram

><>

><a<—><>z

ab]

where the vertical arrows are homeomorphisms induced by isomorphisms of sites (Remark 3.8). It

follows that 7 l(oz) is homeomorphic to 7~ () for some 8 € X. On the other hand, as in the proof
of [22, Claim 4.5], and since the value group I, is stably embedded, 7~' () is homeomorphic to
[a,b](X’), where X’ is the definable closure of X U {b} with b an element realising the type 3, and
therefore, 7' (B) is connected and H9(7~' (B); 7' F7-1(5)) = 0 for all ¢ > 0. So we conclude that

=1 . . .
7 () is connected and acyclic as required. m}

Corollary 6.9 (Homotopy axiom in ACVF). Let V be a variety. Let X € V XT'* be a v+g-locally closed
subset, and let F € Mod(Ax,,, ). Let ¥ a family of v+g-supports on X. Let [a, b] C [0, o] be a closed
interval, let m: X X [a, b] — X be the projection, and, for d € [a, b], let

ig: X — X X|a,b]
be the continuous definable map given by iy(x) = (x,d) for all x € X. Then
iy =i Hy g (X X [a,b);77 ' F) — HY(X; F)
foralln > 0.

Proof. As explained in the previous proof, the homotopy axiom will follow once we show that the
projection map 7: X X [a, b] — X induces an isomorphism

e H([‘,(X;]-')—>H”X[a h](Xx[a bl;n ' F).
But this follows from the isomorphism
T HY (X, F) — Hiyy (X X [a,b);7' F)

proven in Theorem 6.8 and the commutative diagram

)’(\X[a,b]bX

|

X x[a,b] =—X
of morphisms of sites, with the vertical arrows being isomorphisms of sites. O

Using Theorem 4.28 and the I's, analogues of Lemmas 6.3, 6.6 and 6.7 mentioned above, arguing as
in the proof of Theorem 6.8, we obtain:

Theorem 6.10 (Homotopy axiom in I'y,). Let I’ = (I, <,+,...) be an arbitrary o-minimal expansion
of an ordered group. Suppose that X C I'ly is a definably locally closed set and F € Mod(Axy,,). Let ¥

https://doi.org/10.1017/fms.2022.84 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2022.84

48 P. Cubides Kovaciscs, M.J. Edmundo and J. Ye

be a family of definable supports on X. Let [a, b] C [0, co] be a closed interval, n: X X [a,b] — X the
projection and, for d € [a, b],

ig: X — X X [a, b]
be the continuous definable map given by i;(x) = (x,d) for all x € X. Then

05 =iy Hyy g (X X [a,b); 77 F) — HY(X; F)

foralln > 0.
Theorem 6.11. The sheaf cohomology associated to

(1) the category of definable sets in I, with their associated o-minimal site,
(2) the full subcategory of definable sets in ACVF with their associated v+g-site and
(3) the category of stable completions with their associated V+g-site

satisfies the Eilenberg-Steenrod axioms.

Proof. The homotopy axiom corresponds to Theorem 6.10 for (1), to Corollary 6.9 for (2) and to
Theorem 6.8 for (3). For all (1)—(3), the remaining axioms follow by standard arguments. Indeed, once
we apply the tilde functor in each case, the proofs of the exactness ([ 14, Chapter II, Section 12, (22)])
and excision axioms ([14, Chapter II, Section 12, 12.8 or 12.9]) are purely algebraic. The dimension
axiom is also immediate. o

Remark 6.12. From the Eilenberg-Steenrod axioms for cohomology, one obtains as usual the exactness
for triples ([ 14, Chapter II, Section 12, (24)]) and the Mayer-Vietoris long exact sequence ([ 14, Chapter II,
Section 13, (32)]).

6.2. Finiteness and invariance results in I,

Here we will show finiteness and invariance results for o-minimal cohomology with definably compact
supports of definably locally closed subsets of I'.2. Using Hrushovski and Loeser’s main theorem ([35,
Theorem 11.1.1]), we will deduce in the next subsection finiteness and invariance results for cohomology
in ACVF and in stable completions.

For the finiteness and invariance results in I's,, we first show that the arguments from [7] for
I'= (T, <,+,...) and for definably compact sets can be extended to I', and to definably locally closed
sets with only minor modifications. We include the details in the main technical lemma (Lemma 6.15)
and refer the reader to [7] for the other results that simply follow from the Eilenberg-Steenrod axioms.
Concerning invariance, the extension to arbitrary sheaves adapts techniques from [26], and we include
the details as the same argument will be used in the ACVF case.

Below, we let L be an A-module, where A is a commutative ring with unit.

In [7, Lemma 3.2], it is shown that for every bounded cell in I'"", there is a deformation retraction
of C onto a cell of strictly lower dimension via a I'-definable homotopy. As observed in [7], the proof
extends to I'.

Lemma 6.13. If C C [0,00]™ is a cell of dimension n > 0, then there is a deformation retraction
of C onto a cell of strictly lower dimension. So by induction, every cell in [0, co]™ is T'w-definably
contractible to a point.

Proof. 1If C is the graph of a function, we can reason by induction on m. So assume C = (f, g)g. If
g < oo and C is of maximal dimension, then C € I'"", and we can apply [7, Lemma 3.2]. If g < oo and
C is not of maximal dimension, then one can apply induction. If g = oo,leth = f+ 1. Then f < h < g,
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and the I',-definable map given H: [0, o] X C — C by

(x,h(x)—=1), ify<h(x)—t
H(t,(x,y)) =1(x,y), ifh(x)—t<y<h(x)+t
(x,h(x)+1), ify>h(x)+t
is a deformation retract of C onto the cell I'(%). O

As observed after the proof of [7, Corollary 3.3] that result (for bounded cell in I'") extends to I's,
due to Lemma 6.13 and the homotopy axiom (Theorem 6.10), recall that cells are definably locally
closed (Remark 4.12):

Lemma 6.14. Let C C [0, 00]™ be a cell. Then C is acyclic: that is, HP (C; L¢) = 0 for p > 0 and
HY(C;L¢) = L. m|

We also have the analogue of [7, Lemma 7.1] with small modifications in the construction:

Lemma 6.15. Let C C [0, co]™ be a cell of dimension r. There is a I'w-definable family {C s : 0 <
t,s < oo} of closed and bounded subsets C(; 5y C C such that:

(1) C= U(z,s) C(t,s)-
@) Ifr>0and 0 <t <t <5 <s <5, then Cy5 S C(), and this inclusion induces an
isomorphism

HP (C\C(,5): Lc) = H?(C\C(y s); Lc).
(3) Ifr > 0O, then the o-minimal cohomology of C\C; s) is given by
L if  pe{0,r-1}
HP(C\C(1,5); Lc) =
0 if pé{0,r -1}

where y1: Z — {0, 1} is the characteristic function of the subset {1}.
(4) If K C C is a definably compact subset, the there are 0 < t, s such that K C C; ).

Proof. We define the definable family {C(; ) : 0 < t,s < oo} by inductionon/ € {1,...,m — 1} and
the definition of the I',-cell C in the following way:

o If/ =1 and Cis a singleton {d} in I's,, we define C(; 5y = C. Clearly C(; y) is a closed and bounded
subset.
oIfl=1and C = (d,e) C I's, then

[d+y(tas)a€_y(t7s)] if e< o
Cis) =
[d+vy(t,s), (d+s)—y(ts)] otherwise
where
min %,t} if e<oo
y(t,s) =
min{3, 7} otherwise

(in this way Cy; ) is non empty). Clearly C(; y) is a closed and bounded subset.
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o IfI > 1 and C = I'(f), where B C [0, o]’ is T',-cell. By induction, By, s) is defined and is a closed
and bounded subset. We put C; 5) = F(f|3(m) ). Clearly C(; ) is a closed and bounded subset.

o If/ > 1and C = (f, g)p, where B C [0, 0]’ is I'-cell and f < g. By induction, B, y) is defined
and is a closed and bounded subset. Recall that either g < co or g = co. We put

[f+7(t7 S),g - 7(% s)]B(,’S) if g <o
Cus) =
[f + ,)/(t’ S)’ (f + S) - Y(t, S)]B(t,s) otherwise
where
min{g;—f,t} if g<o
y(t,s) =
min{3,} otherwise.

By induction, B(; y) is a closed and bounded subset of B. Also, for each x € B(; y), the fibre
(7r|c)’1 (x) NC(4,s) is closed and bounded. Let (x, y) € C be an element in the closure of C(; ). Then
x € B 5 and (x,y) € (7r|c)‘l (x) N Cr5) € Cys,5)- So Cyy5) is a closed and bounded subset of C.
‘We observe that from this construction, we obtain:

Claim 6.16. For (¢, s) as above, there is a covering Uc = {U; : i € I} of C\C(; ) by relatively open

bounded subsets of C such that:

(1) The index set I is the family of the closed faces of an r-dimensional cube. (So |I| = 2r).

(2) IfE C I, then Ug = ;g Ui is either empty or a T's-cell. (So in particular HP (Ug; Lc) = 0 for

p>0and, if Ug # 0, H*(Ug;Lc) = L.)
(3) For E C I, Ug # 0 iff the faces of the cubes belonging to E have a non-empty intersection.
So the nerve of Uc is isomorphic to the nerve of a covering of an r-cube by its closed faces.

Proof. To show that there is a covering satisfying the properties above, we define /¢ by induction on
I e{l,...,m—1}. We distinguish four cases according to the definition of the C; 4):

o If I =1 and C is a singleton in 'y, then U¢c = {C}.
oIfl=1and C = (d,e) C I's, then

{(d9d+7(t’s))’(e_Y(t’s)’e)} if e<oo
Uc =
{(d,d+vy(t,s)),((d+s)—y(t,s),)} otherwise

o IfI > 1and C = I'(f), where B C [0, o]’ is T',-cell. By definition, Ci.s) =T (fiB,))- By
induction, we have a covering Vg of B\B, ) with the stated properties, and we define Uc to be a
covering of C\C(, s) induced by the natural homeomorphism between the graph of f and its domain.

o IfI > 1and C = (f, g)p, where B C [0, 0]’ is I'w,-cell and f < g. By definition,

[f+)/(t, S),g _Y(t’ s)]B(,.S) if g <o
Cis) =

Lf+y(t,5), (f +5) =v(1,9)]B,., otherwise.
By induction, we have that B\B|, ;) has a covering Vg = {V; : j € J} with the stated properties,
where J is the set of closed faces of the cube [0, 1]"~!. Define a covering Uc = {U; : i € I} of

C\C(s,s) as follows. As index set I, we take the closed faces of the cube [0, 1]". Thus |I| = |[J| + 2,
with the two extra faces corresponding to the ‘top’ and ‘bottom’ faces of [0, 1]”. We associate to the
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top face the open set (g — y(t,5),g)p if g < c0or ((f+5) —7y(t,s),0)p if g = co and the bottom
face the open set (f, f + y(t,s))p. The other open sets of the covering are the preimages of the sets
V; under the restriction of the projection I'’! — T',. This defines a covering of C\C, 5 with the
stated properties. o

Property (1) of the lemma is clear. By (the proof of) Claim 6.16, there are open covers U/, of
C\C(y,¢) and Uc of C\C(; s satistying the assumptions of [7, Lemma 5.5]. Hence property (2) of
the lemma holds. Finally, if » > 1, then property (3) follows from Claim 6.16 and [7, Corollary 5.2].
On the other hand, if r = 1, then C \ C; y) is by construction a disjoint union D LI E of two I',-cells
in [0, co]™ of dimension r = 1. Therefore, in this case, the result follows from Lemma 6.14, since
H*(C\C(,5; Lc) = H(D;Lp) ® H*(E; LE).

It remains to show property (4). Note thatif 0 < ¢’ <t < s < s’, then by construction, C, ¢ contains
the interior relative to C of C(; ). Thus C is a directed union U, ) U(s,s) of a I'w-definable family of
relatively open I'w,-definable subsets. In particular, if K € C is a I',-definably compact subset, then
{KNUgy) : 0 <t < s}is alg-definable family of open I',-definable subsets of K with the property
that every finite subset of K is contained in one of the K N U(; ). Therefore, since K is closed and
bounded (Remark 4.11), by [44, Corollary 2.2 (ii)], thereare 0 < 7 < ssuchthatK C U, 5) € Cp5). O

From Lemma 6.15 and computations using excision axiom ([ 14, Chapter II, 12.9]) and long exactness
sequence ([14, Chapter II, Section 12 (22)]), we obtain just as in [7, Lemma 7.2]:

Lemma 6.17. Let X C [0, 00]™ be a definable set and C C X be a cell of maximal dimension. Then for

S

every 0 <t’ <t <35 <s <s’, we have isomorphisms induced by inclusions:
H*(X\C(+,5); Lx) =~ H*(X\C( s; Lx). m]

The next result is the analogue of [7, Corollary 7.3], but we have to explain how to use [7, Lemma
6.7] in our context:

Lemma 6.18. Let X C [0, 00]™ be a closed definable set and C C X be a cell of maximal dimension.
Then for every 0 < t < s, we have isomorphisms induced by inclusions:

H*(X\C(s,5); Lx) ~ H'(X\C; Lx).

Proof. LetZ = X\C,andfor0 <t < s,letY(; ) = X\C( ). Let V be an open definable neighbourhood
of Zin X. Since K = X \ V C C is a definably compact subset, by Lemma 6.15 (4), there are 0 < 7 <'s
such that K C C(; ) € C. Therefore, Z C Y(; ;) C V. On the other hand, Y, ) for all 0 < ¢ < s are taut
in X, being open subsets ([14, page 73]); and since X is definably normal (being definably compact)
and Z is a closed subset, the family of all closed subsets of X is a normal and constructible family of
supports on X, so by Corollary 3.28, Z is taut in X. Therefore, by the purely topological [7, Lemma
6.4], together with Lemma 6.17 and [7, Remark 6.6], we have

H*(X\C; Lx) = lim H"(X\Cs); Lx) = H"(X\C(1,5); Lx). i

O<t<s

Remark 6.19. Let X C I'”? be a definably locally closed subset. By Remark 4.13, there is a definably
compact subset P € I')} such that X is an open definable subset of P. Since by Remark 4.14, P is
definably normal and every definably compact subset of X is a closed definable subset of P, it follows
from Definition 3.11 (2) that the family, which we will denote by c, of all definably compact definable
subsets of X is a family of definably normal supports on X.

Below, we will assume some properties of the corresponding cohomology with definably compact
supports; see, for instance, [27]. In particular, we observe that if Z C X is definably compact, then
HZ(Z;Lz) =~ H(Z; Lz).
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Theorem 6.20. Let A be a noetherian ring, and let L be a finitely generated A-module. If X C T’
is a definably locally closed subset, then HF(X;Lx) is finitely generated for each p. Moreover,
HP(X;Lx) =0 for p > dim X.

Proof. Leti: X < P C [0, 00]*" be a definable completion of X (Remark 4.13). Since P is a closed
subset of [0, c0]?", from Lemma 6.18 and computations using Mayer-Vietoris sequence ([ 14, Chapter II,
Section 13 (32)]; see Remark 6.12), we obtain just as in [7, Theorem 7.4] that HP (P; Lp) is finitely
generated for each p and HP (P; Lp) = 0 for p > dim P. Since X is an open definable subset of P, P\ X
is a closed subset of [0, oo]2'”, and similarly, we have that H” (P \ X; Lp\x) is finitely generated for
each p and HP (P \ X; Lp\x) =0 for p > dim P \ X.

By Equation (1) on page 5,if Z C P is a definably locally closed subset, then we have Lz = ii(Lp 7).
Then Corollary 3.27 together with the short exact coefficients sequence

0—-Lx —>Lp—>Lpx—0

yields the long exact cohomology sequence

.= HY(P\ X;Lp\x) 5 H.(X; Lx) LA H'(P;Lp) —» H(P\ X;Lp\x) — ...

Since P is the closure of X, we have dim X = dim P and dim P \ X < dim P ([53, Chapter 4, (1.8)]).
It follows that H? (X; Lx) = 0 for all p > dim X. It also follows that ker 8 = Im « is finitely generated
and Im g is finitely generated. Thus we see that HY (X; Lx) is finitely generated for each p. O

Below, we will require the following, which is obtained by going to T and applying the corresponding
criterion in the topological case ([14, Chapter II, 16.12]) (point (iii) is a little stronger here), observing
that U with U € Op(Xy) forms a filtrant basis for the topology of X .

Lemma 6.21. Let (X, T) be an object of T, and let R be a class of objects of Mod(Ax.,-). Suppose that
R satisfies:

(i) For each exact sequence 0 —» F' — F — F" — O with F' € R, we have F € R if and only if
F"eR.
(ii) R is stable under filtrant h_r)n

(iii) Ay € R foranyV € Op(X7).
Then R = Mod(Ax., ). O

Recall that if I'” is an elementary extension of I' or an o-minimal expansion of ' and ¥ C ' is a
definable subset, then we have a natural morphism of sites

Y (T )det = Yaef-

If 7 € Mod(Ay,,), then we have a corresponding F(I';,) € Mod(Ay (r.,),,) given by inverse image.

Theorem 6.22. Let I be an elementary extension of I' or an o-minimal expansion of T. If X C T isa
definably locally closed subset, then for every F € Mod(Ax,), we have an isomorphism

H(X; F) = H(X(I',): F(Ig)).

Proof. Leti: X < P C [0, ]>" be a definable completion of X (Remark 4.13). Since P is a closed
subset of [0, oo]zm, for any closed definable subset Z C P, from Lemma 6.18 and computations using
Mayer-Vietoris sequence ([14, Chapter II, Section 13 (32)]; see Remark 6.12), we obtain just as in [7,
Theorems 8.1 and 8.3] an isomorphism

H(Z;Az) =~ H(Z(T',); Azr.,))-
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Since P is definably compact, it is definably normal, so the family of closed definable subsets of P
is a family of definably normal supports on P. Also X is an open definable subset of P, and hence by
Corollary 3.27, if 7 € Mod(Axy,,), then

H*(P;i\F) =H.(X;F).
By invariance of definably compactness (see Remark 4.11) and Corollary 3.27 in I',,, we also have

H*(P(T,);i) F(T%)) = H:(X(Tl); F(Tl)).

Moreover, by Equation (2) on page 5 applied to the commutative diagram (with tildes omitted)

X(I) s p(rL)

| !

p (SLEN
we get (i F)(T%,) = iy * F(TL,), 50
H*(P(I',); (0 F)(TL)) = Ho(X(T); F(I'L)).
The result will follow once we show that, for every G € Mod(Ap,,,), we have an isomorphism
H*(P;G) = H'(P(T); G(I'L,)).

But this is obtained by applying Lemma 6.21 in the following way. For (i), the exact sequence
0— F — F — F” — 0 implies the following chain of morphisms in cohomology (j € Z):

i S HI(P,F)————— s H(PF) —————— = HI (P F) —————

| | |

e HI(P(D): F/(T)) —— HI (P(TL): F(L) ——= HI(P(T): F(F) — - -

Therefore, if we have isomorphisms for F”, then using the five lemmas, we have isomorphisms for
F if and only if we have isomorphisms for F”.
For (ii), first note that (a) sections commute with filtrant 1£>n ([27, Example 1.1.4 and

Proposition 1.2.12]); (b) filtrant 1£>n of T-flabby sheaves is T -flabby ([27, Proposition 2.3.4 (i)]);
(c) the full additive subcategory of T -flabby objects is I'(U; e)-injective for every U € Op(P7)
([27, Proposition 2.3.5]). This implies that H*(P;li_n)l}"i) = li_n}H*(P;}',v). Since the same facts
hold in I',,, we have H*(P(l";o);li_n}(}'i(l";o))) = li_n}H*(P(l’;o);.E(Fgo)), and (ii) follows since
h'_r)n(]-',-(I‘;o)) = (1i_r>n]-'1-)(I‘;O) (inverse image commutes with li_r)n).

For (iii), if V € Op(Pr), then the exact sequence 0 — Ay — Ap — Ap\y — 0 implies the
following chain of morphisms in cohomology (j € Z)

G HI(P;Ay) —————= HI(P; Ap) —————= HI (P Apyy) ———= -+

| | |

oo —— HI(P(T); Ay r,)) — H/ (P(TL); Apary,)) —= HI(P(TL); Acpyvyar,)) ——= -+

https://doi.org/10.1017/fms.2022.84 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2022.84

54 P. Cubides Kovaciscs, M.J. Edmundo and J. Ye

where we are using that P(T',)) \ V(I',,) = (P \ V)(T'},). Since P\ V is a closed definable subset of P,
we have as observed above H*(P \ V;Ap\y) =~ H*((P\ V)(T',,); A(p\v)a,)). But by Corollary 3.27
H*(P;Ap\v) =~ H*(P\ V;Ap\y) and by the same result in I',,, we have H*(P(I',,); A(p\v)(r.,)) =

H*((P\V)(TL); Acp\v),))- So (iii) follows now using the ﬁve lemmas. O

Remark 6.23. In the paper [26], it was shown that in an arbitrary o-minimal structure M with definable
Skolem functions, on full subcategories A of Def, the category of o-minimal spectra of definable spaces
equipped with the o-minimal site satisfying the following properties, one can develop the formalism of
the six Grothendieck operations:

(A0) Cartesian products (in ]’)‘eif) of objects of A are objects of A, and locally closed constructible
subsets of objects of A are objects of A;

(A1) In every object of A, every open constructible subset is a finite union of open and normal
constructible subsets;

(A2) Every object of Ahasa completion in A.

For some of the results about the proper direct image (base change formula, derived base change formula,
the Kiinneth formula and dual base change formula), we required that the morphisms f : X — Y in A
involved satisfy the following:

(A3) If u € Y, then for every elementary extension S of M and every F € Mod(Ax,.), we have an
isomorphism

HE(f )i Fipo) = Hi((F5) ™ (w); F(S)irs)1 )

of cohomology with definably compact supports, where F(S) =r"'Fand r : X(S) — X is the
canonical restriction.

The work done here gives a new example where we have this formalism: namely, for the category of
definably locally closed definable sets in I's,. Of course, in this case, (AO) is obvious. For (A1), (A2)
and (A3), see, respectively, Corollary 5.31, Remark 4.13 and Theorem 6.22.

6.3. Finiteness and invariance results in ACVF and stable completions

Here we will use the finiteness and invariance results for o-minimal cohomology with definably compact
supports of definably locally closed subsets of I'; and Hrushovski and Loeser’s main theorem ([35,
Theorem 11.1.1]) to deduce finiteness and invariance results for cohomology in ACVF and in stable
completions.

First we recall a few things. Let V and W be algebraic varieties, a model of ACVFE. LetY C V x I
and Z C W x I'ZL be definable subsets. Then:

(1) A pro-definable map g: ¥ — Zis v+g-continuous if and only if the pullback of an open definable
subset of Z is a v+ g-open subset of Y (see page 48 in [35]). Since open definable subsets of Z are
exactly the v+g-open subsets of Z, in our terminology, g: ¥ — Zis v+ g-continuous if and only if
g is a morphism g: Yy — Z\?g of sites.

(2) A pro-definable map g: ¥ — W is g-continuous (respectively, v-continuous) if and only if for

any regular function 7 € Ow (W), the pullback under (valo i) o g of a g-open (respectively,
v-open) subset of ', is g-open (respectively, v-open) subset of Y, where a subset of I'; is g-open
(respectively, v-open) if its pullback under val: A" — T is g-open (respectively, v-open). It
follows thatif g: ¥ — W is both g-continuous and v-continuous, then g is v+g-continuous.

(3) Any pro-definable map g: ¥ — Z has a canonical extension G : Y - Z thatis a pro-definable
map ([35, Lemma 3.8.1]). G is given by: if p € Y and p = tp(c/U), then G(p) € Z is such
that G(p)|U(c) = tp(d/U) with d a realisation of tp(g(c)/U(c)). It follows that if g: ¥ — Z is

https://doi.org/10.1017/fms.2022.84 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2022.84

Forum of Mathematics, Sigma 55

v+g-continuous and U is a v+g-open subset of Z, then g‘l(ﬁ)) = G‘I(U), and the canonical
extension G is a morphism of v+g-sites.

Let V be a quasi-projective variety. Let X € V X I'); be a definable subset. By [35, Theorem 11.1.1]
(see Fact5.14),let H: I x X — X be the continuous pro-definable deformation retraction with image an
iso-definable subset X of X definably homeomorphic to a definable subset of some T'X. Let h: X — X
be a pro-definable homeomorphism of ¥ with a definable subset of T'X .

‘We now make a couple of observations required below that are not explicitly stated in [35].

Lemma 6.24. The continuous pro-definable deformation retraction H: I X X—>Xisa morphism of
V+g-sites.

Proof. The statement of [35, Theorem 11.1.1] is more general: the deformation retraction respects
finitely many definable maps ¢;: X — @', with canonical extension ¢; : X — ', and respects the action
of a finite algebraic group acting on V, leaving X globally invariant. For this reason, one can make several
reductions such as assuming that m = 0; X = V and V is a projective and equidimensional variety. Then
the proof proceeds by induction on dim(V). The case dim(V) = 0 being trivial, for the case dim(V) > 0,
several preliminary reductions are performed, allowing one to essentially reduce the proof to the case
of curve fibration. In the end, the homotopy H is the concatenation H o ((H;— © Heurves) © Hinf)
of the relative curve homotopy H .y ves, the liftable base homotopy H hases the purely combinatorial
tropical homotopy H[* and the inflation homotopy H;y .

Furthermore, we have:

(i) The inflation homotopy H;, s : [0, o] X Vo Vis given by

F(t,x) xeV\D
Hi,r(t,x) = —~
7 (8:) {x xeD

where D is a closed subvariety of V, F: [0,00] X V\ D — V \ D is the canonical extension of a
v+g-continuous pro-definable map f: [0,00] XV \ D — V \ D.
Let U € V be a v+g-open subset. Then U \ D is a v+g-open subset of V \ D. Also

H); (U\ D) = ), (U\ D)

=F'(U\D)
=f'(U\D)

and so Hi_nlf(ﬁ \ D) is a V+g-open subset of [0,00] x V '\ D. It follows that Hl.‘nlf (U) = Hl.‘nlf

(0 \ 5) U ([0, o0] x (m)) is a v+g-subset of [0, o] X V. By [35, Lemma 10.3.2], H;, 5 is
continuous, SO Hl.’nlf(ﬁ) is an open subset of [0, co] X V. Therefore, by Fact 5.11, Hi’nlf (ﬁ) is
v+g-open subset. Hence H;y, ¢ is a morphism of v+g-sites.

(ii) The relative curve homotopy Heypye @ [0, 00] X m - m is the canonical extension of
a g-continuous and v-continuous homotopy /¢yryes: [0, 0] X Vo U Dy — Vy U Dg. Hence by the
remarks made above, H.,, s is @ morphism of v+g-sites.

(iii) The base homotopy H,— is obtained from the canonical extension of a homotopy Apgse:

I x U — U that is obtained by the induction procedure. Hence, by induction, H,— is also a
morphism. By the remarks made above, H,,, s is a morphism of v+g-sites.

(iv) The tropical homotopy H{" is constructed in the ', setting where v+g-continuous is the same as
definable and continuous, so this homotopy is a also a morphism of v+g-sites.

We can therefore conclude that H is a morphism of v+g-sites as required. m}
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Lemma 6.25. The pro-definable homeomorphism h: ¥ — X of ¥ with a definable subset of TX is a
morphism of V+g-sites.

Proof. Let U be a v+g-open subset of X. Then Uis a relatively definable subset of X. So,
since X is an iso-definable subset, UNnXisa relatively definable subset of X (Lemma 5.16 (c)).
By Lemma 5.17, (h=1)~! ((7 ) is a relatively definable subset of X', and hence it is an open definable
subset and so a v+g-open subset (Facts 5.11 and 5.10). Since 4~! : X — X is a morphism of V+g-sites,
so is h. m]

Lemma 6.26. If X C VXTI is a v+g-locally closed subset, then there is a bounded v+g-closed subset
P C V' XTI (for V' a projective variety in which V is open) such that X C P and X is v+g-open in P.
In addition, if K is an elementary substructure of U, V is over K and X is K-definable, then P is also
K-definable.

Proof. Indeed, let V' be a projective variety such that V is an open subset of V’. Then X is still a
v+g-locally closed subset of V’ x I'*. Consider the natural definable map /: V/ xI'" — V' x [0, c0]?™,
which is idy- on the first coordinate and on the second coordinate is given as in Remark 4.13. Then
[: V' xT? — (V' xT™) C V' x [0, 0] is a definable homeomorphism, a morphism of v+g-sites
and /(X) is v+g-locally closed in [(V’ X I'?). So there is a v+g-closed subset Z of [(V’ x ') such that
1(X) is v+g-open in Z since [ (V' xI'™) is v+g-closed in V’ X [0, c0]?", and Z and Z \ /(X are bounded
and v+g-closed subsets of V' xI'2" . Let P ="' (Z) and Q = I”! (Z \/(X)). Then applying [35, Lemma
4.2.6] to the surjectlve definable e maps ' Z 1Y (Z)and 171 - Z\I(X) = I7Y(Z \ (X)), we see
that P = [~ l(Z) and Q =1I" l(Z \ I(X)); hence they are definably compact by Remark 5.23 and [35,
Proposition 4.2.9]. Hence, P and Q are bounded v+g-closed subsets (Remark 5.23), X is v+g-open in
Pand Q =P\ X.

The last statement of the lemma is clear. O

Lemma 6.27. If X C V x ' is a v+g-locally closed subset, then X C T'X is a definably locally closed
subset.

Proof. Let V'’ be a projective variety such that V is an open subset of V’. Then X is still a v+g-locally
closed subset of V’/ x I'?. By Lemma 6.26, let P and Q be bounded v+g-closed subsets such that X is
v+g-openin Pand Q = P\ X.

Now we may assume that the pro-definable deformation retraction H : I X X — X is the restriction
of a pro-definable deformation retraction H : I X ViV preserving V, P, X and Q. Let B, Q (and X)
be the images under H of P Q (and X ), respectively. Then P, Q and X are iso-definable subsets of V’
so Q and X are iso-definable subsets of ®B. Let  : f — P be a pro-definable homeomorphism between
9 and a definable subset P of I'X. Then Q = h(Q) and X = h(X) are definable subsets of P. By
[35, Proposition 4.2.9], P and Q are definably compact definable subsets of Ffo; in particular, they are
closed. Thus, X = P \ Q is an open definable subset of a closed definable subset: that is, it is definably
locally closed. O

Asabove, let H: I X X — X be acontinuous pro-definable deformation retraction with image an iso-
definable subset X of X for which there is a pro-definable homeomorphism /: X — X with a definable
subset X of Fk Then we have a retraction r = H o iy: X — X, where i;: X — Ix X is the natural
inclusion X — {e;} x X, where e; is the end point of 1.

As in [35, Remark 11.1.3 (5)], we have:

Remark 6.28. The pro-definable retraction X — X and the pro-definable homeomorphism 4: X — X
can be assumed to be definably proper: that is, the pullback of a definably compact set is definably
compact.

Indeed, since h: X — X is a pro-definable homeomorphism, it is definably proper. On the other
hand, take V" a projective variety such that V' is an open subset of V’, and assume that the pro-definable
deformation retraction H : I x X — X is the restriction of a pro-definable deformation retraction

https://doi.org/10.1017/fms.2022.84 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2022.84

Forum of Mathematics, Sigma 57

H:IxV — V.If B is the image of H : I X V' — V7, then the retraction V/ — B’ is definably
proper; hence its restriction X — X is also.

Remark 6.29. Let X C V xXI'Z be a definable subset. Below, we denote by ¢ the family of v+g-supports
on X whose elements are the closed v+g-subsets of X each contained in some bounded v+g-closed
subset of X. We will also denote by ¢ the family of V+g-supports on X whose elements are the definably
compact definable subsets of X.

Note the following:

o The isomorphism of sites 5(\‘;% — Xy is a morphism in T, and the inverse image of the family ¢ of

v+g-supports of X is the family ¢ of V+g-supports on X. This follows from Remark 5.23 and the fact
that a definable subset of X is the same as a v+g-subset of X. Hence the isomorphism of sites
X7 — Xwg induces an isomorphism in cohomology

HA(X; F) =~ H:(X; F).

o If X is a v+g-locally closed subset, then the family ¢ of V+g-supports on Xisa family of
v+g-normal supports on X. Indeed, let V' be a projective variety having V as an open subset. By
Corollary 5.31, V' x I'’? is weakly v+g-normal, so P, being a v+g-closed subset of V' x I (by
Lemma 6.26), is also weakly v+g-normal. Since X is a v+g-open subset of P and every bounded
v+g-closed subset of X is also a v+g-closed subset of P, the result follows from Definition 3.14 (2).

It follows from the last two remarks that:

Remark 6.30. If X C V X I'Z is a v+g-locally closed definable subset, then we have induced
homomorphisms

r* Hi(%; Ly) — HA(X; Lg)
and
h*: H(X;Lx) — H.(X; Ly),
which are isomorphisms. In particular,
HX(X;Lg) ~ HA(X; Ly).

Indeed, let j: ¥ — X be the inclusion. Since X = H(eyp, 5(\), we have r o j = idy; and as usual, H is a
homotopy between j o r and idg. Moreover, since H is a morphism of v+g-sites (Lemma 6.24), we also
have that 7 o j and j o r are morphisms of v+g-sites. Since X = r(X), we get that r* is an isomorphism
by homotopy axiom (Theorem 6.8); 2* is an isomorphism since / is a pro-definable homomorphism.

Note that by the same argument, taking the family of v+g-supports given by the v+g-closed subsets,
we get, for any definable subset X € V x I'’Z, an isomorphism

H'(X;Lg) ~ H*(X; Lx).

Theorem 6.31. Let A be a noetherian ring, and let L be a finitely generated A-module. Let V be a
variety. If X C V x I'™ is a v+g-locally closed definable subset, then HY (X;Lx) ~ HE(X; Lg) is
finitely generated for each p.

Proof. The variety V is a finite union of open quasi-projective subvarieties Vi, ..., V,, and the result
follows by induction on n. In the case n = 1, the variety V is quasi-projective, and since X is de-
finably locally closed by Lemma 6.27, the result follows from Theorem 6.20 and the isomorphism of
Remark 6.30.

https://doi.org/10.1017/fms.2022.84 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2022.84

58 P. Cubides Kovaciscs, M.J. Edmundo and J. Ye

Now suppose that V = V| U --- U V,41, and, by the induction hypothesis, the result holds for
U=ViU---UV,. LetY =XNUxT?)and Z = X N (V41 X T). Then Y (respectively, Z) is a
v+g-locally closed definable subset of U x I'”" (respectively, V,,.1 x ') and HY (Y; Ly) (respectively, is
HY(Z; Lz)) finitely generated for each p. Also note that Y N Z is a v+g-locally closed definable subset
of Vyu1 X I and H? (Y N Z; Ly~z) finitely generated for each p.

Since Y, Z and Y N Z are v+g-locally closed subsets of X, the short exact coefficients sequence

0—>Lyrz > Ly®Lz > Lx —0

together with Corollary 3.27 gives the Mayer-Vietoris sequence

> H.(Y;Ly)® H.(Z;:Lz) 5 HL(X; Lx) LA HYYNZiLynz) — . ...

It also follows that ker 8 = Im « is finitely generated and Im S is finitely generated. Thus we see that
HY (X; L) is finitely generated for each p. o

Let K and K’ be small elementary substructures of U, with K’ an elementary extension of K. Given
a K-definable set X, let, as before, H: I X X — X be a continuous pro-definable deformation retraction
with image an iso-definable subset X of X for which there is a pro-definable homeomorphism z: X — X
with a K-definable subset X' of I'X . Then we have commutative diagrams of morphisms of V+g-sites

1K) x X(K') 5 %K)

| |

1K) x X(K) X %K)

and

XK " k)

L

X(K) > X(K)

where the vertical arrows are the morphisms of V+g-sites taking U(K) to U(K").

Note that HX": I(K’) x X (K") — X (K") is a continuous pro-definable deformation retraction
with image an iso-definable subset X(K’) of X (K’) and hX': X(K’) — X(K’) is a pro-definable
homeomorphism to a K-definable subset X' (K”) of I'X (K’). Furthermore, if X is a v+g-locally closed
definable subset, then X (K"’) is also. Similar remarks hold for K in place of K’.

Theorem 6.32. Let V be a variety over K. Let K’ be an elementary extension of K. If X CV XI'lh is a
v+g-locally closed K-definable subset, then for every F € Mod(Ax (k),,), we have an isomorphism

H (X(K); F) = H/(X(K'); F(K')).

Proof. First let us prove that for every v+g-locally closed K-definable subset X C V x I'’?, we have an
isomorphism

H{(X(K); Ax(k)) =~ H.(X(K'); Ax (k7))-

The variety V is a finite union of open quasi-projective subvarieties Vi, .. ., V,, and the result follows
by induction on n. In the case n = 1, the variety V is quasi-projective, and the result follows from the
observations above, Remark 6.30 and Theorem 6.22 taken in K and in K’.
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The inductive step is obtained from the following commutative diagram with the Mayer-Vietoris
sequences as in the proof of Theorem 6.31 taken in K and in K’, the inductive hypothesis and the five
lemmas:

_ H(I‘(Y(K):Ay(,())@H(I\(Z(K);AZ(K)) —_ Hé(X(K);AX(K)) _ H(I‘J'l((YﬁZ)(K):A(YnZ)(K)) [

l | |

— > Hg.(Y(K’);Ay(K/))eaH(l.(Z(K’);AZ(K/)) — > H{.(X(K');AX(K,)) — > Hg.”((ynz)(K’);A(mZ)(K,)) — >

By Lemma 6.26, let P be a definably compact v+g-closed subset such that X € P is a v+g-open
subset. Note that P is defined over K. It follows from the above that for every v+g-closed subset Z of P,
defined over K, we have

H*(Z(K); Azx)) = H(Z(K'); Az (k"))-

With this setup, the rest of the proof is exactly the same as that of Theorem 6.22 using Corollary 3.27,
Remark 5.23 instead of Remark 4.11 and Lemma 6.21. m]

Remark 6.33. Note that for the cohomologies H*(X; Lx) and H*(X; F) without supports, we could
also get finiteness and invariance results, respectively, if we knew the corresponding results in I's.
Indeed, by the isomorphism H*(X; Lx) ~ H*(X’; L x) of Remark 6.30, in the quasi-projective case, we
would get the finiteness and invariance results for any definable subset X € V x I'’?. For the general
case, X would have to be assumed v+g-normal (in order to use Corollary 3.27), and the result would
follow by exactly the same arguments as above.

6.4. Vanishing of cohomology

Below are a couple of quick remarks about vanishing of cohomology in our setting.
By the isomorphisms of Remark 6.30 and Theorem 6.20, we immediately obtain:

Theorem 6.34. Let V be a quasi-projective variety. If X C V X ' is a v+g-locally closed subset, then
HP (X;Lx) =0 forall p > dim X. In particular, H? (X; Lx) = 0 for all p > dim X. ]

When there is a good notion of dimension (recall Remark 6.5), we can obtain the following results.

Theorem 6.35. Let X be a definable subset of a variety V. If X is v+g-normal, then HP (X; F) = 0 for
every p > dim(Yzar) and every F € Mod(Ax,, ), where Yzar denotes the Zariski closure of X.

Proof. Going to X , we obtain a normal spectral space, and the result follows from [15, Corollarz 6]
since dimeu()’(\ ): that is, the maximal length of a chain of proper specialisations of points in X is
bounded by dim(Yzar) by Corollary 6.4. O

Based on Propositions 3.24, 3.26 and 3.31 together with Theorem 6.35, the proof of the following
result is classical. Compare with [25, Theorem 3.12] in the o-minimal case, with [17, Corollary 9.4] in
the locally semi-algebraic case or with [14, Chapter II, 16.2 and 16.4] in the topological case.
Theorem 6.36. Let V be a variety. If X is a v+g-locally closed subset of V, then HY (X; F) = 0 for every
p> dim(Yzar) and every F € Mod(Ax,,, )-

Proof. We work in X andletn = dim(yzar). Since the functor I'. (X; e) is left exact and the full additive
subcategory of Mod(A):() of c-soft sheaves is I'c (X; ®)-injective (Proposition 3.26), by the general result

of homological algebra [39, Exercise 1.19], it is enough to show that if 0 — F — 7 71! —
- — I" — ( is an exact sequence of sheaves in Mod(A;?) such that Z* is c-soft for 0 < k <n—1,
then Z" is c-soft.
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By Proposition 3.24 (4), it suffices to prove that I‘"Z is soft for every constructible subset Z of X,
which is in the normal and constructible family of supports c. Since c is normal, there is a constructible

neighbourhood Y of Z in X that is in c. If we show that Il’;, is soft, then it will follow that I|”Z is soft
(Proposition 3.24 (2)).
Let U be an open and constructible subset of Y. By hypothesis and Proposition 3.31, each (I{; u

is acyclic for 0 < k < n— 1. Let ZF = ker((Ilky)U — (I{}H)U)- Then the long exact cohomology

sequences of the short exact sequences 0 — Z¥ —s (I(})U — Zk*1 5 0 show that
HU(Y: (I}y)u) = HI(Y; 2") = H?* (Y; 2"7) = - = HT"'(Y; 2°) = H™'(Y; (Fiy Ju)-

Since Y is a normal, constructible open subset of X, we have HP(Y;G) = 0 for p > n and every
sheaf G on Y by Theorem 6.35 applied to an appropriate v+g-normal open definable subset of X whose
tilde of the hat is Y. Thus H'(Y; (Ilr; Ju) = 0. Since U was an arbitrary open and constructible subset
of 7, it follows from Proposition 3.31 that Il';, is soft as required. O

7. Relation with Berkovich spaces

In this section, we relate our results to classical results of Berkovich spaces. Let us first recall the
relation — already established in [35] — between the stable completion of algebraic varieties and their
analytification.

Let (F,val) be a nonarchimedean valued field of rank 1 (i.e., val(F) C Rs). We allow F to be
trivially valued and do not assume it to be complete. Consider F := (F,R) as a substructure of a
model of ACVFE. Let V be an algebraic variety over F' and X be an F-definable subset of V. As in
[35, Chapter 14], we define Br(X), the model-theoretic Berkovich space of X, to be the space of types
over F, concentrated on X, which are almost orthogonal to R. The last condition means that for any
F-definable map h: X — R, and for any p € By(X), the push-forward k. (p) is concentrated on a
point of R, that is denoted by A(p). The topology on Bg(X) is the topology having as a basis finite
unions of finite intersections of sets of the form

{peXnU]| f(p) el},

where U is a Zariski open set of V, f € O:,f‘l(U) and / is an open interval on R.. In addition, the
construction is functorial: that is, given a variety V' over F and F-definable subset X’ of V’ and an
F-definable map f: X — X’, there is an induced map Br(f): Br(X) — Bp(X’).

Suppose now that F is complete. As a set, Berkovich’s analytification V" of V can be described as
pairs (x, uy) with x a point (in the schematic sense) of V and uy: F(x) — R a valuation extending
val on the residue field F(x) of the stalk at x. The topology on V" is the coarsest topology such that
for every f € Oy (U), the maps x > uy o fy, where f, € Oy, = F(x) are all continuous. By results
in [8], the topological space V" is Hausdorff (recall V is assumed to be separated), locally compact and
locally path connected. The induced topology on the subset V (F) coincides with the valuation topology,
and if F is algebraically closed, then this subset is dense.

As explained in [35, Section 14.1], we have:

Fact 7.1. If F is complete, then the model-theoretic Berkovich space Br(V) is canonically homeomor-
phic to V. Moreover, the image of Br(X) in V*" is a semi-algebraic subset in the sense of [20], and
every semi-algebraic subset of V" is of this form. O

Let us now recall the relation between Bg(V) and V. Let F™4* be the unique, up to isomorphism
over F, maximally complete algebraically closed field containing F, with value group R and residue
field equal to the algebraic closure of the residue field of F. Recall that maximally complete means
every family of balls with the finite intersection property has a non-empty intersection. By [35, Lemma
14.1.1 and Proposition 14.1.2], we have:
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Fact 7.2. There is a continuous surjective closed map
7 X(F™%) - Bp(X).

If F = F'*, then & is a homeomorphism. O

For the rest of this section, we assume that U contains F and consider only small elementary
substructures of U containing F.

Remark 7.3. Let X be an F-definable subset, and let K and K’ be elementary substructures of U
containing F. Observe that one can express (over F) the fact that X(K) is covered by two disjoint
v+g-open subsets. Therefore, if two such disjoint v+g-open subsets exist in K, they exist in any
elementary extension of K containing F. By Fact 5.11, this shows that X (K) is definably connected if
and only if \7(1( ") is definably connected in K’.

Proposition 7.4. Let X be an F-definable subset of an algebraic variety V over F. Then the following
are equivalent:

D g is definably connected.
(2) X(F™%*) is connected.

In addition, if X (F™eX) is connected, so is By(X). In particular, when F is complete, if V(F maxy s
connected, then V* is connected.

Proof. By Remark 7.3, (1) above is equivalent to X (F™aX) being definably connected. Suppose first
that V is quasi-projective. By the main theorem of Hrushovski and Loeser [35, Theorem 11.1.1], there
is a pro-definable deformation retraction of X (F™eX) to a definable subset X of R . Hence, X (F™max)
is definably connected (respectively, connected) if and only if X" is definably connected (respectively,
connected). But X is definably connected if and only if it is connected (the proof in o-minimal expansions
of (R, <) given in [53, Chapter III, (2.18) and (2.19) Exercise 7] uses only cell decomposition and works
in Ry).

If V is not quasi-projective, consider an open immersion V. — W, where W is a complete variety and
V is Zariski dense. By Chow’s lemma, there is an epimorphism f: W’ — W, where W’ is a projective
variety. Consider the quasi-projective variety V/ = f~1(V),andlet X’ = f~!(X) € V’. By Lemma 5.21,
5(\’(F "4X) has finitely many definably connected components, say C;, ..., C;, which by the above are
also the finitely many connected components of the topological space 5(\’(F maxy The image C; of each
connected component C; of 3(\’(F "4X) under the restriction of f| is a connected subset of X (Fmex),
Note that these connected subsets of X (F™4*) are also definably connected subsets.

Now we follow the idea in the proof of [53, Chapter III, (2.18)], as above in R, with cells for the
C;s, to show that some union of the C;s is both a definably connected component and a connected
component of X (F™eX). From there, it follows that X (Fmaxy is definably connected if and only if it

is connected. Let us construct inductively a sequence iy,...,i;,... such that for each j, U;<; C; is
both definably connected and connected. Set i} = 1, and if iy, ...,i, are given, let iy = min{i : [ ¢
{i1,...,ig} and C; N (U;<, Ci)) # 0}. Let p be the maximal length of such a sequence. We claim that

C:= Uﬁ.’:l C;, is both a definably connected component and a connected component of X (Fmax),

To see the claim, it is enough to show that if ¥ C X (F™4X) is a definably connected (respectively,
connected) subset such that Y NC # 0, then Y C C. Indeed, if this holds, taking ¥ a definably connected
(respectively, connected) open neighbourhood of a point of C (respectively, a point of the complement
of C), we see that C is open (respectively, closed). Now let I = {i : C; NY # 0} and Cy = ;¢; Ci-
Since the C;s cover X (F™ax), we have Y C Cy. So Cy is definably connected (respectively, connected),
being of the form Y U | J;¢; C;. Since @ # CNY € C N Cy, it follows that C U Cy is definably connected
(respectively, connected). By maximality of C, we have C U Cy = C,so Y C C as required.

The last statement of the Proposition follows from Fact 7.2. m}

https://doi.org/10.1017/fms.2022.84 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2022.84

62 P. Cubides Kovaciscs, M.J. Edmundo and J. Ye

Remark 7.5. In general, the connectedness of Br(X) does not imply that X (F™aX) is connected. Take
F to be R with the trivial valuation, and let X be defined by x2+x+1.The space Bp(X) is connected,
consisting of a single point that corresponds to the Galois orbit of the two 3rd roots of unity. In contrast,
X (F™aX) consists of two isolated points and is therefore not connected.

As an application, we recover a result of Ducros [20] about the number of connected components of
semi-algebraic subsets of V. Let p denote the homeomorphism from Bg(V) to V2",

Theorem 7.6 (Ducros [20]). Suppose F is complete. Let V be a variety over F, and let Y be a
semi-algebraic subset of V*. Then Y has finitely many connected components.

Proof. Since Y is a semi-algebraic subset of V", there is an F-definable subset X of V such that
Y = p(Br(X)). By Lemma 5.21, Proposition 7.4 and Fact 7.2, )?(F'”‘”‘) has finitely many connected
components. Now the image under n (as defined in Fact 7.2) of a connected component of X (Fmax)
lies in a connected component of Bgp(X). Since 7 is surjective, this shows the result. |

Also note that if F is algebraically closed, then each connected component of Y is also a semi-
algebraically connected component. Indeed, by Lemmas 5.19 and 5.21, X (F™4%) has finitely many
definably connected components, each of which is of the form TJ\i(F maxy for some v+g-clopen subsets
U; i=1,...,k)of X. By Proposition 7.4, each Z]T-(F’"‘”) is also a connected component of X\(Fm‘”).
Since 7 : X (F™%*) — Bp(X) (as defined in Fact 7.2) is continuous, surjective and closed and
a(U;(F™**)) = B (U;), each Br(U;) is a closed connected subset of Br (X). Let Iy, .. ., I, be a finite
partition of {1, ..., k} such that for each j < g, ;¢ 1; BF (Uy) is connected and I is max1mal with this
property. Then as in the last part of the proof of Proposmon 7.4, each Uy, Br (Ul) = Br(Ujer, Un) is

a connected component of X (F™ax) with Vi = Ujer, Ur a v+g-clopen subset of X. Since F' is a model
of ACVF, by Remark 7.3, each V; is F-definable. ‘

Fact 7.7 ([35, Proposition 14.1.2]). Let X be an F-definable subset of an algebraic variety V over F.
Then the following are equivalent:

o Z(i is definably compact.
o X(F™4¥) is compact.
o Bp(X) is compact.

In particular, when F is complete, Vis definably compact if and only if V" is compact. O

The proof of the previous fact in [35] does not seem to include the proof that By(X) is HausdorfF.
For the reader’s convenience, we include an argument.

Lemma 7.8. Let X be an F-definable subset of an algebraic variety V over F. Then By(X) is a Hausdor[f
topological space.

Proof. Note that it suffices to show that when X =V is a complete variety over F, Bp(V) is Hausdorff.
Indeed, by Nagata’s theorem, there is an open immersion V — V’, where V’ is a complete variety. Since
Br(X) is a subspace of Bp(V’), it is also Hausdorff.

We first show that points in Bg (V) are closed. Note that for each affine open subset W C V, Bp(W) is an
open subspace of Br(V). Hence it suffices to show that points in Bg(W) are closed for affine W. Actually,
this is true since Bp(W) is even Hausdorff. Let p, g be two distinct points in Bp(W): by quantifier
elimination in ACVF, there is a regular function f on W such that val o f,(p) = r; # valo f.(q) = r
for some r1,r; € Ry. Then take two disjoint open subsets r; € Uy and rp € U,. Their inverse image
under val o f will be two disjoint opens in Bg(W) separating p, g.

Suppose now that V is a complete variety. By Remark 5.23, Vis definably compact (and Hausdorff
by [35, Proposition 3.7.8]) so, by Fact 7.7, Bp(V) is quasi-compact. Consider the restriction map
n V(F maxy — Br(V); note that the map is closed. On the other hand, given pi, p» € Bp(V), the
ﬁbres 7' (p1), n 1 (p,) are two disjoint compact subsets of V(F™*)and hence can be separated by
open subsets U} and Uy; then p; € BF(V)\n(V(Fm“x)\Ul) and p; € BF(V)\]T(V(Fmax)\UQ) are two
disjoint open subsets of Br(V) by the fact that 7 is closed. O
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Recall that in general, X may fail to be a locally compact space (Remark 5.12). However, since
Fmax = (pmaxymax py Fact 7.2, X(Fmax) is homeomorphic to Bpmax(X); and by the next result,
X (F™a%) is a locally compact topological space when X is an F-definable v+g-locally closed subset of
an algebraic variety V over F.

Lemma 7.9. If X is an F-definable v+g-locally closed subset of an algebraic variety V over F, then
Br(X) is a locally closed subset of Bg(V). In particular, By(X) is a locally compact topological space.

Proof. Let U be an F-definable v+g-open subset of V, and let Y be an F-definable v+g-closed subset of V
such that X =Y NU. Then ?(Fm‘”‘) is a closed subset of V(Fm‘“‘). By Fact 7.2, n(?(F’"“x)) = Br(Y),
and Bg(Y) is a closed subset of Br(V) since « is a closed map.

On the other hand, since V' \ U is an F-definable v+g-closed subset of V, by the above and the fact that
Br(V)\ Bp(U) = Bp(V \ U), Br(U) is an open subset of Bp(V). Therefore, Bp(X) = Bp(U) N Bp(Y)
is a locally closed subset of Bgp(V).

By Nagata’s theorem, there is an open immersion V — V’, where V'’ is a complete variety (over F).
Since V’ is complete, V7 is definably compact (Remark 5.23), so, by Fact 7.7, Bp(V’) is compact. Thus
the result follows since (the homeomorphic image of) Br(X) is also locally closed in Bg(V’). O

Remark 7.10. Let V be an algebraic variety over F. Then Br(V) is paracompact. Since V is a scheme
of finite type, we may assume V is affine. Furthermore, since Br(V) is locally compact by Lemma 7.9,
it suffices to say it is o--compact (see [14, Page 21]). Now Bp(V) is covered by the sets Bp(X) C U,
where X is a closed ball with radius in Q. Each such set is compact by Fact 7.7.

Fact 7.11. Let V be a quasi-projective variety over ' and X an F-definable subset. Then there is a
strong deformation retraction I X Bp(X) — Bp(X) with image a subset X homeomorphic to a semi-
algebraic subset X’ of some R¥. This deformation retraction is induced by a strong deformation retraction
H:IxX—>X (of [35, Theorem 11.1.1]) in the sense that there is a commutative diagram

I(F™ax) x X\(Fmax) . X\(Fmax)

I'x Bp(X) ——— Br(X)

of continuous maps, where i : I(F™*) = 10 (F™m**y — I = I(F) = I(Ro) is the canonical identification.
See [35, Corollary 14.1.6, Proposition 14.1.3 and Theorem 14.2.1].
If F < F"” is a field extension, then we have a commutative diagram of strong deformation retractions

Ix Bpr(X) —— By~ (X)

L

Ix Bp(X) — Br(X)

where the vertical arrows are the canonical restrictions. Furthermore, there is a finite Galois extension
F < F’ such that:

(1) If F’ < F”, then the image X”" of I X Bp»(X) — Bp~(X) is homeomorphic to the image X’ of
Ix BFI(X) - BFI(X).
(2) The image X of I X Bp(X) — Bp(X) is homeomorphic to X’/Gal(F’/F).

See [35, Theorem 14.2.3 and the discussion at the beginning of Section 14.2]. m}
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An immediate consequence of this fact is the following results about cohomology:
Theorem 7.12. If X is an F-definable subset of a quasi-projective variety V over F, then:

(1) HP(By(X); Lpp(x)) is finitely generated for every p > 0.
(2) There is a finite Galois extension F < F' such that for every F’ < F”', we have isomorphisms

H*(Bp (X); Ly (x)) = H (Bpr(X): Ly, (x))-

Proof. The result follows from Fact 7.11, the homotopy axiom in topology ([ 14, Chapter II, 11.8]) and
the fact that a semi-algebraic subset of R¥ is homeomorphic to a finite simplicial complex. O

Note that if Bp(X) is paracompact (see Remark 7.10), then these results can be extended to an
arbitrary algebraic variety V over F using the topological analogue of Corollary 3.27 ([14, Chapter II,
10.2]) and the corresponding Mayer-Vietoris sequence [ 14, Chapter II, (27)] as in the proof of Theorem
6.31 and Theorem 6.32, respectively.

Theorem 7.13. If X is an F-definable v+g-locally closed subset of an algebraic variety V over F, then:

(1) HZ (By(X); Lpy(x)) is finitely generated for every p > 0.
(2) There is a finite Galois extension F < F' such that for every F’ < F”', we have isomorphisms

H(By(X); L, (x)) = H.(By(X); L, (x))-

Proof. Suppose first that V is a quasi-projective variety over F. Note that since X is an F-definable
v+g-locally closed subset, A" is locally closed. The proof of this is similar to that of Lemma 6.27 using
Bp(X) instead of X and Fact 7.7 instead of [35, Prposition 4.2.9]. In this case, the result follows from
the homotopy axiom in topology ([ 14, Chapter II, 11.8]) and the fact that a semi-algebraic subset of R¥
is homeomorphic to a finite simplicial complex.

In the general case, since the family of compact supports is paracompactifying, the results are
obtained using the topological analogue of Corollary 3.27 ([ 14, Chapter II, 10.2]) and the corresponding
Mayer-Vietoris sequence [14, Chapter II, (27)] as in the proof of Theorem 6.31 and Theorem 6.32,
respectively. O

Let K be a model of ACVF extending F. Below, when we write X (K), we mean X (K) equipped
with the v+g-site; and when we write X (K),p, we mean the underlying topological space. Observe

that since we have a homeomorphism between )?(I? ) and X (K) induced by the isomorphism of sites
(Remark 3.8), the natural inclusion X (K) — )?(7?) induces a natural inclusion i : X (K) — )’(T(‘I; ) and
X(K) with the induced topology is X (K)p.

Given F € Mod(AX(K) ), we let Fip € Mod(AX(K)
morphism of sites X (K)op — X (K)wg- Note that this is the same as F 1% (K )uop”

As observed above, when X is an F-definable v+g-locally closed subset of an algebraic variety V over
F, then X (F%")p is a locally compact topological space. Below, we use ¢ to denote either the family of

compact supports in X (K)rop» as usual, or the family of definably compact supports in X (K) as before.

) be the sheaf induced by the natural

Remark 7.14. If D € c is constructible, then the following hold: (1) D N X (Fmax )iop 18 @ quasi-compact

subset of X (Fmax), (2) D N X (F™%)op has a fundamental system of normal and constructible locally

closed neighbourhoods in X (F maxy.and (3) D N X (F m‘”‘)mp is a compact subset of X (F m‘”)top
Indeed, there is C € ¢ (in X(Fm“")) such that D = C, and hence D N X(Fm“")tOp =CnX=C.
Since C is a definably compact subset of X (F™4~), it is a compact subset of X (F M4 op (Fact 7.7).

Hence C is a quasi-compact subset of X (Fmax)_Finally, since ¢ (in X (F™ax)) is a definably normal
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family of supports on X (F™4x), it follows that C has a fundamental system of normal and constructible

locally closed neighbourhoods in X (Fmax),

__ The above verifies the assumptions of Corollary 3.28 for the space X (F™ax) and the subspace
X (F™%)op. Therefore, for every F € Mod(A R (Fmax_ ), we have an isomorphism
hars

HE(X(F™); F) = Hi (X (F™ Yop; Frop)-

Also note that if X is v+g-normal, then considering the family of v+g-supports given by the
v+g-closed subsets, we get a family of v+g-normal supports on X, and, as above, we verify the

assumptions of Corollary 3.28 for the space X (Fmax) and the subspace X (Fmax )iop- Hence for every

F e Mod(Ag(Fmax)A), we have an isomorphism
e

H* (X (F™); F) = H* (X (F™ }op; Frop)-

In the o-minimal context, R plays the analogous role of F"%* in Remark 7.14, and in a similar way,
we have:

Remark 7.15. Let I' = (R, <,+,...) be an o-minimal expansion of (R, <,+), and let X C R’ be a
definably locally closed subset. Let Xi,, be X equipped with the topology generated by the open definable
subsets. Then X, is a locally closed subset, in particular a locally compact topological space. Also
note that if we consider the natural inclusion i : X — X, where X = Xger is the o-minimal spectrum of
X, then X with the induced topology is Xop.

Given F € Mod(Ax,,), let Fiop € Mod(Ax,,) denote the sheaf induced by the natural morphism

of sites Xiop — Xdef. Note that this is the same as ]?‘ Xiop* Also let ¢ denote either the family of
compact supports on Xi,p, as usual, or the family of definably compact supports on X as before. Using
Remark 4.11 instead of Fact 7.7, we verify the assumptions of Corollary 3.28 for X and the subspace
Xiop exactly in the same way as in Remark 7.14. Therefore for every 7 € Mod(Ax,,), we have an
isomorphism

Hj(X, .F) = Hz(Xtop; ]:top)-
Similary, as above, if X is definably normal, then for every 7 € Mod(Ax,, ), we have an isomorphism
H*(X»]:) = H*(Xtop;]:top)~

The topological cohomology of the model-theoretic Berkovich spaces and the v+g-cohomology of
their corresponding stable completions are related by the following results:

Theorem 7.16. Let X be an F-definable v+g-locally closed subset of an algebraic variety V over F, and

let F € Mod(Ag(Fmax)A ). Then we have a spectral sequence
g

HE (Bp(X): R, (Fiop)) = HE™ (X(F™); F)
which, when F = F™™*, induces isomorphisms
HE (Bp(X): 1. (Fiop)) = HY (X(F™¥); F).

Proof. Considering the continuous map r: X (F™%)op — Br(X) of locally compact topological spaces
(Fact 7.2 and Lemma 7.9), we have the corresponding Leray spectral sequence ([14, Chapter IV, 6.1])

H? (Br(X); R (Fiop)) = HZ™ (X (F™ Yo Fiop)
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and, by Remark 7.14, we have an isomorphism
HE (X (F"ops Frop) = H(X(F™%); F).
On the other hand, when F = F""%*  we get isomorphisms
HE (Br(X); 7 (Fiop)) = HE (X (F™* Yap; Fiop)
since 7 is a homeomorphism (Fact 7.2). m]

Combining Theorems 7.16 and 7.13, we have:

Corollary 7.17. Let X be an F-definable v+g-locally closed subset of an algebraic variety V over F.
Then there is a finite Galois extension F < F’ such that we have an isomorphism

HE(Br (X); Ly (x)) = H(X(F™); Lg (pmax))-
In particular, when F is complete, we have an isomorphism
H:(VRQpF';Z) ~ HA(V(F™¥);2).
Proof. By Theorem 7.13, we have
Hy(By (X); Lpy, (x)) = Hy(Bpmax(X); LBmax (x))-
Since F"4* = F™Ma* and FMex = (F™MaX)Max by Theorem 7.18, we have
H (Brmas (X); LB pmax (x)) = Hi(X(F"™); L (pmax))- o

Similarly, using the second part of Remark 7.14 and the Leray spectral sequence ([14, Chapter 1V,
6.1]), we have:

Theorem 7.18. Let X be an F-definable v+g-normal subset of an algebraic variety V over F, and let
F € Mod(A 2 mef)a)' Then we have a spectral sequence
e

HP (Bg(X); RI7.(Fiop)) = HP* (X (F™); F)
which, when F = F™*, induces isomorphisms
HP (Bp(X); 1. (Fiop)) = HP (X(F™%); F). o
Combining this with Theorem 7.12, we obtain:

Corollary 7.19. Let X be an F-definable v+g-normal subset of a quasi-projective variety V over F. Then
there is a finite Galois extension F < F' such that we have an isomorphism

H*(BF’(XL LBFf(X)) = H*()?(Fmax); L)?(Fmax))'
In particular, when F is complete, we have an isomorphism
H*(V*®pF';Z) ~ H (V(F™%); 7). o

We conclude the paper with a couple of remarks.
Let X be an F-definable subset of an algebraic variety V over F. If F < F” < F™%* is a field
extension, then the natural restriction 7~  : Bpr(X) — Bp(X) is a proper map. Indeed, let V' be a
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complete variety over F such that V is an open subset. Then 7g~ r : Bpr (V') — Bg(V’) is proper (by
Fact 7.7), and we have a commutative diagram

‘//\/(Fmax)
|
T
Bpr (V') 225 Bp(V7)

of surjective restrictions such that 77! (Bp(X)) = 77! (B~ (X)) = X(F™4¥) ([35, Proposition 14.1.2]).
If C C Bp(X) is compact, then it is a compact subset of Br(V’), so JT;_—I,,’ 7(C) is a compact subset

of Bp+(V’) and 7~ (np» £ (C)) is a compact subiet of X(F™a). Therefore, ﬂ(ﬂ_l(ﬂ;%,’F(C))) =
n;}, £ (C) is a compact subset of Bp»(X) since 7 : X (F™*) — Bp~(X) is surjective. It follows that:

Remark 7.20. If X is an F-definable v+g-locally closed subset of an algebraic variety V over F' and
F € Mod(Ap;(x)), then we have an isomorphism

li_n)l H:(BF//(X),]:FN) =~ H;(BFalg(X);fFa]g),

F"|F
where the limit is taken over all finite Galois extensions F < F”’ contained in F¥¢, Fpa, = ”}Lg e
and Fpr = n;%, N
Indeed, since By (X) and lﬂl Byp»(X) are homeomorphic, the result follows from [14, Chapter II,
F"|F
14.5].

Now let G = Aut(F¥2/F") be the absolute Galois group of the Henselisation F”* of F. Recall that
this is the group of valued field automorphisms of F2 over F. As observed in [35, page 205], G
acts continuously on Bgue (V) and Bp(V) = Bpus(V)/G. Therefore, since this action leaves Byug (X)
invariant, G acts continuously on By (X) and By(X) = Bpae (X)/G.

Since G = m Gal(F” /F"), where the limit is taken over all finite Galois extensions F" < F”’

F"[Fh
contained in F¢, then when F = F" (i.e., it is Henselian), the isomorphism of Remark 7.20 is an
isomorphism of G-modules. However, unlike the étale cohomology, we do not have the Cartan-Leray
spectral sequence relating the cohomologies of Br(X) and By (X) through the absolute Galois group
G = Gal(F¥2/F"). Indeed, in this case, G does not act freely and properly on Bguy (X).
Regarding the vanishing of cohomology, we have:

Remark 7.21. Let X be an F-definable subset of a quasi-projective variety V over F. Since the finite
simplicial complex X’ of Fact 7.11 to can be assumed to have dimension less or equal to dim(YZdr),

then by the homotopy axiom in topology ([14, Chapter II, 11.8]), we have:
HP? (Bp(X); Lpg(x)) =0 for every p > dim(Yzar)
and, similarly, when X is a v+g-locally closed subset, we have
HY (By(X); Lpg(x)) = 0 for every p > dim(yzar).

It is worthwhile to point out that the first of these vanishing results was also observed in the paper [4],
where it plays a crucial role.
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8. Some tameness results in families

In [35] Hrushovski and Loeser show finiteness of homotopy (even homeomorphism) types of uniform
families of (model-theoretic) Berkovich spaces (see [35, Theorems 14.3.1 and 14.4.4]). In higher ranks,
one has to replace the topological homotopy (respectively, homeomorphism) type by the definable
homotopy (respectively, homeomorphism) type. As observed by Hrushovski and Loeser at the beginning
[35, Section 14.3], in higher ranks, we no longer have such finiteness results. In fact, one can have a
uniform family of triangles in I'?, corresponding to skeleta of a uniform family of elliptic curves, without
finitely many definable homotopy (equivalently definable homeomorphism) types.

Taking advantage of the invariance results for our cohomology theories with definably compact
supports, we can prove the finiteness of cohomological complexity in uniform families. Namely:

Theorem 8.1. Let K be an algebraically closed, nontrivially valued nonarchimedean field. Let V and
V' be algebraic varieties over K. Let W C V' x TX be a K-definable subset, and let Z C V x W be a
v+g-locally closed K-definable subset. For w € W, let Z,, = {v € V : (v,w) € Z}. Then as w runs
through W, there are finitely many possibilities for the V+g-cohomology

H(Zyw:Ly )
with definably compact supports.

Proof. First, notice that it is enough to prove the result assuming that V is a quasi-projective variety.
In fact, in general, if V is a variety, then V is a finite union of open quasi-projective subvarieties
Vi, ..., V,, and the result follows by induction on » using the Mayer-Vietoris sequence as in the proof of
Theorem 6.31.

By the uniform version of the main theorem of Hrushovski and Loeser ([35, Proposition 11.7.1]),
there is a uniformly pro-definable family H,, : I X Z:, — Z:,, a definable subset Z,, C Ff,ioim V. an
iso-definable subset 3,, of Z, and h,, : 3w — 2, pro-definable uniformly in w, such that for each w,
H,, is a deformation retraction of Zw onto 3, and 4,, is a pro-definable homeomorphism.

By stable embeddedness of ', (see, for example, [35, Proposition 2.7.1]) and elimination of imagi-
naries in 'y, there is a K-definable subset D C FZ," (for some m”), a K-definable surjection 7: W — D
and a K-definable family ZJ, with y ranging over D, such that for every w € W,

Zy =2, (w)*

Let K’ be a sufficiently saturated elementary extension of K such that its value group I'(K’) expands
to a model I'”” of real closed fields. Then we have a commutative diagram of morphisms of v+g-sites

K’

~ HE

I(K') X Zyy (K") — Z,y(K")
|

I(K) X Zy (K) — Z\(K)

and

K’

3w (K) 2 2, (K

]

3 (K) —2 = 2, (K)

uniformly in w, with HX" a pro-definable deformation retraction and 41X  a pro-definable homeomor-
phism and where the vertical arrows are the morphisms of v+g-sites taking U(K) to U(K").
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Note that since Z is v+g-locally closed, each Z,, is also a v+g-locally closed subset. By Lemma 6.27,
each Z,, is a definably locally closed subset. It follows that we take v+g-cohomologies with definably
compact supports and obtain the following commutative diagram of isomorphisms

HZ(Z)’,(F"); Lz/y(p/))
H:(Zyw(K'); Ly (k) —=Hi{(2w(K')i Lz, k) — H:(Z,(Tw(K")); Lzy (r (k7))

H(Zw(K); Ly (i) —= Hi(Z4 (K); Lz, (k) H;(2}(Tw(K)); Lz, r(k)))

where y = 7(w), the vertical isomorphisms are given by the invariance results (Theorems 6.32
and 6.22) and the horizontal isomorphisms are induced by the pro-definable deformation retractions
(Remark 6.30).

By the definable trivialisation theorem in the real closed field I ([53, Chapter 9]), there is a partition
of D(I"”) by finitely many I'”’-definable subsets D1, ..., D, such that for every 1 < i < r and for all
v,v" € D;, we have that Z,, is I'"’-definably homeomorphic to Z,.. In particular, we have

Hi(2y(T"); Lz, ) = H(Zy(T"); Lz, (7))
for all y,y” € D; and for every 1 < i < r, and the result follows. O

While Theorem 8.1 above can be see as a higher-rank analogue of [35, Theorem 14.3.1] concerning
finiteness of homotopy types in uniform families in the rank-one case, the next result is the analogue of
[35, Theorem 14.4.4].

Corollary 8.2. Let K be an algebraically closed nontrivially valued nonarchimedean field. Let V be an
algebraic variety over K. Let X C V be a v+g-locally closed definable subset, and let G: X — T'w
be a K-definable map. Then there is a finite partition of ' into intervals such that the fibres of
G : X — T over each interval have canonically isomorphic V+g-cohomology groups with definably
compact supports.

Proof. Let Z C V X T's, be the graph of G : X — T'w. Then for each w € ', we have Z,, = G Y(w)
and Z,, = G (w). Note that the W and D of the proof of Theorem 8.1 are both equal to I's, here; in
particular, 7 is the identity. So that proof gives us that, by the definable trivialisation theorem in the
real closed field I'”” ([53, Chapter 9]), there is a partition of I'Z, by finitely many I'’”’-definable subsets
Dy, ...,D, such that for every 1 < i < r and for all y,y" € D;, we have that Z, is I'"’-definably
homeomorphic to Z,. In particular, we have

H{(2y(T"); Lz, @) = H.(2y (T"); Lz, (7))

for all y,y’ € D; and every 1 < i < r. Now the definable trivialisation theorem ensures that we can
take the D;s to be I'"’-definable with parameters in I'w; hence, by o-minimality, they are intervals in 'Y,
with end points in ['w,. To conclude, take the intervals D|(I's), . .., D, (I's) partitioning .. O

Given a definable set X C V xT'Z, let ngef be the functor taking X into its set of definably connected

components. Note that by Lemma 5.21, 73 (X) is a finite set. Moreover, 7' is invariant under

elementary extensions of K (Lemma 5.19) and in I', is also invariant under o-minimal expansions.
Since ngef is furthermore invariant under pro-definable deformation retractions, using the same transfer
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arguments as above, we can prove the following higher-rank analogue of results by A. Abbes and T.
Saito ([1, Theorem 5.1]) and by J. Poineau ([48, Théoreme 2]).

Corollary 8.3. Let K be an algebraically closed, nontrivially valued nonarchimedean field. Let V be an
algebraic variety over K. Let X C V be a K-definable subset, and let G : X — T« be a K-definable map.
Then there is a finite partition of U into intervals such that over each interval I, for any €', € € I, we
have a canonical bijection between 7rg‘3f(G’1 (€”)) and ﬂgef(G’l (€)).

We end with some remarks containing open questions that will be considered in the sequel to this
paper:

Remark 8.4. One can ask if there is also a higher-rank analogue of local contractability ([35, Theorem
14.4.1]): for example, definable local contractibility or local acyclicity with respect to v+g-cohomology
groups. Following the proof in [35], this question reduces to the corresponding question in I's,. See [29]
for such results in I

Remark 8.5. An issue that was not settled here is that of finiteness and invariance for the v+g-
cohomology without supports. By Remark 6.30, that reduces to knowing if we have such results for
o-minimal cohomology without supports in I's,. Such a result would also give us the finiteness of
cohomological complexity as above but without supports.

Moreover, we could also obtain in higher ranks uniform sharp bounds on v+g-Betti numbers as in
a result obtained by S. Basu and D. Patel ([4, Theorem 2]) in the case where the valued field has rank
one, using the usual topological (singular) Betti numbers. Using the strategy above, such a result could
be obtained by reduction of the problem to o-minimal expansions of real closed fields and then using
the analogue result in that setting proved earlier by Basu ([3, Theorem 2.2]).
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