L))

Check for
updates

Forum of Mathematics, Sigma (2024), Vol. 12:e11 1-93
doi:10.1017/fms.2023.123 CAMBRIDGE

UNIVERSITY PRESS

RESEARCH ARTICLE

The Manin—Peyre conjecture
for smooth spherical Fano varieties of semisimple rank one

13,4

Valentin Blomer!, Jorg Briidern?, Ulrich Derenthal®>* and Giuliano Gagliardi®

! Universitit Bonn, Mathematisches Institut, Endenicher Allee 60, 53115 Bonn, Germany; E-mail: blomer @math.uni-bonn.de
2Universitit Gottingen, Mathematisches Institut, Bunsenstrae 3—5, 37073 Géttingen, Germany; E-mail: jbruede @ gwdg.de
3Leibniz Universitit Hannover, Institut fiir Algebra, Zahlentheorie und Diskrete Mathematik, Welfengarten 1, 30167 Hannover,
Germany; E-mail: derenthal @math.uni-hannover.de

4School of Mathematics, Institute for Advanced Study, 1 Einstein Drive, Princeton, New Jersey, 08540, USA

SLeibniz Universitiit Hannover, Institut fiir Algebra, Zahlentheorie und Diskrete Mathematik, Welfengarten 1, 30167 Hannover,
Germany; E-mail: gagliardi@math.uni-hannover.de

Received: 1 September 2021; Revised: 12 October 2023; Accepted: 9 November 2023
2020 Mathematics Subject Classification: Primary — 14G05; Secondary — 11D45, 14M27, 11G35

Abstract

The Manin—Peyre conjecture is established for a class of smooth spherical Fano varieties of semisimple rank one.
This includes all smooth spherical Fano threefolds of type T as well as some higher-dimensional smooth spherical
Fano varieties.
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1. Introduction
1.1. Manin’s conjecture

Manin’s conjecture [32] predicts an asymptotic formula for the number of rational points of bounded
height on Fano varieties. Its most classical version is the following: Let X be a smooth Fano variety over
Q whose set of rational points is Zariski dense. Let H: X(Q) — R be an anticanonical height function.
For an open subset U of X, let Nx g (B) denote the number of x € U(Q) with H(x) < B. Then one
expects that there is a dense open subset U C X and a positive number ¢ such that

Nx u.u(B) = (1+0(1))cB(log B)*FieX-1, (1.1)

Peyre [60] proposed a product formula for ¢, and in the sequel we refer to this predicted value of ¢ as
Peyre’s constant. It turned out that in its original form Manin’s conjecture is not always correct (see [4]).
The more recent thin set version (see [61], [51, Conjectures 1.2, 5.2]) is in line with all known results
hitherto.

When the dimension is large compared to the degree of the variety, one may apply the circle method
to estimate Nx 7. (B). In this way, Browning and Heath-Brown [19] confirmed Manin’s conjecture
whenever X is geometrically integral and the inequality dim X > ((deg X) — 1)29¢X — 1 holds. The
asymptotic formula (1.1) is also known for several classes of equivariant compactifications of algebraic
groups or homogeneous spaces: for certain horospherical varieties (flag varieties [32], toric varieties
[5] and toric bundles over flag varieties [66]), for wonderful compactifications of semisimple groups of
adjoint type [68, 38], for certain other wonderful varieties [39] and for biequivariant compactifications of
unipotent groups [67] (including equivariant G} -compactifications [22]). Here, the proofs use harmonic
analysis on adelic points.

In absence of additional structure, we only know four more low-dimensional cases: Manin’s conjecture
was verified for two smooth quintic del Pezzo surfaces [ 14, 16], for one smooth quartic del Pezzo surface
[15] and (in the thin set version [51]) for a quadric bundle in P3 x P3 [20]. Not surprisingly, there are
many more results on versions of Manin’s conjecture for singular varieties because usually analytic
techniques are easier to implement in the presence of singularities.

In this paper, we take a different methodological approach and initiate a systematic study of Manin’s
conjecture for varieties for which we have access to the Cox ring, and where a universal torsor is given
by a polynomial of the shape

Ji

k
Db X0 =0 (1.2)

=1 =1
with integral coefficients b; and certain exponents /;; € N. This includes a fairly large class of interesting
cases, in particular numerous varieties with a torus action of complexity one or higher (see [42, 31,
41] and the references therein, for example), most weak del Pezzo surfaces whose universal torsor is
given by one equation [27], (nontoric) spherical varieties of semisimple rank one, as well as several
nonspherical smooth Fano threefolds [29] and many other varieties.

Our analytic approach towards Manin’s conjecture, to be described later in more detail, is insensitive
to the dimension of the variety (in contrast to the circle method) and independent of an additional
group structure (in contrast to methods based on harmonic analysis on adelic points). A showcase
for our approach is the proof the Manin—Peyre conjecture for all smooth spherical Fano threefolds of
semisimple rank one and type 7 in Theorem 1.1. We will give several more examples in Theorems 1.2
and 1.3 to shed light on the scope of the underlying method.

1.2. Spherical varieties

Let G be a connected reductive group. A normal G-variety X is called spherical if a Borel subgroup of
G has a dense orbit in X. Spherical varieties have a rich theory. They include symmetric varieties, and
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the corresponding space L?(X) has been the subject of intense investigation from the point of view of
(local) harmonic analysis and the (relative) Langlands program (e. g., [63, 64]). Spherical varieties also
admit a combinatorial description. This is achieved by the recently completed Luna program [53, 13,
26, 52] and the Luna—Vust theory of spherical embeddings [54, 50]. We recall the relevant theory in
Section 10 and refer to [12, 59, 71] as general references. In this paper, we are interested in the size of
smooth spherical varieties in the context of Manin’s conjecture.

If the acting group G has semisimple rank zero, then G is a torus and Manin’s conjecture is known
([5]; see also [65]). The next interesting case is G of semisimple rank one. Here, we may assume
G = SL, X Gy, by passing to a finite cover (see Section 10.2 for more details). Let G/H = (SL, xGr,)/H
be the open orbit in X. Let H’ X G}, = H - G}, € SL, x G/,. Then the homogeneous space SL,/H’ is
spherical, and hence either H' is a maximal torus (the case T') or H' is the normalizer of a maximal torus
in SL; (the case N) or the homogeneous space SL,/H’ is horospherical, in which case X is isomorphic
(as an abstract variety, possibly with a different group action) to a toric variety, so we may exclude this
case from our discussion.

1.3. Spherical Fano threefolds

We start our discussion with dimension 3, the smallest dimension where nonhorospherical spherical
varieties of semisimple rank one exist. A complete classification of nontoric smooth spherical Fano
threefolds over Q was established by Hofscheier [44], cf. Table 11.1. In this situation, the acting group
always has semisimple rank one, so our present setup is in fact already the general picture, and the
following discussion applies to all nontoric smooth spherical Fano threefolds.

There are precisely four nonhorospherical examples of type T that are not equivariant G2-
compactifications. They have natural split forms Xi, ..., X4 over Q, which we describe in Section 11
in detail; see Table 1.1 for an overview. In the classification of smooth Fano threefolds by Iskovskikh
[48, 49] and Mori—Mukai [56], they have types I11.24, I11.20 (of Picard number 3), IV.8, IV.7 (of Picard
number 4), respectively.

In Section 3.2, we will define natural anticanonical height functions H;: X;(Q) — R using the
anticanonical monomials in their Cox rings. We establish the Manin—Peyre conjecture in all these cases.
We write N;(B) for Nx; v, u,(B), where here and in all subsequent cases, the open subset U; will be
the set of all points with nonvanishing Cox coordinates.

Theorem 1.1. The Manin—Peyre conjecture holds for the smooth spherical Fano threefolds X, . .., X4
of semisimple rank one and type T. More precisely, there exist explicit constants C, . . ., Cy4 such that

Nj(B) =(1 +0(]))CjB(]0gB)rkPich—l

for1 < j < 4. The values of C; are the ones predicted by Peyre.

Table 1.1. Our spherical varieties.

dim rk Pic torsor equation N

Xi 3 3 X11X12 = X21X22 — X31X32 13
2

X, 3 3 X11X12 = X21X22 — X31X32X35 13

X3 3 4 X11X12 = X21X22 — X31X32 14

Xy 3 4 X11X12 = X21X22 — X31X32 17

Xs 4 5 X11X12 = X21X22 — X31X32X33 34

2
X 5 3 X11X12 = X21X22 = X31X3, 24
2

X7 6 5 X11X12 = X21X22 — X31 X32X33X34 X35 30

X3 7 6 X11X12 — X21X22 — x31X32x§3x§4 156
al 2

X1 3 4 X11X12 = X21X22 — X31X32X35 13
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Itis a fun exercise to compute C; explicitly (cf. Appendix A), for which the interesting and apparently
previously unknown integral identities involving sin-integrals and Fresnel integrals in Lemma 1.1 play
an important role. One obtains

40 — 1 5(258 — 472) WY, 4 4 1
= 1— -2)3 - 1__ 1 —_
Cr=—03 ]:[( P G= = ]:[ p) o p3),

170 — 22 — 96 log 2 - 94 — 272 N\ 4 4 1
Cy = [ Ja- , G=———[]{1-=| 1+=+ 5+
2 36 p( ) 4 ) » p

Theorem 1.1 is an easy consequence of Theorem 10.1 that proves the Manin—Peyre conjecture for
smooth split spherical Fano varieties of arbitrary dimension with semisimple rank one and type 7,
subject to a number of technical conditions that are straightforward to check in every given instance.
Similar methods apply also to smooth spherical Fano varieties of type NV, but these have some additional
features to which we return in a subsequent paper.

Theorem 1.1 contains the first examples where Manin’s conjecture is established for smooth Fano
threefolds that do not follow from general results concerning equivariant compactifications of algebraic
groups or homogeneous spaces. Theorem 1.1 in fact confirms the Manin—Peyre conjecture for all classes
of smooth spherical Fano threefolds of semisimple rank one and type T. Previously, the knowledge of the
number of rational points on these varieties has been much less precise. Manin [55] shows that smooth
Fano threefolds have at least linear growth for rational points in Zariski dense open subsets of bounded
anticanonical height over sufficiently large ground fields. A closer inspection of his arguments reveals
in fact lower bounds of the correct order of magnitude: N; > B(log B)™*(PiX/)=1 in the situation of
Theorem 1.1 (cf. the proof of [55, Proposition 1.4] as the X; in Theorem 1.1 are blow-ups of toric
varieties). Tanimoto [70, §7] proves the upper bounds N; <« BS/ = for j=1,2,4and N3 < B**e,

1.4. Higher-dimensional cases

A classification of higher-dimensional spherical varieties is currently not available, but our methods
work equally well in dimension exceeding three. For a given dimension, there are still only finitely many
cases of smooth spherical Fano varieties of semisimple rank one, and we include some representative
examples with interesting torsor equations and high Picard number. Many other examples are available
by the same method. The four varieties X5, X4, X7, Xg that we investigate here are smooth spherical Fano
varieties of semisimple rank one and type T of dimension 4, 5, 6, 7, respectively, with rk Pic X5 = 5,
rk Pic X¢ = 3, rk Pic X7 = 5 and rk Pic Xg = 6. We refer to Section 12 for their combinatorial description
and Table 1.1 for a quick overview and remark that for neither of these varieties, Manin’s conjecture
follows from previous results (cf. Appendix B).

Theorem 1.2. The Manin—Peyre conjecture holds for the smooth spherical Fano varieties Xs, . . ., Xg of
semisimple rank one and type T. More precisely, there exist explicit constants Cs, . .., Cg > 0 such that

N;(B) = (1+0(1))C;B(log B)rkPichfl

for j=5,...,8. The values of C; are the ones predicted by Peyre.

We remark that Theorems 1.1 and 1.2 are compatible with the thin set version of Manin’s conjecture.
Since our spherical varieties have a connected stabilizer for the open orbit, their sets of rational points
are not thin [10, Corollary 2.5]. As in [51, Examples 5.12, 5.13], one can show that our results are
compatible with [51, Conjecture 5.2].
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1.5. The methods

The starting point of the quantitative analysis of Fano varieties in this paper is a good understanding of
their Cox ring. We use it to pass to a universal torsor and translate Manin’s conjecture into an explicit
counting problem whose structure we describe in a moment and that is amenable to analytic techniques.
The descent to a universal torsor is a common technique in analytic approaches to Manin’s conjecture,
but in many cases it proceeds by ad hoc considerations. Here, we take a more systematic approach and
derive the passage from the Cox ring to the explicit counting problem in considerable generality. This
is summarized in Proposition 3.8. Next, we take the opportunity to express Peyre’s constant in terms
of Cox coordinates in Proposition 4.11 as a product of a surface integral, the volume of a polytope
and an Euler product so that a verification of the complete Manin—Peyre conjecture is possible without
additional ad hoc computations.

This first part of the paper is presented in greater generality than necessary for the direct applications
to spherical varieties and should prove to be useful in other situations.

The second part of the paper is devoted to an explicit solution of counting problems having the
structure required in Proposition 3.8. In many important cases, a universal torsor is given by a single
equation of the shape (1.2). We may have additional variables xoy, . .., Xoy, that do not appear in the
torsor equation; for those, we put formally Ag; = 0. Equation (1.2) is then to be solved in nonzero
integers x;;. This seemingly simple diophantine problem has to be analyzed with certain coprimality
constraints on the variables, and the variables are restricted to a highly cuspidal region. As specified in
Proposition 3.8, the height condition translates into inequalities

Ji

ﬂ]_[|xij|"ff <B (1<v<N) (1.3)

k
i=0 j=1

for certain nonnegative exponents' . In order to describe the coprimality conditions on the variables
xijin(1.2),1et S, € {(i,j) :i=0,...,k,j=1,...,Ji} (1 £ p <r) be acollection of sets that define
r conditions

ged{x;;j: (i,j) €Sp}=1 (1<p<r). (1.4)

Now, fix a set of coefficients b; in (1.2), and let Ny,(B) = N(B) denote the number of x;; € Z \ {0}
0 <ic<k,1<i<J;)satisfying (1.2), (1.3) and (1.4). We aim to establish an asymptotic formula of
the shape

N(B) = (1 +o(1))c; B(log B)® (1.5)

for some constants ¢; > 0, ¢y € Ny, and our method succeeds subject to quite general conditions. Of
course, for a proper solution of the Manin—Peyre conjecture, we do not only have to establish (1.5) but
to recover the geometric and arithmetic nature of ¢ and c; in terms of the Manin—Peyre predictions.
This will require some natural consistency conditions involving the exponents 4;; in the torsor equation
(1.2) and a'l?’j in the height conditions (1.3), cf. in particular (7.4), (7.6) below.

We now describe in more detail the analytic machinery that yields asymptotic formulas of type (1.5)
for the problem given by (1.2), (1.3), (1.4). Input of two types is required.

On the one hand, we need a preliminary upper bound of the expected order of magnitude for the
count in question. The precise requirements are formulated in the form of Hypothesis 7.2 below. In
many instances, the desired bounds can be verified by soft and elementary techniques. In particular, for
smooth spherical Fano varieties of semisimple rank one and type 7, this can be checked by computing
dimensions and extreme points of certain polytopes; see Proposition 7.6.

IThe superscript v is not an exponent, but an index. This notation is chosen in accordance with the notation in Section 2.
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On the other hand, we require an asymptotic formula for the number of integral solutions of (1.2) in
potentially lopsided boxes, with variables restricted by %Xi i < |xij| £ Xij, say. As a notable feature of

the method, the asymptotic information is required only when the k products [] ; XZ."j (1 <i < k)have
roughly the same size. The circle method deals with this auxiliary counting problem in considerable
generality, culminating in Proposition 5.2 that comes with a power saving in the shortest variable
mini j Xi j.

The method described in Section 8 transfers the information obtained for counting in boxes to the
strangely shaped region described by the conditions (1.3). In [7], we presented a combinatorial method
to achieve this for certain regions of hyperbolic type. Here, we use complex analysis to do this work for
us in a far more general context. A prototype of this idea, developed only in a special (and nonsmooth)
case, can be found in [9]. The final result is Theorem 8.4 that we will state once the relevant notation has
been developed. Again, we are working in greater generality than needed for the immediate applications
in this paper, with future applications in mind.

In the case of smooth spherical Fano threefolds of semisimple rank one and type T (and in many
other examples that can be found in [29, 31, 42], for example), the torsor equation (1.2) is of the shape
2-by-2 determinant equals some monomial’, that is (up to changing signs)

J3
h3;
X11X12 + X21X22 + nx3jj =0. (1.6)
j=1

While the general transition method is independent of the shape of the torsor equation, for the particular
case (1.6), Theorem 8.4 together with Propositions 5.2 and 7.6 offers a ‘black box’ to obtain the
Manin—Peyre conjecture in any given situation with a small amount of elementary computations. This
is formalized in Theorem 10.1, which readily yields the proofs of Theorems 1.1 and 1.2 in Sections 11.4
and 12.4.

This leaves us with the task to establish an asymptotic formula for the number of solutions of the
torsor equation (1.6), with suitable constraints on the variables. The equation (1.6) involves an isolated
product x11x12, one way to proceed would be to view (1.6) as a congruence modulo x11, thus eliminating
x12. This approach is very familiar to workers in the area of divisor sums; an exemplary and historic
reference is Titchmarsh’s work on the divisor problem that now bears his name. In contexts very closely
related to the questions that concern us here, it has been successfully applied, too, for example in work of
Le Boudec [1 1], in a collaboration of the first two authors of this paper with Salberger [9] and on many
other occasions. However, there are a number of disadvantages stemming from the asymmetric use of
the variables x11, x12,x2; and x;. In particular, our transition to counting solutions of (1.6) in spiky
regions needs to be fed with information on the distribution of the solutions of (1.6) with all variables
in dyadic ranges. We therefore eschew the elementary approach in favour of the circle method. The
restriction to dyadic ranges is easy to implement in this environment, and the resulting leading terms in
the asymptotic formulae lend themselves more easily to Peyre’s predictions, too.

The following table summarizes the analytic data discussed in this subsection for the varieties
X1, ..., Xg featured in Theorems 1.1 and 1.2. Here, N is the number of height conditions in (1.3); the
total number of variablesis J = Jo + - - - + J3 = dim X; + rk Pic X; + 1.

1.6. Another application

Theorem 10.1 offers a promising line of attack to establish Manin’s conjecture in many instances, not
only those covered by Theorems 1.1 and 1.2. As proof of concept, we include a somewhat different
application featuring a singular spherical Fano threefold. The last two authors [28] have studied some
examples and have confirmed Manin’s conjecture for two families of singular spherical Fano threefolds.
One family was given by the equation ad —bc —z"*! = 0 in weighted projective space P(1,n, 1,1, 1), the

other was the family of hypersurfaces given by ad — bc — y"z**! = 0 in a certain toric variety (n > 2).
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For the counting problem on the torsor, elementary analytic techniques were enough. We believe that
this is related to the fact that all the varieties have noncanonical (log terminal) singularities, with the
exception of the first variety for n = 2, which is a slightly harder case with canonical singularities and
a crepant resolution. However, for similar varieties, the elementary counting techniques in [28] do not
seem to be of strength sufficient for a proof of Manin’s conjecture.

In Section 13, we use the much stronger technology developed in this paper to discuss one such case.
Let X be the anticanonical contraction of the blow-up of the hypersurface V(z11z12 — 221222 — 231232) in
Pé X]P’é (with coordinates (z11 : z21 : z31) and (z12 : z22 : z32)) in the two curves V(z3;) X {(0:0: 1)}
and V(z31, z32). This is a singular Fano threefold admitting a crepant resolution.

Theorem 1.3. For the singular spherical Fano threefold X, there exists a positive number C* such that
NT(B) = (1+0(1))C"B(log B)>.

The value of C' is the one predicted by Peyre [6]].

Further applications are postponed to a separate paper.

Notational remarks. This work draws on results from various areas of mathematics. Due to the large
number of topics covered it seemed impracticable to aim for an entirely consistent notation. Any attempt
to do so would be in conflict with traditions in the respective fields. We opt for a pragmatic approach and
use notation that, locally, seems natural to working mathematicians. For example, almost everywhere
in the paper, the letter B signals the threshold for the height of points in several counting problems, but
in Section 10, a Borel subgroup of the group G that occurs in the definition of a spherical variety is
denoted by B. This is just one example of double booking for symbols that are often ‘frozen’ in less
interdisciplinary writings. We therefore introduce notation at the appropriate stage of the argument.

Part I Heights and Tamagawa measures in Cox coordinates

Universal torsors were introduced and studied by Colliot-Théléne and Sansuc; see [23]. Their first major
application to Manin’s conjecture can be found in the work of Salberger [65] on toric varieties.

Cox rings were defined by Hu and Keel [45], and they provide a global description of uni-
versal torsors; the Cox ring of a normal irreducible algebraic variety X is roughly defined as
R(X)=6PB [D]eCI(X) (X, Ox (D)), where specifying the multiplication law requires some care. More-
over, a quotient construction Spec Z(X) 2 X — X is obtained. This generalizes the homogeneous co-
ordinate ring of P with quotient construction A™*! \ {0} — P" as well as Cox’s construction for toric
varieties [24]. For details on toric varieties and Cox rings, we refer to the books [25, 2] and to [30].

Given a variety whose Cox ring with precisely one relation is known explicitly, we show (under mild
conditions) how to write down an anticanonical height function (3.7), how to make the counting problem
on a universal torsor explicit (Proposition 3.8) and how to express Peyre’s constant (Proposition 4.11).
This is achieved in terms of the Cox ring data, without constructing an anticanonical embedding in a
projective space, widely generalizing results from [60, 62, 65, 8, 9].

2. Varieties and universal torsors in Cox coordinates

In this section, we recall how a variety X with precisely one relation in its Cox ring can be described in
Cox coordinates as a hypersurface in a toric variety (with affine charts as in Section 2.1 that will be used
in in the following sections), and how this gives a description of their universal torsors as hypersurfaces
in affine space (Section 2.2). This leads to an explicit description of the parameterization of the rational
points on X by integral points on a universal torsor (Proposition 2.4).

Let X be a smooth split projective variety over Q with big and semiample anticanonical class wy,
whose Picard group is free of finite rank. (Here, split means that the natural map from the Picard group
Pic X over the ground field to the geometric Picard group is an isomorphism.) Assume that it has a
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finitely generated Cox ring % (X) [45, Definition 2.6], [2, §1.4] with precisely one relation with integral
coefficients.
In other words, X has a Cox ring over Q [30] of the form

R(X) = Qlxy, ..., x7]/(P), 2.1
where x1,...,xy is a system of pairwise nonassociated Pic X-prime generators and the relation @ €
Z[x1,...,xy] is nonzero. According to [2, Construction 3.2.5.3], (2.1) defines a canonical embedding

of X into a (not necessarily complete) ambient toric variety Y°.

Lemma 2.1. The toric variety Y° can be completed to a projective toric variety Y such that the natural
map C1Y — Cl1 X = Pic X is an isomorphism and —Kx is big and semiample on Y.

Proof. By [2, Proposition 3.2.5.4(iii)], we have C1Y° = CIl X. We consider the Gelfand—Kapranov—
Zelevinsky (GKZ) decomposition of Y° (see, for example, [2, §2.2.2]). According to [2, Construction
3.2.5.7], the chambers in the GKZ decomposition of Y° which contain ample divisors on X give rise
to completions Y of Y° with C1Y° = Cl1Y. Now, choose Y corresponding to a chamber whose closure
contains —Kx. Since —Kx is semiample on X, this is possible by [2, Proposition 3.3.2.9]. Then —Kx is
semiample on Y according to [2, Proposition 2.4.2.6].

By [2, Propositions 3.3.2.9 and 2.4.2.6], —Kx is in the relative interior of the moving cone of Y,

hence —Kx is big on Y. O
We assume that Y is chosen as in Lemma 2.1. Its Cox ring is Z(Y) = Q[xy, .. .,xs] [2, Construction
3.2.5.3]. Let X be the fan of Y, and let X,,x be the set of maximal cones. The generators xq,...,xy

have the same grading as in 2 (X) and are in bijection to the rays p € X(1); we also write x,, for x;
corresponding to p. We generally write

J=#X(1), N =#Z.x, 2.2)
and we assume:

The projective toric variety Y can be chosen to be regular. (2.3)

2.1. Affine charts in Cox coordinates

Since Z(X) = Q[x, : p € X(1)]/(®) with Pic X-homogeneous @, our variety X is a hypersurface
defined by @ (in Cox coordinates) in the toric variety ¥ (with Cox ring Z(Y) = Q[x,, : p € Z(1)]). On
Y, we can regard X as a prime divisor of class deg® € C1Y.

We introduce further notation for the toric variety Y. In Part I, let U be the open torus in Y. For each
p € X(1), we have a U-invariant Weil divisor D, defined by x,, of class [D,] = deg(x,) € ClY [25,
§4.1]. Let

Dy:= ) D, 2.4)

which is an effective divisor of class [Do] = —Ky. For a U-invariant divisor D = ¥, ,c5(1) 4pD,, let
o= [ (2.5)
peX(1)

denote the corresponding monomial of degree [D]. For example,

- ] = 2.6)

peX(l)

xPo

https://doi.org/10.1017/fms.2023.123 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2023.123

10 V. Blomer et al.

Lemma 2.2. Let M and N be the character and cocharacter lattices of the toric variety Y, respectively.
Let pi, ..., px € (1) be rays such that their primitive generators uy,, . . ., up, € N form a basis of N.
Then the set {[D,] : p # p1,...,px} is a basis of C1Y.

Proof. According to [2, Before Proposition 2.1.2.7], there are two exact sequences

0—-L—2z*) 5 N0,
0<—C1(Y)<—ZZ(1)<—M<—0,

which are dual to each other. Here, Z=(!) denotes the lattice with basis {e, : p € 2(1)}, which is
assumed to be dual to itself. The top right map sends e/, to u,, while the lower left map sends e, to [D,].
Since the top right map sends ey, , . . . e,, to a basis of N, the lower left map sends their complement to
a basis of CI1(Y). O

It follows from Lemma 2.2 that, for each o € Xy, the set {[D,] : p ¢ o (1)} is a basis of C1Y; in
other words,

{deg(xp) : p € (1)} (2.7)
is a basis of Pic X.

Lemma 2.3. For each o € Zmax, there is a unique effective Weil divisor D(0) = Y pe0(1) @5 Dp of
class —Kx whose support is contained in \J ¢ 1y Dp-

Proof. For the existence, choose an effective U-invariant Q-Weil divisor D on Y with [D] = —Kx. Let
M be the character lattice of the torus U. We write U, C Y for the open subset corresponding to the
cone 0.

Choose y, € Mg such that (div xs)v, = Dy, . Define D(0) := D — div y. Then D(0) is of
class —Kx and its support is contained in \J,¢q (1) Dp- Moreover, a multiple of —Kx being globally
generated means that we have y, < yo on o’ for every o’ € X« [25, Theorem 6.1.7]. Hence, D (o)
is an effective Q-divisor.

Because of (2.7), there is a unique Z-linear combination of the D, with p ¢ o(1) of class —Kx,
which must be equal to D (o). O

For o € X, notation (2.5) gives
xPo) = ]—[ X’ (2.8)
pgo(1)
where a7 are the unique nonnegative integers satisfying —Kx = X ¢ (1) @, deg(x,) in Pic X (as in

Lemma 2.3).
Every o € X« defines an affine chart on Y as follows. For each p’ € (1), we can write

deg(x,) = Z g, deg(x,) 2.9)
pgo(1)

with certain a/g,’p € Z by (2.7). Then

aC"
o . o.p
Ly = X/ | | X,

pgo (1)
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is a rational section of degree 0 € ClY, with z/‘)’; =1 for p’ ¢ o(1). By [25, Theorem 1.2.18], the
sections zg for p’ € o(1) define an isomorphism

u” - g, (2.10)
where U is the open subset of ¥, where x,, # 0 for all p ¢ o (1) (i. e., the complement of U ¢ (1) D,
inY).
We also obtain affine charts on the open subset

X7 =XNU" @2.11)

of X. The image of X7 in Ag( D is defined by

7= () =0/ [ | o (2.12)
pgo(1)
where B € Z satisfy
deg ® = Z BY deg(xy) (2.13)
pgo(1)

since x, # 0 on U“ for p ¢ o(1). By the implicit function theorem, for every P € X7 (Q,) with
D7 [dz (P) # 0 for some pg € o (1), there is an open v-adic neighborhood Uy € X (Q, ) such that

the composition of X¢ — AZ" with the natural projection g Aa SN Ag (DMeo} that drops the
po-coordinate induces a chart

Its inverse is obtained by computing the po-coordinate zg = ¢((zg )peo(1)\{p}) Using the implicit
function ¢ obtained by solving @7 for z

2.2. Universal torsors and models

LetT = Grk PicX be the Néron—Severi torus of X (i. e., the torus whose characters are Pic X = CLY).
Cox’s constructlon and the theory of Cox rings [65, §8] and [25, §5.1] give universal torsors Xy C Yp
(with inclusion morphism ¢p: Xo — Yp) over X C Y (withinclusion: : X — Y). Here, Y} is the principal
universal torsor over Y under 7. Both projections Xy — X and Yy — Y are called «.

We have fans £} D ¥y — X (with the sets of rays X;(1) = Zy(1) in natural bijection to X(1))
corresponding to the toric varieties Aé = AZD - Y1 DYy —» Y. We have Yy =Y, \ Zy, where Zy is
defined by the irrelevant ideal [25, §5.2] generated by the monomials

X< = ]_[ X, 2.15)
pgo(1)

for all maximal cones o € .. By [25, Proposition 5.1.6], there are primitive collections
Si,...,8 € X(1) (2.16)

(i.e.,S; € o(1) for all o € X, but for every proper subset S’; of S;, there is a o € X with S’ co(l)
such that the r irreducible components of Zy are defined by the vanlshmg of F xp forall p € S

The fans and their maps allow us to construct Z-models 7: Y1 \ Zy = Yo — Y with an action of
= GSI‘CIY on Yo and Y| (see [65, Remark 8.6b and later]).
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The characteristic space Xy is defined in ¥ by ® (interpreted as an affine equation; see [2, §1.6.3]).
Then Xp = X; \ Zx, where X = Spec Z(X) is defined by ® in ¥y, and Zx = Zy N X;.

Wehave 7: X \ZX = Xo — X for Z-models of X, Xy, X1, Zx defined in Y Yo, Yl, Zy by @ (regarded
as an affine equation for Xo, X 1 ZX and as CI Y-homogeneous for X ).

Proposition 2.4. We have

Xo(Z) = {x = (Xp)pex(1) € 7EM - o(x) =0, ged{x, : p € S;} =lorallj =1,...,r},
Xo(Zp) = {x = (xp)pez) € ZoV - D(x) =0, p £ ged{x, : p € §;}orallj = 1,...,7}.

The map 7 induces a 2*%X : 1-map Xo(Z) » X(Z) = X(Q).

Proof. Arguing as in [65, (11.5)], but using the description of Zy by the primitive collections shows
Yo(Z) = {y e Z* : ged{y, :p€eS;}=1forallj=1,...,r}.

Since X is defined by @ in Y, the first result follows. The description of X (Z,,) is obtained similarly.
By [65, Lemma 11.4], 7 induces a 2*“'Y : 1-map Yo(Z) = Y(Z) = Y(Q). Restricting to the points
where ® vanishes gives the result. O

3. Heights in Cox coordinates

In this section, we construct an explicit adelic metrization of the anticanonical bundle of our variety X
with one relation @ in its Cox ring (Section 3.1), using the charts from Section 2.1 and Poincaré residues.
This metrization is the basis for the construction of an anticanonical height function (Section 3.2) that
we use to count points, and of the Tamagawa measure for Peyre’s expected leading constant (Section 4).
On the universal torsor, only the Archimedean factor of the height function remains (Section 3.6).
This leads to the main result of this section: a completely explicit description of the counting problem
(Proposition 3.8) in terms of the Cox ring of X. Section 3.5 contains some related linear algebra results
that will be used later.
We keep the assumptions and notation from Section 2.

3.1. Adelic metrization of a);(l via Poincaré residues

Here, we use the notation and results from Section 2.1. A special case of the following can be found
in [8, §5]. There is a global nowhere vanishing section sy of wy (Do) (2.4) whose restriction to every

open subset U7 C Y as in (2.10) for 0 € Zpmax is £ A peq(1) dz (see [25, Proposition 8.2.3]). Recall
the definition of ®“ (2.12).

Lemma 3.1. For each o € Zyx, we define

Dy

o7 = [f( 5 €Dy (D(@) + X)); G.1)

this is a nowhere vanishing global section of wy (D (o) + X). On U, we have

+1
w7 = o A dzg € D(U7, wy (X)).
peoa(l)

Proof. For the first statement, note that x2° (x? () ®)~! corresponds to the divisor Dy — D () — X.
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On U7, we have

o XD deg .
@ = e /\ Z—UEF(U ,wy (X)) (3.2)
pea(l) P

where I'(U”, wy (X)) = T'(U7, wy (D(0) + X)) since D(0)y, = 0 by Lemma 2.3. With 87 as in

(2.13), let
xPo
A= e
xDP (o) [Mpeory x0”

In view of (2.12), we obtain

+1 dzg

v’ == N\ —£elU,wy (X))
pea(l) P

On U, we have

div A = (divx®0) . — (divaP )y — Z BID, = (divx™)y, —0-0= (divx™)y, .
pgo (1)

We also have div [[ e (1) 25 = (div xP0) .. Therefore, A = [Tpeo) 25 on Uy, and we obtain the
second statement. O

The Poincaré residue map
Res: wy (X) — t.wx (3.3)

is a homomorphism of Oy -modules. On the smooth open subset U of ¥, itsends @ € ['(U7, wy (X))
toResw? e I'(U7, .wx) =T'(X7, wx), which is given by

+1
Resw? =

- dz7 34
907925, K 4

pea(H\{po}

on the open subset of X (see (2.11)) where 007 /0z

"0

# 0, for any pg € o (1).

Lemma 3.2. The section Res w? extends uniquely to a nowhere vanishing global section of wx (D (o) N
X).
Proof. This is similar to [8, Lemma 13]. Since sy generates the Oy -module wy (Dy), each
o X
Doe Y

generates the Oy-module wy (X + D(0)). Since (*Oy (D(0)) = Ox(D(o) N X) (using that X ¢
supp D (o)), the isomorphism ¢*wy (X) — wy adjointto Res: wy (X) — t.wx induces an isomorphism
Fwy (X+D(0)) = wx(D(o)NX) that maps *w? to Res w . Hence, Res @ generates wx (D (o) N
X), that is, it is a nowhere vanishing global section. O

Therefore,
77 = (Resw?)”! (3.5)

is a nowhere vanishing global sections of w;(l (=D(o) N X), which we can also view as a global section
of wyl.
b'¢
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Lemma 3.3. The section 77 € I'(X, a);(l) does not vanish anywhere on X .

Proof. The previous lemma shows that 77, as a global section of a))}l, has corresponding divisor
D(o) N X, whose support is contained in X N {J,¢, Dy, Which is the complement of X (2.11). O

For any place v of Q, we define a v-adic norm (or metric) on a);(l by

-
Py = m =) 3.6
Il = min |2(P)| (3.6)
for any local section 7 of w)‘(l not vanishing in P € X(Q, ). The next result shows that our family of

local norms || - ||, for all places v is an adelic anticanonical norm as in [61, Définition 2.3]; see also [9,
Lemma 8.5].

Lemma 3.4. Let p be a prime such that X is smooth over Zp. On w)‘(l, the p-adic norm || - ||, defined
by (3.6) coincides with the model norm || - ||}, determined by X over Z,, as in [65, Definition 2.9].

Proof. Let P € X(Qp), and let 7 be a local section of a)X not vanishing in P. Choose ¢ € X« such
that |(7%/7)(P)|p, = maxgesx,,, |(t7/7)(P)|,, which is positive by Lemma 3.3 and the fact that the
sets X7 cover X (2.11); in particular, 7¢ does not vanish in P. Hence, we can compute

7/T)(P)|
O = mos || = mox (IO
I (Pl T§< )| = e e o
On the other hand, for each o € X,,.«, the section 77 extends to a global section 77 of wvz , and
P
w2 is generated by the set of all these 77 as an O%-module. The computation above shows for every

X/z,
O € Yax that |:—‘;(P)|p < 1, hence 77 (P) = a,7¢(P) for some a, € Z,, in the Q,-module w3 (P),

and hence also 77 (P) = a,7%(P) in the Z,-module P* (w ) Therefore, P* (w~ ) is generated

by 7¢(P) and consequently ||7¢ (P)||;, = 1 by definition of the model norm. Finally, we have

IT(P)llp = (/7)) (P)p - 175 (P)lp = 1(x/T5)(P)]p - 175 (P, = T (P)II,-here

3.2. Height function

Asin[61, Définition 2.3], our adelic anticanonical norm (|||, ), (3.6) allows us to define an anticanonical
height H : X(Q) — R, namely

HP) =] TIP3 (3.7)

for any local section 7 of w, ! not vanishing in P € X(Q); here and elsewhere, the product is taken over
all places v of Q. This anticanonical height on X (Q) depends only on the choice of Cox coordinates on
X (2.1).

In the following lemma, x?(?) and Fy are homogeneous elements of Q[x, : p € 2(1)] of the same
degree in Pic X. Therefore, x”(?) / F;y can be regarded as a rational function on X that can be evaluated
in P € X(Q) if Fy does not vanish in P.

Lemma 3.5. For any polynomial Fy of degree —Kx not vanishing in P € X(Q), one has

D (o)

H(P):l_[ max al

O €Zmax
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Proof. Since the sets X as in (2.11) for ¢ € Zpax cover X, our point P is contained in X¢(Q)
for some ¢ € Zpa. By Lemma 3.3, we can compute H(P) with 7 := 7¢ as in (3.5). We have
@’ = x P xPE) ¢ by definition (3.1). Since Res is an Oy-module homomorphism (3.3), this
implies 77 = xP () x~P (&) & Therefore,

£ " xD(a')
l== (P, = Jnax W(P) > (3.8)

max

f(P)‘

o EZmax

hence our claim holds for Fy := xP (). By the product formula, it follows for arbitrary Fy not vanishing
in P. o

3.3. Heights on torsors

We lift the height function H to the universal torsor X as in Section 2.2 as follows. Let
Ho: Xo(Q) — R>o

be the composition of 7: Xp(Q) — X(Q) and the height function H defined in (3.7). The following is
analogous to [65, Proposition 10.14].

Lemma 3.6. For Py € Xy(Q), we have

Ho(Po)‘l_[ max |27 (o).

Zinax

Proof. Let P = n(Py) € X(Q). For Fy of degree —Kx not vanishing in P and o € X,x, we can compute
(xP(@) /Fy)(P) as in Lemma 3.5, but we can also regard x” (%) and F, as regular functions on X, that can
be evaluated in Py. Here, we have x?(9) (Py)/Fy(Py) = (xP(9) /Fy)(P). Using Lemma 3.5, we obtain

yD(o) xD(">(P0)
Hy(Py) =H(P) = P I 4
oo == [ 1 e [0 =T [
and [1,, |Fo(Po)l, = 1 by the product formula. O

The next result is analogous to [65, Proposition 11.3].

Corollary 3.7. For any prime p and Py € fo(Zp), we have

max |xD(‘T) (Po)lp =

O € 2Zimax
For Py € Xo(Z), we have

Hy(Py) = max X2 (Py)oo

Proof. Let p be a prime and Py € J?O(Zp). Then Py mod p is in XO(FP). Since Xj is defined by the
irrelevant ideal in X, as in (2.15), there is a & € Zhax such that xé(Po mod p) # 0 € F,,. Since the
support of D (&) is as in Lemma 2.3, we have x?(¢) (Pg mod p) £ 0 € Fp, and hence |xD(Ef(P0)| =1
Using xP@)(py) € Zy, for all o € Tpax, we conclude max ey, |xD("')(P0)|p =1.

Therefore, for Py € fO(Z), only the Archimedean factor in Lemma 3.6 remains. m]
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3.4. Parameterization in Cox coordinates

The following proposition translates the analysis of Nx y g (B) into a counting problem as described
in the introduction that is amenable to methods of analytic number theory. It parameterizes the rational
points on X by integral points on the universal torsor Xy in terms of the torsor equation from the Cox
ring (2.1), the height conditions from the anticanonical monomials (2.8) and the coprimality conditions
from the primitive collections (2.16).

Proposition 3.8. Let X be a variety as in the first paragraph of Section 2 that satisfies the assumption
(2.3). Let U = X \ Upex(1) Dp be the open subset of X where all Cox coordinates x,, are nonzero. Let
H be the anticanonical height function on X (Q) defined in (3.7). Then

1 ) ®(x) =0, max xP ()|, < B,
— . 0 €Zmax
NX’U’H(B)_W# XGZ#) : ,

ged{x, :pe€S;}y=1foreveryj=1,...,r

using the notation (2.1), (2.8), (2.16).

Proof. We combine the 2%Pi¢X : |_map and the description of %(Z) from Proposition 2.4 with the
lifted height function in Corollary 3.7. The preimage of U(Q) in Xo(Z) is the set where x,, # 0 for all
peX(l). O

3.5. Some linear algebra

The monomials x(?) and the polynomial ® that appear in Proposition 3.8 are not independent. In this
subsection, we analyze this dependence and describe it in the form of a rank condition on a certain
matrix. This will be useful later when we apply methods from complex analysis to obtain an asymptotic
formula for Nx ¢/ u (B).

We consider Q7 = Qz(l) (2.2) with standard basis (e, ),ex(1) indexed by the rays of Z. Let

p: Q™M (Pic X)o

be the surjective linear map that sends e, to [D,] = deg(x,) asin (2.7). For x = (x,)pez(1) € Qf(l) for

some place vof Q and v = (vp)pex (1) € Zig), letx' == [[,ex(n x;”.

Lemma 3.9. The set Q = p~!(-Kx) N Qig) is a bounded polytope of dimension J — rk Pic X. Its set

V" of vertices of Q lies in Zigl). Let v be a place of Q. For all nonzero x € QE(I), we have

max [xP(7)],

= max |x"],.
O €Zmax ve7

Proof. In the notation of the proof of Lemma 2.3, write D = 3}, a,D,,. Then the —x - are the vertices,
and possibly (if —Kx is not ample) some other points, of the rk M-dimensional polytope

Pp ={x € Mg : {(np, x) = —a, forall p};

see [25, §4.3 and after Lemma 9.3.9].
Now, consider the injective affine map ¢: Mg — Q¥ y > 2plap +(np, x))e, as well as the
linear surjective map p: Q¥ — (C1Y)q. We have tk M = J — rkPic X and im(p o ¢) = {-Kx}.
Moreover, the condition ¢ () € Qigl) is equivalent to (n,, y) > —a, for all p. It follows that ¢ restricts
(1)
0

to a bijection Pp — Q = p~'(=Kx) N Q3 - Hence, Q is bounded and of dimension J — rk Pic X.
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As we have p(—y) = D(0), where D (o) is interpreted as an element of 7= in the obvious way,
we obtain 7" C ¢({D(0) : 0 € Zpax}) € Q. Hence, the equality

max [xP(7)],

= max [x"],
O € max veV

(1)

holds, and, since ¢(M) € 2=V, we also obtain 7" C Z3,’.

O
We recall (2.2) and the notation (2.8) for the exponents 5" occurring in xP (@) We write the defining
equation @ from (2.1) in the form

®= Zk: b [ % (3.9)

(i. e., k is the number of monomials, and h; = (h;p)pes(1) € Zigl)

of ®). We now consider the block matrix

is the exponent vector of the i-th term

_ (e > (J+)X(N +k)
d_(% m)eR . (3.10)

Here, o1 = (ag)( 0,0) €S (DX Emax € R7XN is the height matrix for the height function from Proposition
3.8. We let of, € R?*K be the matrix whose i-th column is h; —hg fori = 1,. ..,k — 1 and whose k-th
columnishg — (1,...,1)T. Furthermore, let &/3 = (1,...,1) e RN and o4 = (0,...,0,-1) € R*¥,

The definition of o> may appear to be somewhat artificial. Its purpose will become clear in (8.21) in
Section 8.4.

Lemma 3.10. We haverk of =rk of1 =J —rkPic X + 1.

Proof. According to Lemma 3.9, the polytope Q spans an affine subspace of dimension J — rk Pic X
in R/, which does not contain 0 since —Kx # 0. It follows that Q spans a vector space of dimension
J —1kPic X + 1 in R’ . This shows rk &/} = J — rk Pic X + 1.

Since the columns of /| lie in an affine subspace of R’ that does not contain 0, a linear combination

of these columns can be 0 only if the sum of the coefficients is 0. It follows that we have rk( gi ) =rk .

Since ® is Pic X-homogeneous, the first k — 1 columns of /> lie in p~'(0). Moreover, note that the
last column of </, lies in p~!(K) since deg ® — 2pex(1) deg(xp) = Kx by [2, Proposition 3.3.3.2].

Together with the fact that the columns of &/; lie in p~'(—Kx), we obtain rk o = rk( z; ) O

Let { = ({1, .., {x) € R be a vector satisfying

k k
Li>0foralll <i<k, Zhip§i<lfora11p€2(1), Zg,-:l. (3.11)
i=1 i=1

This condition will reappear in Part IT as (5.10).

Lemma 3.11. Let { be as in (3.11), 71 = (1 = T hipdi)pes 1)
7 = (11, 1) 7. The system of J + 1 linear equations

A\
o o=T

(1,...,1) = 2%, &ihy, and let

has a solution o € R’;’O.
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Proof. According to [2, Proposition 3.3.3.2], we have 7 € p‘1 (=Kx). It follows from Q = p‘1 (-Kx)N
QEBI) that the relative interior of Q satisfies Q° 2 p~!(-Kx) N QEBI). Since all coordinates of 7| are
positive, we obtain 7; € Q°. Since the columns of & are the vertices of Q, the column TlT can be
written as a linear combination of the columns of &f; with strictly positive coefficients whose sum is 1.

The existence of o € Rfo as required follows. O

4. Tamagawa numbers in Cox coordinates

In this section, we use the adelic metrization (see Section 3.1) of the anticanonical bundle on our variety
X to make the local measures (Section 4.1) explicit that are used in the Tamagawa number (Section 4.2)
in Peyre’s constant. We lift the p-adic measures to the universal torsor (Section 4.3), which allows as to
express the p-adic densities in the Tamagawa number in terms of the number of points on the universal
torsor modulo p’, which is the number of solutions modulo p’ of the relation @ in the Cox ring
(Section 4.4). Furthermore, we rewrite the real density and Peyre’s constant @ (Section 4.5) in a way
that will appear in our analytic method in Part II. In total, we obtain a description of Peyre’s constant
for X in terms of the Cox ring of X (Proposition 4.11).

We continue to work in the setting of Sections 2 and 3. Additionally, we assume that X is an almost
Fano variety (e. g., a smooth Fano variety) as in [61, Définition 3.1] (i. e., X is smooth, projective and
geometrically integral with H'(X, Ox) = H*(X, 0x) = 0, free geometric Picard group of finite rank,
and big wy,).

4.1. Local measures

By [60, (2.2.1)], [61, Notations 4.3] and [65, Theorem 1.10], the v-adic norm || - ||, on u);(l defined in
(3.6) induces a measure u, on X(Q,). We express it using the Poincaré residues from Section 3.1 and
the affine charts from Section 2.1; in particular, recall (2.8), (2.11), (3.1), (3.5). See [8, (5.8), (5.9)] for
an example of the next result.

Proposition 4.1. Let & € X, For a Borel subset N, of X¢ (Q,), we have

|Resw? |, _ |Res w? |,

My (Ny) = 4.1

N, MaXgex,, [T Res@é],  Jy, maxyes,, |xP(9) /xPE)],’

where |Res @w? |, is the v-adic density on X% (Q,) of the volume form Res @w¢ on X¢.
Let py € £(1). If N, is contained in a sufficiently small open v-adic neighborhood of a point P in
X£(Qy) with 80¢ /325, (P) # 0, then

¢

(V) = Apee\ipo} 92 @)

HATI= e ODE |07 (2€ D(0) (z¢ '
7oy (V) |0@ [0z, (25) ]y MaX ey, X717 (25)]y

in the affine coordinates z¢ = (Zf):)pe.f(l)y where ﬂgol U¢(Q,) = Qf(l) - Qf(l)\{p‘)} is the natural
projection and zjo is expressed in terms of the other coordinates using the implicit function for ®%.

Proof. As in (2.14), the implicit function theorem gives a v-adic neighborhood Uy € X¢(Q,) of P
and an implicit function ¢: V — Q, for V = ﬂgo(U()) - Q;”f(])\{p"} such that ®¢ (z¢) = 0 for all
2% € X%(Q,) with zgo the image of (Zg)pgf(])\{p()} € V under ¢. We work with |75 (P)]|, as in (3.5)

and use xP(€)(z%) = 1 (see (2.8)) in our affine coordinates on X4 (Q,). Then the formulas in [60,
(2.2.1)] and [65, Theorem 1.10] give (4.2) for N,, € Uy. Indeed, our chart is

m=a5:Uy—VC Q¢ (M\ipo}
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In this chart, by (3.4), the image of the local canonical section A\ ;e 1)\ (o0} dzg under

. *
w(7): T'w, e — wx
Q

is 9D¢ / 8zf;:0 -Res @w? . This implies that the image of the local anticanonical section \ pes(D\{po} aif
¢ =

under

t -1, _*x -1
w(rn) " :m W, £\pt 7 Wx
Q

is ((9(I>§/8z§0)‘1 - 7¢ . Therefore, u, (N,) for N, C Uy as defined in [Peyre95, (2.2.1)] is the integral
over n(N,,) of

wy = (@04 /0z5) " - T (0 (G pecano) [\ dzf
pe&(M\{po}

=100¢ /025, L 1T @ N\ .
peg(M\{po}
Using (3.8) together with xP(€) (z€) = 1, we obtain (4.2).
By (3.4), we see that the right-hand side of (4.1) coincides with (4.2) for N,, C Uy. Since X is smooth,
X¢(Q,) canbe covered with such Uy, hence u,, (N, ) is equal to the right-hand side for all N,, € X¢(Q,)).

Since @ Jw¢ = xP &) /xP(?) by definition (3.1), we have 77 Res w? = 17 /1¢ = xP () /xP (&) py
(3.5), and hence the integrals in (4.1) are equal. O

4.2. Tamagawa number

Here, we use some standard notation as in [60, §2], [01, §4]. Let S be a sufficiently large finite set of
finite places of Q as in [61, Notations 4.5]. For any prime p € S, let

L,(s,PicX) := det(1 — p~* Fr, | Pic(Xz ) ® Q.
Since X is split, L, (s, Pic X) = (1-p~)"™*PieX hence

Ls(s,PicX) = ]—[ L, (s, PicX) = £ (s)™FieX ]_[(1 — pS)kPieX
péesS peS

Therefore, limy_, (s — )™ P X Lo (s, Pic X) = [ ,cs(1 — p~")™*FX and the convergence factors are

_1 . = _1 rk Pic X
4 = L,(1,PicX) =(1—p )

for p ¢ S and /l;,l =1 for p € S. Hence, Peyre’s Tamagawa number [61, Définition 4.5] is

71 (X) = oo (XR) [ [ (1= p™) P ¥, (X(Qp)). (4.3)
p

The Euler product converges by [61, Remarque 4.6].
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4.3. Measures on the torsor

By [25, Proposition 8.2.3], we have a rational #%(1)-form

dy
5Y, £

pesy(l) 2P

on the toric principal universal torsor Yy C Y] = Aé"(l) as in Section 2.2, with coordinates y,, for

p € Xo(1), using our bijection (1) — X(1). Now, we regard ® and y” (defined as in (2.5) for U-
invariant divisors D on Y) as polynomials in y, and as functions on Y. As in [8, (5.12)] and using the
notation (2.6), (2.8), we define

D,
o_ Y

Wy, = yD(o-) 0} Yo

for each o € X.x, and

1
wYoza /\ dyp.
pETY(1)

We have
@y, = @y, [yP() 4.4)

on the open subset Y7 := 7 W (U?) of Yy; see (2.10).
‘We have

@y, € LYy, wy,(Xo))

with Poincaré residue Res w{% € I'(Xy , wx,) on X§ = rH(X7) = Xo N Yy . As in Section 4.1, we
obtain a v-adic measure m, on Xo(Q, ) defined by

) / | Res w;;col‘,
m =
T Uy maxpes,, [YP(O [yP &),

for a Borel subset M, of XOét (Qy). Alternatively, we can write

o (M )_/ | Res @y, |y
v v) —
M, MAX g eF |yD(U)|v

because @y, € I'(Yp, wy, (Xp)) has a residue form Res @y, € I'(Xp, wx,) that restricts to yP (&) Res w;’;

on XOf by (4.4). If M,, is sufficiently small, this is explicitly

o (M )_/ Npeso()\ipo) DVp @5)
v v) — .
Ty (M) |ad)/axpo Ml MaX e |yD(0)|v

in the coordinates y = (y,)pex, (1), Where 7, is the projection to all coordinates y, with p # po and
where y,, is expressed in terms of these coordinates using the implicit function theorem.

Lemma 4.2. Let D(I)/0 = 1*Dyg be the sum of the prime divisors defined by y, = 0 for p € Zo(1). Then
there is a unique nowhere vanishing global section sy,;y € I'(Yo, wy,/y) such that sy, = sy,;y ® n*sy

via the natural isomorphism a)yO(DgO) = wy,)y ® m*wy (D).
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Let sx,/x be the image of v;sy, vy under the isomorphism I'(Xo, ¢ a)yo/y) — I'(Xo, wxy/x), and s§, Xo/X

be the restriction of sx,/x to X; . Then Res wY =s9 ., ®n*Resw” under the canonical isomorphism

Xo/X
wx, = Wx,/x ® T*wy.

Proof. See [8, Lemma 16]. ]

Lemma 4.3. For any prime p, we have m (fo(Zp)) =(1- p_l)rkPiCX,up (X(Qp)).

Proof. Our proof follows [8, Lemma 18]. By [65, pp. 126-127], the map 7: Xy — X induces an v-adic
analytic torsor 7, : Xo(Q,) — X(Q,) under T(Q,). By [65, Theorem 1.22] and the previous lemma,
the relative volume form sx,/x defines v-adic measures on the fibers of 7, over X(Q, ). Integrating
along these fibers gives a linear functional A, : C.(X(Q,)) — C.(X(Q,)).

Let yp: X0(Qp) — {0,1} be the characteristic function of XO(Z,,) C XO(Q,,) = Xo(Qp). Since

Xp € CelXo(@p)), we have 1y (Ro(Zp)) = fy o) Ay Cep)itp:

We claim that (A, (xp))(P) = (1 = p)*PieX for every P € X(Qp) = X(Z,). Indeed, we have
Sy, = Syv © n*sy, where 55, /7 is the extension of sy,;y to a T- equivariant generator of wy N
Furthermore, sy,,x extends to a T- -equivariant generator sg & of wg Ro/X For a point P € X (zp), the
torsor Xy — X can be pulled back to (XO)P — P, and hence 5%,/% pulls back to a sz -equivariant global

section 5,5, onw,g . But the torsor over P is trivial, and T = G’, with r = rk Pic X , hence there
(Xo)p (Xo)p/Zp m

are affine coordinates (1, ...,t,) for the affine Z,-scheme (Yo)p with S(Royp = diy/ty A -+ A dty /8.
Therefore,
dr
Mol @®) = [ sy o= ([ S =a=p
P Fopzp) P N gt .

4.4. Comparison to the number of points modulo p°¢

In this section, we describe y, (X(Qp)) in terms of congruences. In the special case Y = P" this was
worked out in [62, Lemma 3.2].
Let p be a prime. For ¢ € Z.(, using notation (2.16), we have

Xo(Z/p'Z) = {x € (Z/p‘7)* V) : d(x) =0 € Z/p'Z, p t ged{x, :peS;tforallj=1,...,r}

as in Proposition 2.4 and define

1 #X0(Z/p'Z) -
Cp = [l]_)n;lo W and Cfin == l;[cp. (46)

We will see in Proposition 4.5 that the sequence defining ¢, becomes stationary; in particular, the limit
¢ — 4o exists. The convergence of cg, will follow from Proposition 4.6; see (4.3). For x € Xo(Z/p’Z),
let

Xo(Zp) = 1{y € Xo(Z,) | y = x mod p‘}.

Lemma 4.4. There is an {) € Z~( such that the following holds for all ¢ > {,: for any x € Xo(Z/p‘2),
there is a nonnegative integer cx < {1 and an px € (1) such that for all'y € Xo(Zp,)x one has

inf {v,(0®/0x,(y))} =vp(0P/0x, (y)) = cx.
peZ()
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Proof. Since X is smooth, Xj is also smooth. Hence, for any y € Xo(Q,), we have 0®/dx,(y) # 0 for
some p € X(1). In particular, for any y € )?O(Zp), the valuation v, (0®/0x,(y)) is finite for some p.
Hence, 1,(y) = inf,es(1){v, (0P/0x,(y))} is finite.

There is an ¢; such that I,(y) < {; forally € YO(Z,,). To see this, assume the contrary. Then there
is a sequence yi,y2,... € fo(Zp) with 1,,(y;) > j for all j. The description of fo(Zp) in Proposition
2.4 shows that this sequence has an accumulation point y( € )A(})(Z p): Infinitely many y; have the same
first p-adic digits, infinitely many of these have the same second p-adic digits and so on; we obtain yq by
using these p-adic digits; ®(yo) = 0 since @ is continuous, and yy satisfies the coprimality conditions
since these depend only on the first p-adic digits. Passing to a subsequence, we may assume that yj is
the limit of the sequence (y;);. Then 0®/dx,(yo) = lim; ..o dP/dx,(y;) = O for all p € X(1). This
contradicts the smoothness of X over Q,,.

Letf > ¢ and x € fO(Z/p[Z). For any y € fo(Zp)x, the first £ digits of 0®/dx,(y) depend only
on x, and since I, (y) < €1 < ¢, at least one of these digits is nonzero for some p € X(1). We choose cx
and py such that digit number cx (i. e., the coefficient of p“* in the p-adic expansion) of d®/dx, (y) is
nonzero, while all lower digits of 0®/0x,(y) for all p € X(1) are zero. O

Proposition 4.5. For every prime p, there is an £y € Z~q such that for all £ > {y we have

~ = ¢
mp(Xo(Zp)) = %

Proof. Let {; be as in Lemma 4.4. For x € Xo(Z/p©Z) and € > {1, let
Xo(Z/p T = {y € (Z/p’Z)*") | B(y) =0 € Z/p'Z, y = x mod p"}.
We will see that

#).(O (Z/p[Z)x

mp(Xo(Zp)) = (0] 4.7)

for all € > €1 + cx with ¢y < €; as in Lemma 4.4. Since )?o(Zp) is the disjoint union of the sets }ZO(ZP)X
and Xo(Z/p‘Z) is the disjoint union of the sets Xo(Z/ptZ)x for x € Xo(Z/p“1Z), our result follows for
all € > €y =26, — 1. B

For the proof of (4.7), we fix x € Xo(Z/p©Z) and let cy, px be as in Lemma 4.4. We claim that
®(y) mod p1*ex is the same for all y € Zi(l) with y = x mod p%'; we write ®*(x) for this value in
Z/ph+Z. Indeed, for y,y’ € Zi(l), we have

DY) =Dy + D () =3p) 0/, (V) + D P (% Y)Yy = ) Ve = V)
peX(1) p.p” €X(1)

for certain polynomials ¥y v € Z;[X,, X, : p € Z(1)] by Taylor expansion. If y’ = y mod ph, we
conclude ®(y’) = ®(y) mod pii+es.

Ifo*(x) #0 € 7/ pO1*<<Z, then there is noy e Z?‘,(l) with y = x mod p”' and ®(y) = 0, hence the
set Xo(Zp,)x is empty, and the same holds for Xo(Z/ ptZ)y for all £ > € + cx for similar reasons.

Now, assume ®*(x) = 0 € Z/p“1*xZ. By Hensel’s lemma, the map r,, that drops the py-coordinate
defines an isomorphism from the integration domain YO(ZP )x to the set

{Oplpeznipy € Z2MP) |y, = x, mod p@ forall p € (1) \ {px}}

={(xp + 2Zp)pez()\(py} | 20 € P()IZP} = (PFIZP)E(I)\{M}'
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Therefore, by (4.5) and the first statement in Corollary 3.7,

7 Noez()\ (o} Dp
My (Xo(Zp)) = / Noesinipy e
: P S Bz 109/ 0x0,(Y)1p

where y,, is expressed in terms of the other coordinates using 7r;x'. We have |0 /0x,, (y)|, = p~ on
the integration domain (Lemma 4.4). Thus,

X Npes(\ipx) 92p ~ B
my(Xo(Zp)x) = / ‘ % = pex b))
(pZIZl,)l(l)\(Px} p =

On the other hand, by the discussion above, ®*(x) = 0 € Z/p©1**Z means ®(y) = 0 € Z/pO1*Z for
ally = x mod p®'. Therefore,

#X0(Z/ pirez) o opedE) ex—t1 (HE(1)=1)
(plrren )= (D=T — (pliven)fE(D-T =P :

Using Hensel’s lemma as before, we see that #Xo(Z/p’Z)/(p©)**()~! has the same value for all

€ > {1 + cx. This completes the proof of (4.7). O

Proposition 4.6. We have
(1- Pil)rkpicxﬂp(X(Qp)) =Cp.

Proof. We combine Lemma 4.3 and Proposition 4.5 with (4.6). O

4.5. The real density

In this section, we compute the real density and Peyre’s @-constant in terms of quantities that come up
naturally in the analytic method in Sections 8 and 9. For the case Y = P&, see [60, §5.4].
For any o € X ,ax, We can write

-Kx = Z @, deg(xp)
pgo (1)

with a/g € Z by Lemma 2.3. In this section, we assume for convenience:

Every variable x,, appears in at most one monomial of ®.

There are o € Zimax, po € 0(1) and p; € £(1) \ o (1) such that a; # 0,
4.8)

the variable x,,, appears with exponent 1 in ® and

no x, with p € o-(1) U {p1} \ {po} appears in the same monomial of @ as x,,.

This assumption will be satisfied and easy to check in all our applications. It implies assumption (9.2)
below and hence will allow us to compare Peyre’s real density with ¢ as in Section 9.

We fix o, po, p1 as in (4.8). Let o(1)’ := o (1) U {p;}. When we write p ¢ o (1)’, we mean
p € Z(1) \ o(1)". Because of ¢ # 0 and (2.7), {deg(x,) : p ¢ o(1)’} U {Kx} is an R-basis of
(Pic X)=. Hence, we can define the real numbers b, v and b to satisfy

deg(xy) = by Kx — Z by deg(xy)
péo(l)

for p’ € o (1)’.
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We consider the height matrix /1 = (@) (p,0) X (1) € RE(XZmax = RIXN a5 in (3.10). Let Z,
for p € X(1) be the rows of this matrix. The following shows that our definition of b, ,» and b is
consistent with definitions (8.23) and (8.24) that will be needed in Section 8.

Lemma 4.7. We have

Zy= Y bppZy and (1,...,0)= > byZ,
pea(l)y peo(ly

Jorall p ¢ o(1)’. In particular, with
R=2+dimX =J—-rkPicX +1, “4.9)

the R rows {Z, : p’ € o (1)} form a maximal linearly independent subset.

Proof. Asin (3.10), let o3 = (1,...,1) € RP>Fmx = RIXN Tet{e, : p € £(1)} U{eo} be the standard
basis of R x R. We define deg(ep) = deg(x,) for p € £(1) and deg(ep) = Kx. Consider the sequence
of linear maps

A3

.Qf])
d
R — 5 R x R =% (Pic X)g — 0.

The second map is surjective, and the image of the first is contained in the kernel of the second. Since
we have rk o/ = #X(1) + 1 — rk Pic X by Lemma 3.10, this sequence is exact. It follows that the dual
sequence

(" 7)

di Vv
RZme: R*D xR & (Pic X)Y «—0

is exact as well. Let {d; : p ¢ 0°(1)"} U {K } be the R-basis of (Pic X); dual to the R-basis of (Pic X)r
given above. We have

deg”(dy) = e, - Z bypey and deg'(Ky)=eg— Z byey
peo(ly peo(l)

for all p ¢ o-(1)’. Since these elements lie in the kernel of the leftmost map in the dual exact sequence,
this gives the required relations between the rows of the matrix &/; and the row /3. O

We compare the factor a(X) of Peyre’s constant as in [60, Définition 2.4] to
¢ = vol{r € [0,00]* N s py = N by > Oforall p’ e a'(l)’}, (4.10)
pgo (1)
which will appear in (8.34).
Lemma 4.8. We have

[
a(X):kd_ﬂc .
1

Proof. Let volz be the volume on (Pic X)r defined by the lattice Pic X, and let volg be the volume on
(Pic X)r defined by the basis {Kx }U{deg(x,) : p ¢ o (1)}. Since the determinant of the transformation
matrix is —a,, , we have volz = |ag) | volg. For the corresponding dual volumes on (Pic X )z » We have
voly = |ag ™! voly.
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Peyre considers the unique (rk Pic X — 1)-form volp on (Pic X )ﬂ\g such that volp AKx = vol%. We also
consider the form voly = A ¢ (1) deg(x,). Note that we have voly AKx = volg. It follows that we
have volp = [ |~ voly . These forms can be restricted to volumes on any affine subspace parallel to
the subspace V = {¢ € (Pic X); : (¢, Kx) = 0}. Hence,

a(X) =volp {r € (EFfX)" : (r,Kx) = -1}
=laJ | voly {r € (Pic X){ : (r,Kx) = —1,(r,degx,) > Oforall p € Z(1)}

ro=-1,r, >0forall p ¢ o(1)’,

=1a% "' voly { roKY. + rodY ,
afi I voly yroKS + ) rpdy by = Speo(ty Tobpyr = 0 forall p’ € o (1)’

pgo (1)

and the claim follows. ]

Next, we analyze Peyre’s real density u.(X(R)) as given in Proposition 4.1. By our assumption
(4.8), the equation ® = 0 can be solved for x,, when all x, with p ¢ o (1)" are nonzero; here, the
implicit function ¢ is a rational function in {x, : p € X(1) \ {po}} whose total Pic X-degree is deg(x,,).
Whenever S € o (1)’ \ {po} and u = (u,) € RS, we write ¢(u, 1) for A ((Xp)pex (1)) {po}) With x, = 1,
for p € § and x, = 1 otherwise; this is a polynomial expression in u. Using notation (2.8), we write

D(o")|

H.(x) = max |x
o’'eX

ax

for any x € R*(1,
For the computation of u, (X(R)), we work with (4.2) and the chart (2.14) from the subset of X7 (R)
to R (D\{Po} that drops the po-coordinate. Its inverse is induced by the map

¢(z,1), p=po,
f: ROW\pod , g2 4 = (zp) = (xp) Withx, =4 z,, p €o(1)\{po},
1, p¢o(l)

if we interpret the right-hand side in Cox coordinates. Since f(R(\{Po}) and X (R) differ by a set of
measure zero, Peyre’s real density can be expressed as

dz

oo = (X (R)) = / . @.11)
2ere Vo) |0D@/0xp, (f(2))] - Hoo f (2))
Using the map
¢(t.1), p=po,
g: RO} 5 RED ¢ = (1)) 15 (x,) with x,, = {1,,, pea(1)\{po},
1, p&o(l),
we define
dt
- 2#2(1)—#0(1)—1/ <« (4.12)
teRT W\ H, (g() <1 |0P/Ixp,(g(1))]

which will reappear in (9.3) and (9.7).
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To compare we and ¢, we use the following substitution.

Lemma 4.9. Let ¥ be a Pic X-homogeneous rational function in {x,, : p € (1)} of degree

Z a“;,p deg(x,).

peo(1)

o

Let a/‘)’,’p € Zfor p’ € X(1) and p ¢ o (1) be as in (2.9). Then the substitution z,y = t;l(lp',pl ty for

p' € (1) \ {po} gives ([ () = 1, " ¥(g(V). In particular, $(z.1) = 1, "' §(t. 1).
If t,,, appears in ¢(t,1) with odd exponent, then there is another t,, with odd exponent in the same
monomial or there is a t, with odd exponent in each of the other monomials of ¢(t,1).

Proof. Consider the case ¥ = x,, first. For p € o (1) \ {po}, the claim holds by definition of the
substitution. For p = pj, we have ¥(f(z)) = 1 = t;ll = t;l%‘p“ll(g(t)). For p ¢ o (1)’, we have

Y(f(z) =1-1= tpla‘y’” "Y(g(t)). Therefore, the claim holds for all monomials and hence also for
all homogeneous polynomials and all homogeneous rational functions in {x, : p € X(1) \ {po}}. In
particular, in the case ¥ = x,,,, since ¢ is such a rational function of degree deg(x,,), the substitution

gives ¥(f(z)) = ¢(z,1) = t;lapo'p' o(t,1) = tpl(hp"" ¥ (g(t)). Now, the claim follows for all monomials,
homogeneous polynomials and finally all homogeneous rational functions in {x, : p € X(1)}.

Let ¢ be the numerator of ¢. Because of (4.8), t,, appears in at most one monomial of (t,1); we
assume that it appears in the first monomial with odd exponent. Therefore, either the exponent of 7,

_(]/U
in the first monomial of 7, “PLy(t, 1) is odd, or the exponents of tp, in all other monomials of this
—-a9
expression are odd. But since our substitution gives ¢(z,1) = t,, "Ly (t, 1), the exponent of ty ina

certain monomial of t;l%“’ "y (t, 1) can only be odd if there is a z,, with odd exponent in the corresponding
monomial of ¥ (z, 1), and then the exponent of #,, in this monomial of ¥ (t, 1) is also odd. O

Proposition 4.10. We have

a/g]|
oo (X (R)) = rkPic x Co°

Proof. Our starting point is (4.11). We use the identity (for positive real s)

1
o= dzp,
S zp, >0, 525, <1

e

to deduce

/ dzdz,,
Weo = —_— .
(22p) ERTONMOINR o, Hoo(f (2)) 2, <1 [0P/ 0% (f(2))]

o

Q,
We use the transformation z,, = #,’" (with positive 7,,) and the transformations from Lemma 4.9.

The latter give Ho(f(z)) = t;]ap "Ho(g(t)) since all monomials appearing in the definition of the
anticanonical height function H,, have degree —Kx ; therefore, Hoo (f (2))-2p, = Hoo(g(t)). Furthermore,

|0®/0xp,(f(2))] = It,, 2001 5 /0x,(g(t))| (even without using the observation that these are the
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same constants by (4.8)). We obtain dz,, = | dt,,, and

|.D1 Pl

~Zpea(O\pg) Y |

dz = |t,, dry.

p'ea(H\{po}

The integration domain is unchanged.
We have —Kx = X, ex(1)deg(x,y) — deg(®) by [2, Proposition 3.3.3.2], and deg(d®/dx,,) =

_ o _ o _ O _ O _ O :
deg(®) — deg(xp,). Therefore, ag = X, ex(1) ag , —ag ., and ‘Ia@/axpo o TG o T Yy Since
a;j,’p = 0y=p forall p’, p ¢ o(1), we conclude that

o _ o _ O
@, = Xy +1 aad)/axpo’pl.

peo()\{po}

This shows that the powers of #,, cancel out so that dzdz, /|0®/dx,,(f(z))| = dt/|0D/Ix,,(g(t))].
Therefore,

dt
Woo = Ia"I/ _
. teR (NP R, Heo(g(t)) <1 |0®/dx,(g(1))]

We claim that

e o / dt
© TP Jhere ool o, Ha (g(0) <1 1090, (g(1))]

has the same value as wo,. Indeed, ¢(t, 1) (the pp-component of g(t)) is the only place where the sign of
t,, might matter. Our claim is clearly true if ¢, does not appear in ¢(t, 1) or if £, has an even exponent in
¢(t,1).If 7, appears in ¢(t, 1) with odd exponent, then the change of variables ;, = —1,,, and 1), == -1,
for all ¢, appearing in the final statement of Lemma 4.9 in w_, shows that w;, = we. Therefore,

lagi| dt

1
Hoo(X(R)) = Weo = = (W0 + Wg,) = _
2 2 teR (MR} XR.., Ho(g(t) <1 |6<D/6xp0 (g(D)]

Since rk Pic X = #%(1) — #0(1) and replacing RT (D\{Po} x R by RT(D"\{Po} does not change the
integral, this completes the proof. O

4.6. Peyre’s constant in Cox coordinates

Proposition 4.11. Let X be a split almost Fano variety over Q with semiample wy, that has a finitely
generated Cox ring R(X) with precisely one relation ® with integral coefficients and satisfies the
assumptions (2.3) and (4.8). Then Peyre’s constant for X with respect to the anticanonical height H as
in(3.7)1is

1

*
= 2rkPicXC CooCfin,

using the notation (4.6), (4.10), (4.12).

Proof. According to [61, 5.1], Peyre’s constant for X is ¢ = a(X)B(X) 71y (X). Here, the cohomological
constant is

B(X) = #H'(Gal(Q/Q), Pic(X ®3 Q) = 1

since X is split. Recall (4.3) for 7 (X). By Lemma 4.8 and Proposition 4.10, a(X)tew (X (R)) = ¢*cco.
Furthermore, we use Proposition 4.6 for the p-adic densities. m}
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Part II The asymptotic formula

This part, culminating in Theorem 8.4, is devoted to a proof of the asymptotic formula (1.5) for the
counting problem described by (1.2), (1.3) and (1.4), subject to certain conditions to be specified in
due course. The nature of our results will be similar to Proposition 3.8, except that we specialize the
general polynomial ® to a polynomial of the shape (1.2). In other words, every variable appears in at
most one monomial, and for better readability in comparison with (3.9), we relabel the variables and
their exponents as in (1.2). In the notation of (1.2), we have

J=Jo+J1+ -+ Ui

variables, where Jj is the number of variables that do not occur in any of the monomials. As mentioned
in the introduction, the particular shape (1.2) is not an atypical situation; it appears sufficiently often in
practice that it deserves special attention. In Section 9, we will also show that if the conditions (1.2)-
(1.4) come from an algebraic variety satisfying the hypotheses of Proposition 4.11, then the leading
constant in (1.5) agrees with Peyre’s prediction, as computed in Proposition 4.11.

Before we begin, we fix some notation for use in the remainder of the paper. Vector operations
are to be understood componentwise. In particular, just like the common addition of vectors, for
X = (X1,...,%n) €C"y=(y1,...,yn) € C", we write X -y = (X1y1,...,X,yn) € C". If x € RY
y € C", we write x¥ = xf '...x;". We also use this notation when x € R" and y € N". We put
(X) = x1x7 - - - x,. We write | - |{ for the usual 1-norm, and | - | denotes the maximum norm. For g € N,
we write u(q) for the Mobius function of g, the Euler totient is denoted ¢(g) and we write > * for

a mod g
a sum over reduced residue classes modulo g. The greatest common divisor of nonzero integers a, b

is denoted by (a, b); confusion with elements of 72 should not arise. The lowest common multiple is
[a,b]. As usual, e(x) = €™ for x € R. Finally, we apply the following convention concerning the
letter £: Whenever € occurs in a statement, it is asserted that the statement is true for any positive real
number &. Note that this allows implicit constants in Landau or Vinogradov symbols to depend on &,
and that one may conclude from A; <« B® and A, <« B? that one has AjA; < B?, for example.

5. Diophantine analysis of the torsor

In this section and the next, we study the torsor equation (1.2) with its variables restricted to boxes. For the
number of its integral solutions, we seek an asymptotic expansion whose leading term features a product
of local densities. All estimates are required uniformly relative to the coefficients by, ..., by € Z\ {0}
that occur in (1.2). We assume k > 3 throughout.

The building blocks of the local densities are Gau3 sums and their continuous analogues, and we
begin by defining the former. Let h = (4, ..., h,) € N be a ‘chain of exponents’. In the following, all
implied constants may depend on h. Then, for a € Z, g € N let

axMxhz ..y axh?
O S e B T R
1<xj<q 4 1<xj<q 4
1<j<n 1<j<n

For a continuous counterpart, let Y € [§,00)", put % = {y e R" : 3¥; < |y;| <Y¥; (1 <j <n)}and
define

I(B,Y;h) = /? e(ByI Yl -yl dy. (5.2)

This exponential integral satisfies the simple bound

1(B,Y;h) < (Y)(1+Y"B)7". (5.3)
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Indeed, if n = 1, then integration by parts yields the bound O (Y'~"*|8|~!), which together with the trivial
bound O(Y) confirms (5.3). If n > 1, then one uses the obvious relation

Yi<lylsn

1Y = [ (e Y ) dy
together with induction. With (5.3) in hand for n — 1 in place of n, one infers (5.3) for n from

HpYi) < r v, [ ey,
ni<lylsn

We now describe the counting problem at the core of this section. Forb € (Z\ {0})* and X = (X; i) €
[1,00)7, let 44 (X) denote the number of solutions x € Z’ to (1.2) satisfying 1X;; < |x;;| < X;;.

Associated with each summand in (1.2) are a chain of exponents h; = (A1, ..., h;7,) and boxing vectors
X; = (X;1, ..., X;y,). In the interest of brevity, we now put
Ei(q.a) = E(q,a;h;), L;(B,X)=1(8,X;;h;) (1 <i<k). 5.4

The singular integral for this counting problem is then defined by

Fp(X) = <X0>/ L(b18, X)12(D2,X) - - Ix (bi B, X) B, (5.5)
and the singular series is
&= > Ei(q,ab)Ex(g,ab) - Ex(g,aby). (5.6)
g=1 a mod g

By (5.3), the singular integral converges absolutely provided only that k > 2. Unfortunately, it is not
as easy to determine whether the singular series converges; this depends on the chains of exponents in
a subtle manner. However, we note that an argument paralleling that in the proof of [72, Lemma 2.11]
shows that the sum

> Eig.ab\)Esx(g,abs) - Ex(q, aby) (5.7)

a mod g

is a multiplicative function of ¢q. Hence, based on the hypothesis that the singular series is absolutely
convergent, one has the alternative representation

G=[]D, D, "Eipab)Exp'.ab)- - Ex(p,aby).

P 1=0 g mod p!

By orthogonality of additive characters, the partial sums 0 < / < L count congruences modulo p’, and
(still under the assumption of absolute convergence) we can therefore express the singular series as a
product of ‘local densities’:

1
& = nggo lm#{(xl,...,xk) mod p* : blxll11 +~~~+bkxl,:’< = 0 mod pL}. (5.8)

The transition method to be detailed in Section 8 works with the proviso that the product &, %, (X)
is a good approximation to /4 (X). We detail these requirements as follows; note that (5.10) is (3.11)
specialized to the equation (1.2).
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Hypothesis 5.1. The singular series &, converges absolutely. There are real numbers By, ...,Br <1
with

& < |b11P1|bolP> - - |bi|PE. (5.9

Further, there exists { € R¥ with

k
G>0forall 1 i<k, hipl <foralli,j, » &=1, (5.10)
i=1

and there exist real numbers 0 < 1 < 1, 81 > 0 and C > 0 with the property that whenever X € [1, c0)’

obeys the condition that

. h; h;\1-1
> L .
1Sk X' = (lns]zasxkxl ) G-1D)

then uniformly inb € (Z \ {0})X, one has

k  Ji
H(X) = BT (X) < [b1 -+ be| (min X; )70 [ [ x4 (5.12)
" i=0 j=1
wherein we wrote {o = ho; =0 (1 < j < Jp).
In the situation of (1.6), Hypothesis 5.1 is in fact a theorem.

Proposition 5.2. Suppose thatk =3, J1 > Jo > 2and h;; = 1 fori = 1,2, 1 < j < J;. Then Hypothesis
5.1 is true.

We prove this in the next section. As the proof will show, much more is true. We are free to choose
{ according to (5.10), and one can specify the parameters 5, A and C. In terms of the number w defined
in (6.5) below, one may take

A=2"4Mliy, € =300/w

and
2 ’ 2 ’ ’ ’

for any & > 0, and any u with & < u < |h3|~.

In the rest of this section, we prepare the proof of Proposition 5.2 with some bounds for the local
factors, and we begin with an upper bound for the singular integral. At the same time, we compare
the singular integral with a truncated version of it. To define the latter, let Zy be the maximum of the
numbers X:“' (1 <i<k),andlet Q > 1. Then put

0z,
A0 = X0 [ 018 X)(025.5) - 1u(bip. X) 0.

Lemma 5.3. Let k > 3, let o = 0, and let {; (1 < i < k) be positive real numbers with {} + { + -+ - +
lr = 1. Then

Ji

k

— — l—hi' i

Io(X) < [bel ™ b7 [T X0
i=0 j=1

Jj=
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Further, there is a number & > 0 such that whenever Q > 1 one has

Ji A
1=hi; &
Xij .

k
FH(X) - AH(X,0) <07 ]

i=0 j=1

Proof. By Holder’s inequality,

/m ﬁ(l +X?i|biﬂl)_1 dg < ﬁ (/oo(l + X?i|biﬂ|)_1/§i dﬂ)gi,
—o0 i=1 Y7

and by (5.5) and (5.3) the first statement in the lemma is immediate. For the second, one picks ¢ with
Zy = le‘ and observes that

/Q XN b ) g < QX
0

If this bound is used within the preceding application of Holder’s inequality, one arrives at the second
statement in the lemma. O
We continue with some general remarks on Gauf} sums.

Lemma 54. Leth € N, Let b € Z, g € N and q' = q/(q,b), b’ = b/(q,b). Then E(q,b;h) =
E(q’,b’;h). Ifn>2, hy =1 and (b,q) = 1, then

E(q,b,h) = ql‘"#{xz,...,xn 1 1<x;<q, xé’zx;” "-xf‘,” = 0mod q}.

Further,

E(g,b,(1,....,1)=¢"" > so(i)'--w(dq—n)-

dr
djlq
qldrds---dy

In particular, E(q,b,(1,...,1)) < q° ' and E(q,b,(1,1)) =g~ ..

Proof. We have b/q = b’/q’ whence e(bx{" .- ~x2"/q) has period ¢’ in all x;. Summing over all x;
modulo g gives the first statement at once. The second statement follows from (5.1) and orthogonality,
after carrying out the sum over x;. If we specialize the second statement to /; = 1 for all j and sort the
x; according to the values of d; = (x;, q), then we arrive at the formula for E(q, b, (1,...,1)), from
which the remaining claims are immediate. O

Lemma 5.5. Leth € N" with hy < hp < --- < hy,. Then, for each b € Z, the sum

D(g.b.h)= > E(g.ab.h)

a mod g

is multiplicative as a function of q, and one has D (g, b,h) < (q, b)'/hngl*&=1/hn

Proof. Within this proof the numbers 4 are fixed. Therefore, we remove h from the notation temporarily.
Thus, D(q, b) abbreviates D(q, b, h), for example.

By (5.7), the function D(q, b) is multiplicative in ¢, and we proceed to evaluate it for ¢ = p! with
p prime and [ € N. Let M, (g) denote the number of x € (Z/gZ)" with bxi" .- ~xff" = 0 mod ¢g. Now,
first applying Lemma 5.4, and then (5.1) and orthogonality, one confirms the identities

D(p'b)y= > E(plabhy - > E(p",abh)=p' M, (p) - ptD M, (p1Y).

a mod p! a mod p!-!
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Let 8 be the number with p# | b and pf*! t b. Obviously, if I < S, then M, (p') = p', and the
preceding formula gives D(p!,b) = ¢(p'). If I > B, then My (p') is the number of solutions of

Xl xhm = 0mod p'f with 1 < x; < p! (1 < j < n). Thus, My(p') = pP"M,(p'*). We now

estimate M (p ). Consider x1, . .., x, with p*/ | x;. The congruence xi" .- -xf’l" mod p? is equivalent
with
hvi+- -+ hyv, > 0. (5.14)

Thus, for a fixed tuple vy, . .. v,, there are at most p"* ¢ ~"17"""Vn golutions counted by M (p?). Further,
if (5.14) holds, then

1 o

Vit 2 — v+ hyvy) = —.

Iy hy

Since the number of tuples vy,..., v, that arise here certainly does not exceed o, we deduce that

Mi(p?) < o"p"o-lo/m] This implies My (p') < 1"p!"~TU=A)/h1 On inserting this bound in the
identity for D (p', b), one first confirms the desired estimate for D (g, b) for prime powers ¢ and then
for general g by multiplicativity. O

We now use these results to discuss the singular series that arises in Proposition 5.2. Then we have
k =3,J; > Jy > 2, and we may use the last clause of Lemma 5.4 with h; and h;. Further, we put
h = max h3; and use Lemma 5.5 to confirm that

> Ei(g,ab)Ex(q, aby)Ex(q, abs) < g (q, b1) (g, b2) (g, )" (5.15)
a mod g

It is now immediate that the singular series converges absolutely. Further, on using crude bounds of the
type (x,y) < x7y!=7 with 0 < o < 1, it follows from (5.15) that whenever 0 < & < u < 1/h one has
from (5.15) that

Z| > El(q,abl)Ez(q,abz)Es(q,ab3)| < > q""M(g,b1) (g, b2)b}
q=1

g=1 a mod g

< by YN (1) T (e e) < b Y Y (c162)2 079 < b (b1by) 2 17H%e . (5.16)

c1|by e21b2 c1|by c21ba

This establishes all the statements in Proposition 5.2 that concern the singular series, and it also confirms
the comment following Proposition 5.2 about an admissible choice of .

6. The circle method
6.1. Weyl sums

In this section, we apply the circle method to establish Proposition 5.2. We prepare the ground with a
discussion of the generalized Weyl sums

W(a,Y;h) = Z e(ayM).

YEZ'NY

Here and in the sequel, we continue to use the notation from the previous section, and in particular, h,
Y and ¥ are as in (5.2). The upper bound for the mean square

1
/ [W(a,Y:h)|?da < (Y)'*® 6.1)
0
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is pivotal and is readily checked: By orthogonality, the integral in question equals the number of solutions
of the diophantine equation x" = y" with x,y € Z" N %. There are (Y) choices for x, and y; - - -y, is a
divisor of x", leaving (Y)® choices for y, once X is chosen.

The next result is a version of Weyl’s inequality.

Lemma 6.1. Let @ € R, a € Z, g € Nand |qa — a| < q~'. Suppose that Y; > Y» > --- > Y,,. Then

n e (11 q
W(a, Y;h) 2" < ()2 (— +—+ —)
[W(a )| (Y) PREARET

Proof. If n = 1 this is the familiar form of Weyl’s inequality. If n > 2, then we apply repeated Weyl
differencing. Let 7 € N. On combining [72, Lemma 2.4] with [72, Exercise 2.8.1], one has

211—1 hel
D e(,Bxh)| <@ SN e(mBurua . .uper(x+ Suly)).
X<x<2X |uj|<X xel (u)
1<j<h

where the I(u) are certain subintervals of [X,2X]. Note here that the sum on the right is real and

nonnegative. One trivially has
>, =] Y e
—-2X <x<-X X<x<2X

and hence it follows that

2k n-1
Z e(ﬂxh)| < X Z Z e(h!ﬁuluz...uh_l(x+%Iull)). 6.2)

X<|x|<2X |uj|<X xel (u)
1<j<h
By Holder’s inequality,
hy-1 hy-1 h h 2
. 2hi= 2hi=1_1 h
|W(a,Y;h)| DA Z ) Z e(aylyl .. yhn)
Y<ly <y, Yi<ly|<y
2<v<n

We apply (6.2) with 8 = a'yg2 ~~yZ" to the sum over y;. We write h’ = (hp, h3,..., hy), Y =
(Y5,Y3,...,Y,) and then find that

hi—1 hy-1_ hi-1_ ’ ’
W(a, Vs < vy N S Wintlawu - up-a (v + 3 lul), Y hO),
luj <Y1 yeli(u)
1<j<h
where I;(u) are certain subintervals of [%YI,YI]. Now, we apply Holder’s inequality again to bring

in |W(g, Y’;h’)lzhrl. We may then estimate the sum over y, by (6.2). Repeated use of this process
produces the inequality

hyi-1.. ~hn-1 Ry +ethp-n
W(a, Y2 (2 S S S auy)

up,..., U yy €l (uy) yn€ly(uy)
1<v<n

(6.3)

in which w,, € Z"~! runs over integer vectors with |u,| < Y, for 1 < v < n, the I,,(u,) are certain
subintervals of [%Y‘,, Y, ] and

v="nhlh! - by ug) - () y1y2 s Yaet.
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Note that v = 0 will occur in (6.3) only when one of the u,, has a zero entry so that the total contribution
to (6.3) from summands with v = 0 does not exceed (Y)2"""""™y~1 which is acceptable. For nonzero
v, the innermost sum in (6.3) does not exceed min(Y,,, [|av||~!). Further, we have v < YPY, !, and a
divisor function estimate shows that there are no more than O(|v|®) choices for u,, y, that correspond
to the same v. This shows that

W, Vi) 2 < () My (M ey N min(Y,, flev) ™).

1<v<Yhy,;!
Reference to [72, Lemma 2.1] completes the proof. O
We complement this result with an approximate evaluation of W.
Lemma 6.2. Leta € R, a€Z, g € Nand @ = (a/q) + B. Suppose that Yy > Y, > --- > Y,,. Then
W(e,Y:;h) = E(q,a;h) (8, Y:h) + O(Y1Y2 - Yo1q(1 + YP|B))).

Proof. The case n = 1 is a rough and elementary version of [72, Theorem 4.1]. We now induct on
n and suppose that the lemma is already available with n — 1 in place of n. As before, we write

= (Y»,Y3,...,Y,) and so on, isolate the sum over y; and invoke the induction hypothesis with ayﬁ“
for . This yields

W(a,Y;h) = Z (E(q,ayl‘,h’)l(ﬂyh’ Y, h’)+0(Y2~~~Yn—1q(1+Y’h/|Y1|h‘|,3|)))
1¥i<lyi|<n
= D> E(gaylsh)IBYLY W) +0(VYa - Yaig(1+YB)).
Yi<lyil<n

In view of (5.1) and (5.2), we may rewrite the sum over y; on the right-hand side as

/b’

S LS e

1<x,20 7Y i<lyilsy
2<v<n

where % is the analogue of % in the coordinates y’. We may now apply the case n = 1 with gy for
B and ax™ for a to conclude that

/b’
4 ax
2 b+ =)
1Yi<lyi|<y
N "x?l " hy i By
Z ( )/ e(Byy'y") dy1 +O(q +qY)" [y™ Bl).
=1 Yi<|yilsn
The induction is now completed by inserting this last formula into the two preceding displays. O

6.2. Towards the circle method

We are ready to embark on the proof of Proposition 5.2. We work in the broader framework of Hypothesis
5.1 in large parts of the argument but will restrict to the situation described in Proposition 5.2 whenever
the bounds for Gauss sums are entering the argument. We hope that the wider scope of our presentation
will be helpful in related investigations.

We begin with a general remark concerning the ‘dummy variables’ xo; that do not occur explicitly
in the torsor equation. Suppose that Hypothesis 5.1 has been established for a given torsor equation,

https://doi.org/10.1017/fms.2023.123 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2023.123

Forum of Mathematics, Sigma 35

without any dummy variables, that is, with Jo = 0. Now, consider the same torsor equation with Jy > 1
dummy variables. For this new problem, the count .4}, (X) factorizes as /4, (X) = Wy (Xo) 4, say, where
A is the number of solutions counted by /#,(X) but with the variables x( ignored, and Wy(Xj) is the
number of xo € Z% with %Xoj < |xoj] £ Xoj for 1 < j < Jp. A trivial lattice point count yields

Wo(Xo) = (Xo) + O({Xo)(min Xo;) "),

and if one multiplies this with the asymptotic formula for ./ that we have assumed to be available to
us, then one derives the claims in Hypothesis 5.1 with dummy variables. This shows that it suffices to
address the problem of verifying Hypothesis 5.1 only in the case where Jy = 0, and we will assume this
for the rest of this section.

To launch the circle method argument, recall the definition of /4 (X) in the paragraph encapsulating
displays (5.4)—(5.6). In the notation of that section, we define

Wl-(a,X) = W(Q',Xi;hi) (1 <i< k)

By orthogonality,
1
H(0 = [ Wi(b1a.X) - WilbeaX) do.
0

Our main parameters are

. h; h; .
Z= min X2¥, Zp= max X;*, M =minX;;,
I<i<k ' 1<i<k ij

and we find it convenient to renumber variables to ensure that
X1 < Xp <+ < X5y, (1 <i<k). (6.4)
Once and for all, fix positive numbers ¢; as in (5.10), and the number w defined by

w™' =40k max J;|h;|. (6.5)
1<i<k

In particular, we have 0 < w < 1/120. Hence, the intervals 9 (g, a), defined as the set of @ € R with
la — (a/q)| < Z«~!, are disjoint as a, g range over 1 < a < g < Z*, (a,q) = 1. The union of these
intervals we denote by M. Let m = [Z<~!, 1 + Z«¢~!] \ M. On writing

./Vql:/Wl(bla,X)~-Wk(bka/,X)da
A
one has

./Vb(X) = ./ng + /Vm. (6.6)

The circle method treatment depends on the relative size of M and Z. We first give a proof of
Proposition 5.2 in the case where M > Z'%%« (the tame case).

6.3. The tame case: major arcs

For a € M, there is a unique pair a,q with 1 < a < g < Z%, (a,q) = 1 and a number 8 € R with
I8l < Z«“ 'and @ = (a/q) + 8. By Lemma 6.2,

Wi(bia,X) = Ei(q, ab;)1;(Bb;, X;) + O(XDg(1+ XM [b;81)), (6.7)
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where, temporarily, Xj = (Xi2, ..., Xiy,) is the vector that is X; with its smallest entry deleted. Since
we are in the tame case, this implies that (X[T) < (X;)Z~ 1% _Further, by hypothesis and (5.11), we
have Xf” < Zp < Z"0= Now, since 1 < w/2, it follows that (1 —2)~' < 1 + w, and therefore

XM <Zo<Z" (1<i<k). (6.8)
We shall use these bounds frequently. Here, we apply (6.8) to obtain the estimate
Wi(bia. X) = Ei(q.ab) 1;(Bbi. X;) + O((X)Z7 bi]).
Noting the trivial bounds
Wi(bia,X) < (Xi), Ei(q,abi)1;(Bbi, X;) < (Xi)

and the identity

k
WiWy-- - Wi =TTy T = Z(Wi —To)Wi - Wi Tiyy -+ T,

i=1

we conclude that
k k
[ [Wibia.X) = | | Ei(g, ab) 1:(Bbi, Xi) + O((X1) -+ (X ) bl Z75).
i=1 i=1
We integrate this over 9t. Since the measure of M is O (Z3>“~1), the error will contribute an amount not
exceeding
X1y (X bl 27t < (Xy) - (Xp) bl M TP 27ROt < (X)) - (X bl Mz
It follows that
Mg = E(Z9) Fp(X, Z9) + O((X1) - (X b M~ P75, (6.9)
where

&(Q)= . > Ei(g,ab)Ex(g,ab) - Ex(q,aby).

g<Q a mod g
Note here that the error estimate in (6.9) is good enough to be absorbed in the error term in (5.12).
We are now required to complete the singular series. At this stage, we have to be content with the
setup in Proposition 5.2, but then have recourse to (5.15), which provides us with the bound
& (Z2°) = &, + 0(Z7 /M |b1bybs]).
In combination with Lemma 5.3, we then infer that there is a number 6 > 0 with
() T(X, Z) = €. I5(X) + O(1b1b2b3] Z7% (X1 ) (o) (X)X M X A X M),

It follows that in the tame case, there is indeed a number 61 > O such that

Mg = En I (X) + O(|b152b3| M~ (X1)(Xa2)(X3) X, M X; 2 X 4. (6.10)
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6.4. The tame case: minor arcs

In our treatment of the minor arcs, we again work subject to the conditions in Proposition 5.2. There are
two cases.
First, suppose that |b3| < Z“/2. We apply Weyl’s inequality to W3 (b3a, X). Let

H — 2h3|+---+h313 -J3 .

We claim that uniformly for & € m, one has
Wi (b3a, X) < (X3)Z~@/CGH) (6.11)

Indeed, if Z is large and @ € R is such that [W3(b3a, X)| > (X3)Z~«/GH) then a familiar coupling
of Lemma 6.1 with Dirichlet’s theorem on diophantine approximation shows that there are coprime
numbers a, g with |gbza — a| < Z“’/ZX;h3 < Z@Mland 1 < g < Z*/% Butthen 1 < |b3|q < Z?,
and hence @ cannot be in m.

By (6.1) and an obvious substitution,

1
/ [W; (b;a, X)|? da < (X;)1*2.
0

Hence, by Schwarz’s inequality and (6.11),

M < ((X1)(X2)) /27 sup [Ws(bsa, X)| < (X))(Xa)(X5)Z ! ~@/GH),

aem

We have A < w/(12H), and so

(1-D)(1+w/3H)) > 1+w/(6H). 6.12)

Hence, Z~'~(«/3H) « Zy 1-w/(6H) , which shows that /4, is an acceptable error in Proposition 5.2. This
combines with (6.6) to complete the proof of Proposition 5.2 in the case under consideration.

Next, consider the case where |b3| > Z®“/2. Here the claim in Proposition 5.2 reduces to a trivial
upper bound, as we now explain. The triangle inequality give |W;(a)| < (X;), and therefore, the integral
representation of 4, (X) gives 4,(X) < (X)(X32)(X3). Similarly, on combing (5.16) with Lemma 5.3,
we have the crude bound

&b (X) < [b1b2b3| (X1 )(X2)(X3).
We take C = 300/w in (5.12). Then |b3]|€ > Z'5°, and so
|b1b2b3]" (X1 )(X2)(X5) < [b1b2b3]|Z4
which is more than is required to confirm (5.12) in this final case. It should be noted that the discussion

of the case |b3| > Z*/? did not use that we are in the tame case, but applies in general. Also, we have
now completed the proof of Proposition 5.2 in the tame case.

6.5. Major arcs again

It remains to deal with the case where M < Z'0X® We assume this inequality from now on. Again, we
work in the broader framework of Sections 6.2 and 6.3 and refine the circle method approach to cover
the current situation as well. We say that a variable x;; is small if X;; < 719k By hypothesis, there is
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at least one small variable. Also, by (6.4), there is a number J; such that the x;; with j < J/ are small,
and those with j > J/ are not. We proceed to show that

[ %= X' (6.13)

j<J!
To see this, note that the definition of J; gives

j<d!

But Z < X?i < (X;)Mil, We insert this in the previous display and apply the inequality

1
10kwJ;|h;| < 1

(which is immediate from (6.5)) to derive (6.13).
The significance of (6.13) is that it implies that for each i, there are variables x;; that are not small.
This is important throughout this section. We put

X =Xit,.. - Xip)s X' =Xignrs5 Xig), X = (XL X)),
where X' is void if x;; is not small. In the same way, we dissect the variable x; = (x,x;") and the chain

of exponents h; = (h;, h}’). By orthogonality, we then have

1
Mp(X) = Z /0 W (brax™, XV 00y . W(bgax) ™, X} hY) da, (6.15)

(. x}()e?’ﬂzﬁ

where J’ =J{+-~~+J,’< and
¥ = {x eRV LX< |l < X forl <i<k,1<j<J} (6.16)

We apply the circle method to the integral in (6.15). By Lemma 6.2, when a = (a/q) + 8, one finds
that subject to (6.16), one has

W (biax(™, X! h)) = E(q, abix™ ;b)) 1(Bbx™, X/ h)') + O((X/VZ7 %@ (1 + |b:BIXM)).

1> A 4

Here, it is worth recalling that X'’ is not void and has all its components at least as large as 710k e
now apply (6.8) to confirm that for @ € M, the error in the preceding display does not exceed

(X;_/>Zw710ka) + <X;/>ZflOkw|bi|Z2w71X:l,t < <Xl{/>|bi|23w710kw < <Xl{/>|bi|Z79kw.
Let S denote the integrand in (6.15), and let M denote the product of the expressions
/W oy /b, RN
E(g,abix;" i, h!)I(Bbix; i, X[ ;h;’),

with 1 <7 < k. Then, following the discussion in the initial part of Section 6.3, we obtain

S—M < (XIy - (X})|b|;Z7%%<, (6.17)
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We integrate over 9t and sum over the integral points in %’. Then, again as in Section 6.3, this gives

M(X) = D &I+ 0(Xy) - (X bz e, (6.18)

/
(X]5ees X, )ey'nz!

where

&= > E(g.abixi" hy) - E(g,abix". b)), (6.19)

g<Z® amod q

Zw—l
I = / I(Bb1x "™ XY hY) - T(Bbix ™ X hy) B,
—Zw-

and where ./ T is the same expression as in (6.15) but with integration over the minor arcs m. Exchanging
the sum with the integral in (6.15), we see that /7 = ;. Note that the error in (6.18) also occurred in
Section 6.3 and, in the display preceding (6.9), was shown to be of acceptable size.

The difficulty now is that the moduli g in (6.19) are too large for the small variables to be arranged
in residue classes modulo g. We therefore prune the sum over g. In preparation for this manoeuvre, we
bound ¥’ uniformly in x;. Whenever x; € %’, one finds from (5.3) that

1(Bbix™ X7 hY) < (XY (1+ XM |xM b, 81) 7" < (X!y(1+ XM b, 8)) 7

127

Hence, by Holder’s inequality,
k o0 o k
T < H(X;'>( / (1+ X" b))~/ dﬁ)‘ < [ Jexmx;am (6.20)
i=1 - i=1

Now, let & be the portion of the sum defining & where ¢ < M'/3, and let &€* be the portion with
M8 < g <7 Then& =& +&*, and (6.19) and (6.20) yield

&t < (ﬁ<x;’>x;»‘f"f) > > | > ﬁE(q,abix;"?;h;’). 6.21)
i=1

(X500 Xp ) €Y/ M B<g<Zw (X{,...X; )€Y’ amod q i=1

At this point, we require a workable upper bound for the innermost sum. In the situation of Proposition
5.2, we have k = 3, and such a bound is provided by (5.15). With 4 = max k3, this yields

3 ’ ’ rWN1/h
* b (q,b1<X >)(qvb2<x >)(q’ b3X 3)
§ | |E(q,abl~xihi;hi ) < ! mfh 3 . (6.22)
amod g i=1 q

Now, (g, b1{x})) < |b1l(g,x11) - -~ (¢, x1,;) and likewise for (g, b>(x})). Similarly,
1, hs
(g, bax;")/" < Ibal(q,xg’f')”h-"(q,xwf)”h < b3l(q,x31) - -+ (g, x377)-

We may sum (6.22) over x; € %’, using the simple bound

Z (g,x) < g®X.

x<X
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It then follows that the right-hand side of (6.21) does not exceed

3 3
< ([Twaxpxnx;a™) 37 =7 MO bbb [ | (XX M. (6.23)
= MB8<g<z® i=1

In the specific situation of Proposition 5.2, this is an acceptable error term.
We now turn to the product &'.7’. Here, we prune the range of integration. Let

Ml/xZ0 1 W W

g = / 1(Bbix' " XT hY) - I(Bbix’ *, X}/ hy) dB,
_MI/SZO—I

and let .#¥ be the complementary integral over Ml/gzo_1 < |8l < Z¢ ' sothat ' = 7T+ 7% To

obtain an upper bound for .#¥, choose an index ¢ with Z = XIL". Then

/ (1 +Xh |b BD 1/(1 dﬁ < X_hLM(Zl 1)/8
M8z

and since £, < 1, we observe that the exponent of M is negative. With this adjustment, the argument in
(6.20) shows that uniformly for x] € %’ one has

k
ji < M({L*I)Q/S n(X:,>X;£IhI (624)
i=1

We can now imitate the argument from (6.21)—(6.23), this time applying (6.24) and summing over
g < M'/8. In the cases covered by Proposition 5.2, this yields

3
&'t < MUEVEP| bbby [ ] (XXM,
Loeees xg)ey’ i

which can be absorbed in the error term when §; < é min(1 — £;);. On collecting together, we deduce
from (6.18) and the discussion above that

My (X) = Z &' I+ M +O(F), (6.25)
(XX ) €Y

where F is an acceptable error provided that C > 1 and ¢ is small enough.

It would now be possible to exchange the sums over x; with the summations present in the definition
of &' and to evaluate these sums by arranging the x; 7 in arithmetic progressions, as suggested earlier.
However, we prefer an indirect argument that is technically simpler. Let 9t denote the union of the
pairwise disjoint intervals | — (a/q)| < MI/SZ(;l with1 < a < g < M'® and (a, g) = 1. Observe that
N c M. Hence, integrating (6.17) over N we find that

/W(blax LXYhY) - W(bgax) M, XY hY) da = Z st roF),
x’1 ..... X/ )e?’ (X’1 ..... x}()e?'
(6.26)

where F’ is an error that certainly does not exceed the error present in (6.18) because the measure of N
is smaller than that of 9. Exchanging sum and integral, it transpires that the left-hand side of (6.26) is
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simply the major arc contribution /4;. To evaluate the latter, we can run an argument from Section 6.3
with 9 in place of M. The bound (6.7) becomes

Wi(bia,X) = Ei(q, abi)I;(Bbi, X;) + O((XiyM b)),
and then the result in (6.9) changes to
Mo = &M% 7 (X, MYP) + O((Xa) - - (Xi) bl M B Z5T).

We can now complete the singular series and the singular integral as in Section 6.3. The argument that
produced (6.10) now delivers exactly the same asymptotics for 4. Via (6.25) and (6.26), it follows that
M(X) = & Ip(X) + Sy + O(F”), where F” is an error acceptable to Hypothesis 5.1. Consequently,
it remains to estimate the contribution from the minor arcs.

6.6. Minor arcs again

The argument of Section 6.4 yields an acceptable bound for .4}, provided that the estimate (6.1 1) remains
valid in cases that are not tame. Hence, we now complete the proof of Proposition 5.2 by showing that
indeed (6.11) holds in the wider context, uniformly for @ € mand 1 < |b3| < Z®/?. In doing so, we may
suppose that x3; is small, for otherwise our previous argument leading to (6.11) still applies. We write

T(a,x}) = W(bsaxi™, X ;hY).
Then

Ws(bsa,X) = Z T(a,x}),
&

3

with the sum extending over 3 X3; < |x3;| < X3; (1 < j < Jj).
We apply Weyl’s inequality to T'(a, xj). Let K = 231=/3+75 " and note that all entries in X/ are at
least as large as Z*. Hence, whenever the real number y and ¢ € Z and ¢ € N are such that |ty —¢| < ¢,

then by Lemma 6.1, one has

1 1 t
1. W | K mK+e
|W(7,X3,h3)| < <X3> +€(;+Z_‘“+@). (627)

By Dirichlet’s theorem on diophantine approximation, there are ¢ and ¢ with ¢ < Z""Xg’hg and
lty —c| £ Z “’Xg’_hg. Then, on applying a familiar transference principle (see [72, Exercise 2.8.2]) to
(6.27), we find that

1 1
W(y,X?;h)) K < (X”)K”(— + —)
33 3 VA t+Xé’h3|ty—c|

Since there is a variable that is not small, we have K < H, and hence that K < H/2. Consequently, for a
given x}, we either have T'(,x}) < (X;’)Z“"/@H) or there are ¢ = #(x}) and ¢ = ¢(x}) with t < AZE
and

, Zw/3
/b C| (6.28)

byaxiy3 — —| < ——.
) 3 t [Xé’hs
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Let & be the set of all xg where the latter case occurs. Then

-1/H

Ws(bza, X) < (X3)Z~@/CH) 4 (X2) Z (1 + X )tbzaxi™ - ) (6.29)

7
X} €

We write Q = XghlSZ “ and apply Dirichlet’s theorem again to find coprime numbers a, g with
1 < g < Qand|ghsa —a| < Q'. On comparing this approximation to b3a with that given by (6.28),
we find that whenever x} € &, then

larxi™ — cq| < QZ@PXY™ + 071Xy, (6.30)

Butt < z¢/ 3, and therefore, the second summand on the right does not exceed Z~%/2_ For the first
summand, we note that

QZw/3X:/)’/*h'3, — Z4w/3Xé2h;X3_h3 < Z4w/3_]X§2h3. (631)

Further, by (6.14), we have (X}) < Z!'%%¢/s "and hence that X§2h3 < (X))l < Z20kwlsihs] However,
it is immediate from (6.5) that

4
3@ +20kwJ3|hs| < 1,

so that the expression in (6.3 1) tends to zero as Z — oo. By (6.30), we see that for large Z we must have
atx§h3 = cq. Hence, t = q/(q, xéhS), and (6.29) simplifies to
W3 (b3, X) < (X3)Z7/CH (X1 3 (.%5")" 7 (g + X3 |bs|lgbse — al) ™.

7
x, el

Here, we can sum over all x; and apply an argument paralleling that leading from (6.22) to (6.23). This
produces

Wi (bsa, X) < (X3)Z™</CH) 1 (X3)¢° (g + X3 |gbse —a]) /™.

The bound (6.11) is now evident, and the proof of Proposition 5.2 is complete.

7. Upper bound estimates
7.1. The upper bound hypothesis

As we mentioned in the introduction, not only asymptotic information of the type encoded in Hypothesis
5.1 is required as an input for the transition method in Section 8, but also certain upper bound estimates
that are needed, for example, to handle the contribution to the count that comes from solutions of (1.2)
where the summands are very unbalanced. Again, we formulate the requirements as a hypothesis that
can then be checked in the particular cases at hand. We recall the definition of the block matrix

_ [ > (J+D)X(N+k)
w_(% M)GR 7.1)

in (3.10). In the slightly simpler setup of the torsor equation (1.2) and the height conditions (1.3) we have

o = (a);) e RGN (7.2)
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with0<i<k,1<j<J;,1 <v<Nand

6'uzih[j i < k,/.l <k,
—hi; =k <k,

o = (') € R7*k withe!, = 7.3
2= (e;;) i1 =) i< ko= k. (7.3)
hj—1 i=k,u=k.
This notation is more convenient for the analytic manipulations in the following sections.
Throughout, we assume that
rk(gf) =1k(f) = R (say). (7.4)

In our applications, this will be satisfied by Lemma 3.10, and R plays by Lemma 4.7 the same role as in
(4.9). We define

c2=J-R (7.5)

so that by (4.9) this choice of c¢; is the expected exponent in (1.5). For any vector ¢ satisfying the
properties specified in (5.10), where we allow more generally also {; > 0, and for arbitrary £y > 0, we
also assume that the system of J + 1 linear equations

T

(f;;)az (1—h01§0,...,1 —hk,kgk,l) (7.6)

in N variables has a solution o~ € RQ’O. In our applications, this is ensured by Lemma 3.11 (whose proof
also works for ¢; > 0).

Remark 7.1. The condition rk &/ = rk &/ puts some restrictions on the height matrix </;. For instance,
no row of & can vanish completely (since every column of &/ is linearly dependent on the columns of
&l1). For future reference, we remark that this implies that the set of conditions (1.3) for x;; € Z \ {0}
implies |x;;| < B for all (i, j).

Now,letH > 1,0 <A < landb,y € N/ Let Np,y(B, H, 1) be the number of solutions x € (z\{0})’
satisfying the conditions

k J; k Ji
DT [@ixip™ =0, []] [lvixil® <B (1 <v<N), (1.7)
i=1 j=1 i=0 j=1
and at least one of the inequalities
Ji Ji _
min |x;;| < H, min ]_[ |xi,-|h"f < ( max I—[ |2xi,~|h"f) . (7.8)
i Isiskt 30 tsisk s |
j= =

Note that for x € (Z \ {0})” satisfying (7.7), the first condition in (7.8) is always satisfied for H = B
and the second condition in (7.8) is never satisfied for 4 = 1. Let §y(B, H, 1) denote the set of all
x € [1, )’ that satisfy (7.8) and the N inequalities in the second part of (7.7). As in (1.4), we denote
by S,, 1 < p < r, subsets of the set of pairs (i, j) with 0 < i < k, 1 < j < J; corresponding to the
coprimality conditions.
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Hypothesis 7.2. Let ¢ be the number introduced in (7.5), and let A be as in Hypothesis 5.1. Suppose
that there existn = (1;j) € Rio and 63,65 > 0 with the following properties:

Ci(n): Z nijz1+6, forall 1<p<r, (7.9)
(i.))€S,
Nbpy(B, H,2) < B(log B)>™1*¢(1 +log H)b™"(y)~% (7.10)
and
—hi;j & co—-l+e -6
/ ]_[xl.j dx < B(log B) (1 +log H)(y)™ % (7.11)
Sy(B.H.A)

for any &€ > 0 and some { satisfying (5.10).

The bound (7.10) is the desired upper bound B(log B)“>*¢ with some saving in the coefficients b, y
and with some extra logarithmic saving in the situation of condition (7.8), that is, if one variable is short
(that is, log H = o((log B)'*?)) or the blocks [1; |x,~j|hif for 1 < i < k are unbalanced in size (so that
the second assumption in (7.8) holds and we may choose H very small even if all x;; are large).

7.2. Reduction to linear algebra

Our main applications involve the torsor equation (1.6). In this case, the verification of Hypothesis 7.2
can be checked simply by a linear program. This will be established in Proposition 7.6 below. We start
with two elementary lemmas. Here, (.,.,.) denotes the greatest common divisor, [.,.,.] denotes the
least common multiple and 7 is the divisor function.

Lemma 7.3. Let v € Z3 be primitive, and let Hy, Hy, Hy > 0. Then the number of primitive u € Z> that
satisfy uyvy + usvy + uzv3 = 0 and that lie in the box |u;| < H; (1 <i <3)is O(1 + HiHy|v3|™}).

This is [43, Lemma 3].
Lemma74. Leta,B,y €N, A,B, X1,..., X, =21, hy,....,hy e Nwithhy < --- < h,. Then
D0 D) (@apbyx") < (@87 (. (@) (B)T ()7 (aBy) AB(X),

a<Abs<B xj<X;
I<j<r
Proof. The left-hand side of the formula is at most

INDIDIEPY 1SAB;W 2, 2, !

a<A b<B x;<X; (1<j<r) A fi=f1(fy) x; <X (1<j<r)

flaa f1Bb f|7X fj|xhj
(S, ) (£, B ) (f) abc'"r 1. ([a, b, c])
< AB(X) Z f1+1/hr < {1+ 1/hy)" AB(X) Z Z Z [a,b,c] 1+1/h
! ala b|g cly
Since abc®[a, b, c]™' 7% < (a,b)'"%(a,b,c)® for 0 < § < 1, the lemma follows. O

We apply the previous two lemmas to analyze the number of solutions x € (Z \ {0})’ to the first
equation in (7.7) in the special case where k =3, J; =Jy =2 and hy; = hip = hy) = hoy = 1, cf. (1.6).
In this case, the equation reads

J3
biibiaxi1x12 + ba1banxaxan + l_l(bajx3j)h3-’ =0. (7.12)
j=1
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Without loss of generality, assume
h31 < --+ < h3y,, and let vbe the largest index with A3, = 1. (7.13)
If no such index exists, we put v = 0. For notational simplicity, we write
p=1-h3; €[0,1). (7.14)
Suppose first that v > 1. Let us temporarily restrict to x satisfying
(X11X12, X21%22, %31 =+ - X3y) = 1. (7.15)
For X;; < |x;j| < 2X;; in dyadic boxes, by Lemma 7.3 with x12, x22, x31 in the roles of u1, u>, u3 and

x5 T15(bsjxs)™
(b11b12x11, barbaoxar, x5 [1(b3jx3;)hs)

V3 =

(since v must be primitive) and Lemma 7.4, the number of such solutions to (7.12) is

< (Xo) Z Z Z (1 +— X1oX2 - (bllbllel,b2]b22x21’x§11 l_l(b3jx3j)h3j))

. xa )3
X1 <x1122X11 X35 <x37 <2X3; x3l I_IJ (b3fx3j) J
X01<x2122X01 2<j<)3

b11b12, b1 b M 1—hs;
< (Xo)(X11X21% +[b[® ((HI:TZIH)) X11X12X21X221_[X3j 3")

3 J

for every € > 0 and y as in (7.14). By symmetry, this improves itself to

min(Xyq, X12) min(Xy, X22)(X3) (b11b12,b21b22) by
X b|f(———=———=| X1 XXX X
( 0>< max(Xsy, ..., X3,) +[b] ( bl3'3 ) 11412421 221_[ )
(7.16)

Permuting the roles of u1, u;, u3 in Lemma 7.3, we obtain similarly the bound

< (Xo) Z Z Z (1 + %(l’nbuxn, ba1bxnxat, l_[(b3jx3j)h3f))

X11$X11$2X11X3jSX3j52X3j Jj
X1 <x2122X01 2<j<J3

< <X0>(X11X21X32 - Xz + |b|8X11X12<X3))-

Again by symmetry, this improves itself to

min(Xiq, X12) min(Xz1, X22)(X3)
max(X31, PR X3V)

Xo) +[b] min(X11 X2, Xa1 X22) (X))
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Together with (7.16), we now see that the number of x € (Z \ {0})7 satisfying (7.12), (7.15) and
Xij < |xij| £ 2X;; does not exceed

. min( X1, X12) min(X31, X22)(X3)
b1 (Xo)(
max(X31, ey X3y)
. X11X12X21 X0 (X3) ) (7.17)

max (X1 X12. X21 X2, (05 (b11b12. ba1bon) " HXYY)

We now replace the minima and maxima in (7.17) by suitable geometric means. With future applications
in mind, we keep the result as general as is possible.
For{=1,2and 7¥) = (1) € R/ with

4
0=, Tl(f) +T1([) > 1, Tz(f) +T2(€) >1, 273(? >y-1, 9=1 (Jj>v),

0j 2 = 2 = 3
j=1
min(‘rl(f), Tl(g)) + min(Tz(f), 7'2(5)) + min(réf), e 73(?) > 1 (7.18)

(where v is as in (7.13)), we have

(Xo) min(Xyq, X12) min(Xy(, X2)(X3)

<x".
max(Xsi, ..., X3y)

(The second line in (7.18) is not needed here but will be required later when we remove condition
(7.15).) Let £, {’ satisty (5.10), and let {o, £ € R be arbitrary. Then

(X0) X1 X12X21 X20(X3) < ((b11b12b21b22)1/2)”43' I—IX_Ijhij{i'
max (X11X12, X21 X2, (b (b11b12, b1 b22) "HHXYY) by’ T

Thus, we can bound (7.17) by

b11b12ba1ban) 2\ 1 Zhii!
|b|£(XT(l) + (( 11b12b21b27) ) 3 I—IX.l.h,jgl)
bh3 L

3 i

and also by
|b|£+1 (XT(Z) + 1_[ Xl-lj_hijgi)
ij

and so, for any 0 < a < 1, by

(1 (b11b12b21b22)1/2 Hés 1-hi; g\ @ 1-hij &\ @
b () S ) T
3 ij iy

We will apply this with @ very small (but fixed). The idea of this maneuver is to separate the b- and
y-decay in (7.10) from the bound in B and H. Before we proceed with the estimation, we remove the
condition (7.15). Let us therefore assume that (xjjx12, X21x22,x31 - - - X3,,) = d. Then we can apply the
previous analysis with X; ;/d;; in place of X;; for numbers d;; satisfying dy1d12 = do1dy = d31 - -+ d3, =
d fori =1,2,3. The second line in (7.18) and (5.10) (recall that k| = hip = hy1 = hyp = h3; =--- =
h3, = 1) ensure that summing (7.19) over all d (and all such combinations of d;;) yields a convergent
sum. Thus the bound (7.19) remains true for the number of all x € (Z \ {0})’ satisfying (7.12) and
Xij < |Xij| < 2Xij~
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We are currently working under the assumption v > 1, but this is only for notational convenience.
Indeed, if v = 0, we apply Lemma 7.3 with one of u, up, u3 equal to 1, and in (7.17) we agree on the
convention that the maximum of the empty set is 1. Condition (7.15) is automatically satisfied in this
case (the empty product being defined as 1), and hence the second line in (7.18) is not needed so that we
may define as usual the minimum of the empty set as co. With these conventions, (7.19) remains true
alsoif v = 0.

‘We now invoke the N inequalities in (7.7). We choose

C= @8 = (3555 )
T 5253 T\ T 50,02 Shyy, Shay,

and
W= (1=ho &l 1 = i &) (7.20)

where {” = ({[', £/, £}) satisfies

(1/3,1/3,1/3), hzyy =1,
(1/2,1/2,0),  hay, > 1.

=88 = {
Then (V) satisfies (7.18). By (7.6), there exists o e RJ>V() with
oW <1, oW =70, (7.21)

Such a vector also exists if 7(!) is replaced by 7 = (1 — hoolfs - - > 1 = h3583).
Now, taking suitable combinations of the N inequalities of the second condition in (7.7), we see that
every X satisfying these also satisfies

R R

Define

1 1 1 2 )

! ! !
% — r_ ’ ’r_ ’ ’ 1 - — _ =
= (4 ZH63: 62 = FHE3 &5l +10) (2 SU+ 0’2 5L+ @hy 51+ @y,

with g asin (7.14) and ¥ = (1 — h;;{});j. We summarize our findings in the following lemma.

Lemma 7.5. In the situation of equation (7.12), suppose thatb,y € N/, 1 < H < B, 0 < a,1 < 1,
T, = minij(Tl.(j]), 1 = h;;¢l) > 0. Let £ satisfy (5.10) and @ ¢ Rio asin (7.18). Then

Nppy(B, H, 1) < |b|8+“(<y> b+ b-*)B)l_“Z*(X“”“+ﬂxi(j.1‘h"-f4'f)“), (7.22)

X ij

where X (Xij) and the asterisk indicates that each X;; = = 2% runs over powers of 2 and is subject to

[1;; Xl.j” < Bfor1 <v < N and at least one of the inequalities

. i hy
rrl_l}nXij <H, min ]_[X I < ( max H(ZX”) !)

1<i<k 1<i<k
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Similarly, but in a much simpler way, we derive the continuous analogue

/ [BE= it dx < ((y)" Z ]_[X“ hijéi) @ (7.23)
S,

y(B.H.A)

with 77 = min;; (1 = h;;;) > 0 and the sum is subject to the same conditions.

As mentioned above, we will choose @ in (7.22) very small. The key property of 71 and 7 is that all
their entries are > 1/2 where equality is only possible for (! at indices (i) withi € {1,2} if h3y, > 2.
Since |S,| > 2 forall 1 < p < r, we conclude that the conditions

Ci((1-a)r®), ¢ 1((1 - a)F)

in (7.9) hold for sufficiently small @ > 0 provided that

max h;; = 1 or there exists no p with S, = {(i1, j1), (i2, j2) }. i1, 02 € {1,2}. (7.24)
ij
We now transform the X-sums in (7.22) and (7.23). For an arbitrary vector T € R>o’ we rewrite a
sum Y,y X7 of the type appearing in (7.22) and (7.23) as
* ET ~ ] 2
DA (7.25)
log B
£eNy
and now Y." indicates that the sum is subject to
dIE<(1,...,)T eRY (7.26)
(the inequality being understood componentwise) and at least one of the inequalities
log H
§U < lOg for some i, j, (7.27)
ogB
4 log2
121[1?]{25”}1” < manZ (fu )hU(l ). (7.28)
For future reference, we note that
Ji log 2 1
max Z (g,, )h,j(l A) = max Z Eiihip(1-2) + 0( o B) (7.29)

ForO0<i<k,1<j<J,0<a<1andapermutation 7 € S, we consider the closed, convex
polytopes
P={yeR 1y>20, [y <(1,....,1)"},
Pij={Y € P y;j =0},

Jr(1) I k)
P(A,m) = {lﬁ €P: Y Un(t).jhatry < Z Yk jhxk).)> (7.30)
j=1
(1) Jn(k)
D Uy < (1=2) ) Wn(k),jhn(m}-
j=1 J=1
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We assume that
Cy(r): max{y't:y e P}=1. (7.31)

The intersection of the hyperplane % : "t = 1 with any of the above polytopes is again a closed convex
polytope, and we assume that the dimensions satisfy

dim(#Z N P) < ¢y,
Ci(r): dim(Z NPj) <co-1, 0<Li<k,1<j<U, (7.32)
dim(#Z N P(A,n)) <cp—1, me Sk.

With this notation and the assumptions (7.31) and (7.32), we return to (7.25). Clearly, the sum has
O((log B)”) terms, so the contribution of & with

Frel- Jloglog B

alogB
to (7.25) is O(B¥). By (7.31), we may now restrict to

1 Jloglog B < AT

alog B T<1 (7.33)
in the sense that
Z*B‘ISTT < BY(1+#21 +#25), (7.34)
£eNy
where
2 ={£eN] :(7.26),(7.27),(7.33)}, 2> ={& e Nj : (7.26),(7.28), (7.33)}.
We define

Y ={£e€RL,:(7.26),(7.27),(71.33)}, % ={¢ R :(7.26),(7.28),(7.33)}

and bound #2 resp. #2, by the Lipschitz principle, that is, by the volume and the volume of the
boundary of % resp. % (or a superset thereof). By the third condition in (7.32) as well as (7.29)
and (7.33) we see that %) is contained in an O, (loglog B) neighborhood of a union of polytopes of
dimension at most ¢, — 1 and side lengths O (log B) so that

B2y <q.a (log B)2 ' (loglog B) =™V « (log B)>~1*%.

Similarly, by the first two conditions in (7.32) and (7.33) we see that %, is contained in an O, (log log B)
neighborhood of a union of parallelepipeds of dimension at most ¢, where at most ¢, — 1 of the side
lengths of each parallelepiped are of size O (log B) and the remaining ones (if any) are of size O (log H).
We conclude

#2) <o (log B)>"(log H + loglog B) (loglog B)’ ~°* < (log B)*™'*¢(1 + log H).

We substitute the bounds for #27, #2 into (7.34) and use this in (7.22) and (7.23). From Lemma 7.5,
we conclude the following result.

Proposition 7.6. In the situation of equation (7.12), let A be as in Hypothesis 5.1 and { asin (5.10). Define
the matrix &y as in (7.2) and the polytopes P, P ;, P (A, rr) as in (7.30). Choose 7 satisfying (7.18).
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Suppose that (7.24) holds as well as the conditions

C(r?), P, Co((1=hii&a)ij)s  C3((1 = hij&adif) (7.35)
hold as in (7.31) and (7.32). Then Hypothesis 7.2 is true.

Condition (7.35) requires a linear program. In principle, this can be done by hand (we show this in a
special case in Appendix A), but a straightforward computer-assisted verification is more time efficient.
We can replace (7.24) by the following condition: There exist vectors (1) € R’, o~ € RV satisfying
(7.20) and (7.21) such that C; (7)) holds.

8. The transition method

In this section, we describe a method that derives an asymptotic formula for N(B) as in (1.5) from
the input provided by Hypotheses 5.1 and 7.2. In fact, we will only need these hypotheses for certain
choices of parameters to be discussed in a moment. Our main result will be formulated at the end of the
section. In the interest of brevity, we now choose by = - -+ = by = 1 in (1.2). No extra difficulties arise
should one wish to handle the more general case, but a more elaborate notation would be needed. All
equations that occur in the examples treated in this paper may be interpreted to have coefficients 1 only.

We begin with some more notation. We continue to use the vector operations introduced in Section 5.
In addition, if Z C R" andx € R", thenx- Z ={x-y:ye %} CR". Forv= (v,...,v,) € R", we
write

v=02",...,2") eR". 8.1
Forg € N”, we write u(g) = H;Zl 1(gp) where i denotes the Mobius function. We write 1 = (1,..., 1),

the dimension of the vector being understood from the context.
For0 < A < 1,let fp: [0,00) — [0, 1] be a smooth function with

dJ .
supp(fa) € [0,1+A), fa=1on][0,1], EfA(X) <A™/ 8.2)

whose Mellin transform ]?A obeys, once d3 > 0 and A > 0 are fixed, the inequality

(1+Als)~4

|51

d/ ~
mfA(S) <A, (8.3)

for all j € Ny, uniformly in 63 < Rs < 2. A construction of f, is given in [8, (2.3)]. From (8.3), we
infer the useful estimate

N
2(s* [ [ Fa(s)) < A7l () (84)
v=1
fors = (s1,...,5n) € CN with2 > Rs, =63 >0,a€ N(I)V, ¢ > 1 and any linear differential operator
2 with constant coefficients in s, . . ., s, the implied constant being dependent on a, N, ¢, 2.

We write / ™ for an iterated n-fold Mellin-Barnes integral. The lines of integration will be clear
from the context or otherwise specified in the text. If all n integrations are over the same line (c), then
we write this as (n).

(©)
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We continue to work subject to the conditions (7.4), (7.6). Also, we suppose that Hypotheses 5.1 and
7.2 are available to us. With §; as in Hypothesis 5.1 and S, as in (1.4), we suppose that there is some
04 > 0 with

Z (1-Bihij)21+6; (1<p<r) and Bihj<1(1<i<k1<j<J). 8.5)
(i,j)€Sp

In order to efficiently work with the asymptotic formula in Hypothesis 5.1, it is necessary to rewrite
the singular integral as a Mellin transform. With { as in Hypothesis 5.1 (in particular satisfying (5.10)),
we assume that

J; =2 whenever ¢; >1/2. (8.6)
We also define
J'=Ji+-+J;

for the number of variables appearing in the torsor equation.

Lemma 8.1. Letb € (Z\ {0)*X and X € [1/2,00)’. For 1 < i < k, put

Hi(2) = {F(z) cos(nz/2),  hij odd for some 1 < j < J;, 8.7)

['(z) exp(inz/2), h;jevenforalll < j < J;.

Then, on writing zx =1 —z1 — -+ — Zx—1, one has

ZJ* g '-%i(zi) - 1-hijz 1 — zhi-fzi_l dzp -+ dzg-1
FH(X) = —<X0>/ .. / _l Xi' ijZi ) i )
4 (&) (Lk-1) !:1[ bf B ( 7 1 - hijzi (2mi)k-1

Note that (5.10) implies that Rz = k.

Proof. We start with the absolutely convergent Mellin identity

1 d
e(w):/F(s)exp(—sgn(w)ins)|27rw|_s—s,
% 2 2ni
for w € R\ {0} and € the contour
(-1 —ico,—1 —i] U [-1—i, 1 —i] U [ —i, + +i] U [+ +1, -1 +i] U [-1 +i] U [-1 +ic0),

which can simply be checked by moving the contour to the left and comparing power series. Integrating
this over % as in (5.2) based on

/ yfhs dy = 1-2m yl-hs
ly<y<y 1= hs

and using the definition (5.4), we obtain

(. Ji _ 9hijzi—1 .
Ii(biﬁ7Xi)=2]i/ Zi(zi) H(Xl_hijZi—l 2 )dzl (8.8)

& (2n|b;B])% =1 ij 1- h,‘jZi 2ri

for every i. Note that sgn(y:."') is always 1 if and only if h;; is even for all 1 < j < J;. At this point, we
can straighten the contour and replace it with Rz; = ¢;. The expression is still absolutely convergent,
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provided that (8.6) holds. We insert this formula into (5.5) fori =1,...,k — 1 getting

o0 (k—-1) k=1 Hi(z1) Ji piz 1 = 2hijzi=1 dz
AX) = o) [ [ TG (e )
—oo Rzi=¢; !:1[ (2r|b; )= g 7 1= hijzi ) (2ni)k-1

X I (b, X)) |BI751 77 dB.

The integral in S is still absolutely convergent, by (5.3) and (5.10). It is the two-sided Mellin transform
of I (byB,Xy) in Bat zp =1 —z; —--- — zx—1. An evaluation can be read off from (8.8) by Mellin
inversion, and the lemma follows. ]

We are now prepared to describe our method in detail.

8.1. Step 1: initial manipulations

Let y: (Z\ {0})” — [0, 1] be the characteristic function on the set of solutions to the torsor equation
(1.2) subject to by = --- = by = 1, and let : (Z \ {0})’ — [0, 1] be the characteristic function on
J-tuples of nonzero integers satisfying the coprimality conditions (1.4). For 1 < v < N, let

Py, (x) = ]_[ |xij|alyj (8.9)

i

denote the monomials appearing in the height conditions (1.3). We start with some smoothing. Let
0 < A < 1/10 and define

N
FpB(x) = 1_[ fA(PVTSX))
v=1

Then the counting function

Na(B) = > y(X)x(X)Fap(X)

xe(z\{0})’
satisfies
Na(B(1 =A)) < N(B) < Na(B). (8.10)

We remove the coprimality conditions encoded in ¢ by Mobius inversion. As in [9, Lemma 2.1], we have

Na(B)= ) u(@ > x(y-X)Fas(y-x),

genN” xe(z\{o}h'

where for given g € N”, we wrote

y=(yi;) eN’, y;;=lem{g, | (i,)) € S,} (8.11)

for0 <i < k,1 < j < J;. Inthe following, we will need (7.10) of Hypothesis 7.2 only for b = . For
later purposes, we state the following elementary lemma.

Lemma 8.2. Fory e N/ asin(8.11),6 >0, 1 < p <r, andn = (n;;) € RL , the series

>0’
>y}

geNr
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is convergent provided that
Z nij > 1+6
(i.))€Sp
holds forall 1 < p <.

Proof. Suppose that 3’ ; ;) es, Mij = 1+ 6 + 6 for all p and some 59 > 0. The sum in question can be
written as an Euler product, and a typical Euler factor has the form

Z pf("), f(oz)zéa'p—ij max_ a;.
i,j

aely (i,) €Sy
This is
(I+a)"
1 + 0( Z p()/(1+50) )
a=1

The statement is now clear. m]

For 1 < T < B, we define

Naz(B)= ), p@ D, x(v-xFaz(y-x).

lgl<T xe(Z\{0}h)”’

By (7.10), (7.9) (recall A < 1/10) and Lemma 8.2, and by an estimate that is often called Rankin’s trick,

INa7(B) = Na(B)| < D Nyy(2B.2B.1) < Blog B)**® " 57"
lgl>T lgl>T

oh—-&
< B(log B)®** Zy’i(%) "7 < B(log B)*+eT % (8.12)

Next, we write each factor fj in the definition of F p as its own Mellin inverse so that

(N)
Mar®= Y uw [ A ")1—[| il Vw]‘[(fm»mv)(z:fw,

lg|<T xe(Z\{0})’ v=l

where
v=(v;;)=dseC’ (8.13)
and o) = (};) € R”N is as before. By partial summation, we obtain

X(Z/V x) H|Xij|_vij = %(nvij) ‘/[] Z y(y -x)XV1dx

. L J
xe(Z\{0}) ij ij )7 0<xi1Xi;

1 ( Vij ) / -1
= — —_— x(y-x)X dX,
Y 1=27%7 1 e0)s | Z

Xl[<|xl/|<Xl]

so that

Nar(B) = u(g)/( ) 1 l v;j v,,)/[l o) /l;);vg() ﬁ(fA( ")B‘V) (zjis)zv

|g|<T i,J v=1

https://doi.org/10.1017/fms.2023.123 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2023.123

54 V. Blomer et al.

in the notation of Hypothesis 5.1, where

Y= (nyﬁfif)migk €N, 619

We emphasize that we need (5.9) of Hypothesis 5.1 only for b = y*.

8.2. Step 2: removing the cusps

We would like to insert the asymptotic formula from Hypothesis 5.1. This gives a meaningful error
term only if min X;; is not too small, and the formula is only applicable if (5.11) holds. Thus, for
0<6<1,0< <1 we define the set

U’ 1<i<k I<i<k !

Rsa= {X: (X1,...,Xg) € [1,00)” : min X;; > max X/, min x> ( max Xl."')l_’l}.
i.j

Correspondingly, we put

(N) Vij ,/Vy*(X) N —~ ds
NaT, 5,0 = u(g)/ | T2 v”)/g2 o Xm_[(fA(Sv)st)(zﬂi)N. (8.15)
|g|<T 5,1 v=1

While A is fixed, ¢ is allowed to depend on B and will later be chosen as a negative power of log B. In
particular, all subsequent estimates will be uniform in ¢.

Lemma 8.3. We have
Np7(B) = Nar.5.0 < T"B(log B)*** (5 + (log B)™1).

Proof. This is essentially [9, Lemma 5.1]. The idea is to revert all steps from Section 8.1 and apply the
bound (7.10). By a change of variables, we have

) 1 Vij
Nar,6,0 = ,u(g)/ ﬁ) Z (=Dloh

lg|<T ij oe{0,1}7
N
— dX —~ ds
x / X7 0@ X" X (Fa 5B ) ==,
0 -Rs,2 0<XUZ|SXU <X> B ( ) (Zﬂl)N

where we recall the notation (8.1). By partial summation, this equals

ﬂ(g)/( ) ]_[1 - V”) S (=l o

\g|<T oe{0,1}7

- X%Xf)n(mvw&)(;;w

Xe— D'L%é,[
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We conclude that

(N) 1
INa,T(B) = Na,r,s5,4] < Z /1 ]_[ m)
i,J

|g|<T oe{0,1}7

x 2~ Zij TijVij Z X()V/va) n (fA(Sv) )

x|
X€(Z\ 0D\ T 1 (2i)

Finally, we write each factor (1 —27"/) as a geometric series and apply Mellin inversion to recast the
right-hand side as

Z Z Z Z X(y - X)Fa p(y - (kK+0) - x).

gl<T o e{0,1} keNy xe(Z\{0})/\=T %5,

Note that any X ¢ =0 - %54 in the support of Fa g(y - (K + o) - X) satisfies

1 .. 4 i h;
n};nlxlﬂ <((1+A)B)° or Illln | ||x | < (lrgax | ||2xl | 1)
so that

INaz(B)=Naz,sal <2/ > 3 N _z((1+A)B,((1+A)B)°, )
lgl<T keNy

by (7.8). The lemma follows from (7.10). Note that 65 > 0in (7.10) ensures that the k-sum converges. O
8.3. Step 3: the error term in the asymptotic formula

We insert Hypothesis 5.1 into (8.15). For convenience, we now write Wp(X) = Np(X) — &5 (X). In
this section, we estimate the contribution of the error ¥y, (X), which amounts to bounding

vij Wy (X) (7 (o e
Exr,s,0= Z |/1) }7( g ﬁ) /926,/1 ;;v+1 dXB(fA(Sv)B )(2ﬂi)N|'

For X € % 4, we use (5.12) and min Xl._j‘s‘sl <[l Xl._jd‘s‘/J to conclude that

Ji

k
¥,.(X) < € (ﬂ X,

i=0 j=1

1—hjli+e— 551/1)

Thus, the X-integral is absolutely convergent provided that
“RVU‘ > l—h[j§[—65]/J (8.16)

holds for each 7, j. We now choose appropriate contours for the s-integral. By (8.13), the choice
Rs=0 =(0y) € R>0 as in (7.6) is admissible to ensure (8.16). These contours stay also to the right of

the poles of fA at s = 0 (and in fact inside the validity of (8.3) and (8.4) if 93 is sufficiently small) and
to the right of the poles of (1 —27"/)~! at Ry;; = 0 by (5.10) if § is sufficiently small. By (7.6), this o-
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satisfies ), o, = 1. We now shift each s, -contour to Rs, = o, — §61/(2JA), where
A= V.
1’1’5_1)( Zv: a;;

Then Rv;; > 1 = h;j{; — 661/(2J) in accordance with (8.16), and poles of any (1 — 27vii)~lor J?A (sy)
remain on the left of the lines of integration provided that ¢ is less than a sufficiently small constant (it
will later tend to zero as B — oo). Having shifted the s-contour in this way, we estimate trivially. The
R 5.-integral is < 6~ so that

J p1-2o% cn [V )
Enroa <5785 3 5 [ [l
|g|<T v
« TCSH 57 pI=5fa AT +e (8.17)

by (8.4) (which is still applicable if §3 is sufficiently small) with @ = id, ¢ = ¢, ||a||; = J, where

r

s=3 3 my (8.18)

p=1 (i,j) €Sy

8.4. Step 4: inserting the asymptotic formula

‘We now insert the main term in Hypothesis 5.1 into (8.15). In order to compute this properly, we reinsert
the cuspidal contribution and replace the range %5, of integration with [1,c0)’. In this section, we
estimate the error

. (N) 1 Vij &y Iy (X) ds
AT, 6,0~ |/1 T ) /[1,00)1\@5,,1 T 1_[ (fA(Sv) )(27ri)N )

lg|<T v=1

E

We interchange the s- and X-integral and compute the s-integral first. Writing as before each (1-27"7)~!
as a geometric series, we obtain

(N) i N ;
/(1 ),lev( 1 _sz Vi ) l_[ (fA (sv)B V) (2:iS)N

) 3
(N) v = 7 Sy d
k;/ J, ®rxr O [T (A608*) i

and (v) Hv(ﬁ (sy)B*¥) is a linear combination of terms of the form HQ’ZI i ﬁ (s)B% for vectors

a=(a) € N(I)V with ||a]l; = J. The inverse Mellin transform of s“ﬁ(s) is D fa, where D is the
differential operator f(x) — —xf’(x). Hence, defining

(a) (X) l_[Davf (lP (X)|)
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with P,, as in (8.9), we see that E* is bounded by a linear combination of terms of the form

AT,6,4

&y Ty (X)] @ K.y
2 S B Ry 1

lal=T ¢ [1,e0))\#s.2 kel
«a? Yy ([T2") Fogaom (- - X) ax
gI<T kg I\

by Lemma 5.3, (5.9) and (8.2). By (7.11) withb = (1,...,1),y = ﬁ-y and H = ((1+A)B)?, we obtain
Epr.5a <T°"A7 B(log B)***(5+ (logB)™") (8.19)

with S as in (8.18). Again, 6; > 0in (7.11) ensures that the k-sum converges. Combining Lemma 8.3,
(8.17) and (8.19) and choosing & = (log B)~'*#, we have shown

Na.r(B) = Ny'J.(B) + O(TS*" A~ B(log B)*™'*), (8.20)

where

N B = Y ue) / (N)l 1_V'2’ v,,)/m)J%;%u(X) H(fA(sv)Bs)u:l)N

lg|<T

We insert Lemma 8.1 and integrate over X. This gives

J* (N) (k—=1) hijzi—
(1) _ 2 / 1 —2Mij
N B)=— K
A,T( ) n ﬂ(g) - "(7 )2 | | (zi) | | hijz: )

lg|<T
Kk J;
Vij ) ( ) dz ds
(1_0[ 1]_! (I =27V )w;; 1_[ fa(sr)B° (2ri)k=1 2ri)N”’
where w;; = v;; + h;jz; — 1 and we recall our convention zx = 1 — 21 — -+ — zx_1. If we write

w = (w;;) € C’, then by (8.13) and (7.3), we have
W=£¢1S+ﬂzl*, z" =(Zl,...,Zk,1,1). (8.21)

This explains the seemingly artificial definition of f/,. We can simplify this first by recalling the
definition (8.14) of y*, which implies y"(y*)* = y"*!. Next, we use our convention /g, = 0 and insert a

redundant factor 270 HJJ,(;I (1 —2h0i20=1) 'We also write x = k — 1. In this way, we can recast N, (1) 7 (B) as

N) ) g, L o) B ds
— Z u(g) A W+1 Hi(z l)) (w) ¢(v w) I_[ (fA(S )B )(2m)’< 2ri)N

|g|<T Zi= (z

where

k Ji
d(v) = ]—(1 [ 1 v’z’ = (8.22)

Jj=1
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8.5. Step 5: contour shifts

In this section, we evaluate asymptotically Ni{)T(B) by contour shifts. Let o = (0,) € Rgo be as in
(7.6). For some small & > 0, we shift the s-contour to R, = o, +& without crossing any poles. Shifting
a little further to the left will pick up the poles at w = 0, whose residues produce the main term for
N(B). To make this transparent, we make a change of variables as follows.

By (7.4), we have k(&) = rk(&/| o) = R, so we can choose R linearly independent members of
the linear forms w;; in s and z* = (z1,...,2k-1, 1), say w®D . w® and then the remaining w;;
are linearly dependent. Since also rk(&/;) = R, we may, for fixed z, change variables in the s-integral
by completing the R functions w(!, ... w® to a basis in any way such that the determinant of the
Jacobian is +1. We call the new variablesy = (yi,...,yn)-

We can describe this also in terms of matrices. We pick a maximal linearly independent set of R
rows Zi, ..., Zg of the matrix (&f; &»). Let Zg,1, ..., Z; denote the remaining rows of (&f; &), and
let B = (by;) € RYR*R be the unique matrix satisfying

Z ZR+1
%’( : ) =( : ) (8.23)
ZR Z‘j
That is, 98 expresses the remaining w;; in terms of the selected linearly independent set. Again by (7.4),

we can also write the last row (/3 &/4) of o as a linear combination of Z, ..., Zg, say

R
beZe = (ofs dly). (8.24)
=1

The coeflicients b; and b, play the same role as in Lemma 4.7. Choose a matrix

Z,

G = (%1 6) = Ze e RVXINH) (@ e RVXN @, € NV*ky, (8.25)

with € RIN-RXN chosen such that €; € RV*N satisfies det®; = 1. This is possible since
k(1) = R by (7.4). Givens € CV, z € C*¥!, we define the vector

Oty oyn) =y =Y(5,2°) =6(s,2") =Gi1s" + 67" . (8.26)
We write
n=y(o, ({1, . G- ) eRY, g =y(o+e-1,(4,. .., 4-1,1) € RN

with o as in (7.6) and some fixed & > 0. In the new variables y, the path of integration Rs, = o, + &
becomes Ry, = n}. Moreover, by (8.23) and (8.24), we have

J-R R
Wy =yiyr [ | 2, Zuy) =) bueve (8.27)
=1 t=1
and
N R
14 ) s =2, L) =) bove. (8.28)
v=1 =1
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Thus, we can recast N, (1> 7(B) as

N

2w [7 [ ST The)([ ] 7w)

‘th &i

x B dy _dz (8.29)
YR 1‘[ R 2.(y) @ri)N (2zi)«’ ’

where now s, v, w are linear forms in y, z" given by (8.13), (8.21), (8.23) and (8.26). We now shift the
Y1, - ., yRr-contours appropriately within a sufficiently small e-neighborhood of i (in which in particular
¢ (v)/p(v—w) [, fa(sy) is holomorphic), always keeping Rz; = ;. Recalling definitions (8.22) and
(8.7) as well as v — w = (1 — h;;z;;);;, we record the bound

* N — k k 1
g(fwil (6w EfA(sv))(—¢(vl_ - L—l[%,-(zi))) < TSA-’-”|s|;°'(D g 730w

k
=TSA ([ [ Il b0 57y - %7 (82| (8.30)
i=1
that holds for any fixed linear differential operator & with constant coefficientsin sy, ..., Sy, 21, - - - » Zk—1

and any fixed ¢ > 0. This follows from Stirling’s formula, (8.4), (5.9) and (8.18). In particular, choosing
¢ > N and recalling (8.6), this expression is absolutely integrable over z and y. We return to (8.29) and
evaluate the (y1, ..., yr)-integral asymptotically by appropriate contour shifts. The integrals that arise
are of the form

(R pEG) H(% <
B(logB)"O/ B~ H(Y)~ dyR .
01(y) - €5, (§) (2mi)Ro

where @y € Ny, {1, .. ., €y, are linear forms in Ry variables spanning a vector space of dimension Ry, ¢ is
a linear form, the contours of integration are in an &-neighborhood of Ry, = 0 and H is a holomorphic
function in this region satisfying the bound (8.30); initially, we have Ry = R, Jo = J, a9 = 0. As long
as R€(¥) > 0, we can shift one of the variables to the left (if appearing with positive coefficient) or
to the right (if appearing with negative coefficient), getting a small power saving in B in the remaining
integral and picking up the residues on the way. Inductively, we see that in each step Jo — Rg + ap is
nonincreasing. Recalling the definition of ¢, in (7.5), we obtain eventually

N{ (B) =¢"cpn(T)ceo(A) B(log B)? + O(TS7+* A~/ "N=*B(log B)>™") (8.31)

for some constant ¢* € Q (to be computed in a moment) and

cin(M) = ) u(g)< 3

lg|<T

2l ) p(N- R> dyger -~ dyy  dz
Co(A) = ?/y\ . A I (Sv)|y1: =yR= 0)(]_['%(11 ) é;i)N—R ~ 2ri)x (8.32)

Zi=

That the multiple integral in the formula for ¢, (A) is absolutely convergent follows again from (8.30).
Combining (8.31) with (8.12) and (8.20), we have shown

NA(B) = c*cin(T)co(A)B(log B)? + O (B(log B) > ™ &(T5* A~/ "N=¢ 1 T2 10g B))  (8.33)

forany 1 <T < B.
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8.6. Step 6: computing the leading constant

We proceed to compute explicitly the leading constant in (8.33). In this subsection, we consider ¢* and
ciin(T), and we start with the former. To this end, we observe that in the course of the contour shifts,
only the polar behavior at w = 0 is relevant so that

¢’ = lim ;/(R)Bg(y)nf’( )1—[3( )
B—w (log B)© Ve Y I)R

for any function F that is holomorphic except for a simple pole at 0 with residue 1, provided the integral
is absolutely convergent. We choose F' = fj, for some Ag > 0 as in (8.2)—(8.3), recall the notation

(8.27)—(8.28) and insert the formula s~! = /01 1571 dt for Rs > 0. In this way, we get the absolutely
convergent expression

1
* 1 Bu?(y) / Z,(y)-1 dt
<= GoeBe / l_[fA (ye) nf (27r1)R

(R) . - d
= lim BZW fa (ye)/ B"ZWY 4r y
B—oo 1_[ 0 [0,00]/-R ll:l[ (27T1)R
R

(R) dy
=l )BZf(b(’ Zurdbu)ye 4
B /[0’00 / I—[ o(ye) (27r1)R r

= li B—bf+21h o
Bgrgm/[m”]—[fm ) dr.

Here, we used a change of variables along with ¢, = J — R in the first step, cf. (7.5), and Mellin inversion
in the last step. This formula holds for every Ay > 0, so we can take the limit Ag — 0 getting

J-R
¢ = vol{r € [0.00]/ R :br— > riby > 0forall 1 << R}. (8.34)

=1

Next, we investigate cq,(7'). We can complete the g-sum at the cost of an error

‘ —1+hijﬁi)(|g|)6478 —04+&
V.. —= <T
<7>‘ (H Y T
Ly

by (5.9), (8.11), (8.14), (8.5) and Lemma 8.2 so that

lg|>T

&
cin(T) = cin + O(T7%*), ¢ = > p(g) L. (8.35)
. %2
Using (5.8), we can rewrite cg, in terms of local densities (note that the sum is absolutely convergent).
Recall that g = (g1, ..., g,) is indexed by the coprimality conditions S, ..., S, in (1.4). For a given
choice of aq, ..., a, € {0, 1}, let

S(a) = U S,, 6(ij,a) =

ap=1

L, (@))€ S(a),
0, (i,)) ¢S(a).
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Then

( 1)\f¥|1 . 1
en=[] 3, g jim rm#{xmed ot ZSI_Vpé“’Mx )" =0 mod p*|.

PQE{OI}Vp i=1 j=1

By inclusion-exclusion, this equals

1 ‘J —
Cin = lim ———— {x mod pt Z l_[ = 0 mod p*, } (8.36)

L—oo pL(J 1) i=l j=
’ (L o)) € Sy p) = 1for 1 S p < r

Combining (8.33) and (8.35), we conclude
Na(B) = ¢*cince(A)B(log B) + O(B(log B)CZ-I—M—J—N-E)

for 69 = min(8,, min(4, 1)(S + r + 1)~') > 0, upon choosing T = (log B)!/5*"*D Since N (B)
is obviously nonincreasing in A, we conclude from (8.10) and the previous display that N(B) =
(1 +o0(1))c*cancoB(log B)2 as B — oo with

o = lim ¢ (A), .
c AIE})C (A) (8.37)

and this limit must exist. We have proved

Theorem 8.4. Suppose that we are given a diophantine equation (1.2) with by = --- = by = 1 and
height conditions (1.3) whose variables are restricted by coprimality conditions (1.4). Suppose that
Hypotheses 5.1 and 7.2 and (7.4), (7.6), (8.5), (8.6) hold. Then we have the asymptotic formula

N(B) = (1 +0(1))c*canceB(log B)?, B — oo. (8.38)

Here, c* is given in (8.34) (using the notation (8.27)—(8.28)), cfin in (8.36), ¢ in (8.37) and (8.32) and
crin(7.5).

More precisely, we need (5.9) of Hypothesis 5.1 only for b = y* and (7.10) of Hypothesis 7.2 only
forb =1y.

9. The Manin—Peyre conjecture

In Sections 5-8, we established an asymptotic formula for a certain counting problem, subject to several
hypotheses. By design, we presented this in an axiomatic style without recourse to the underlying
geometry. In the section, we relate the asymptotic formula in Theorem 8.4 to the Manin—Peyre conjecture.
In particular, we compute c., explicitly, and we will show (under conditions that are easy to check) that
the leading constant c¢*cqyco agrees with Peyre’s constant for almost Fano varieties as in Part I. This
applies in particular to the spherical Fano varieties in Part III of the paper.

9.1. Geometric interpretation of c.

In this subsection, we establish the following alternative formulation of the constant c.. Recall — cf.
(8.25) — that the first R rows of € = (%1%>) are R linearly independent rows of (14>), let’s say
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indexed by a set I of pairs (i, j) with0 <i < k, 1 < j < J; with |I| = R. Let
8 n
D" (t) = Z ﬂ 0, ©.1)

i=1 (i,j)el

and let & be the affine (R — 1)-dimensional hypersurface ®*(t) = 0 over R. Let y; be the characteristic
function on the set

[T st <1 1susn.
(W)€l

In order to avoid technical difficulties that are irrelevant for the applications we have in mind, we make
the simplifying assumption that

one of the kK monomials in ®* consists of only one variable, which has exponent 1. 9.2)

Without loss of generality, we can assume that this is the first monomial. (Assumption (9.2) can be
removed if necessary and follows from assumption (4.8).)

Lemma 9.1. Suppose that {(1, j) € I} = {(1, 1)} and hy = 1. Then c is given by the surface integral

_r [
Coo =2 /g”m*(t)” dZFt. 9.3)

Proof. We return to the definition (8.32) of ¢« (A) and compute the y-integral for fixed z. Let us write
F(y) = ]_[]f:1 fa(sy). We recall from (8.26) that y = €s + 6,z" with det @ = 1, and we view s as a
function of y (for fixed z). By Mellin inversion one confirms the formula

(N-R) _ d .d (N) dy dt
YR+1 " dYN o pr_ Y
F(O,...,0,YR41s ... YN) / / F(y)n' -
-/Ryvﬂﬂ h N (27T1)N R RR) JRy,=n; Y 'r (2ri)N <t>

Note that by Mellin inversion, the t-integral on the right-hand side is absolutely convergent, even
though the combined Yy, t-integral is not. (This formula is a distributional version of the ‘identity’
fooo 71dr = 6y.) Let us write € = (€1 62) = (cyu) € RVXNV#K) and €2 = Z € CV. We change
back to s-variables and compute the s-integral in the preceding display by Mellin inversion, getting

R dt
/)OlﬂfA(g’ “)i Ry

By construction this integral is absolutely convergent for every fixed z with Rz; = ;. Plugging back
into the definition, we obtain

R
Co(A) = — /z’ n‘%(lz)/ an l_[ ;CF#) e R %(zif)K

=& =1 >0;1 1 t=1

Here, the z-integral is absolutely convergent since the multiple integral in (8.32) was absolutely con-
vergent. The combined t, z-integral, however, is not absolutely convergent. Recall that k = k — 1,
72k =1—2z1 — -+ — 7, and F;(z) was defined in (8.7) with inverse Mellin transform x +— K;(x), say,
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where K;(x) = cos(x) or exp(ix). In order to avoid convergence problems, we define, for £ > 0, the
function

cos(x)e‘(”)z, h;j odd for some 1 < j < J;,

. 94
e* e (87 hijevenforall 1 < j < J;, ©H

(&) _ - 2 _
K (x) = Ki(x)e =) —{

and its Mellin transform 7{[(8) (z) = fooo Ki(s) (x)x?~! dx. This can be expressed explicitly in terms of
confluent hypergeometric functions by [40, 3.462.1], but we do not need this. It suffices to know that
%(8) (z) is holomorphic in Rz > 0, rapidly decaying on vertical lines, and we have the pointwise limit
limg_,0 %(8) (z) = H;(2) for 0 < Rz < 1. The latter follows elementarily with one integration by parts
by writing

/(K(x) K (x)x" " dx = /_1/2 /1/2 <&e?4el2 50

for ¢ — 0. Correspondingly, we write

s 2J (k) k . N R ceen) 2 . dt  d
Cc(m)(A):7/ n%()(ZL)/ an(l—[tg ; )l‘]' “‘tRw(Zﬂf)K'

Rzi=¢; i= >[) =1 =1

This multiple integral is now absolutely convergent, and by dominated convergence we have
ce(A) = lim ). 9.5)
£

We interchange the t- and z-integral, fix t and compute the z-integral. Mellin inversion yields

« Y 4
%k(s)(l_zl_"'_zk):/ %k(s)(zk)x “ Zkz—l.(
0 (3) 1

for Rz; = £, 1 < i < k. Note that on the right-hand side R(z; + - - - + zx) < 1 (which is why we chose
Rz = %{ x). Again, the double integral is not absolutely convergent, but the x-integral is absolutely

convergent. In particular, after substituting this into the definition of cf,f) (A), we may interchange the

x-integral and the zj, .. ., z,-integral to conclude
J 0 (k) _k N R
(e) 2 (e) —y fingaa 2 Gt
el (A):—/ / / 79 (2:) fA( t ) S S e S [ty
7 Jux, Jo 1_1[ ’ ,ﬂ ﬂ ‘ Qrik (B

where Rz; = &, 1 <i <k, Rz = %{k. By Mellin inversion, we can now compute each of the
71, - . ., Zx-integrals. We recall our notation Z = €,z", so

K
Zj= Z Cj,N+iZi t+ Cj N+k-
i=1
This gives

R . x R R dt
(8) (A) = / / “—I fA( l_l t, ﬂu)] [[{Igf) (x) ]_[ Ki(s) (x l_[ tvcv,Nﬂ)] ]_[ tiv,NHc dxm

=1 i=1 v=1 v=1
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1+LV N+k

Changing variables t,, + ¢! and then x + 27x H , this becomes

o N R R K R
27 / / [ [ 17 ( [1 t;"*-")] [K,ﬁg) Qux[ [o o [ ] (27Tx [Jogrveretees N+k)] dx dt.
RE) S0 bl =1 v=1 i=1 v=l

We reindex the variables ¢, as t;; with (i, j) € I, as described prior to the statement of the lemma. By
the definition of (&/1&/,) in (3.10), we then have

R R
ntﬁv‘“’”mc“‘”*k = l_[ tf’]f‘" (1<i<k), nti”“’”*k = l—[ th.j
v=1 (i,j)el v=1 (k,j)el
so that
cﬁf)(A)zzf/ / H_[fA( ")]H—[K(s)(%rx [ #)] ax at.
>0

=1 (i,j)el (i,j)el

By symmetry, we may extend t-integral to all of RR, recall (9.4) and write

& (n)=2""R / m/ Wa(De(x@" (1)) exp (- (mex)*d(t) dx dt
—oco JRR

with ®* as in (9.1) and

N k
Wa = [ [ [] 11). ®@=a); []

p=1 (i,j)el i=1 (i,j)el

We compute the x-integral, getting

@ py 278 (@")2(t) dt
=" [ ¥ae (- 2®<t>)m

By construction, this is absolutely convergent for every fixed € > 0, and the limit as € — 0 exists by
(9.5). Let % = {t € RR : |(®*)%(t)/®D(t)| < 1/25}. Writing

exp ( - %) = exp ( - —((D&i)(i)(t) ) exp ((1 - 8_2)_(¢>q~3i)(t) )

we obtain

c&(a) = ZJ;:/TA(t)exp(_M) dt +0(le(1*8’2)/25).
U

g2®(t) / \Jo(t) &

We consider now the equation

(1) /[ P(t) —u=0 (9.6)
for |u| < 1/5. It is only at this point that we use (9.2). We write t = (¢;1,t") and

O (t) = 111 + (D) (), D(t) =41}, + D'(t).
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Then for u = 0, the equation (9.6) has the unique solution #;; = —(®*)’(t"), while for 0 < |u| < 1/5,
both u and —u lead to two solutions

(D (V) + lu *\/(¢)2 L D’ (¢ _ 2
0= SOV O MECTOTFOT0) _ )

For u = 0, we have ¢§ = ¢, and for notational simplicity we write ¢7 = ¢ = —(®*)’. Changing
variables, we obtain

2]—R ((I)*)Z(t) dt 2]—R/l/5 I/t2
Yh(t)exp | — = = exp| — = |O(u) du,
Ve 0 (= Sg00 ) o = e L 0 o
where
20Y,
O(u) = B2t (t),t)dt, E= —.
W= [, 26w o T

i
By a Taylor expansion, we have ©(«) = @(0) + O(|u|) for |u| < 1/5 so that

JR 2

- ”—2)®(u) du = 2 "RO(0) = 2J—R/ E(4(t), ) dt’
& RR-1

] Pa(B(t), 1)
=2/ R/ A dt’.
rr-1 | @ ($(1), )] ¢

W(A) =1 (
C()Flg%\/— eXP

Here, we can let A — 0, obtaining

_piE / B o
‘ et 07 (@(0).0)] ©7)

(Note that the denominator is 1 by (9.2), but that this formula should also hold without this assumption.)
We write this more symmetrically as follows. If #;; is any component of t’, then by implicit differentiation,
we have

5 (().1)

60 = g ey

so that we can write ¢, as a surface integral

pon [ OOy [l

= dF
e 1@, (@(0). 0) > e o1 7Y

as claimed. O

9.2. Comparison with the Manin—Peyre conjecture

Theorem 9.2. Let X, H be as in Proposition 4.11. Suppose that the corresponding counting problem
for U C X given by Proposition 3.8 satisfies all assumptions of Theorem 8.4. Then the Manin—Peyre
conjecture holds for X with respect to H, that is,

Nx.u.u(B) = (1 +0(1))cB(log B P X!

with Peyre’s constant c.
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Proof. By Proposition 3.8,
Nx.u.u(B) =2 PeXN(B)
for N(B) as in (1.5). Formula (8.38) in Theorem 8.4 states that
N(B) = (1 +0(1))c*cnceoB(log B)2.

Comparing definition (4.6) with expression (8.36) for cgy, the definitions (4.10) and (8.34) of ¢*, and
definition (4.12) with expression (9.7) for c (which are both valid since assumption (4.8) implies
(9.2)), then Proposition 4.11 shows that the leading constant for Nx ¢ g (B) is Peyre’s constant, and
¢y =J—R =1kPicX -1 by (4.9), (7.5) and Lemma 3.10. Therefore, Proposition 3.8 combined with
(8.38) agrees with the Manin—Peyre conjecture. O

The following part provides numerous applications and shows how to apply this in practice.

Part ITI Application to spherical varieties

Having established the relevant theory in Part I and Part II of the paper, we are now prepared to prove
Manin’s conjecture for concrete families of varieties. In particular, as a consequence of Theorem 10.1,
we obtain Manin’s conjecture for all smooth spherical Fano threefolds of semisimple rank one and type 7.

10. Spherical varieties

10.1. Luna—Vust invariants

Let G be a connected reductive group over Q. Let Q(X) be the function field of a spherical G-variety
X over Q. Only in this section and in Section 11.1, let B denote a Borel subgroup of G with character
group X(B). The weight lattice is defined as

= {X cX(B): there exists f, € Q(X)* such that}.

b-fy=x(b)- f,forevery b e B

Note that for every y € ., the function f, is uniquely determined up to a constant factor because of
the dense B-orbit in X. The set of colors 9 is the set of B-invariant prime divisors on X that are not G-
invariant. Moreover, we have the valuation cone 7" C Ny = Hom (., Q), which can be identified with
the Q-valued G-invariant discrete valuations on @(X )*. By Losev’s uniqueness theorem [52, Theorem
1], the combinatorial invariants (., 7", ) uniquely determine the birational class of (i. e., the open
G-orbit in) the spherical G-variety X over Q.

Now, let A be the set of all B-invariant prime divisors on X. There is a map ¢: A — /g defined by
(¢(D), x) = vp(fy), where vp is the valuation on Q(X)* induced by the prime divisor D. For every
G-orbit Z C X, we define #z = {D € A : Z C D}. Then the collection

CFX = {(cone(c(#2)), Wz ND):Z < XisaG — orbit}

is called the colored fan of X. According to the Luna—Vust theory of spherical embeddings [54, 50],
the colored fan CF X uniquely determines the spherical G-variety X over Q among those in the same
birational class.
The divisor class group Cl X can be computed from CF X: By [18, Proposition 4.1.1], the maps
M — 7P, xy — div f, and Z* — Cl1X, D  [D] fit into the exact sequence /4 — Z* — C1X — 0.
Spherical varieties with 7° = W are called horospherical. These include flag varieties and toric
varieties. In the latter case, G = B =T is a torus, and we have 7" = /#p and & = 0.
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10.2. Semisimple rank one

Let X be a spherical G-variety over Q. If the connected reductive group G has semisimple rank one, we
may assume G = SL, X G, by passing to a finite cover. As a further simplification, we replace the action
by a smart action as introduced in [1, Definition 4.3]. As before, let G/H = (SL, x G,)/H be the open
orbitin X. Let H' X G, = H - GJ,, € SL; X G/,,. Then the homogeneous space SL,/H’ is spherical, and
hence either H’ is a maximal torus in SL; (the case T) or H’ is the normalizer of a maximal torus in
SL; (the case N) or the homogeneous space SL,/H’ is horospherical. Since the action is smart, in the
horospherical case H' is either a Borel subgroup in SL; (the case B) or the whole group SL; (the case G).

Now, let T ¢ G = SL; X G}, be a maximal torus, and let « € X(7T) = X(B) be the simple root
with respect to a Borel subgroup B C G. It follows from the general theory of spherical varieties that
in the cases T and N, we always have 7" = {v € g : (v,a@) < 0}. The colored cones of the form
(Qx0 - u,0) € CFX, where u € # N 7 is a primitive element, correspond to the G-invariant prime
divisors in X. Let (Qxo - u;,0) € CFX for j = 1,...,Jy be those with u € 7" N (=7"), and let
(Qx0-u3j,0) e CFX for j =1,...,J3 be those with u ¢ 7" N (=7"). We denote by D;; the G-invariant
prime divisor in X corresponding to (Qxo - u;;,®) € CF X. Then we have ¢(D;;) = u;;.

We define h3; = —(u3;, a). The following descriptions of the Cox rings in the different cases can be
explicitly obtained from [18, Theorem 4.3.2] or [33, Theorem 3.6].

Case T: There are two colors D11, D12 € 9, and we have ¢(D11) + ¢(D12) = a”|«. The Cox ring is
given by

P~ h h3y
R(X) = Q[X015 - - - X0sp» X1, X12, X215 X22, X315 - - - X35 ]/ (X11%12 = X21x00 — 237" -+ x357), - (10.1)
of. (1.6), with

deg(xy1) = deg(x21) = [D11] € C1X, deg(x12) = deg(x) = [D12] € C1X, and
deg(x;;) = [D;j] € C1X fori € {0,3}.

Case N: There is one color D; € 9, and we have ¢(D;;) = %avm. The Cox ring is given by

h h3j
R(X) = QX015 -+ - » X0Jys X115 X125 X215 X315 - - - X375] / (X11X12 = X3, =Xy e Xyy0)

with
deg(xy1) = deg(xi2) = deg(xz1) = [D11] € C1 X, deg(xl-j) = [Dij] € C1X fori € {0,3}.
Case B: We mention this case only for completeness since X is isomorphic to a toric variety here (as an
abstract variety with a different group action). There is one color D1y € &, and we have «(D11) =Y.
The Cox ring is given by Z(X) = Q[xo1, - - . , X0, X11, X12] With

deg(xy1) = deg(x12) = [D11] € C1X, deg(xg;) = [Do,] € C1X.

Case G: We mention this case only for completeness since X is a toric G},-variety here. We have

2 = 0. The Cox ring is given by % (X) = Q[xo1, . . ., Xoy,] With deg(xq;) = [Do;] € C1X.

10.3. Ambient toric varieties

Every quasiprojective variety X with finitely generated Cox ring may be embedded into a toric variety
Y° with nice properties, as described in [2, 3.2.5].
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For a spherical variety X, this is explicitly described in [35]. According to [18, Theorem 4.3.2], the
Cox ring of X is generated by the union of sets xp;,...,xp,, € R(X) for every D € A. We have
rp=1ifD ¢ Dandrp > 2if D € P. Each xp; corresponds to a ray pp; in the fan Z° of the ambient
toric variety Y°.

Even if X is projective, the quasiprojective toric variety Y° might not be projective. This is the case
if and only if the colored cones in CF X do not cover /4.

Any #° C A defines a pair (cone(¢(#°)), W N D). If cone(c(#')) is strictly convex, we call
the pair a supported colored cone if cone(¢(#°))° N ¥ # O and an unsupported colored cone if
cone(c(#°))° N7 = 0. If we can extend CF X by some of these unsupported colored cones to a
collection (CF X)ex; such that every face (in the sense of [71, Definition 15.3]) of a colored cone is again
in (CF X)ex such that different colored cones intersect in faces and such that the colored cones cover
the whole space g, then (CF X).; yields a toric variety ¥ that completes Y°.

We recall here how to obtain the fan X of the toric variety Y from the (possibly extended) colored
fan (CF X)ex. Let Yp = {pD1,...,PDrp }, and define ‘P;) =Yp \ {pp,} forevery 1 < j < rp. For
every subset 7 C A, consider the sets of cones

(W) = {cone( U wou LI‘ﬁD)) 1jeNM 1< (D) < rD}.
Dew DeA\W

Then we have

Y= U (W) and Ty = U (7).  (10.2)
(cone(c(7")), W' ND) €(CF X )ext (cone(c(7')), W' ND) €(CF X )ext, max

10.4. Manin’s conjecture

We present now the main result of this paper, which implies all theorems stated in the introduction.

Theorem 10.1. Let X be a smooth split spherical almost Fano variety of semisimple rank one and type
T over Q with semiample wy, satisfying (2.3) whose colored fan CF X contains a maximal cone without
colors.

The corresponding counting problem as in Proposition 3.8 features a torsor equation (1.6) with
exponents h;j, a height matrix & as in (7.1) and coprimality conditions Sy, ... S, asin (1.4). Choose {
satisfying (5.10) and (8.6), let A be as in (5.13) and choose 7@ asin (7.18).

With these data, assume that (7.24) and (7.35) hold. Then the Manin—Peyre conjecture holds for X
with respect to the anticanonical height function (3.7).

Proof. 1t is enough to check all assumptions of Theorem 9.2.

We observe that X is as in Proposition 4.11 by our assumptions. In particular by (10.1), its Cox ring
is as required. By (10.2), a maximal cone without colors in CF X gives four maximal cones o € X«
such that the variables corresponding to the rays of o include precisely one of x|, x»; and precisely one
of x12,xp7 in (10.1); it is not hard to see that one of these four cones satisfies (4.8).

Next, we check that Theorem 8.4 applies. The counting problem is of the required form by Proposition
3.8 and (10.1). Hypothesis 5.1 holds by Proposition 5.2, whose assumptions are satisfied by (10.1) and
which allows us to choose

/3:(1 1 l 1 2 ),

2 B Smax,-jhij’ 2 a Smaxijhij’ Smax,-jhij

so that (8.5) holds. Condition (8.6) means {3 < 1/2 which is consistent with (5.10). Hypothesis 7.2
holds by Proposition 7.6. The conditions (7.4), (7.6) hold by Lemmas 3.10 and 3.11. |
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The assumption (2.3) can be read off of the colored fan CF X, using the method described in
Section 10.3. The existence of a maximal cone without colors in CF X is straightforward to check and
clearly holds in all our examples below; alternatively, (4.8) can be checked directly. As mentioned after
Proposition 7.6, if (7.24) fails, we can apply an alternative, but slightly more complicated criterion.
Assumption (7.35) requires elementary linear algebra (and can be checked quickly by computer if
desired).

Remark 10.2. If the torsor equation is x1x12+x21x22+x31x33 = 0, we can use [9, Proposition 1.2] instead
of Proposition 5.2 to verify Hypothesis 5.1, which conveniently yields again 8 = (1/3+¢, 1/3+¢, 1/3+¢)
and more importantly

A=1

The advantage is that the third line of (7.32) is trivially satisfied (the polytope is empty) so that checking
(7.35) requires a little less computational effort.

11. Spherical Fano threefolds
11.1. Geometry

According to [44, §6.3], all horospherical smooth Fano threefolds are either toric or flag varieties.
Furthermore, there are nine smooth Fano threefolds over Q that are spherical but not horospherical;
they are equipped with an action of G = SL, X Gy,. The notation 7 and N in [44, Table 6.5] and in our
Table 11.1 refers to the cases in Section 10.2.

We proceed to describe the four T cases Xi,..., X4 in Table 11.1 that are not equivariant Gg-
compactifications [46] in more detail. In each case, we first construct a split form over Q following the
elementary description from the Mori—-Mukai classification, and then we give the description using the
Luna—Vust theory of spherical embeddings from Hofscheier’s list. Finally, we describe in each case an
ambient toric variety Y; satisfying (2.3) that can be used with Sections 2—4.

Let &) € X(B) be a primitive character of G, composed with the natural inclusion X(G,,) — X(B).

11.1.1. X; of type I11.24 and X, of type IV.7
Consider Pé X ]P’é with coordinates (zj; : z21 : z31) and (z12 : 222 @ z32), and the hypersurface

Wy =V (z11212 — 221222 — 231232) C Pé X Pé of bidegree (1, 1). This is a smooth Fano threefold of type
I1.32. It contains the curves

Co1 = V(z211,221,232) = {(0: 0: D)} X V(z32),
Cox = V(z12,222,231) = V(z31) X {(0: 0: 1)}

Table 11.1. Smooth Fano threefolds that are spherical but not horospherical.

rk Pic ~ Hofscheier = Mori—-Mukai torsor equation remark
2 Ti12 11.31 X11X12 = X21X22 — X31X3, eq. G3-cpet.
2 Ni6, N7 11.30 X11X12 — X2, = X31%32 eq. G-cpet.
2 N8 11.29 X11X12 = X3, = X31 X2, X33
3 718 11.24 X11X12 = X21X22 — X31X32 variety X
3 T21 1I1.20 X11X12 — X21X20 — x31x32x§3 variety X,
3 No3 IIL.22 X11X12 = X3) = X31X32
3 N9 1I1.19 X11X12 — X5, — X31X32
4 T3 1vV.8 X11X12 — X21X22 — X31X32 variety X3
4 1122 v.7 X11X12 = X21X22 — X31X32 variety X4
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of bidegrees (0, 1) and (1, 0), respectively. Let X; be the blow-up of Wy in the curve Cy;. This is a
smooth Fano threefold of type I11.24. Moreover, let X4 be the further blow-up in the curve Cp, (wWhich
is disjoint from the curve Cy; in Wy). This is a smooth Fano threefold of type IV.7. We may define an
action of G = SL; X G, on Wy by

211 222 11 22\ (71O
A,t) - =|A- . , ,
(A1) ((121 Z12)’Z31’Z32) ( (Zzl le) (O t),Z31 Z32)

which turns Wy into a spherical variety. The following description using the Luna—Vust theory of
spherical embeddings can be easily verified. The lattice .# has basis (%a +é&1, %oz — &1). We denote the
corresponding dual basis of the lattice /" by (dy, dz). Then there are two colors with valuations d; and
d», and the valuation cone is given by 7" = {v € #g : (v, @) < 0}. Since the curves Co; and C; are G-
invariant, the varieties X; and Xy are spherical G-varieties and the blow-up morphisms X4 — X; — Wy
can be described by maps of colored fans. The following figure illustrates this.

ugpy dy dy
dy
d; / d A d;
u3j \\ uz] k s w31 \\J
ugy ug]
. uzy . uzy . uzy .
Here, the elements u3; = —d; and u3y = —d; are the valuations of the G-invariant prime divisors V(z31)
and V(z3,), respectively, while the elements ug; = d; — d, and up; = —d; + d, are the valuations of

the exceptional divisors E¢; and Egy over Cy; and Cyy, respectively. In particular, we see that X; is the
fourth line and that X4 is the last line of Hofscheier’s list.

The dotted circles in the colored fans of X; and X, specify projective ambient toric varieties ¥} and
Y4, respectively. From the description of X« in Section 10.3, we deduce that Y| and Y4 are smooth,
that —Kx, is ample on Y7 and that —K, is ample on Y4. Hence, assumption (2.3) holds.

11.1.2. X of type I11.20
Consider Pf‘Q with coordinates (z11 : z12 @ z21 : 222 : z33) and the hypersurface Q = V(211212 — 221222 —

23;) € P, It contains the lines

C31 =V(z12,222,233),  C32 = V(z11, 221, 233)-

Let X, be the blow-up of Q in the lines C3; and C3;. This is a smooth Fano threefold of type I11.20. We
may define an action of G = SL; X Gy, on Q by

Z11 222 zi1 z2) (710
Af) - , =(A- . , ’
(4,1) ((Zzl le) Z33) ( (121 212) (O t) Z33)

which turns Q into a spherical variety. Since the lines C3; and Cs; are G-invariant, the variety X, is a
spherical G-variety. Since X; is also the blow-up of Wy in the curve C33 = V(z31, 232), it has the same
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birational invariants as W4 and the blow-up morphisms Q < X, — W, can be described by maps of
colored fans as illustrated in the following picture.

dy )
2
4 d
A4 /1 1
— —
u3] [ J N
uzy . . o o uz) .

L5

In particular, we see that X, is the fifth line of Hofscheier’s list.
As before, the dotted circle in the colored fan of X, specifies a projective ambient toric variety Y,
which satisfies (2.3).

11.1.3. X3 of type IV.8

Consider W5 = Pé X P}Q X P}Q with coordinates (zo1 : z02), (z11 : z21) and (z12 : z22). This is a smooth
Fano threefold of type II1.27. Let C3; be the curve V(zg2, 211212 — 221222) of tridegree (0, 1, 1) on Wj.
Let X3 be the blow-up of W3 in C3;. This is a smooth Fano threefold of type IV.8. We may define an
action of G = SL, X G, on W3 by

Z11 222 711 222
(A,1) - |zo1, 202, =|t-zo1,202, A - ,
221 212 221 212

which turns W3 into a spherical variety. Its Luna—Vust description is a follows. The lattice ./ has basis
(@, &1). We denote the corresponding dual basis of the lattice /" by (d, 7). Then there are two colors
with the same valuation d = %av, and the valuation cone is given by 7" = {v € U : (v,a) < 0}.
Since the curve C3; is G-invariant, the variety X3 is a spherical G-variety and the blow-up morphism
X3 — Wj can be described by the map of colored fans in the figure below.

. uz] up . . . . uy .
peescinees @ euneanessans —_— od
u3) ioa u3y
upp . . . . ugy .
Here, the elements ug; = —&} and ug; = &} are the valuations of the G-invariant prime divisors

V(zo1) and V(z¢2), respectively, the element u3, = —d is the valuation of the G-invariant prime divisor
V(z11212 — 221222), and u31 = —d + &7 is the valuation of the exceptional divisor E3; over C3;. This is
the penultimate line of Hofscheier’s list.

The dotted circles in the colored fan of X3 are meant to specify a projective ambient toric variety
Y3, but since there are two colors with the same valuation d, the picture is ambiguous. There are three
possibilities for which unsupported colored cones could be added to the colored cone of X3 to obtain
an ambient toric variety:

1. (cone(ugy,d),{D11}) and (cone(uoz, d), {D11}),
2. (cone(ugi,d),{D12}) and (cone(ugp, d),{D12}) or
3. (cone(ugr,d),{D11,D12}) and (cone(ugy, d), {D11, D12}).
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From the description of X, in Section 10.3, we deduce that the ambient toric variety in case (3) is
singular. On the other hand, in cases (1) and (2), the ambient toric variety is smooth, and —Kx, not
ample but semiample on it. We fix Y3 to be as in case (1), satisfying (2.3).

11.2. Cox rings and torsors

We proceed to compute explicitly the Cox rings Z(X) in the examples from Section 11.1 using
Section 10.2 together with [30] since we work over Q here. To obtain the universal torsor I = X,
we compute the set Zy as in Section 2.2. Moreover, we give simplified expressions for Zy = Zy N
Spec Z(X), which can be verified using the equation ®. Finally the anticanonical class is computed
using [17, 4.1 and 4.2] or [2, Proposition 3.3.3.2]. In the case of a spherical variety of semisimple rank
one of type T or N, this is simply the sum of all B-invariant divisors.

11.2.1. Type I1L.24
‘We have

R(X1) = Qlxo1, X11,X12, X21,X22, X31, X32] / (X 11X12 — X21X22 — X31X32)
with Pic X| = Z3, where

deg(xo1) = (0,0,1), deg(x11) =deg(x21) = (0,1,-1),
deg(-le) = deg(X22) = (1’0’ O)’ deg(x31) = (0’ 190)’ deg(x32) = (1’0’ _l)

Note that each generator x;; of the Cox ring corresponds to the strict transform of V(z;;) or to the
element u;; in Section 11.1.1. The anticanonical class is —Kx, = (2,2, —1). A universal torsor over X is

1 = Spec R(X1) \ Zy, = Spec R(X1) \ Zx,,
where

Zy, = V(x11,X21,x31) U V(x11,X21,%32) U V(x12,X22, X01) U V(x12, %22, X32) U V(x01,x31),
Zx, = V(x11,x21) U V(x12,x20,x32) U V(x01, x31).

11.2.2. Type IIL.20
The Cox ring is

2
R(X2) = Qx11,x12,X21, %22, X31, X32, ¥33] / (X11X12 — X21%22 — X31X32X753)
with Pic X» = Z3, where

deg(xi1) = deg(x21) = (0,1,0), deg(x12) = deg(x2) = (1,0,0),
deg(x31) = (O’ I, _l)’ deg(x32) = (1’0’ _l)’ deg(x33) = (O’ 0, 1)

The anticanonical class is —Kx, = (2,2, —1). A universal torsor over X is
> = Spec R(X2) \ Zy, = Spec R (X>) \ Zx,,
where
Zy, = V(x11,x21,X31) U V(x11,X21,%33) U V(x12,X22,x32) U V(x12, %22, Xx33) U V(x31,x32),

Zx, = V(x11,x21,x31) U V(x11,x21,x33) U V(x12, %22, X32) U V(x12, %20, X33) U V(x31,x32).
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11.2.3. Type IV.8
The Cox ring is

R(X3) = Qx01,X02, X11, X12, X21, X22, X31, X32] / (X11X12 — X21X22 — X31X32)
with Pic X3 = Z*, where

deg(xo1) = (1,0,0,0), deg(xo2) = (1,0,0,-1),
deg(x“) = deg(x21) = (0, 0, 1,0), deg(xlz) = deg(sz) = (0, 1,0, 0),
deg(X31) = (0, 0, 0, 1), deg(X32) = (0, 1, 1, —1).

The anticanonical class is —Kx, = (2,2,2, —1). A universal torsor over X3 is
T3 = Spec R(X3) \ Zy, = Spec R(X3) \ Zx;,
where

Zy, = V(x11, %21, x31) U V(x11, %21, x32) U V(x12,X22) U V(x02, x32) U V(x01, X02) U V(x01,X31),
Zx, = V(x11,x21) U V(x12,x22) U V(x02,x32) U V(x01, X02) U V(x01,x31).

11.2.4. Type IV.7
The Cox ring is

R(X4) = Q[x01, X02, X11, X12, X21, %22, X31, X32] / (X11X12 — X21X20 — X31X32)
with Pic Xy = 7* where

deg(x01) = (0,0,0,1), deg(xp) =(0,0,1,0),
deg(xi1) = deg(xz1) = (0,1,0,-1), deg(xi2) = deg(x22) = (1,0,-1,0),
deg(x3;) = (0,1,-1,0), deg(x3)=(1,0,0,-1).

The anticanonical class is —Kx, = (2,2, -1, —1). A universal torsor is over Xy is
T4 = Spec R(X4) \ Zy, = Spec R(X4) \ Zx,,
where

Zy, = V(x11,x21,X01) U V(x11, %21, x31) U V(x11, %21, X32)
U V(x12, X22, %02) U V(x12, %22, x31) U V(x12, x22, X32)
U V(x02, x32) U V(xo1,X02) U V(x01,%31),
Zx, = V(x11,%21) U V(x12,x22) U V(x02, x32) U V(x01,%02) U V(x01,x31).

Note that this is the same variety as J3 but with a different action of Gﬁl o

11.3. Counting problems

Applying Proposition 3.8 to the Cox rings of the previous section gives the following counting problems,
in which U is always the subset where all Cox coordinates are nonzero. To lighten the notation, we
generally write {x, y} to mean x or y, and as in the introduction, we write N;(B) for Nx; v, u, (B).
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Corollary 11.1. (a) We have

1 X11X12 — X21X22 — x31x32 = 0, max|%(x)| < B,
Ni(B) = i#lx ezl - 11X12 — X21X22 — X31X32 |21 (x)]
8 (x11,221) = (x12,%20,%32) = (xX01,x31) = 1

where
x5, x5, %01, X3,x0, {x11, X21 12, %3 X532 {x12, X220},
x30{x11, Xo1 Hx12, X221, xo1 {11, X21 Y {x12, x22}
(b) We have
: X11X12 — X21X22 —x31x32x§3 =0, max|%(x)| < B,
Na2(B) = g# X € ZLy: (x11,%21,X31) = (x11,X21,x33) = 1 ,
(x12,X22,X32) = (x12,%22,X33) = (x31,%32) = 1
where
2 2 2 2
(%) x3a{x11, X21 Y {x12, X020 }, X3,x33 {11, X217, X31 {x11, X201 H{x 12, X22}7,
2(X) =
X3, x33{x12, X220}, X3, 03,03,
(c) We have

1 X11X12 — X21X20 — x31x30 = 0, max |P3(x)| < B,
N3(B) = {c# g €78 . YNNI T X21X0) X315 |3 (x)]

6 07 (x11,201) = (X12,X22) = (x02,%32) = (Xo01,X02) = (Xo1,%31) = 1
where
Py(x) = x§2x§1x§2,x81x31x§2,xéz{xu,le}z{xu,xzz}zxsl .
Xgp {11, %21 Hox12, %22 b3, Xo1x02 {11, %21 12 {x12, x20}
(d) We have

X11X12 — X21X22 —x31x32 = 0,  max |P4(x)| < B,

1
N4(B) = —#i{x € ZSO :
(x11,x21) = (x12,x22) = (X02,%32) = (Xo01,%02) = (xo1,%31) =1

16 #
where

Pax) X01X02X3 1 X3, X {X11, %21 }431X3,, X35 {12, X22 }23 32,

4(X) = .
2 2 2 2 2 2

Xop{x11, x21 Y {x12, X202 }x32, X (X 11, X21 Hx12, X220} “X31, Xo1X02 {X11, X21 } “{*12, X202}

Proof. This is a special case of Proposition 3.8. Note that the coprimality conditions are derived from
the expressions for Zy (instead of Zy ) from Section 11.2. It can be explicitly verified using the equation
@ that this is correct even over Z as required here. O
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11.4. Application: proof of Theorem 1.1
We now show how to use Theorem 10.1 in practice and complete the proof of Theorem 1.1 for the

varieties X1, ..., X4.

11.4.1. The variety X,
By Corollary 11.1(d), we have J = 8 torsor variables x;; with 0 < i < 3,1 < j < 2 satisfying the
equation

X11X12 +X21%22 +Xx31x32 =0 (1L.1)

(after changing the signs of x22,x37) with k = 3 and h;; = 1 fori > 1, hg; = 0. In particular, Remark
10.2 applies. We have N = 17 height conditions with corresponding exponent matrix

122 2222 1111 -1
17722 22221111 i
ot %ot 32 8x17 L0 8x3
_ 1 x I . x
=1 2 2 171 22 eRL, Hr= p D1 | €RT
1711 2272 2 1 -1
21122 1111 -1-1
222111111 J1-1

As usual, missing entries indicate zeros. We have r = 5 coprimality conditions with

Si={(1,1),(2, D}, $2={(1,2),(2,2)}, S3={(0,2),(3,2)}, (11.2)
S4:{(0’ 1)7(072)}’ S5 :{(0’1)’(3’ 1)} (112)
‘We choose
@ =, 13,9, (=G4 ) (11.4)
——
Jo

(In our case Jy = 2, but we will use the same definition also in other cases later.) Using a computer
algebra system, we confirm C(t?), C»((1 - hij/3)ij), and with ¢o = 3, we find

dim(#Z NP) =3, dim(F N P;;) =2 forall (i, ),

confirming (7.35). We have now checked all assumptions of Theorem 10.1.
We show in Appendix A how to derive Hypothesis 7.2 without computer help and how to compute
the Peyre constant in explicit algebraic terms.

11.4.2. The variety X3
This is very similar to the previous case, so we can be brief. By Corollary 11.1(c), we have the same
torsor variables as in the previous application satisfying (11.1). The corresponding exponent matrix is

given by
2 22221111
272222 1111
25 Pl lag P 8x14
—_ X
Ay = 272 11 2 eR
227 117 22
311111
22 1111
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We choose 7(2 and £ as before and confirm (7.35) in the same way with
dim(# N P) =3, dim(#Z NP;;) = 1for (i, j) = (0,1) and dim(# N P;;) = 2 otherwise.

11.4.3. The variety X;
Again, the computations are a minor variation on the previous two cases. By Corollary 11.1(a), the
height matrix is

133 1111
2o 0%,
di=| =2 1122 |eREP
12 2 2 2 2
2 221111
22211

We make the same choice (11.4) for 7(?) and ¢ and confirm (7.35) with ¢ = 2 and
dim(# N P) =2, dim(# N Py) =0 for (i, j) = (1,2), (2,2), (3, 1), dim(% N P,;) = | otherwise.

11.4.4. The variety X,
This case has some new features, as the torsor equation has a slightly different shape. By Corollary
11.1(b), we have Jyp = 0 and J = 7 torsor variables satisfying the more complicated torsor equation

2
X11X12 + X21%22 + X31%32x33 = 0.

The height matrix is given by

eRB, o = 101 | e RS,
250

Proposition 5.2 ensures the validity of Hypothesis 5.1 with A = 1/45,000. We have r = 5 coprimality
conditions

S = {(1’1)’(2’ 1)3(391)}’ S2:{(1’1)’(2’ l)’(3’3)}’ 83 = {(1’2)9(2’2)’(3’2)}9
S4:{(172)’(2’2)9(373)}’ SS :{(3’ 1)7(372)}

We see that (7.24) holds. We choose
satisfying (7.18) and confirm C,(7?), Co((1 - hi;/3)ij). Finally, we note that ¢, = 2 and compute?
dim(#Z N P) =2,

Lo (,))=(G,1,(,2),(3,3),

dim(#Z N P;;) =
im( i) {O, otherwise,

dim (% N P(1/44800, 1)) = -1

2Dimension —1 indicates that the set is empty.

https://doi.org/10.1017/fms.2023.123 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2023.123

Forum of Mathematics, Sigma 77

for the vector (1 — h;;/3);;, and
dim(#Z N P) =0,
0’ .,.:3,133923
dim(% ) = (4, )) .( ), (3,2)
—1, otherwise,

dim(% N P (1/44800, 7)) = —1

for the vector (2. This confirms (7.35).

12. Higher-dimensional examples
12.1. Geometry

Consider G = SL, X G/, and, fori = 1,...,r, let&; € X(B) be a primitive character of G, composed
with the natural inclusion X(G,,) — X(B) into the i-th factor G,,, of G. Let Ts;, C SL, be a maximal
torus, and let y : Ts1, — G, be a primitive character. We consider the subgroup

H={x).1,....1): 1€ Ts,} C G.

Then G/H is a spherical homogeneous space of semisimple rank one and type 7. The lattice .4
has basis (%a + &1, %a - €1,&2,...,&). We denote the corresponding dual basis of the lattice ./ by
(dy,d, e3,...,er1). There are two colors Dy and D, with valuations d; and d;, respectively. The
valuation cone is given by 7" = {v € U : (v, @) < 0}.

12.1.1. The fourfold X5
Let » = 2, and consider the polytope in ./ spanned by the vectors

dl :(1,0,0), d2=(03170)’ usl :(Oa_170)5 u32:(_13070)’
usz = (—1,0,—1), upr = (1,—1, 1), Uy = (1,—1,0), uopz = (—1, 1,0).

The colored spanning fan of this polytope, as defined in [36, Remark 2.6], contains the following
maximal colored cones:

(cone(di, d2,u33), {D11, D12}),  (cone(di,un,uss),{D11}), (cone(da,uo3,uss), {D12}),
(cone(uo1, ugo, u31), 0), (cone(ugi, ugs, u32), 0), (cone(uo1, u3i, uzn),0),
(cone(usy, uz, u33), 0), (cone(uoz, uz, u33), 0), (cone(uoa, uz1, u33), 0).

It can be verified that each colored cone satisfies the conditions of the smoothness criterion [21,
Théoréme Al]; see also [34, Theorem 1.2]. Let X5 be the spherical embedding of G /H corresponding to
this colored fan. Then X5 is a smooth Fano fourfold with Picard number 5.

The unsupported colored spanning fan of the polytope above (i. e., including the unsupported colored
cones) specifies a projective ambient toric variety ¥5. From the description of 2, in Section 10.3, we
deduce that Y5 is smooth and that —K. is ample on Y5; hence (2.3) holds.

12.1.2. The fivefold Xg
Let » = 3, and consider the polytope in ./ spanned by the vectors

d; =(1,0,0,0), d, =(0,1,0,0), us; = (-1,0,1,0), up =(-1,-1,1,0),
uo1 =(_1’ 19_15_1)7 MOZZ(L_LQ 1)’ u03:(0707_170)
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The colored spanning fan of this polytope contains the following maximal colored cones:

(cone(dy, dp, uor, u31), {D11, D12}), (cone(dy, da, up2, u31), {D11, D12}),
(cone(d1, uor, u31, u32), {D11}), (cone(dy, ug, u31,u32), {D11}),
(cone(dy, up, uo3, u32), {D11}), (cone(dy, uo1, uo3, u32), {D11}),
(cone(dy, uo1, uo3, u31), {D12}), (cone(dy, ug, uo3, u31), {D12}),
(cone(uo2, uo3, U1, u32), 0), (cone(uo1, uo3, us1, u32), 0).

As in the previous example, we obtain a smooth spherical Fano fivefold X¢ with Picard number 3 in a
smooth projective ambient toric variety Ys on which —KXx, is ample.

12.1.3. The sixfold X7
Let r = 4, and consider the polytope in .4 spanned by the vectors

dy =(1,0,0,0,0), d> = (0,1,0,0,0), ugr = (0,0,1,0,0),  up2 =(0,0,0,1,0),
uo3 = (0,0,0,0, 1), uz; = (0,-1,0,0,0), up = (-1,0,0,0,1), w33 =(-1,0,0,0,0),
uzg = (=1,0,-1,-1,-1), uzs =(-1,-1,-1,-1,-1).

As above, we obtain a smooth spherical Fano sixfold X7 with Picard number 5 in a smooth projective
ambient toric variety Y7 on which —Kx, is ample.

12.1.4. The sevenfold Xg
Let » = 5, and consider the polytope in ./ spanned by the vectors

dy = (1,0,0,0,0,0), d>» =(0,1,0,0,0,0), uor = (0,0,1,0,1,0),
U02=(O,0,0,1,0,1), u03:(03090709071)9 M04=(0,0,],0,0,—1),
ups = (0,0,0,1,0,0), ups = (0,0,0,0,1,1), u31 = (0,-1,0,0,0,0),

uzp = (-1,0,-1,-1,-1,-1), w33 =(-1,-1,0,0,0,0), wuzq=(-1,-1,-1,-1,-1,-1).

As above, we obtain a smooth spherical Fano sevenfold Xg with Picard number 6 in a smooth projective
ambient toric variety Y3 on which —K, is ample.

12.2. Cox rings and torsors

We argue as in Section 11.2.

12.2.1. The fourfold X5
The Cox ring is

R(Xs5) = Qx01,X02,X03, X11, X12, X21, X22, X31, %32, X33] / (X11X12 — X21X22 — X31X32X33)
with Pic X5 = Cl X5 = Z°, where

deg(xm) = deg(x33) = (1,0, 0, 0, 0), deg(sz) = (0, 1,0, 1,0), deg(xog) = (0, 1,0, O, 0),
deg(xn) = deg(x21) = (0, 0, 1,0, 0), deg(x]z) = deg(xzz) = (0, 0, 0, 0, 1),
deg()C31) = (—1,0, 0,—1, ]), deg(x32) = (0,0, 1, ],0).

The anticanonical class is —Kx, = (1,2,2,1,2). A universal torsor over X5 is

5 = Spec R(Xs) \ Zxs,
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where

Zxs = V(x31,x11,%21) U V(x02, X12,X22) U V(x12, X22, X31) U V(x32, X11, X21)
U V(x31,X03) U V(x02,x32) U V(x02,x03) U V(x33,X01) U V(x12,X22,x32) U V(x03, X11,x21)-

12.2.2. The fivefold X,
The Cox ring is

2
R(Xs) = Qlx01,X02, %03, X11, X12, X21, X22, X31, X32] / (X11X12 — X21X22 — X31X3,)
with Pic Xg = Cl Xg = Z3, where

deg(xo1) = deg(xgz) = (0,0,-1), deg(xo3) = (1,0, 1), deg(x11) = deg(xz1) = (1,0,0),
deg(XIZ) = deg(XZZ) = (0’ 1’0)’ deg(x31) = (1’ _1’0)’ deg(XSZ) = (0’ 1’0)

The anticanonical class is —Kx, = (3,1, —1). A universal torsor over Xp is
T = Spec R(Xes) \ Zx,.
where
Zx, = V(x01,%02) U V(x32, X12, %22) U V(X03, X31, X11, X21)-

12.2.3. The sixfold X7
The Cox ring is

2
R(X7) = Q[x01,X02,X03, X11, X12, X21, X22, X31, - - ., X35] / (X11X12 — X21X22 — X31X32X33X34X35)
with Pic X7 = Cl1 X7 = Z5, where

deg(xo1) = deg(xe2) = (-1,-1,0,1,0), deg(xo3) = (-2,-1,0, 1,0),
deg(x1) = deg(x21) = (0,0,0, 1,0), deg(xi2) = deg(x22) = (0,0,0,0, 1),
deg(xs3;) = (1,1,1,-1,1), deg(x32) = (1,0,0,0,0), deg(xs3) = (0,1,0,0,0),
deg(x34) = (0,0, 1,0, O), deg(X35) = (—1,—1,—1, 1,0).

The anticanonical class is —Kx, = (=3, -2, 1, 4,2). A universal torsor over X7 is
I7 = Spec R(X7) \ Zx;,
where

Zx, = V(xo1, X02, X03, X34) U V(xo01, X02, X03, X35) U V(xX01, X02, X32, X34)
U V(xo1, %02, %32, X35) U V(x03,x33) U V(x11,X21,%x32)
U V(x11,x21,x33) U V(x12, X202, x31) U V(x12,X22,x35) U V(x31,x34).

12.2.4. The sevenfold X3
The Cox ring is

2 2
R(Xg) = Q[x01, ..., X06,X11,X12, X21, X22, X31, - - ., X34] / (X11X12 — X21X22 — X31X32X33X3,)
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with Pic Xg = Cl Xg = Z°, where

deg(xo1) = (1,1,0,-1,0,0), deg(xpz) = (1,1,-1,0,0,0),

deg(xo3) = deg(xos) = (0,0,1,0,0,0), deg(xo4) = deg(xo6) = (0,0,0,1,0,0),
deg(x11) = deg(xz1) = (0,0,0,0,1,0), deg(x1p) = deg(x22) = (0,0,0,0,0,1),
deg(x3;) = (0,1,0,0,-1,1), deg(x32) = (0,1,0,0,0,0),

deg(x33) = (-1,-1,0,0,1,0),deg(x34) = (1,0,0,0,0,0).

The anticanonical class is —Kx, = (2,3, 1,1, 1,2). A universal torsor over Xg is
Ty = Spec R(Xg) \ Zx;.
where

Zx, = V(x01,X02,x32) U V(x01,X02,x34) U V¥ (x03, x05) U V(x04, X06)
UV (x11,X21,%33) U V(x12,x20,x31) UV(x12, %20, x34) U V(x31,%32).

12.3. Counting problems
Corollary 12.1. (a) We have

X11X12 — X21X22 — X31X32%33 = 0, max [P5(x)| < B
1 (31, x11,%21) = (X02, %12, X22) = (X12,%20,%31) =1
N5(B) = —# XGZ;%: T ’
32 (232,211, %21) = (x31,%03) = (x02,x32) =1

(x02, x03) = (x33,Xx01) = (X12,X22,X32) = (X03,X11,X21) = 1

with
{x01, %33 23, {12, X223 1 {11, 021 1, X3 {x01, X33 xgpx3 {11, %01
Ps(x) = {x03{x01, X33 bxo2 {12, x22  {x11, %21 2, X033, {x01. X33 P x023,
2 2 2 2 2
XgaX32{xo1, X33 H{x12, x02 } {x 11, %21 }, Xg5%5, {xo1, X33} “{x 12, X2 } 431
(b) We have
2
1 X11X12 — X21X22 — X31x%, =0, max |Ps(x)| < B
Ne(B) = c#{x € Z): 2o [Z6(x)] ,
8 (xo01,x02) = (*32,X12,X22) = (X03,X31,X11,%21) = 1
with
Fo(x) {xo1, Xo2 Hx12, %22, X323, {01, X2 Horr 1, %21 P {12, %00, X320},
6(X) = . .
{xo1, Xo2 } X35 {x12, X22, x32}
(c) We have

2
X11X12 = X21X22 — X31X32%33%34%35 = 0,  max |P7(x)| < B
N+(B) 1 wly ezl - (x01, X025 X03, X34) = (X01, X025 X03, X35) = (X01,X02, X32,X34) = 1
7 = 57 0
32 707 (x01, %02, %32, X35) = (X03,X33) = (x11,%21,%32) = 1

>

(x11, %21, X33) = (x12, %22, X31) = (X12, %22, %35) = (x31,%34) = 1
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with

X3 X303 03,05, (X1, X2 3003505, X 55, {11, %21 }43, X333 X35,
{11, 001 Hox12, %02 X333, X03 {X11, X21 Y245, x5, 035,
2 2.2 2 2 2
xo3{x11, X210 Y {x 12, X2} X5, %35, X3 {x11, X201} {x12, X202} X32X34,
3 2.2 2 3 2 2 4 2.5 2
xog{xu,xm} X31X32X35,x03{)€11,x21} {xlz,xgz}x31x32,x03{x12,x22} X35X33X34,
2 2 2 2 2
P7(X) = X033 X2 X33X35, X 112, X22 J31X5, 033, {01, X2 Y03 {11, X21 12 {x12, X222 X34,
2 2.2 2 2
{xo1,x02} “xo3 {x11, X21 } x5, X35, {X01, X02 } X0z {x11, X21 } {x12, X202 }x31,
{xo1, %02} {x11, X21 Hx12, X22 23334, {x01, %02} {12, 222} 2 X30X35 %34,

{xo1, %02} {11, X1 13, x33%35, {x01, %02} {11, X21 Havro, x02 }x31.x33,

2 2 2
{x01, %02} x5, X30X35%35, {X01, %02} {X12, ¥22 }X31 X303

(d) We have

2 2
: X11X12 — X21X22 — X31X30X33%5, = 0, max |Pg(x)| < B
14 .
Ng(B) = —#{X € Z. : (x01,%02,X32) = (Xo1,X02,X34) = (X03,X05) = (*X04,X06) = 1 ,

o4
(x11,X21,%33) = (X12, %22, %31) = (X12,%22,X34) = (x31,x32) = 1

where Pg(X) is

{03, X05 }{X04, X06 }X5 X32X33X34» 1X035 X05 }{X04, X06 X 12, ¥22 }2 x5, X33X3,

{03, Xos Hxo4, X06 Hx11, X21 Hox12, %22 }2x3,x3,, {X03, X05 HXo4, Xo6 Hx11, X21 143, x30x3,,
x02{x03, %05 }* {04, Xo6 Hx11, X21 1 x5 X34, X3 {03, X05 } {X04, Xo6 HX11, X21 HX12, X22} 432,
X0p 103, %05} {04, Xo6 Hox11, X21 12 {12, %22 131, X3, {X03, Xos } * {x04, X06 }x12, %22 } X303,
X0p £X03, X05 1> {X04, X06 13133334, X0 {03, X051 {04, Xo6 X 12, X22 }x31 %33,

xX01{X03, %05} {X04» %06 {11, X21 } X3 X34, X2 {X03, X05 }{X04, X06 }> {X11, X21 HX12, X22 } 2432,

2 2 4 2
X103, %05 Hxo4, %06 } {11, X21 {12, %22 131, X5 {X03, Xos HXoa, Xo6 } {12, %22 } X303,

4 52 .3 4 5 2
Xo1 {x03, X05 H{X04, X06 } X5, X33X34, Xy, {X03, X05 } {X04, X06 }” {X12, X22 }X31 X35
Proof. This is analogous to Corollary 11.1. O

12.4. Application: proof of Theorem 1.2

All cases can be proved exactly as in Section 11.4.

12.4.1. The variety Xs
By Corollary 12.1(a), we have J = 10 torsor variables x;; satisfying the equation

X11X12 + X21X22 + X31x32x33 = 0.
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We have N = 34 height conditions with corresponding exponent matrix

11111111222222333 -1

11111222222 1111 2222122 -1
22222211111 2222111122 1 -1

21; 22% 122 21; 22% 22 1 1 -1

— 1 1 1 1 1 1 1 -1
Ay = 1 1 22 122 11 22 22 1 . = 1 -1
12 2 2 2 1 1 2 2 2 2 1 1 1 1 -1

11 2 211211 111111222 -1 -1
2121112 1 1 1111 22 211 -1 -1
21211131111322322 -1 -1

Proposition 5.2 gives us 2 = 1/34300. We have r = 10 coprimality conditions, and we see immediately
in this and all other cases that (7.24) holds. We choose

@=L, LE ) = (- R /3)
We verify Cy(7(?) and C((1 - hij/3)ij) and compute and confirm (7.35) by
dim(% NP) =4, dim(Z NP;) =3, dim(Z N P(1/34300, 7)) = 0.

12.4.2. The variety X,
By Corollary 12.1(b), we have J = 9 torsor variables x;; satisfying the equation

2
X11X12 +X21X22 +X31X3, = 0.

We have N = 24 height conditions with corresponding exponent matrix

111111111444 -1
111111111444 -1
333°°° 333°°° P

-1
g = 14 1 1 14 1 1|, 9h=]1 -1 |.
333 333 1 -1

41 1 1 4 1 1 1 1 -1

33 3 33 3 -1 -1

4 1 1 1 4 1 1 1 221

Proposition 5.2 yields 4 = 1/34300. We choose

2) _ 11111
T()_(l,l,l,j,jsi,jvjal)

satisfying (7.18). We verify C2(7®) and C»((1 - hij/3)ij) and compute

dim(# N P) =2,
dim(#Z N %) =-1,(,j) = (1,1),(2,1), dim(# N P;;) =1 otherwise,
dim(# N P(1/34300, 7)) = —1forall &

for the vector (1 — h;;/3);; and

dim(Z N P) =1,

L @) =31,
dim(# N %) =40, (i, j) =(0,1),(0,2),(0,3),
—1, otherwise,

dim(#Z N 9(1/34300, 7)) = —1forall &
for the vector (2. This confirms (7.35).
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12.4.3. The variety X7
By Corollary 12.1(c), we have J = 12 torsor variables x;; satisfying the equation

2
X11X12 + X21X22 + X31X32X33%34X35 = 0.

We have N = 80 height conditions; the corresponding matrix & is

1111
1111222222333344444444555
1111112222333333445551111111111 1111111111
1l 222 22 222 22 222 11 | 22 2 11 111
22 2 2 2 2 2 1 12 1 2 2 1 2 12 1 1 2 2 1 12 12 1 1
11 222 22 222 22 222 11 111 22 222 11 111
2 2 2 2 2 2 2 1 12 2 2 1 2 2 2 1 1 12 2 1 12 2 2 1 1 1
2 2 2 2 2 211211 211 211211 211 211211 211211 211 211211
11 1 111122222255666 1 1 111 1 1 |
221121111 22222 rrrr2rrr211r1222 rrrr2rrir2rri1222
5544544442222221111 11 1111 Irrni 1 1111 Il 1
645343533311311 1 1 1 1 1 1 1 1 1 1

Proposition 5.2 yields 4 = 1/70, 000. We choose

2 11113333
T():(1,1,1,5,5,5,5,171,1,1,1)

satisfying (7.18). We verify Co(7®) and C»((1 - hij/3)ij) and compute

dim(# N P) =4,

1, (i,j) = (0,1),(0,2),
0, (@) =(1,1),(2,1),
2, (i,7)=(1,2),(2,2),
3, otherwise,

dim(% N 9(1/70,000, 7)) = —1 for all &

dim(#Z N gij) =

for the vector (1 — h;;/3);; and

dim(# N P) =0,

0, (@.j)=(3,1,(,2),(3.3).(3.4),

im( i) {_1, otherwise,

dim(% N 9(1/70,000, 7)) = —1 for all &
for the vector 7(® . This confirms (7.35).
12.4.4. The variety X3
By Corollary 12.1(d), we have J = 14 torsor variables x;; with0 <i <3,J0=6,J1 =/, =2,J3 =4
satisfying the equation

2 2
X11X12 + X21X22 + X31X32X33%5, = 0

with k = 3. We have N = 156 height conditions; it is straightforward to extract the corresponding
matrices &1, &> from Corollary 12.1(d), which we do not spell out for obvious space reasons. Proposition
5.2 yields 2 = 1/70,000. We choose

S T T T U T T 0 0 O S S R U )
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satisfying (7.18). We verify C2(7®) and C»((1 - hij/3)i;) and compute

dim(Z N P) =5,
0, (ij)=(1,1),(2,1)
dim(Z N %) =42, (i,7) =(1,2),(2,2),
4, otherwise,
dim(%Z N 9°(1/34300, 7)) = —1 forall &

for the vector (1 — h;;/3);; and

dim(% N P) = 3,

_1’ (l’.]) = (1’1)’(1’2)’(2’1)’(2’2)»
0, (,j))=@GB4

3, (,)=@G,1),3,2),

2, otherwise,

dim(% N 2 (1/70,000, 7)) = —1 for all &

dim(Z N gjij) =

for the vector 7(?). This confirms (7.35).

13. A singular example

As in Section 11.1.1, we consider the spherical G-variety W4 = V(z11212 — 221222 — 231232) C Pé X IP%.

Let X© — W; be the blow-up in the two disjoint G-invariant curves
Cor = V(212,222,231) = V(z31) X {(0: 0: 1)}, C33 = V(z31, 232).
The anticanonical divisor —Kx+ is not ample but semiample. Moreover,
H'(XT,0%+) = H*(X,0%:) =0

since X' is smgoth and rational. Hence, X' is an almost Fano variety. We obtain an anticanonical
contraction 7: X" — X7, Here, X' is a singular Fano variety with desingularization X'. The sequence
of morphisms W, « X' — X' corresponds to the following sequence of maps of colored fans.

dy . . . dy
o1
dy | d)

N
Ny
I

il

uzy

ES O .
235} 60

We denote by E3; the G-invariant exceptional divisor contracted by . The singular locus of X is
n(E31). The dotted circles in the colored fan of X' specify a smooth projective ambient toric variety ¥
such that —K g+ is ample on Y. N

In the same way as before, a universal torsor of X can be obtained. The straightforward computations
are omitted. This leads to the following counting problem.
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Corollary 13.1. We have

| X11X12 = X21X22 — X31¥30%3; =0, max |2 (x)| < B
8 .
N'(B) = E# X € Zyg : (x11,%21,%33) = (X11,%21,%31) = (Xo1,X11,%21) = 1 ¢,
(x12,x22) = (x01,%32) = (X01,%33) = (x31,%32) = 1
with
(%) X013 X505 X35, {11, %21 }X31X5,055, {11, %21 }2 {x12, 422 bx3,
X) = .
) 2 2
Xy {12, X021 2x3 033, X3 {11, %21 Hx 12, X021 2x31

By the same type of computations as before, one concludes Theorem 1.3 from Corollary 13.1 and
Theorem 10.1 applied to the almost Fano variety X .

A. Some explicit computations

We return to the variety X4 discussed in Section 11.4.1 and explain how to obtain Hypothesis 7.2 by
‘bare hands’ and how to compute Peyre’s constant explicitly. We use X4 as a showcase, the computations
are similar (and similarly uninspiring) in the other cases.

Recall from (7.22) and (11.4) that for Hypothesis 7.2, we need to show

Z (Xo1 Xo2 (X1 X12X21 X22X31 X32)*%) < B%(log B)*(1 + log H) (A1)
X

for fixed 0 < a < 1, where each X;; is restricted to a power of 2 and subject to

min(X;;) <H and ]—[X‘f’ <B.
ij
By symmetry, we can assume without loss of generality that
X2 2 X2,  Xo1 2 X1
The columns v = 4,5 and v = 2, 3 of in the matrix &; yield

X31X12 max(X31 X3, X12X21) X3, < B, X3Xo1 max(X31 X30, X12X21) X5, < B, (A.2)

respectively. Let us first assume that min(X;;) = min(Xi1, X22, X31, X32), that is, Xo1, Xo» are not the
smallest parameters. Summing over X1, X2, we bound the X-sum in (A.1) by

Z ( B(X11X12X21 X0 X31 X37)*/? )” < Z (B(X31X32)1/°(X21X22)2/3)“

7\ (X12X21 X531 X32) /2 max(X31 X352, X12X21) )~ &4\ max(X31X32, X12X21)%/6
Here and in similar situations, the precise summation conditions on X and the variables involved will
always be clear from the context. Suppose that the minimum is taken at X;; or X»,. We glue together
the variables X31 X3, = X3, say, where X3 runs over powers of 2 with multiplicity O (log B). Summing
over X3, the X-sum becomes
B(X2nX11)?3

log B Z ( (X22X11)

a
(X12X1) 25 ) < B¥(log B)*(1 +log H).

X»n<X;p<B
X11<X71<B
min(X;1,X») <H
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If the minimum is taken at X3; or X3;, there are only O (1 + log H) possibilities for the value of X3, and
we can argue in the same way.

Finally, we treat the case where the minimum is taken at Xy; or Xp,. Without loss of generality
(by symmetry), assume Xy; < Xg. We use (A.2) to sum over X, and then sum over X;; < X5; and
X5 < Xp». In this way, we bound the X-sum in (A.1) by

Z(Bl/ZXm(X11X12X21X22X31X32)2/3)“ ( B! X1 (X}, X3, X31X50)*/? )“

(X31X12 max(X31 X32, X12X21)) /2 (X31X12 max(X31 X32, X12X21)) /2

X X

where the sum is restricted to Xo1, X12, X21, X31, X320 powers of 2 satisfying Xo; < H and the second
bound in (A.2). We now distinguish two cases. If X31X3, > X2Xp1, we sum over X|» < X31X32/X01,
getting

a
(B2 X X (2o ) < Y B < B (log B*(1+ log H).
Xo1<H Xo01<H,X»1,X31<B
X2, X1 X31X3, <B

If X31 X35 < X12X21, we sum over X31 < X12X») /X3, instead, obtaining the same result.
Now, we compute the Peyre constant. We start with the computation of the Euler product cqp. By
(11.2), (8.11) and (8.14), we have

y = ([g4, 851, (g3, 84]- 81, 82, 81, 82, 85, 83]) € NB, " = (g182, 8182, g385) € N°.

A simple computation (cf. Lemma 5.4) shows

00

3 S
&y = Zq—ﬁ Z* l_[ ( Z e(gbixy)) — Zl ¢(Q)(q,b1);z,bz)(q,b3)
P

g=1 amod g i=1 x,y mod g

for b € N3 0 that

_— 1(g) i ¢(q)(q.8182)*(q- 8385)
n — .
b 81878385(84. 851183, 841 £ g’

We expand this into an Euler product, and by brute force computation one verifies

o ]

In order to compute ¢* and ¢, we follow the argument in Section 8.5. We can take the rows 3,4, 5,6
(i.e., corresponding to (ij) = (11), (12), (21), (22)) of (| &>) as Z,, ..., Z4 in (8.23) so that

Y1 =Wl =83 + 257 +259+ 8511 + 513 + 2816+ 2517 + 21 — 1,
Yo =Wi2 =S4+ S6+857+2510+2511+2514+2516+21 — 1,
y3=wgp = Sy + 2856 +2sg+S10+S12+2514+2s15+20— 1,
Wy =S5+ 53+ 89 +2510+2513+28515+28517+20— 1,

Ya
Y5

S1+"'+S]7—1.

An explicit choice for a vector o satisfying (7.6) is, for instance,

_(l L 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 17
o = (13 18> 18> T8» T8> 18> 18> T8> 18> 18> 18> 18> 18° 18 12> 12> 18) € RS
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The linear forms Z, (y) in (8.27) containing the entries of the matrix % € R* are given by

W31 =y5+Y3—Yy2+Y1— Y4, W32=Y5—-Y3+tYy2—Yy1+)Y4,
wor =2y5 = Y2 — Y4, Wo2 =2y5—y3— Y.

By contour shifts as in Section 8.5 or by the explicit formula (8.34), we compute

1 1

c = ; . E
To compute ¢, we need to choose a matrix € as in (8.25), that is, variables yg, . . ., y17 as functions
of s. A simple possible choice is y,, = s,, 6 < v < 17 (Jacobi-determinant —1). In these variables, we

have

17 17
( nsv)|y1=---=ys:0 = ( l_[ yv)(2(Y6 +ooo+y13) +3(y1a + Y15 + yie + y17) — 3+ 221 +222)
v=6

X (2y6 +2yg + yio+ Y12 + 2y14 + 2y15 + 22 — 1) (2y7 + 2y9 + y11 + Y13 + 2y16 + 2y17 + 21 — 1)
X (6 +y7+2y10 +2y11 +2y14 + 216 + 21 — D) (yg + yo + 2y12 + 2y13 + 2y15 + 2y17 + 22 — 1).

For fixed z1, z2, the integrand is a rational function in ys, . .., y17, and we simply shift each contour to
+0o or —oo (again it does not matter which direction we choose) and pick up the poles. After a long
computation (or a quick application of a computer algebra system), we obtain

2 re 2(3 -2 dz; dzp
== H () H () H ,
7 Jas (Zl) (ZZ) (13) (Zl _ 1)2(Z2 _ 1)2(Z3 _ 1)2 (27Ti)2

Coo

with # (z) = I'(z) cos(nz/2), z3 = 1 — z1 — z2. Let us define

2I'(z) cos(nz/2)(3 — Z2)
(z—1)? ’

I'(z) cos(mz/2)

K(z) = EEETa

K*(z) =

and let us denote by

. d
R(x) = / R()x s, x>0,
(1/3) 2mi

and similarly by K* the corresponding inverse Mellin transforms. By [40, 6.246], we have K(x) = Si(x)/x,
where Si(x) = fox sint dt/t is the integral sine. To deal with convergence issues, let

@€ = (=10 —ico,—10 —i] U [-10—7,1/3] U [1/3,=10 +i] U [-10 + 7, —10 + ico).

Then
2 (2)
T . dz; dzp / . dz; dz»
o Co0 = K K K 1 - — = K K 1 — — K
¢ '/(1/3) (z)K(z2)K" (1 — 21 — 22) 22 . (z)K(1 = z1 — 22)K"(22) e

OOV d d' oov d
- [ ko [ ke gh [ R iR [Crw? [ ©ere e
0 (1/3) 2ni Je 2ni 0 . i

The z,-integral is also an inverse Mellin transform, but in order to avoid convergence issues, we
compute it directly by shifting the contour to the far left and collect the poles. Comparing power series

https://doi.org/10.1017/fms.2023.123 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2023.123

88 V. Blomer et al.

(cf. [40, 8.232, 8.253]), we obtain

dz 4Six + 4 sinx — 2x cosx
K* —z = .
/ O x

For this and related expressions appearing in the computation of the Peyre constant of the varieties
X1, ..., Xy, the following lemma can be used. Let

F(x) =/0xcos (%Z)dt.

Lemma A.1. We have

*(Six)? 33 1 ©(Six\ sinx
) dx= - =, D) Y s e 221 -
/0 (x) 32" 3" /0 (x) x “48( ).

© (Six\? _x(12-7%)
[; (T) cos(x)dx—T.

® (Six)? (w12 ((2x\1/2 3 50 4
‘/0 x? (Zx) (n) dx 73 T7\ 55 ~gloe
. (Six) sinx / m\1/2 2x\ 1/2 i
/0 x? (Zx) F (n) dx = 36(25 1210g 2).

Proof. The first integral is computed in [6, Theorem 3]. To compute the second, we observe that

. m 2sin()c) B Vol £ sin(x) sin(zx) sin(sx) |, dr ds
/O(X)xdx_/o./o‘/o x3 dxm.

By the residue theorem, it is readily seen that the inner integral equals

Moreover,

%((s+t+1)2—(s+t—1)2sgn(s+t—1)—(s—t+1)zsgn(s—t+1)—(t—s+1)2sgn(t—s+1))

w2445 —257 +4r+4Ast -2, s+1>1
"~ 16 | 8st, s+r<1

for 0 < s,¢ < 1, and a straightforward computation gives the desired result. Similarly, one computes the
other integrals. O

The previous lemma confirms the evaluation

Coo = 32(47 — 7).

B. Final remarks

Here, we show that X3, . .., Xg, X', X' do not belong to any of the families of varieties described in the
introduction for which Manin’s conjecture is already known. Whether or not X;, X, are biequivariant
compactifications of a unipotent group is not obvious to us, but it is not hard to see that they are
certainly neither horospherical nor equivariant compactifications of G¢ nor wonderful compactification
of a semisimple group of adjoint type.

Proposition B.1. None of the varieties X, . .., Xs, X', X' is isomorphic to a biequivariant compactifi-
cation of a unipotent group.
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Table B.1. Flag varieties of simple groups and of dimension up to 6.

root system  parabolic subgroup  dimG/P Z tkCIG/P  remark
A a 1 2) 1 toric
Ar ay 2 (3) 1 toric
A2 a1, ap 3 (3, 3) 2
Aj ) 3 (4) 1 toric
A3 (0%) 4 (6) 1
Az ay, @) 5 (4,6) 2
A3 ), a3 5 (4, 4) 2
Az a, @, a3 6 (4,4,6) 3
Ay a 4 (5) 1 toric
Ay [0 %) 6 (10) 1
As a 5 (6) 1 toric
As ) 6 (7) 1 toric
Bz ag 3 (5) 1
B, [e%) 3 (4) 1 toric
Bz a1, ap 4 (4, 5) 2
B3 | 5 (7) 1
33 [e%} 6 (8) 1
C3 ) 5 (6) 1 toric
C3 3 6 (14) 1
Dy | 6 (8) 1
G, a) 5 (7) 1
(€7} [0 %) 5 (14) 1
Gz ap, ap 6 (7, 14) 2

Proof. By [22, Proposition 1.1], the effective cone of every equivariant compactification of G? is
simplicial. More generally, by [67, Proposition 7.2], the same is true for biequivariant compactifications
of unipotent groups. However, the effective cones of X3, ..., Xg, X ., X" are not simplicial. O

Proposition B.2. Neither X| nor X, is isomorphic to an equivariant compactification of G;.
Proof. By [46], only the first two entries of Table 11.1 are equivariant compactifications of Gg. O

Proposition B.3. None of the varieties X1, . . ., Xg, X", Xtis isomorphic to a wonderful compactification
of a semisimple group of adjoint type or to a wonderful variety covered by [39, Corollary 1.5].

Proof. Over @ the only wonderful variety of dimension 3 and Picard rank 3 is P! x P! x P! see, for
instance, [12]. Hence, X; and X, are not wonderful varieties.

Moreover, by [18, Example 2.3.5], the effective cone of a wonderful compactification of a semisimple
group of adjoint type is simplicial. Similarly, by [39, Section 3.3], the effective cone of a wonderful

variety covered by [39, Corollary 1.5] is simplicial. Hence, the result for X3, ..., X3, X T X follows as
in Proposition B.1. O
Proposition B.4. None of the varieties X1, . .., Xg, X f, Xt is isomorphic to a horospherical variety.

Proof. By [44, §6] and [12], the varieties in Table 11.1 are not horospherical; hence, X1, . .., X4 are not
horospherical.

Now, let X be a complete horospherical G-variety. After possibly removing a set of codimension at
least 2, we obtain a surjective G-equivariant morphism X — G /P, where P C G is a parabolic subgroup
and the fiber Y is a toric variety. The fan of Y is obtained from the colored fan of X by ignoring the
colors. For details, we refer to [3, Section 2]. The generators of the effective cone Eff G/P are a basis
of the divisor class group C1 G/P. Moreover, we have % (X) = Z(G/P)[X1,. .., X, ], where

r=rkClX - rkCIG/P + dim X — dim G /P = the number of rays in the fan of Y;

this follows from [18, Theorem 4.3.2]. See also [33, Theorem 3.8].
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Table B.2. Nontoric flag varieties of dimension up to 6.

root system parabolic subgroup dimG/P Z kCIG/P rx, rx, TIxs
A, a1, @ 3 (3,3) 2 36 8

B, ) 3 (5) 1 4 7 9

As @ 4 (6) 1 36 8

Bz a1, a2 4 (4,5) 2 2 5 7

Ay X Ap a1, a2, B 4 (2,3,3) 3 1 4 6
By X A (Z],ﬁ] 4 (2,5) 2 2 5 7
Aj ay, @z 5 (4,6) 2 1 3

A3 ap, a3 5 (4,4) 2 1 3

B3 ) 5 (7) 1 0 2

G, ) 5 (7) 1 0 2

G @ 5 (14) 1 )

A3 X Ay (lz,ﬁ] 5 (2,6) 2 1 3
By x A a1, @, B 5 (2,4,5) 3 -1 0
AzXAz Fl],(lz,ﬁ] 5 (3,3,3) 3 -1 0
Bo X A; a1, B 5 (3,5) 2 1 3
Ay X A X Al Q],(Iz,ﬁ],yl 5 (2,2,3,3) 4 -2 -1
By X A; X Ap (l],ﬂ],’)q 5 (2,2,5) 3 -1 0
A3 ay, ar, 3 6 (4, 4, 6) 3 4

A4 (%) 6 (10) 1 6

33 s 6 (8) 1 6

Cs [e7) 6 (14) 1 6

D4 ag 6 (8) 1 6

G, ), @ 6 (7,14) 2 5

Az X Ay a/l,az,[i‘l 6 (2,4,6) 3 4
A3><A1 (l|,(1/3,ﬂ1 6 (2,4,4) 3 4
B3 X A Ct],ﬁ] 6 (2,7) 2 5
Gy X Al (l],ﬁ] 6 (2,7) 2 5
Gy X Al az,ﬁl 6 (2, 14) 2 5
A3 X A2 (lz,ﬁ] 6 (3,6) 2 5
By X Ay a/l,az,[i‘l 6 (3,4, 5) 3 4
A3><A1><A] (Iz,ﬁl,‘yl 6 (2,2,6) 3 4
By X A; X Ay al,az,ﬁl,yl 6 (2,2,4,5) 4 3
AQXAZ a/],az,ﬁl,ﬂz 6 (3,3,3,3) 4 3
Ay X By a/l,az,[i‘l 6 (3,3,5) 3 4
B; X By (l],ﬁ] 6 (5,5) 2 5
Ay X Aj a/l,az,[i‘l 6 (3,3,4) 3 4
Ay X By a, @, B 6 (3,3) 3 4
By X Az Ct],ﬁ] 6 (4, 4, 5) 2 5
B; X By (ll,ﬁz 6 (4,5) 2 5
Ay X Ay X A al,az,ﬁl,yl 6 (2,3,3,3) 4 3
By X Ay X Ay (I],ﬁl,‘yl 6 (2,3,5) 3 4
Ay X A| X Al X Ay a‘l,az,ﬁ],yl,ﬁ] 6 (2,2,2,3,3) 5 2
By x A1 XA X Ay (l],ﬂ],‘)/],5| 6 (2,2,2,6) 4 3

Table B.2 contains the data of all nontoric flag varieties G /P required here. It can be computed from
Table B.1 by forming products. The parabolic subgroup P is described by the complement of the subset
of the simple roots used in [69, Theorem 8.4.3]. It follows that the set of colors of G/P is in bijection
with the subset of simple roots given in the tables; see [58, after Définition 2.6]. By [18, Proposition
4.1.1], the rank of C1 G/P is the number of colors. The dimension of G/P can be deduced, for instance,
by [71, p. 9]. For simple G, it follows from [37, Proposition 6.1] that G /P is toric if and only if the
Dynkin diagram of G marked with the subset of simple roots given in the tables appears in [57, Lemme
2.13]. The meaning of Z will be explained below.

First, assume that XT or XTis isomorphic to X. Then we have dim X = 3. Recall that the effective
cones of X" and X' are not simplicial. Since the effective cone of any flag variety is simplicial, we
deduce dim G /P < 2.1t follows that G /P is isomorphic to a toric variety, and hence the same is true for
X. But according to Section 13, the Cox rings of X' and X' are not polynomial rings, a contradiction.
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Next, assume that X5 is isomorphic to X. Then we have dim X = 4. As before, we obtain dim G /P < 3
from the fact that the effective cone of X5 is not simplicial and dimG/P > 3 from the fact that the
variety Xs is not isomorphic to a toric one. Hence, we have dim G /P = 3, and therefore, ik CIG /P < 3.
Moreover, we have dim Y = 1 and therefore » < 2. We obtainrk C1 X < 4, a contradiction tork Cl X5 = 5.

Next, assume that Xg is isomorphic to X. Then we have dim X = 5. Let Z (X¢) be the ordered tuple
of the dimensions of the homogeneous parts of the Cox ring % (Xe) for the generators of the effective
cone of Xg. According to Section 12.2.2, we have

Z(Xe) =(1,1,2,3).

As in the previous cases, we obtain 3 < dim G/P < 4. The possible values for Z(G/P) and r = rx,
are given in Table B.2 (the toric cases are excluded). The values for Z(G/P) are computed using
the Weyl dimension formula; see, for instance, [47, Corollary 24.3]. We have a natural surjective map
¢: CIG/P xZ" — ClX compatible with the Cl X-grading and the finer C1G/P x Z"-grading of
R(X). It maps the cone Eff G /P X ZT ) generated by Eff G/P and the degrees of Xi, ..., X, onto Eff X.
Moreover, we have (Eff G/P x Z7)) Nker ¢ = {0}. It follows that every element of Z (Xe) is a sum
where the summands are taken from the elements of Z (R/P) and from rx, times the summand 1 and
each summand may be used at most once in total. This is impossible for all cases in Table B.2. The
same argument works for Xg, which satisfies

Z(X3)=(1,1,1,1,1,1,2,2)

according to Section 12.2.4.
Finally, assume that X7 is isomorphic to X. According to Section 12.2.3, we have

Z(X7)=(1,1,1,1,1,1).
It follows that there exists an isomorphism

R(X7) > R(G/P)[Xy,...,X,],
(x03,X31,X32, X33, X34, X35) > (X1, X2, X3, X4, X5, X6).

After dividing out the ideal (xo3, X371, X32, X33, X34, X35), We obtain an isomorphism
Qlxo1,X02, X11, X12, X21, X22] / (X11X12 = X21%22) — R(G/P)[X7,..., X, ].

This is a contradiction since the second ring is factorial by [2, Proposition 1.4.1.5(i)], while the first
ring is not. O
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