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Weak Factorizations of the Hardy Space
H(R") in Terms of Multilinear Riesz
Transforms

Ji Li and Brett D. Wick

Abstract. This paper provides a constructive proof of the weak factorization of the classical Hardy
space H'(R™) in terms of multilinear Riesz transforms. As a direct application, we obtain a new
proof of the characterization of BMO(R") (the dual of H!(R")) via commutators of the multilinear
Riesz transforms.

1 Introduction and Statement of Main Results

The real-variable Hardy space theory on n-dimensional Euclidean space R" (n > 1)
plays an important role in harmonic analysis and has been systematically developed.
There are many equivalent ways to define the Hardy space, but for the purposes of this
paper we will use the atomic decomposition. Namely, the space H'(R") is the set of
functions of the form f = 7,1 ;a; with {A;} € ¢" and a; an atom, meaning that it is
supported on a ball B, has mean value zero [, a(x)dx = 0, and has a size condition
|| (e < |B|™". One norms this space of functions by

[l eey = inf{ A1 {4} € €, f = 3" Ajaj,a; an atom |
Jj=1 j=1
with the infimum taken over all possible representations of f via its atomic decom-
position.

An important result about the Hardy space is the weak factorization obtained by
Coifman, Rochberg, and Weiss [2]. This factorization proves that all H'(R") func-
tions can be written in terms of bilinear forms associated with the Riesz transforms,
with the basic building blocks being

;(f.8) = fRig + gR;f,
with R; the j-th Riesz transform

Xj =Y
R; =p.V. Cp L gy,
@ =pven [ SO
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This result follows as a corollary of the characterization of the function space
BMO(R") in terms of the boundedness of the commutators [b, R;](f) = bR;f -
R;(bf).

The main goal of this paper is to provide a constructive proof of the weak factoriza-
tion of the classical Hardy space H'(R") in terms of multilinear Riesz transforms. As
a direct corollary, we obtain a full characterization of BMO(R") (the dual of H'(R"))
via commutators of the multilinear Riesz transforms. Recall that BMO(RR") is the set
of functions for which

1
b ny i= SU —fb —Avg,(b)|dy < co.
I ”BMO(R) QP|Q| Q| (») gQ( )| Yy

Our strategy and approach will be to modify the direct constructive proof of Uchiyama
in [12] for the weak factorization of the Hardy spaces.

We now recall the definition of multilinear Calderén-Zygmund operators (see, for
example, the standard statements in [5, pp. 127-129]). Let K(yo, y1, .- > Ym)> ¥i € R",
i=0,1,...,m, bealocally integrable function defined away from the diagonal {y, =
¥1 ="+ = ¥m}. Then K is said to be an m-linear Calderén-Zygmund kernel if there
exist positive constants A and # such that

IK(yos y1>- > ym)| < A iR
(Zﬂz:o Vi —)’l|)
and
(L1 IK(905 Y155 Yjs v o5 ¥m) = K(Yo, y1s o s Vs oo ym)| <
Alyj - yil"
(Skiolye—yil) ™"

forall 0 < j<mand|y; - yi| < 3 maXockem [y} — yil-

Suppose T is an m-linear operator mapping from S(R") x --- x §(R") to 8'(R"),
where we denote by S(IR") the spaces of all Schwartz functions on R" and by 8’ (R")
its dual space, i.e., the set of all tempered distributions on R”. We further assume that
T is associated with the m-linear Calder6n-Zygmund kernel K defined as above, i.e.,

TG )@= [ KGecym) TLfOm e dm,

whenever fi,..., f,, € S(R") with compact support and x ¢ N7, supp(f;).

If

T:LPY(R") x -+« x LP"(R") — LP(R")

for some1< py,..., py < 0o and p with p™ = 327", p7’, then we say T is an m-linear
Calderén-Zygmund operator. According to [5, Theorem 3], T can be extended to a
bounded operator from L' (R") x---x LP» (R") to LP (R") forall1 < py, ..., py < o0
and p with p™' = X p;l. See also the boundedness of T when some p; = 1 or when
all pj = oo in [5, Theorem 3].

We also recall the j-th transpose T*/ of T, defined via

1.2) (T(firo s fn)s h) = (T(fir s fimto o fijsts oo fn)s f7)
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forall fi,..., fm, h € S(R™) (see [5, pp. 127-128]). It is easy to see that the kernel K*/
of T*/ is related to the kernel K of T via

(L3) K (2, Y153 it Yo Vit e or Ym) = K(Pjp Yo Yjots X Yt oo Yom )

We now introduce a property of the multilinear operator T. We say that T is mn-
homogeneous if T satisfies

C
| T(XBy>- - X8, ) (x)] 2 M Vx € Bo(xo,7)

for m pairwise disjoint balls By = By(xo,7), ..., Bm = Bm(xm, ) satisfying the con-
dition that |yo — y;| » Mr for all yo € Bgand y; € B;, I =1,2,..., m, where r > 0 and
M >10.

Another, stronger, version of mn-homogeneity is as follows:

C

an an
for x; € B;, i = 0,...,m, where By := Bo(X0,7),...,Bm = Bp(Xm,r) are m + 1
pairwise disjoint balls satisfying the condition that |yo — y;| ¥ Mr for all y, € By and
y1 € B, 1 =1,2,...,m, where r > 0 and M > 10. It is easy to see that this stronger
version implies the version above.

In analogy with the linear case, we define the /-th partial multilinear commutators
of the m-linear Calderén-Zygmund operator T as follows.

K(x0,.-->%Xm) 2 or K(xp,...,%m)<—

Definition 1.1  Suppose T is an m-linear Calderén-Zygmund operator as defined
above. For [ = 1,2,...,m, we set

[0, TTi(fis oo fn) () 3= T(frs 5 bf1s s fin) (%) = 0T (fis o fin) (%)

This is simply measuring the commutation properties in each linear coordinate
separately.

Dual to the multilinear commutator, in both language and via a formal computa-
tion, we define the multilinear “multiplication” operators I1;:

Definition 1.2  Suppose T is an m-linear Calderén-Zygmund operator as defined
above. For [ =1,2,..., m, associate with T the operator

(L4) IL(g h,eeshm)(x) =
hi(x) T (b ety @ Biats s B ) (%) = g(x) T(hys .y b ) (%),
where T*! is the I-th partial adjoint of T defined as in (1.3).
Our main result is then the following factorization result for H'(R") in terms of

the multilinear operators IT;. Again, this is in direct analogy with the result in the
linear case obtained by Coifman, Rochberg, and Weiss in [2].

Theorem 1.3  Supposel <1 <m,1< p1,..., pm <00, and1< p < oo with
1 1 1
—_— 4 e+ -,

P Pm P
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and suppose that T is an m-linear Calderén-Zygmund operator that is mn-homoge-
neous. Then for every function f € H'(R™), there exist sequences {A*} € ¢' and
functions gk, hf’l, .y hE, € L2 (R™), the space of bounded functions with compact
support, such that

k k 1k k
As Hl(gs > hs,l’ cee hs,m

Nk
M3

(1.5) f=

k

Il
—
“

|
—_

in the sense of H'(R"). Moreover, we have that

I ey ~ inf{ 3 D K8 o gy
k=1s=1

k k
Bl ey -+ 1B o om ey
where the infimum above is taken over all possible representations of f that satisfy (L.5).

We then obtain the following characterization of BMO(IR") in terms of the com-
mutators with the multilinear Riesz transforms, again in analogy with the main results
in [2]. We point out that the necessity of the BMO condition was obtained in [1], while
the sufficiency was obtained in [7,10,11]. A contribution of this work is to provide a
new proof of these results.

Theorem 1.4 Let1< 1 < m. Suppose that T is an m-linear Calderén-Zygmund op-
erator. If b is in BMO(IR"), then the commutator [b, T];(fi, ..., fm)(x) is a bounded
map from LP'(R™)x- - -x LP» (R") to LP (R") forall1 < py, ..., pym < 00 and1 < p < oo,
with

1 1

b —

!
2 pm P

and with the operator norm
| (6 T]: 12" (R™) x - x LP"(R") — LP(R™)| < Clblpmo an)-

Conversely, for b € Ugs LI (R™), if T is mn-homogeneous, and [b, T], is bounded

loc

Sfrom LPY(R") x - x LPm(R") to LP(R") for some1< p1,...,pm <00 and1< p < oo,
with

1 1 1

— e — = —,

2! Pm P

then b is in BMO(R") and
HbHBMO(R") < C” [b, T]FLPI(R”) X - x LPm (R") - LP(Rn)”-

As a specific example of an operator T that is an m-linear Calderén-Zygmund
operator and is mn-homogeneous, we now recall the multilinear Riesz transforms;

see, for example, [5, p. 162].

Definition 1.5 Suppose fi, ..., fm are m functionson R”. For j = 1,2, ..., m, define

Ri(fiveoos fu) )= [ I%j(x,yl,...,ym)ﬁﬂ(ys)dyl...dym,
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where the kernel K;(x, y1,..., ym) is given as
X—Yj
(X=Y1,ee s X = ) sl

Kj(x,yl, e Ym) = |

To be more specific,

5 _ (p@ (n)

R]-—(Rj ,...,Rj ),
where foreachi=1,2,...,n, R;i) is the multilinear operator with the kernel
ey

(X = y1s ey X = ) [t

Here x = (x',...,x™) and y; = (y},...,y;" .

According to [5, Corollary 2], R j is an m-linear Calderén-Zygmund operator for
j=1L2,...,m. Moreover, we have that

- X=Yj C
R: s = dyi---d ml >
| ](XBl XBm)(X)| |/B:1 ﬁm |(x—)/1,.--,X—}’m)|m"+1 N y | Mmn

for m + 1 pairwise disjoint balls By = Bo(x0,7),-..>Bm = Bm(x, 1) satisfying the
condition |yo — y;| ¥ Mr for all yo € By and y; € By, 1 =1,2,...,m, where r > 0, and
M >10. Thus, R; is mn-homogeneous.

Remark 1.6 'We remark that the necessity in Theorem 1.4 was obtained by Chaffee
in [1]. His proof uses a technique applied by Janson [6], which is different than the one
used here. One advantage of the approach taken in this paper is that it provides for a
constructive algorithm to produce the weak factorization of H'(R"). As mentioned
in [1] it would be interesting to show the equivalence between BMO(R") and the
commutators when p < 1. Both the methods used there and in this paper hinge upon
duality, which will not be a viable strategy when p < 1. We also again point out that
the sufficiency can be found in the works [7,10,11] under varying conditions on p.

2 Weak Factorization of the Hardy Space H!'(R")

In this section we turn to proving Theorem 1.3. We collect some facts that will be
useful in proving the main result.
To begin with, we recall a technical lemma about certain H'(R") functions.

Lemma 2.1  Suppose f is a function defined on R" satisfying [p. f(x)dx = 0 and
| ()] < XB(x0,1) (X) + XB(yo,1) (%), where |xo — yo| := M > 10. Then we have

Hf“Hl(Rn) < Cylog M.

We can obtain this lemma using the maximal function characterization of H'(R"),
as well as the atomic decomposition characterization of H'(R"). For details of the
proof, we refer the reader to similar versions of this lemma in [3, Lemma 3.1], where
we use the atomic decomposition as the main tool, and in [8, Lemma 4.3], where we
use the maximal function characterization of H'(R").
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Suppose 1 < I < m. Ideally, given an H'(R")-atom a, we would like to find func-
tions g € L? (R™), hy € LP'(R"), ..., hy, € LP»(R") such that 1, (g, by, ..., h) = a
pointwise. While this cannot be accomplished in general, the theorem below shows
that it is “almost” true.

Theorem 2.2 Suppose 1 < I < m. Suppose that T is an m-linear Calderén-Zygmund
operator that is mn-homogeneous. For every H'(R")-atom a(x) and for all ¢ > 0 and
forall1< p1,..., pm <00 andl< p < oo, with

1 1 1
— e — = —
P pm P
there exist g, hy, ..., h, € L2 (R") and a large positive number M = M(¢) such that
Ha—Hl(g,hl,...,hm)HHl(Rn) <e

and | g[l o oy [Pl Lor gy = [Bom | Lom (ny < CM™", where C is an absolute positive
constant.

Proof The proof here follows the same lines as in [12, Theorem 2]. Let a(x) be an
H'(R™)-atom, supported in B(xo, ) c R", satisfying that

f]R a(x)dx=0 and |a|peqgny <77

Fix1< I < m and fix ¢ > 0. Choose M sufficiently large so that
log M
Mn
where the constant #; appearing in the power of M is from the regularity condition
(L1) of the multilinear Calderén-Zygmund kernel K.
Next, we denote x = (xq,1, .- - X0,, ). Nowselect y; = (y1.1,--., ¥1.n) € R” so that
Vii—Xo,i = % Note that for this y;, we have |xo — y;| = Mr. Similar to the choice of

<§g,

y1, we choose y; such that y; and y, satisfy the same relationship as x and y; do, i.e,
1= (1Y) € R with yy; — yp; = % Then we have |y; — 1| = Mr. In the

same way as above, we choose ¥,,..., ¥1_1, ¥i+1>- - -» ¥m S0 that we have a collection
of disjoint balls so that we can apply the homogeneity of the kernel K.
We then set

8(x) = xB(yr) (%),
hj(x) = xp(y,) (%), j#1L

a(x)
hi(x):= )
1) T (hys s hiet @0 Btets -2 i) (30)

where T*! is the [-th transpose of T as defined in (1.2). It is essentially clear that these
functions are in L° (R").
More precisely though, we observe that, since T is mn-homogeneous, and so is

T*!, for the specific choice of the functions hy, ..., hj_1, g hi41, ..., hm as above, we
have that there exists a positive constant C such that

QD [T (hye b, @ hisns e B) (x0)| 2 CMT™ for 1< 1 < m.
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From the definitions of the functions g and /;, we obtain that supp ¢ = B(y;,r) and
supp h;j = B(yj, r). Moreover,

n
7

&l gy =77 and [l gny ~ 77

forj=1,...,1-11+1,...,m. Also, we have supp h; = B(x,r) and

1 o
h ny = ny SCM™ e,
Pl = (i, g ) o)l ) T

where the last inequality follows from (2.1). Hence, we obtain that

Igle oy [ Lox ey = [ Fom [ Lo () < M e ) = opm
Next, we have
a(x)=1,(g h1,...s hm)(x)
=a(x) = (MT (s b g s ) (%) = T (s ) (%)
T*l(hl,---,hl—bg, hl+1>-'~)hm)(x0)

- T*l(hl’---)hl—lyg’ hl+l)-~-’hm)(x)

=a(x) ;
T (hlat--)h171)g>hl+1)-”)hm)(x0)

+g(x)T(hy ..o by ) (x)
= Wi(x) + Wa(x).

By definition, it is obvious that W;(x) is supported on B(xo, r) and W(x) is sup-
ported on B(y;, r). We first estimate W;. For x € B(xy, ), we have

[ Wi ()]
‘ T (hyy oo ity o higts - B ) (%0)
()] T (hyy o bty g Bt ooy B ) (%)
|T*l(h1,...,h[_l,g,hl+1,...,l’lm)(X())‘
HaHL‘”(R")
<C———= K(z1,215 .00 521-15%05 21415 - -+ Z
M-mn H}'LIB()';'J)| ( 1> <1 I-1> 205 <1+1 m)
—K(zl,zl,...,zl_l,x,zl+1,...,zm)| dz;---dz,
_xln
SCanr_nf ~ |X() x| e dZ1"'dZm
T2 B(yir) ( Yy, |z —zil 4z —x0|)
< Canr—nrmn rrl
- (Mr)mn+;1
1
_ C bl
Mryn

where in the second inequality we use the regularity condition (1.1) of the multilinear
kernel K. Hence, we obtain that

1
[Wi(x)| < CWXB(xo,r)(x)'
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Next we estimate W, (x). From the definition of g(x) and h;(x), we have
[Wa(x)]

= XB(yr) (O T(hy, - oo B ) (%))
= Xatur (%) !
SO S I (R g e - ) (30

x / (K(zl,...,zl_l,xo,zl+1,...,zm)
TT7, 1 B(3jsr)xB(x0,7)
—K(zl,...,zl_l,x,zm,...,zm))a(zl)dzl-~~dzm
< Ctagyn (OM™ [ ] e
(2er) T, 40 B XB(x0,r) =
|x0 — x|"
x iy 421 dzm
( Z;ﬂ:l |x0 _zs|)
mn_—n et
< CXB(y;,T)(x)M r W
_C
T M’

where in the second equality we use the cancellation property of the atom a(y;).
Hence, we have

C
|[Wa(x)] < WXB(y,,r)(x)-

Combining the estimates of W; and W,, we obtain that

C

22)  |a(x) -T(g bt hw)(x)] < Ao

(XB(x0ir) (%) + XB(y1.1) (X))

Next we point out that

(2.3) [Rn[a(x)—Hl(g,hl,...,hm)(x)]dxzo

since the atom a(x) has cancellation and the second integral equals 0 just by the def-
initions of IT;.

Then the size estimate (2.2) and the cancellation (2.3), together with Lemma 2.1,
imply that

log M
||a(x)—Hl(g,hl,...,hm)(x)HHl(Rn)SC(;\g/m < Ce.

This proves the result. u

To prove the main Theorem 1.3, we also need the following estimate of the mul-
tilinear operator IT;, which is defined in Definition 1.2. The reader can compare this
proposition to recent work in [9] where similar estimates are obtained.
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Proposition 2.3  Suppose T is an m-linear Calderén-Zygmund operator. Assume
1< p1s.eos pm <00 andl< p < oo with

Then for any fixed g, hy,..., hy € LP(R"), we obtain that 11;(g, hy,..., hy,) is in
H'(R™). Moreover, there exists a positive constant C such that

24) (g b oo h) [ eny < Clgllpe gemy [l Lo ey -+ [ A | Lom (gny -

Proof For any fixed g, hy,...,h,y € LZ(R"), to show that IT1;(g, hy,..., Hp)
is in H'(R") with the required norm (2.4), we now consider the properties of
Hl(g, hl,...,hm).

To begin with, since g, hy,. .., by, are in L& (R"), we have that g € L? (R") and
hi € LPI(R™), i =1,...,m, forany p1,...,pm € (1,00), p € [1,00) with% = i +
.-+ -1 Then, from the definition of I1; as in (1.4), the boundedness of the m-linear

Calder"(l’)n—Zygmund operator T and Hoélder’s inequality, we have that
(g iy s b ) (x) € LY(R™).

Moreover, note that from the definition of IT; as in (1.4), we have

f (g by ) (x) dx = 0,
Rn

Next, since g, hy,. .., h,, are all in L (R"), from the definition of I1; as in (1.4)
and the boundedness of the m-linear Calderén-Zygmund operator T, it is direct to
see that T1;(g, hy, ..., hy) is in L*(R") with compact support. Hence, we immedi-
ately have that I1;(g, hy, . .., b, ) is a multiple of an H'(IR") atom; i.e, we get that
0;(g, by, ..., hy) is in H'(R™). Then it suffices to verify that the H'(R") norm of
I1,(g, b1, - . ., by ) satisfies (2.4).

To see this, for b € BMO(IR"), we now consider the inner product

(2.5) (b, 11, (g, hyy . ) o= fR b (g b,y o) (x) dix.

We first show that (b, I1;(g, h1, ..., hm)) is well defined.

Without loss of generality we assume that IT; (g, b, . . ., by, ) is supported in a cube
Qm. We also note that for b e BMO(R"), b is in L, _(R"). As a consequence, we get
that

|fR b(x)I; (g, hl,--.,hm)(x)dx|
) |Q“||ﬁ an(b(x) = ban) (g, hl,...,hm)(x)dx|

< Cou l1bllBmorn) IT1i (g5 s - - o B ) [ 12y < 00,

where Cq, is a constant related to the cube Qy, the equality above follows from the
cancellation condition of I1;(g, hy, ..., h,,), and the first inequality above follows
from Holder’s inequality. This implies that the inner product (b,11;(g, b1, ..., hm))
in (2.5) is well defined.
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We now further claim that for any fixed g, hy, ..., h,; € L (R"),

(2.6) (b, 10(g his- s b)) = ([0, T]i (1 i), 8)
To see this, we first note that since g, hy, . .., hy, arein L (R") and b is in L} _(R"),
we have

(b,gT(hiy-.shm)) = (&b T(his . b))

Moreover, from the definition of T*! as in (1.2), we also have

(b, b T (M, i, @ s e ) =
(g T(hi,..., iz, by by, )
Combining the above two equalities and the definition of IT; as in (1.4), we have
(b,11,(g hs - os )
= (b, b T (Mo b @ b h) = g T By )
=(g T(hi,....,h_1, by hyss .o b)) - <g,bT(h1,...,hm))
= ([0, TN (B, hm), 8) 5

which implies (2.6).
Now, from equality (2.6) and the boundedness of the multilinear commutator in
terms of BMO as proved in [7, Theorem 3.18], we obtain that

2.7)
(6,11, (g hus oy o)) = [([65 TYi (s i), 8

< C|b]smo(rry

g“LP’(]R") byl Lo ny oo I Pm | Lom (eny-

We then verify (2.4). To see this, we point out that from the fundamental fact as in
[4, Exercise 1.4.12 (b)], we have

HHl(g,hl,...,hm)HHl(Rn)N Sup ‘<b,H1(g,h1,...,hm)>

b:]| b Bmo(rny <1

>

which, together with (2.7), immediately implies that (2.4) holds.
The proof of Proposition 2.3 is completed. ]

We can now prove the main Theorem 1.3.

Proof of Theorem 1.3 By Proposition 2.3, we have that

It (g, hl’”-ahm)HHl(R”) < CHgHLP’(R") hl”LPl(R")"' HhmHLPm(]R")-

It is immediate that for any representation of f as in (1.5), i.e.,
f=2 YA (g sy B )s
k=1s=1

we have that || f| g1 (g» is bounded by

Cinf {Z DAL IBer ny - [Pl om iy | g o oy * f satisfies (1-5)} :

k=1s=1
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We turn to showing that the other inequality holds and that it is possible to obtain
such a decomposition for any f € H'(R"). Utilizing the atomic decomposition, for
any f € H'(R") we can find a sequence {A!} € ¢! and sequence of H'(IR")-atoms
{al} so that

f=2Aa; and 3 | < Clflmen)-
s=1 s=1
We explicitly track the implied absolute constant C appearing from the atomic
decomposition, since it will play a role in the convergence of the algorithm. Fix e > 0
so that ¢C < 1. We apply Theorem 2.2 to each atom ay. So there exist g}, 3 1, ..., b} ,, €
L (R™), satisfying

||ai - ijl (gi’ hl,l’ ERRE} hi,m) HHI(Rn) <&

and | gl o7 oy | 75,1 Lo gy =[5, | Lom (mny < C(€) for every s =1,2, ..., where

C(e) =CM™
is a constant depending on ¢ that we can track from Theorem 2.2. Now note that we
have
f=2Asa= Y AT (g s b ) + 2o A (@ = T (g oo B )
s=1 s=1 s=1
=: My + E;.

Observe that we have
|Exl ey < D0 Il ag = T (g5 g 1o B ) ey < €3 1AS] < €CLf [ ()
s=1 s=1

We now iterate the construction on the function E;. Since E; € H'(R"), we can apply
the atomic decomposition in H'(R") to find a sequence {12} € £' and a sequence of
H'(R™)-atoms {a?} so that E; = ¥.22, A2a? and

YA < ClE] pgrey < €C | f | rn(ren)-
s=1

Again, we will apply Theorem 2.2 to each atom a?. So there exists g, hZ ,..., hZ , €
L (R™), satisfying
|aZ - 11, (g2, by ..

) g <

and HngL,,I(R,,) B2 oy <= B2l Lom (rey < C(€) for every s = 1,2,..., where

C(e)=CM"™,
We then have that
Ev=Y Aa; = Y M T(gl by o b ) + 20 A2 (af = TLi(gd by B2 )
s=1 s=1 s=1
= M2 +E2.
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But, as before, observe that
”EZHHI(R") < Z; Mﬂ” af - Hl(gsz’ h?,l’ LR h?,m) || HI(R") <e Z; |A§|
§= s=
< (eC)?|| fl 1 mry-

This implies that for f we have

FeSMal= S A (g Ry B )+ A (- T (g B
s=1

s=1 s=1
=My+E =M +M;,+E,

2]

Repeating this construction for each 1 < k < K produces functions

k 1k k
Hl(gs’hs,1>""hs,m) + E,.

LMS

g R hE, e LT (RY),
8¢ (R")”h 1o ey -+ ”hf)mHme(R") <C(e)

for all s, sequences {1¥} € ¢! with |[{A¥}[ s < &7'C¥| f| g (rn), and a function Ex €
H'(R"™) with | Ex| gn(rny < (6C)|| f]l ey so that

K oo
f= 2 YA (g i B ) + Ex.

k=1s=1

Letting K — oo gives the desired decomposition of

[}

Z Z/\k Hl(g5k> hf)]a s hf,m)'
s=1

We also have that

Z Z IAE| < Zs_l(fc) If 1 e ey = 7“f“H1(R" u

k=1s=1

Finally, we deal with the proof of Theorem 1.4.

Proof of Theorem 1.4 The upper bound in this theorem is contained in [7, Theo-
rem 3.18]. It suffices to consider only the lower bound.

From the definition of H'(R"), given f € H'(IR"), there exists a number sequence
{A;}72, and atoms {a;} 2, such that f = Y72, A;a;, where the series converges in the
H'(R") norm and

| f e ey Z;|)‘j|-
=
Hence, we have that fy := Zé\il Ajaj tends to f as N — +oo in the H'(R") norm,

which implies that H' (R”) n L (R") is dense in H'(R"), where recall that L2° (R")
is the subspace of L°(R") consisting of functions with compact support in R”.

https://doi.org/10.4153/CMB-2017-033-9 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2017-033-9

Weak Factorizations of the Hardy Space H' (R") 583

Suppose that T is an m-linear Calderén-Zygmund operator, and T is mn-homoge-

neous. Consider now a function b € s quOC(R" ) such that [b, T]; is bounded from

LPY(R")x---x LP"(R") to LP(R") for some1< py,..., pm < 00 and 1< p < oo, with
1 1 1
—_— e — = —
2 pm P
Since b € Ugs1 L _(R"), without lost of generality, we can assume that b € L] (R")
for some g > 1. We now use g’ to denote the conjugate index of g, i.e.,
1 1
— + *, = 1
9 4

Then for f € H'(R") n L (R"), by using the weak factorization in Theorem 1.3,
we choose a weak factorization of f such that

(28) FG) = 3 S AR (R e hE ) ()

k=1s=1
in the sense of H'(R"), where {A¥} € ¢ and gk, hf|,... h¥, € L>(R"), and that
o S (1K ok ok
> 2 Al e oy TL UG s ny < CUf i rny-
k=1s=1 Jj=1

Moreover, since T is an m-linear Calderén-Zygmund operator and g¥, h¥ ..., h¥ |
are in L° (R"), from the definition of IT; as in (1.4), we get that

0, (gk, hE .. hE ) e LT (RM).

Since f € H'(R") n L= (R"), we see that f is in L9 (U), where we use the set U to
denote the support of f. Hence,

fRn b(x)f(x) dx

is well defined, since b € L] (R") and hence in L1(U).
We now define

bi(x) = b(x) X{xerr: p(x)<iy (%), i=12,....
It is clear that b;(x) — b(x) as i — oo in the sense of L1(U). And then we have
fR b(x)f(x) dx = lim fR bi(x)f(x) dx

Next, for each i = 1,2, ..., we have that

[ s [ biGe) > 3 A T(gh B B, () d

k=1s=1

A [ bi) Tl i B, () d

s
gk

e
[
=
“
Ii
=

A§{bis T (855 hsys - B )

s
M8

~
Il
L
«
Ii
—

since b; is in L™ (U) and hence is in BMO(R"), (2.8) holds in H'(R") and each
I, (gk, h¥,, ... h¥, ) (x) isin H'(R") as shown in Proposition 2.3.
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As a consequence, we obtain that
(2.9) (bl < lim | [ i) f(x) da

< lim 3 5 Kb T (g, B )

% k=1s=1
= 2 2 AL lim (b, T1 (g8 B -5 ),
k=1s=1
where the equality above holds, since all the terms are non-negative. Next, since
bi(x) > b(x)asi — cointhesenseof L1(V) and IT;(gk, h¥,, ..., k¥ )isin Li(V)
with V the support of IT; (g¥, h¥ ..., hE ), we have that

tim (BT (g4 o ) = (BT (g W ),
which implies that
tn (b1 T o) | = (BT g B )|

This, together with (2.9), yields that

ZZW‘IW? (g b hm)) |-

k=1s=1

Now, from (2.6), we obtain that

ZZWH&, b, T]i (Mg os ),

k=1s=1

which is further controlled by

> ST Tk oo B o ey [ iy

k=1s=1
< H[b T] :LPI(R") X"'XLP"'(R”)

— LP(R")| Z Z A<l e ‘(e | H 1512 emy

k=1s=1

< C[[b, T]: LPH(R™) x -+ x Lp'"(R") — PR f e ey -
By the duality between BMO(R”) and H'(R") and the density argument, we have

that
6l smo(zn) sup b(x)f(x)dx|
FeH' (R")NL (R™): ] fll g1 ey <1
< C|[b, T];: LP*(R™) x -+ x LP#(R") — LP(R™)]. n
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