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1. Introduction

.H, denotes the number of n X n matrices with non-negative integral entries,
with row-sums and column-sums all equal to r. Kenji Mano [3] investigated the
number ,H, in which n distinct objects each replicated r times can be distributed
in equal numbers among n cells. He gives an intricate formula for the case r = 2.
Recently, Anand et al. [ 1], making use of partitions, extended it to ;H, and stated
a plausible formula for ,H,.

In the present note, calculations are expedited by the use of generating
functions. Explicit formulae for jH, and ,H, are derived. The procedure applies
to rectangular matrices as well as square ones.

2. The formula for ;H,
As stated earlier, ;H, is the number of matrices

a; a; 4a;
by b, by

—Cy Cy C3

with non-negative integral entries, such that row and column sums are all equal
tor.

If the entries in the first row (a,, a,,as) are arbitrarily fixed, then it remains
to arrange the remaining r — a,, r — a, and r — a5 elements in the last two cells
of the three columns respectively.

The generating function for such a scheme is

@1 (1 —x'““‘“) (1=wmt) (1=wmon) (1)

The coefficient of x" in (2.1), namely,
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r+2 3 (a;+1
e ()27
gives the number of arrangements for row and column sums all equal to r, con-
ditional on the specification that row one has entries (a,, a,,a;). The value ;H,
then results from summing (2.2) over all non-negative integral triples (a,, a,, a;)
compatible with a, +a, +a; =r.

Since the first term of (2.2) is constant and does not depend on the entries
(a,,a,,a;) of the specified row one, its sum over non-negative integral values is
achieved by multiplying with the coefficient of x" in the generating function
(1 —x"*"H%1 - x)"3, namely

r+ 2\?
2.3) ( 5 ) .
Now the sum of the second term of (2.2) is conditional with respect to the entries

of the first row. Its product with the coefficient of x"~“* in the generating function
A —=x"tH21 —x)"?, namely,

) (“" * 1)(r—a,.+1), i=1,23

a\ 2
r+3
(")
gives the required sum.
Subtraction of (2.4) from (2.3), gives

r 4+ 2\2 r+3 r+2 r+3
¢ (37 -2 (3) = (2=
which determines the value ;H,.
It may be remarked, the proof given here is much shorter than that given

in [1].

2.4)

3. The formula for ,H,

Using the technique of Section 2, first we construct a formula for 3 x 4
matrices (which incidently are rectangular), then with suitable entries in the fourth
row extend it to 4 x 4 matrices ensuring row and column sums all equal to r.

Consider a matrix
a, a, a; a,™

by b, by b,

Ci € €3 ¢4
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with non-negative integral entries, such that the row sums are all equal to r and
the i-th column-sum is equal to s; (i = 1,2,3,4), 0 <5, < r.

Fix the entries (a,,4a,,a;,a,) in the first row arbitrarily. The remaining
elements s; — a; (i = 1,2,3,4) are to be arranged in the last two cells of the four
columns respectively.

The coefficient of x" in the generating function

(3.1 II (1 _xsi-a,n) (1 _x)_4

1
is

3.2) rt+3 - Y r—si+a;+2 + 3 ’r—si—sj+ai‘+aj+1
3 i 3 ij 3
i#]

which gives the number of arrangements for row-sums equal to r and column-
sums equal tos; (i =1,2,3,4), conditional on the specification of row one with
entries (a,,a,,da3,a,). The value of the 3 x 4 matrix then results from summing
(3.2) over all non-negative integral quadruples (a,,a,,a;,a,) compatible with
ay+a,+as+tay,=r.

As in Section 2, the first term in (3.2) is constant, its sum over non-negative
integral values is achieved by multiplying it with the coefficient of x" in the gen-

erating function .
(=) 1o
which is

o (053

with s; (i = 1,2,3,4) fixed. }

The sum of the second term in (3.2), conditional with respect to the quad-
ruples (a,,a,,a;,a,) of the specified row one, is obtained from its product with
the coefficient of x"™* in the generating function

I (1 —x"‘“) (1 —x)"" , k=1,2,3,4 and different from i,

k

which is, for i = 1,2,3,4,

azl: (r-—si—;ai+2) {(r—c;,-+2)_ Zk: (r—ai;sk+1)}

T 1)
PN (5 )
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2r—s;—s;+4 r—s;+ 3\ / r—s;+2\ (r—s;+1
‘2{( 6 )’( 5 (_”"( 4 2 '
i#j

Similarly, the sum of the third term in (3.2), conditional with respect to
the entries of the first row, is obtained from its product with the coefficient of
x"T47% (i # j) in the generating function

IT (1 —x"‘“) (1 —x)’z, k =1,2,3,4; different from i,j and i # j, namely

k

3.5) z (r—s,—sj+a,~+aj+1) {(r—ai-aj+1)~2 (r—a,-—aj—-s,‘) },

ai,a; 3 k
i#j

k different from i,j; i,j = 1,2,3,4.
For simplicity, to obtain the sum (3.5), we define

(3.6) u=a,~+a}-, 0§u_§_r,

and the coefficient of x" in the generating function

(1 _xs;+1) (1 _xs1+l) (1 _x)—Z
is )

3.7 W+ —u—s)—(u~—s), i #j.

Taking note of the restriction on u, the use of (3.6) and (3.7) reduces (3.5) to
68 X (" S sf;“ u+t 1) [(r—u 1) {(u F1) = (u—s)— (u——sj)”, i),

The other terms of (3.5) under this substitution do not exist. Performing summa-
tion over u (3.8) reduces to

Y ‘_4 2r—s;—s;+3 —I—(r—l 2r—s;—s;+3
i<j 6 \ 5
i
r—Si+3 r"Sj+3
+ 4( 6 )+4( 6 )

(750 =(757) ) = (757 (o)
(75T ()|

Subtraction of (3.4) from the addition of (3.3) and (3.9) completely determines
a formula for a matrix of type 3 x 4.

(3.9)

https://doi.org/10.1017/51446788700010727 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700010727

268 G. Baikunth Nath P. V. and Krishna Iyer [5]

Now to extend the results for the matrix of order 3 x 4 to the one of order
4 x 4, we insert elements d; (i = 1,2,3,4) in the fourth row, such that

S,~+d,-=r, Oédi<r, siaéo.

Summation over d;, then yields
(3.10)

r+2 r+3 r+3 r+ 4 r+5 r+6
—4( ) )+( 3 )—12( . )+20( S )+152( ; )+352( . )

It is clear that the result (3.10) is reached without considering the possibilities
of being any of the 5; = 0 in the matrix of order 3 x 4. In such a situation, the
said matrix reduces to that of order 3x 3 (Section 2). The natural extension of
this 3 X 3 matrix so obtained, to that of order 4 x 4 is to insert the value r in
one of the cells of the fourth row corresponding to the new added column, and
this can surely have four possibilities. Thus, adding four times the result (2.5)
to (3.10) we finally determine the value ,H,, ie.,

r+3 r+4 r+ 5 r+46
G.11) ( : )+20( : )+152( : )+352( ; )

These results have been verified to be correct by actual computations and
agree with the tables of symmetric functions [2].
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