SOME MOMENT PROBLEMS IN A FINITE INTERVAL
D. LEVIATAN

1. Introduction. Let the sequence {A;} (¢ = 0) satisfy the following
conditions.

L 0<h << o<y,

2, lim \, = o,

n->00

©

3. 1_}_;‘,1 (/X)) = .

We shall deal with the following moment problems: what are the conditions,
necessary and sufficient, on a sequence {u,} (z = 0) in order that it should
possess the representation

1
(1.1) n = f M@y dy, n=0,1,2,...,
0

where f(¢) belongs to a given class of functions integrable over [0, 1].
For a sequence {u,} (n = 0) we write, foreach 0 Em =#n =0,1,2

y e e oey

n

_ M
(12) T+ bl = 2 o T T S e

2. Main results. Let M(u) be an even, convex, continuous function
satisfying (1) M(u)/u—0asu—0and (2) M(u)/u — « as 1 — «. Denote
by Lx[0, 1] the class of all functions integrable over [0, 1] satisfying

J;IM[ FB)]dt < .

L]0, 1] is known as the Orlicz class related to M (x) (see 2).

TuroreEM 1. The sequence {u,} (n = 0) possesses the representation (1.1),
where f € Ly0, 1], of and only if

n 1
(2.1) sup X (—=1)" ™ Amy1-. . .-)\nf oL, 2 de
0

nz0 m=0
[/-"my---),un]
! = ©
X M f[t)"",...,t)‘”]dt =H<
0
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([P, ..., o] is defined by (1.2) for p, = t*); if m = n, then
)\m+l' oo '>\n = ]..

If Mo = 0 instead of X\ > 0, then the proof of Theorem 1 is as shown in

(3), Theorem 2.3 (i).
Denote by M][0, 1] the space of all functions bounded in [0, 1].

THEOREM 2. The sequence {u,} (n = 0) possesses the representation (1.1),
where f € M0, 1], if and only if

Mmy « « oy Bn
(2.2) sup il[ I =H< =».
0=mSn) f [, ..., dt
0

If No = 0 instead of X\ > 0, then the proof of Theorem 2 is as shown in
(3, Theorem 2.3 (ii)).

3. Proofs. We need the following two lemmas.
LeMMmA 1. For each 0 £ ¢t £ 1 and n = 0,
Zn) (1) ™\g1e e A ™o VS 1 (f mo= m, then
=0 Maste o s Ay = 1),
Proof. Define the sequence {X\;} (¢ = 0) by
(3.1) Xo=0, X;=X 12 1.
By (4, p. 46 (11)) we have, for n = 0,

DG > WIPTUNEES W RG] R
m=0

By an easy calculation we get, for n = 1,

. 0 = [ L 2
and by (4, p. 46 (10)),

(=1, ... " = o.

Hence
:;: (= )" ™1 o o At oL, B S 1L
LEMMA 2. For a sequence {\;} (2 = 0) satisfying (3.1) we have
fim (=1 o [ [, P =0
o 0

Proof. 1f
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1.
o = f Mdat), n=012...,
0
where «(t) is of bounded variation in [0, 1], then, by (1, p. 287 (25)), we have
Hm(=1)" 1. . .- Nofwo, + + oy ] = a(04+) — a(0).

n—co

In this case we have a(t) = ¢ for 0 < ¢ < 1, hence a(0+) — a(0) = 0.

Proof of Theorem 1. First we prove necessity. Suppose that {u,} (n = 0)
satisfies (1.1), where f € L;[0, 1], then we have

[my - oy 1a) = J; [, .o ) d,

and by the Jensen inequality (see 8, pp. 23-24)

< s+ 1] ) [ e o
e ) T
. [t g o e e ,t J t f (__l)n—m[t)\M, e t)\n] dt

since (—1)*™[n .. ., ] =0foreach0=t=<land0=m=un=0,1,
2,... (see 4, p. 46). Hence, by Lemma 1,

n 1)\ \ [/-‘my--~yﬂn]
—1)" "\, ~...~>\nft'",...,t” dat Ml <
,,;)( ) + b ] J‘[t*'",...,t“]dt
0

fo [Z=)O (D) ™A1 - NE t“]:lM[f(t)] dt £ fo Mf(t)]dt < o.

’

In order to prove sufficiency let us assume that condition (2.1) is fulfilled.
Denote by N(v) the complement function of M (u) (see 2, p. 11), then by
the Young inequality (see 2, p. 12)

[y « « + s in

[ﬂm: . e sﬂn]
1 < 1 .
J; .o 8 de| T N+ M fo [ ..., M dt

Hence, by Lemma 1 and (2.1),

3 MmNl ] S N(l)f()[é()(—l)"‘mﬂ-. e

n 1
X [ ... ,t“]] dt + 3 (= 1)" ™\psr- - xf [ ... P de
m=0 0

__‘ﬂ[l-‘mv ‘e vﬂn]
X M ! SK< .,
f [, ... 0" de
0
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Let

fon = [(1 = K/Rpga)-. o (1= K/RT,
where {X;} (z = 0) is defined by (8.1). Define the functions a,(x) by:
an(O) =0,
3.2 n—m
( ) an(x) = . Z (_1) >‘m+1'- . -')\n[l-‘my ceey ﬂn]'

h+lm+152

The functions a,(x) are of variations uniformly bounded in [0, 1]. Define the
sequence {f,} (r = 0) by

(33) o arbitrary: fn = Bpe1, 7> 0.
We have that

1 n
‘J;t)‘kdan(t) = 2_:0 szu,mu(—l)"_m)\m“-. . -'>\n[l-‘m1 vy #n]

n+l ~
= }:Oz,ti:tm<—1)"“‘"'xm+1-. v Kot [y o Fnga]
p

since  [®my -« -y Bog1] = [met, ..., 4z] for 1=m=n=1,2,3,... and
fis1,0 = 0. By (6) we have, for every & = 0,

n+1 .
' A +1-mg N ~ ~ ~
llmz tn-lrilm - l)n m>\m+1‘~ oot )\n+1[”-mr e ,ﬂn+1] = Mr+1 = Mg

N300 m=0

Hence

1

we = lim f Mdoy(t), k=0,1,2,....
N0 Y0

By the Helly Theorem (see 7, p. 29) there exists a subsequence {z;} (¢ = 0)

such that lim;,, a,;(!) = a(t),0 =t £ 1, and by the Helly-Bray Theorem

(see 7, p. 31),

1
(3.4) u = ft*kda(t), E=0,1,2,...,
Jyo

where a(¢) is of bounded variation in [0, 1].
Let x=0<x<...<x,=1 be a fixed division of [0,1] and let
0 < p < k. There exist 7, s (depending on n) satisfying

tﬂ+1.r+1 —_<— xp < tn+1,r+21

tn+1.s+1 é

Xpr1 < lng1,st2.
Now

$

an(xp+l) - an(xp) = Z (_1)n—m)\m+l.. . -')\n[#my ey l‘n]-

m=r+1

Hence by the Jensen inequality (see 8, pp. 23-24)
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an (Xp41) — a0 ()
Mg ta NN
> (—1)""")\,,,+1-....>\nf [, ..., 0 dt
0

m=r+1

s 1 [y -+ + + s bin]
n—m Am An 1
M;M( | ) s W, )\nJ;[t oo, £ dt M fo[tx"‘.--ntx"]dt
$ 1 :
D (=) " N1 - xf [ ..., ) de
0

m=r+1

Hence we have, by (2.1),

k—1 s 1
2 [Z (=1)" ™ \mg1-- - .A,,fo A dt]

=0 Lm=r+1
ot (Xpy1) — o0 (%)
X M s ’ 1
S (=1 N1 .-Anf [ ..., ] d
0

m=r+1

I\

n 1)\ N [:umv'--v/“n]
1"\, -...-x,,f £t deEM 1 < H.
mz=0( ) + oL ] f[t*m,...,t*"]dt =
1]

We have that lim[ap; (%p+1) — an (%,)] = a(x,11) — a(x,) and since the
sequence {#} (n = 0) spans the space of all functions f(x) continuous in
[0, 1] for which f(0) = 0, we get, in the supremum norm,

s 1
lim > (=1)"™Apg1-. . .-Anﬁ [ 0 dE = xppr — %,

n—co m=r+1

Hence

(3.5) :Z;:: (Xpy1 — xp)-M(w> < H.

Xp+1 — Xp
Since (3.5) holds for every fixed division of [0, 1] we get, by a theorem of
Medvedev (5), that

ax) =c¢+ J‘:f(l) dt, where [ € L,[0,1].
Hence by (3.4)

1
,un=ft)‘"f(lf)dt, n=012....
0

Proof of Theorem 2. First we prove necessity. By (1.1),
1
S e S e AN S IVGIP

1
=< Hf (=", .. 2
0

https://doi.org/10.4153/CJM-1968-093-8 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1968-093-8

MOMENT PROBLEMS 965

where
H = esssup [f(t)].
0 ¢=1

Thus we prove necessity. We now prove the sufficiency, By Lemma 1 and
(2.2)

Z_O)\m.;.l'- oAy ][ﬂm: e rﬂn” =

1 n
Hf [Z (=) " ™Amg1e - AE™ ,t)"']:ldt £H< .
0 m=0

As in the proof of Theorem 1, we get that {u,} (# = 0) possesses the repre-
sentation (3.4). Moreover, if we define the functions «,(x) by (2.3), we have
limy e o (x) = a(x),0 =x = 1. Letxand y,0 = x <y £ 1, be two points
in [0, 1]. There exist 7, s (depending on %) such that

bl = X < b1, rto

brtse1r S ¥ < Byt 50
By (2.2),

lan(y) - an(x)l —
> (—1)"‘”‘>\m+1-...->\nJ; .o 0 de

m=r+1
Z (_"l)n_m)\m+1‘- . -')\n[ﬂmy ey IJ'n]
sm=r+1 - é H.
S (=D)""™ A1 xf [ .., 0] de
m=r+1 0

As in the proof of Theorem 1, we get that for every x and ¥, 0 S x < y = 1,

aly) — a(x)
y—X

< H.

Hence
ax) =c+ J;f(t) dt,
where f € M[0, 1] and by (3.4)

1
yn=ft)"‘f(t)dt, m=0,12...,
0

where f € M[0, 1].
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