
SOME MOMENT PROBLEMS IN A FINITE INTERVAL 

D. LEVIATAN 

1. Introduction. Let the sequence {\t} (i ^ 0) satisfy the following 
conditions. 

1. 0 < Xo < Xi < . . . < K < . . . , 

2. hm \n = oo, 

oo 

3. £ (1/X.) = co. 
i=l 

We shall deal with the following moment problems: what are the conditions, 
necessary and sufficient, on a sequence {fxn} ( n ^ O ) in order that it should 
possess the representation 

(1.1) M» = ( tXnf(t)dt, n = 0 ,1 ,2 , . . . , 

where fit) belongs to a given class of functions integrable over [0, 1]. 
For a sequence {fin} (n ^ 0) we write, for each 0 ^ m ^ n = 0, 1, 2, . . . , 

(1.2) L*», . . . , /Zn] = £ /*< 
i=m (Xi — Xm) •. . . • (Xi — Xj_i) • (Xi — Xf+i) •. . . • (Xi — Xn) 

2. Main results. Let Miu) be an even, convex, continuous function 
satisfying (1) M(u)/u —>0 as w—>0 and (2) M(u)/u^> 00 as w *• oo . Denote 
by LM[0, 1] the class of all functions integrable over [0, 1] satisfying 

x 
i 

M[f(t)]dt < oo. 
' 0 

LM[®, 1] is known as the Orlicz class related to M(u) (see 2). 

THEOREM 1. The sequence {ixn} (n ^ 0) possesses the representation (1.1), 
where f 6 LM[0, I], if and only if 

(2.1) sup É ( " î r W r . • .-X» f ^ • • • > ^l * 

/ [Mm, • • • > Mn] \ 
X ^ j V , . . . , ^ ] ^ H f f < œ 

Received December 2, 1966. 

960 

https://doi.org/10.4153/CJM-1968-093-8 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1968-093-8


MOMENT PROBLEMS 961 

([/Xm, . . . , /Xn] is defined by (1.2) for \xn = £Xn); if m = n, then 

^m+l' • • • *Xi = 1 « 

If A0 = 0 instead of Xo > 0, then the proof of Theorem 1 is as shown in 
(3), Theorem 2.3 (i). 

Denote by M[0, 1] the space of all functions bounded in [0, 1]. 

THEOREM 2. The sequence {ixn} (n ^ 0) possesses the representation (1.1), 
where f 6 M[0, I], if and only if 

(2.2) sup 
\[Hm, . . . , jLtnll 

b l ip ^,1 

• /0 

O^m^tt» I r,Xm »Xn , r ] a 
= H< 

If X0 = 0 instead of X0 > 0, then the proof of Theorem 2 is as shown in 
(3, Theorem 2.3 (ii)). 

3. Proofs. We need the following two lemmas. 

LEMMA 1. For each 0 ^ t ^ 1 and n ^ 0, 

^ O T + 1 ' • • • ' ^71 = 1) ' 

Proof. Define the sequence {Xz} (i ^ 0) by 

(3.1) Xo = 0, X, = X,_,, i è 1. 

By (4, p. 46 (11)) we have, for n ^ 0, 

è ( - i ) M x m + r . . . -xj^, . . . ,^] = i. 
TO==0 

By an easy calculation we get, for n ^ 1, 

A [A1, . . . , /Xn] = [/Xm-\ . . . , J*""1] 

and by (4, p. 46 (10)), 

( - l ) w [ / \ . . . , / X n ] ^ 0 . 

Hence 
« - i 

£ (_ D - ^ W I - . . . • x„-i[ix™,.... z"-1] =g i. 

LEMMA 2. .For a sequence {X*} (i ^ 0 ) satisfying (3.1) z£>e Aaite 

lim(-l)nXi-.. ..X. f [*X°,..., **"]# = 0. 
tt-x» v 0 

Proof. If 
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Un = ! tKda(t), n = 0, 1,2, . . . , 
«Jo 

where a(t) is of bounded variation in [0, 1], then, by (1, p. 287 (25)), we have 

Hm(-l)nXi-. • - -UMO, . . • , /*»] = «(0+) - a(0). 

In this case we have a(t) = t for 0 ̂  t ^ 1, hence a ( 0 + ) — a(0) = 0. 

Proof of Theorem 1. First we prove necessity. Suppose that {nn} (n ^ 0) 
satisfies (1.1), whe re / £ LM[0, 1], then we have 

k . , • • • , M,] = f [^\ • • • , ̂ 1 / ( 0 A, 
«Jo 

and by the Jensen inequality (see 8, pp. 23-24) 

r (-if-m[/xm , . . . , / x n ]M/(0] 
«Jo 

LMra> MnJ dt 
M\ 

j^,...,f°]dtj f\-iy-^ 
•Jo 

[ /A m , . . . , r ] <z* 

since {-l)n-m[t^, . . . , /x-] ^ 0 for each 0 S t S 1 and 0 g m S n = 0, 1, 
2, . . . (see 4, p. 46). Hence, by Lemma 1, 

[j"ro, • • • , Mtt] \ 

[ * , . . . , r n ] <fe 
ê (-1)MXW+1-. . .-X, f V " \ . . . ,/x"]d/M-( f i 

m=0 «Jo V I 

f I Ê (-l)"~mXm+1-. . .-Xn[tx'" ^ ] 1 M | / ( 0 ] dt g ÇM[f(t)]dt 
«/o L w=o J «̂  o 

< oo. 

In order to prove sufficiency let us assume that condition (2.1) is fulfilled. 
Denote by N{v) the complement function of M(u) (see 2, p. 11), then by 
the Young inequality (see 2, p. 12) 

[Mm> • • • » MttJ 

f [**" ^"] 
«Jo 

dt 

[/%, • • • , Vn] 

<N(1) + M f1
 x 

" y J [/Xw,..., /Xn] dt) 

Hence, by Lemma 1 and (2.1), 

E W r . . . ' X B | k . . . , * . ] | ^iV(l) f| E ( - i r X + r . . . ' X , 
m=0 «/ 0 L m =0 

X [A1, . . . . tXn] \dt + jt {-\f-m\n+1-. ..-K {V" ^ X " ] ^ 
J m=-0 «Jo 

/ LMra* • • • i MwJ \ 

X M 
f [<x™, . . . , <x"] 

«Jo 
dt, 

^K < 
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Let 

km = [(1 — Xi/X^+i)*. . .' (1 — Xl/Xw)] \ 

where {X̂ } (i è 0) is defined by (3.1). Define the functions ««(#) by: 

a»(0) = 0, 
(3.2) 

<*n(x) = „ 2 J ( — I ) " \ + l " - • .*Xn[/*TO» • • • , Mn]. 
tn+l ,m+l^X 

The functions aw(x) are of variations uniformly bounded in [0, 1]. Define the 
sequence (ft) (w ^ 0) by 

(3.3) juo arbitrary, jln = #„_i, n > 0. 

We have that 

J»l n 

t dan(t) — 2 ^ ? n + l , m + l ( — 1 ) X w + 1 * . • - ' X ^ m » • • • , Mra] 
0 w = 0 

w+1 -
= ^ W i , w ( ~ ~ l ) Xm_|_i'. . .•An+i[/Xw, . . . , fin+l] 

m=0 

since [ft», . . . , ft,+i] = k - i , . . . , M»] fc>r 1 g w g w = 1, 2, 3, . . . and 
4+i,o = 0. By (6) we have, for every k ^ 0, 

w+l ~ 

l i m ^ 4 + t , m ( ~ l ) A m + 1 * . • . -X^+i t / Iw, • • • , Mw+l] = fijc+l = M*-
w->co m=0 

Hence 

= lim I £kdan{t), k = 0, 1, 2, . . . . 

By the Helly Theorem (see 7, p. 29) there exists a subsequence {ni} (i ^ 0) 
such that l i m ^ ^ a ^ / ) = a(/), 0 ^ / ^ 1., and by the Helly-Bray Theorem 
(see 7, p. 31), 

(3.4) tik = I tXkda(t), k = 0, 1,2, . . . , 
«Jo 

where a(t) is of bounded variation in [0, 1]. 
Let XQ = 0 < Xi < . . . < Xjc = 1 be a fixed division of [0, 1] and let 

0 ^ p < k. There exist r, s (depending on n) satisfying 

4 + 1 , r+1 = %p < 4+l , r+2> 

4 + l , s + l = # p + l < 4+1.S+2-

Now 
s 

an(xp+1) — « n f e ) = Yl ( — l ) n _ m X m + l - - • . - X w [ ^ m , . . . , Un]-
m=r+l 

Hence by the Jensen inequality (see 8, pp. 23-24) 
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s r1 I < 

m=r+l ^ 0 / 

nl ( ^m> • » • > Mn] N 

E+i(-ir^+1-. .-x. Jo it- ^ * ^ JV,.. .,h*, 
É (-irmxm + 1-. . .-x„ fV m , . . . ,< X n ]^ 

m=r+l •'O 

Hence we have, by (2.1), 

Z f É (- î rwi--• --x» f V-,...,tK]dt~] 

<Xn(%p+l) — OinjXp) \ 
s ni ) < 

E (-iymxm+1-...-xB [h,...,t«]dt ~ 
m=r+l *s 0 I 

n n 1 / [/Xw, . . . , /XnJ \ 

E<-.r"x„,....x.X[i>- <i**( j y , ...,«,.w,js 
We have that l im^^a^Xp+i) — awi(xp)] = «(x^+i) — a(#p) and since the 
sequence {/Xn} (n à 0) spans the space of all functions f(x) continuous in 
[0, 1] for which / (0) = 0, we get, in the supremum norm, 

5 nl 

lim X) ( - i r \ + r . • •• A„ I [tXm, • • . , /Xn] it = xp+i — xP. 

H. 

w->co m=r+l 

Hence 

(3.5) £ fe*i - *) • ̂ ( a f e + l ) I a f e ) ) â H. 
p=0 V Xp-^\ Xp / 

Since (3.5) holds for every fixed division of [0, 1] we get, by a theorem of 
Medvedev (5), that 

a(x) = c+ I fit) dt, where / G LM[0, 1]. 

Hence by (3.4) 

/*» = f ^ / ( 0 * , n = 0, 1, 2, . . . . 

Proof of Theorem 2. First we prove necessity. By (1.1), 

i k . , . . . , M J I ^ f (-irm[t"m,...,tK]I/(OI<a 

• ^ 0 
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where 

H = ess sup |/(01 • 

Thus we prove necessity. We now prove the sufficiency, By Lemma 1 and 
(2 .2) 

n 

2^/ ^m+l'' • *'^n |LMm> • • • » Mra] | = 

H f T E (- l r W r • • • • U*X"\ • • • . '""il dt^H< c,. 
«/o L w=o J 

As in the proof of Theorem 1, we get that {/xw} (ra à 0) possesses the repre­
sentation (3.4). Moreover, if we define the functions an(x) by (2.3), we have 
l i m ^ ^ c ^ x ) = a(x), 0 ^ x ^ 1. Let x and y, 0 ^ a; < 3/ ^ 1, be two points 
in [0, 1]. There exist r, 5 (depending on n) such that 

4+1,r+l = # < 4+1,r+2, 

4+1 , s+1 = J < 4+1,s+2-

By (2.2), 

|q„(y) - a» (a;) I = 

£ (-i)—xB+i--..-x. fV" <x"]̂  

I w=r+ l 

w=r+l «'O 

^ # . 

m=r+l 

As in the proof of Theorem 1, we get that for every x and y, 0 ^ x <. y ^ 1, 

\a(y) — Qijx) I 
< # . 

Hence 

a(x) = c + I / ( 0 eft, 
Jo 

where / Ç Af[0, 1] and by (3.4) 

/* = f ^ / ( O &, w = 0, 1, 2, . . . , 
«/o 

where / G MO, 1]. 
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