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Abstract

Let F be a separable integral binary form of odd degree N ≥ 5. A result of Darmon
and Granville known as ‘Faltings plus epsilon’ implies that the degree-N superellip-
tic equation y2 = F (x, z) has finitely many primitive integer solutions. In this paper,
we consider the family FN (f0) of degree-N superelliptic equations with fixed leading
coefficient f0 ∈ Z � ±Z2, ordered by height. For every sufficiently large N , we prove
that among equations in the family FN (f0), more than 74.9 % are insoluble, and more
than 71.8 % are everywhere locally soluble but fail the Hasse principle due to the
Brauer–Manin obstruction. We further show that these proportions rise to at least
99.9 % and 96.7 %, respectively, when f0 has sufficiently many prime divisors of odd
multiplicity. Our result can be viewed as a strong asymptotic form of ‘Faltings plus
epsilon’ for superelliptic equations and constitutes an analogue of Bhargava’s result
that most hyperelliptic curves over Q have no rational points.

1. Introduction

Let F be a separable integral binary form of degree N ≥ 5. When N = 2n is even, the subscheme
CF of the weighted projective plane P2

Q(1, n, 1) cut out by the equation y2 = F (x, z) is known
as a hyperelliptic curve, and by Faltings’ theorem (see [Fal83, Satz 7]), the curve CF has only
finitely many rational points. In [Bha13, Theorem 1], Bhargava established the following ‘strong
asymptotic form’ of Faltings’ theorem for hyperelliptic curves: when integral binary N -ic forms
are ordered by height, the density of forms F such that the curve CF has a rational point is
o(2−n). In other words, most even-degree binary forms fail to represent a square.

WhenN = 2n+ 1 is odd, the equation y2 = F (x, z) is called superelliptic. In contrast with the
case of hyperelliptic curves, the problem of studying rational solutions to superelliptic equations
is trivial: given any pair (x0, z0) ∈ Q2, the triple

(x, y, z) = (x0 · F (x0, z0), F (x0, z0)n+1, z0 · F (x0, z0)) ∈ Q3 (1)

is a solution to the equation y2 = F (x, z) and, in fact, the subscheme SF ⊂ P2
Q(2, 2n+ 1, 2)

cut out by this equation is isomorphic to P1
Q. On the other hand, the problem of studying

primitive integer solutions, triples (x0, y0, z0) ∈ Z3 such that y2
0 = F (x0, z0) and gcd(x0, z0) = 1,

is considerably more interesting. For instance, a result of Darmon and Granville states that
y2 = F (x, z) has only finitely many primitive integer solutions (see [DG95, Theorem 1′]).
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Given this analogue of Faltings’ theorem, it is natural to expect that an analogue of
Bhargava’s strong asymptotic form holds for primitive integer solutions to superelliptic equa-
tions. The purpose of this paper is to prove this expectation, i.e. that most integral odd-degree
binary forms fail to primitively represent a square.

1.1 Superelliptic stacky curves
In the rest of the paper, it will be convenient to reinterpret primitive integer solutions to the
superelliptic equation y2 = F (x, z) as integral points on a certain stacky curve, which we denote
by SF and define as follows. Consider the punctured affine surface

S̃F := V (y2 = F (x, z)) ⊂ A3
Z � {(0, 0, 0)}. (2)

The group Gm acts by scaling on S̃F via λ · (x0, y0, z0) = (λ2 · x0, λ
2n+1 · y0, λ

2 · z0). The map
S̃F → P1

Z defined by (x, y, z) → [x : z] is Gm-equivariant, and the field of Gm-invariant rational
functions on S̃F is generated by x/z, so the scheme quotient S̃F /Gm is isomorphic to P1

Z. The
associated stack quotient SF := [S̃F /Gm] is a stacky curve with coarse moduli space P1

Z. The
Gm-action on S̃F has a nontrivial stabilizer isomorphic to the group scheme μ2 if and only if
y = 0, so SF has a ‘12 -point’ at each of the 2n+ 1 distinct roots of F over the algebraic closure.

Let R be a principal ideal domain. We say that a triple (x0, y0, z0) ∈ R3 is an R-primitive
solution to y2 = F (x, z) if y2

0 = F (x0, z0) and Rx0 +Rz0 = R. The set of R-primitive solutions
to y2 = F (x, z) is readily seen to be in bijection with the set S̃F (R) of morphisms SpecR→ S̃F

(i.e. R-points of S̃F), which in turn corresponds bijectively with the set SF (R): indeed, specifying
a map SpecR→ SF is definitionally equivalent to specifying a map L→ S̃F , where L is a torsor
of SpecR by Gm, but SpecR has no nontrivial Gm-torsors. In what follows, we abuse notation
by writing SF (R) for the set of R-primitive solutions to y2 = F (x, z), regardless of whether F is
separable.

1.2 Main results
Our results concern families of superelliptic equations y2 = F (x, z) of degree 2n+ 1 ≥ 3 having
fixed leading coefficient f0 := F (1, 0) ∈ Z � {0}. Suppose that |f0| is not a square, let |f0| = m2κ,
where m, κ ∈ Z and κ is squarefree, and define the following quantities:

μf0
:=
∏
p|κ

(
1
p2

+
p− 1
pn+1

)
and μ′f0

:=
∏
p|κ

(
1 − 1

p2p+1

)
.

For a Z-algebra R, we write F2n+1(f0, R) ⊂ R[x, z] for the set of binary forms of degree 2n+ 1
with leading coefficient equal to f0; when R = Z, we abbreviate F2n+1(f0,Z) as F2n+1(f0).
For simplicity, we sometimes write F2n+1(f0) to mean the family of superelliptic equations or
superelliptic stacky curves defined by the forms in F2n+1(f0). The height H(F ) of a binary form
F (x, z) =

∑2n+1
i=0 fix

2n+1−izi ∈ F2n+1(f0) is defined as follows:

H(F ) := max{|f i−1
0 fi|2n(2n+1)/i : i = 1, . . . , 2n+ 1}.

With this setup, we prove the following analogue for superelliptic stacky curves of [Bha13,
Theorem 1].

Theorem 1. Let f0 be a non-square integer. For every sufficiently large n, most superelliptic
stacky curves in the family F2n+1(f0) have no primitive integer solutions. More precisely, we
proceed as follows.
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(a) Suppose 2 � f0. For every n ≥ 5, a positive proportion of forms F ∈ F2n+1(f0), when ordered
by height, have the property that SF (Z) = ∅. Moreover, the lower density of forms F ∈
F2n+1(f0) such that SF (Z) = ∅ is at least 1 − μf0 + o(2−n).

(b) Suppose 2 | f0. The lower density of forms F ∈ F2n+1(f0) such that SF (Z) = ∅ is at least
1 − μf0 +O(2−ε1nε2 ) for some real numbers ε1, ε2 > 0.

As indicated by Table 1, the quantity 1 − μf0 , which by Theorem 1 constitutes a lower bound
on the density of insoluble equations in F2n+1(f0) in the large-n limit, rapidly approaches 1 as
the number of prime factors of κ grows. Furthermore, the method used to prove Theorem 1
can be easily adapted to obtain a similar result when the family F2n+1(f0) is replaced by any
subfamily defined by congruence conditions modulo finitely many prime powers.

Note that Theorem 1 is subject to the condition that |f0| is not a square. When |f0| is a square,
every form F ∈ F2n+1(f0) is such that y2 = F (x, z) has a trivial solution, namely (x, y, z) =
(sign(f0),

√|f0|, 0). We expect that for most F ∈ F2n+1(f0), the equation y2 = F (x, z) has no
solutions other than the trivial one. The presence of the trivial solution renders this expectation
difficult to prove: e.g. to obtain the analogous result for rational points on monic odd-degree
hyperelliptic curves, Poonen and Stoll [PS14] combined work of Bhargava and Gross [BG13]
on equidistribution of the 2-Selmer elements of the Jacobians of these curves with a variant of
Chabauty’s method (cf. [SW18], in which Shankar and Wang treat the even-degree case, as well
as the work of Thorne and Romano [RT21] and Laga [Lag21], which prove similar theorems for
certain families of non-hyperelliptic curves). To the author’s knowledge, analogues of the notion
of Selmer group and of Chabauty’s method remain to be formulated for superelliptic stacky
curves.

In the course of proving Theorem 1, we actually prove the stronger statement that most
superelliptic stacky curves have a 2-descent obstruction to having an integral point. Since these
stacky curves typically have integral points everywhere locally, it follows that most of them fail
the Hasse principle (i.e. do not have a Z-point despite having a Zv-point for every place v of Q)
due to a 2-descent obstruction. Upon showing that such a 2-descent obstruction yields a case of
the Brauer–Manin obstruction, we obtain the following analogue for superelliptic stacky curves
of [Bha13, Corollary 4]1 (see also the work of Thorne [Tho15] and Thorne and Romano [RT18],
which prove similar theorems for certain families of non-hyperelliptic curves).

Theorem 2. Let f0 be a non-square integer. The lower density of forms F ∈ F2n+1(f0),
when ordered by height, such that the stacky curve SF fails the Hasse principle due to the
Brauer–Manin obstruction is at least μ′f0

− μf0 + o(2−n) if 2 � f0 and is at least μ′f0
− μf0 +

O(2−ε1nε2 ) for some ε1, ε2 > 0 if 2 | f0.

The proportion μ′f0
− μf0 , which can be thought of as a lower bound on the density of superel-

liptic equations with leading coefficient f0 having a Brauer–Manin obstruction to solubility in
the large-n limit, approaches ≈ 96.7 % as the number of prime factors of κ grows; see Table 1.

The genus of a stacky curve can be defined in terms of the Euler characteristic of an orbifold
curve; see [Dar97, section entitled ‘Orbifolds, and the topology ofM -curves’]. In [BP19], Bhargava
and Poonen prove that all (suitably defined) stacky curves S of genus less than 1

2 over Z satisfy
the Hasse principle; i.e. if S(R) �= ∅ and S(Zp) �= ∅ for every prime p ∈ Z, then S(Z) �= ∅. On
the other hand, there is no guarantee that a stacky curve of genus at least 1

2 satisfies the Hasse
principle: indeed, for any separable integral binary form F of degree 2n+ 1 ≥ 3, the genus of the

1 The proof of [Bha13, Corollary 4] has a gap; see Remark 12, where we explain how a certain step in the proof
of Theorem 2 may be modified to obtain a complete proof of [Bha13, Corollary 4].
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Table 1. The strength of the limiting lower bounds limn→∞ 1 − μf0 (respectively, limn→∞ μ′f0
−

μf0) on the density of insoluble superelliptic equations given by Theorem 1 (respectively, on the
density of superelliptic equations having a Brauer–Manin obstruction to solubility given by
Theorem 2).

{p | κ} ⊃ {2} {3} {5} {2, 3} {2, 5} {3, 7} {2, 3, 7}
limn→∞ 1 − μf0 ≥ 75.0 % 88.8 % 96.0 % 97.2 % 99.0 % 99.7 % 99.9 %
limn→∞ μ′

f0
− μf0 ≥ 71.8 % 88.8 % 95.9 % 94.0 % 95.8 % 99.7 % 96.7 %

associated stacky curve SF is given by (2n+ 1)/4 > 1
2 , and Theorem 2 demonstrates that these

stacky curves often fail the Hasse principle.

1.3 Method of proof
Our strategy is to transform the problem of counting soluble superelliptic equations into one of
counting integral orbits of a certain representation by devising a suitable orbit construction. In
§ 3, we prove that elements of SF (Z) naturally give rise to certain square roots of the ideal class
of the inverse different of a ring RF associated to the form F . Via a parametrization that we
introduced in [Swa23], these square roots correspond to certain integral orbits for the action of
the split odd special orthogonal group G on a space V of self-adjoint operators T , where the
characteristic polynomial of T is equal to the monicized form Fmon(x, 1) := (1/f0) · F (x, f0z).

The parametrization in [Swa23] is explicitly leading-coefficient-dependent and is, thus, par-
ticularly well-suited for applications concerning binary forms with fixed leading coefficient. By
generalizing an equidistribution argument that we developed in joint work with Bhargava and
Shankar (see [BSS21], where we used the very same parametrization to determine the second
moment of the size of the 2-Selmer group of elliptic curves), one can average the bounds in
Theorems 1 and 2 over all leading coefficients and, thus, deduce analogues of these theorems for
the full family of superelliptic equations of given degree. In this paper, we fix the leading coef-
ficient for two reasons: doing so simplifies the orbit-counting and allows us to prove a stronger
result, that within each thin subfamily of superelliptic equations with fixed leading coefficient,
most members fail the Hasse principle.

In § 2, we discuss the representation ofG on V , the orbits of which also correspond to 2-Selmer
elements of the Jacobians of monic odd-degree hyperelliptic curves (see the work of Bhargava
and Gross [BG13]), we define the ring RF , and we recall the parametrization from [Swa23]. In
§ 4, we prove Theorem 1 in a series of three steps. First, in § 4.2, we adapt results of Bhargava
and Gross (see [BG13, § 10]) to obtain a bound on the number of G(Z)-orbits on V (Z) satisfying
local conditions. Second, in § 4.3–4.6, we bound the local volume of the set of elements in V (Zv)
that arise from Zv-primitive solutions via the orbit construction in § 3 for each place v of Q. This
is the most technical step of the proof, and we handle it in a series of subsections as follows.

– In § 4.3, we take v = ∞ and show that the relevant local volume contributes a factor of O(2n)
to the final bound.

– In § 4.4, we take v = p � 2f0 and obtain a bound on the relevant local volume; later, in § 4.7,
we show that the product of this bound over all p � 2f0 contributes a factor of O(2−ε1nε2 ) to
the final bound; this constitutes part of the saving when 2 � f0 and all of the saving when
2 | f0.

– In § 4.5, we take v = 2 � f0 and show that the relevant local volume contributes a factor of
O(2−2n) to the final bound; this constitutes most of the saving when 2 � f0.
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– In § 4.6, we take v = p | f0 and show that the relevant local volume contributes a factor of
O(1) to the final bound.

The main idea for the savings obtained in §§ 4.4 and 4.5 is that the number of solutions to
y2 = F (x, z) modulo an integer k is at most #P1(Z/kZ), which, for k small relative to the
degree n, is typically smaller than the total number of G(Z/kZ)-orbits having characteristic
polynomial Fmon; for example, when k = p � f0 is an odd prime, this number of orbits is 
 2m,
where m is the number of distinct irreducible factors of Fmon modulo p. Third, in § 4.7, we
combine the results of the first two steps to complete the proof of Theorem 1. Finally, in § 5,
we define the notions of 2-descent obstruction and Brauer–Manin obstruction for superelliptic
stacky curves, and we prove Theorem 2.

2. Algebraic preliminaries

In this section, we recall several algebraic notions that feature in our construction of orbits from
integral points on superelliptic stacky curves. We begin in § 2.1 by introducing the representation
of G on V . Then, in § 2.2, we define the ring RF associated to a binary form F , and in § 2.3, we
recall a parametrization from [Swa23] of square roots of the ideal class of the inverse different
of RF . We finish in § 2.4 by describing the parametrization over fields.

2.1 A representation of the split odd special orthogonal group
Let W be the Z-lattice of rank 2n+ 1 equipped with a nondegenerate symmetric bilinear
form [−,−] : W ×W → Z that has signature (n+ 1, n) after extending scalars to R. By [Ser73,
Chapter V]), the lattice W is unique up to isomorphism over Z, and there is a Z-basis

W = Z〈e1, . . . , en, u, e′1, . . . , e′n〉, (3)

such that [ei, ej ] = [e′i, e
′
j ] = [ei, u] = [e′i, u] = 0, [ei, e′j ] = δij , and [u, u] = 1 for all relevant pairs

(i, j). We denote by A0 the matrix of [−,−] with respect to the basis (3).
For a Z-algebra R, let WR := W ⊗Z R. For a field k of characteristic not equal to 2, the

k-vector space Wk equipped with the bilinear form [−,−] is called the split orthogonal space
of dimension 2n+ 1 and determinant (−1)n over k and is unique up to k-isomorphism [MH73,
§ 6]. The space Wk is called ‘split’ because it is a nondegenerate quadratic space containing a
maximal isotropic subspace (defined over k) for the bilinear form [−,−].

Let T ∈ EndR(WR). Recall that the adjoint transformation T † ∈ EndR(WR) of T with respect
to the form [−,−] is determined by the formula [Tv,w] = [v, T †w] for all v, w ∈WR, and that T
is said to be self-adjoint if T = T †. If T is expressed as a matrix with respect to the basis (3),
then T is self-adjoint with respect to the form [−,−] if and only if T TA0 = A0T .

Let V be the affine space defined over Spec Z whose R-points are given by

V (R) = {T ∈ EndR(WR) : T = T †}
for any Z-algebra R. An R-automorphism g ∈ AutR(WR) is called orthogonal with respect to the
form [−,−] if [g(v), g(w)] = [v, w] for all v, w ∈WR. If g is expressed as a matrix with respect
to the basis (3), then g is orthogonal with respect to the form [−,−] if and only if gTA0g = A0.
Let G := SO(W ) be the group scheme defined over Spec Z whose R-points are given by

G(R) = {g ∈ AutR(WR) : g is orthogonal with respect to [−,−] and det g = 1}
for any Z-algebra R. The group scheme G is known as the split odd special orthogonal group
of the lattice W , and it acts on V by conjugation: for g ∈ G(R) and T ∈ V (R), the map
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gTg−1 ∈ EndR(WR) is readily checked to be self-adjoint with respect to [−,−] and is there-
fore an element of V (R). We thus obtain a linear representation G→ GL(V ) of dimension
dimV = 2n2 + 3n+ 1.

Since G acts on V by conjugation, the characteristic polynomial

ch(T ) := det(x · id−T ) = x2n+1 +
2n+1∑
i=1

cix
2n+1−i ∈ R[x]

is invariant under the action of G(R) for each T ∈ V (R). In fact, by [Bou75, § 8.3, part (VI) of
§ 13.2], the coefficients c1, . . . , c2n+1, which have respective degrees 1, . . . , 2n+ 1, freely generate
the ring of G-invariant functions on V .

2.2 Rings associated to binary forms
For the rest of § 2, let R be a principal ideal domain (we typically take R to be Z, Q, Zp, Z/pZ,
or Qp, where p ∈ Z is a prime), and let k be the fraction field of R. Let n ≥ 1, and let

F (x, z) =
2n+1∑
i=0

fix
2n+1−izi ∈ R[x, z]

be a separable binary form of degree 2n+ 1 with leading coefficient f0 ∈ R� {0}.
Consider the étale k-algebra

KF := k[x]/(F (x, 1)).

Let θ denote the image of x in KF . For each i ∈ {1, . . . , 2n}, let pi be the polynomial defined by

pi(t) :=
i−1∑
j=0

fjt
i−j ,

and let ζi := pi(θ). To the binary form F , there is a naturally associated free R-submodule
RF ⊂ KF having rank 2n+ 1 and R-basis given by

RF := R〈1, ζ1, ζ2, . . . , ζ2n〉. (4)

The module RF is of significant interest in its own right and has been studied extensively in the
literature. In [BM72, proof of Lemma 3], Birch and Merriman proved that the discriminant of F
is equal to the discriminant of RF , and in [Nak89, Proposition 1.1], Nakagawa proved that RF

is actually a ring (and, hence, an order in KF) having multiplication table

ζiζj =
min{i+j,2n+1}∑

k=j+1

fi+j−kζk −
i∑

k=max{i+j−(2n+1),1}
fi+j−kζk, (5)

where 1 ≤ i ≤ j ≤ 2n and we take ζ0 = 1 and ζ2n+1 = −f2n+1 for the sake of convenience. (To be
clear, these results of Nakagawa are stated for the case of irreducible F , but as noted in [Woo11,
§ 2.1], their proofs continue to hold when F is not irreducible.)

Also contained in KF is a natural family of free R-submodules Ij
F of rank 2n+ 1 for each

j ∈ {0, . . . , 2n}, having R-basis given by

Ij
F := R〈1, θ, . . . , θj , ζj+1, . . . , ζ2n〉. (6)

Note that I0
F = RF is the unit ideal. By [Woo11, Proposition A.1], each Ij

F is an RF -module
and, hence, a fractional ideal of RF ; moreover, the notation Ij

F makes sense, because Ij
F is equal

to the jth power of I1
F . By [Woo11, Proposition A.4], the fractional ideals Ij

F are invertible
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precisely when the form F is primitive, in the sense that
∑2n+1

i=0 Rfi = R. It is a result of Simon
(see [Sim08, Proposition 14]; cf. [Woo11, Theorem 2.4]) that

JF := I2n−1
F

represents the ideal class of the inverse different of RF .
Given a fractional ideal I of RF having a specified basis (i.e. a based fractional ideal), the

norm of I, denoted by N(I), is defined to be the determinant of the k-linear transformation
taking the basis of I to the basis of RF in (4). It is easy to check that N(Ij

F ) = f−j
0 for each j

with respect to the basis in (6). The norm of κ ∈ K×
F is N(κ) := N(κ · I0

F ) with respect to the
basis 〈κ, κ · ζ1, . . . , κ · ζ2n〉 of κ · I0

F . Note that we have the multiplicativity relation

N(κ · I) = N(κ) · N(I) (7)

for any κ ∈ K×
F and fractional ideal I of RF with a specified basis.

We now explain how the objects KF , RF , and Ij
F transform under the action of γ ∈ SL2(R)

on binary forms of degree 2n+ 1 defined by γ · F = F ((x, z) · γ). If F ′ = γ · F , then γ induces
an isomorphism KF � KF ′ , under which the rings RF and RF ′ happen to be identified with
each other (see [Nak89, Proposition 1.2] for a direct proof and [Woo11, § 2.3] for a geometric
argument). On the other hand, the ideals Ij

F and Ij
F ′ are isomorphic as RF -modules but may not

necessarily be identified under the isomorphism KF � K ′
F . Indeed, as explained in [Bha13, (7)],

these ideals are related by the following explicit rule: if γ = [ a b
c d ], then for each j ∈ {0, . . . , 2n},

the composition

(8)

is an injective map of RF -modules having image equal to Ij
F ′ , where φj,γ sends each δ ∈ Ij

F

to (−bθ + a)−j · δ ∈ KF . When j = 0, we recover the identification of RF = I0
F with RF ′ = I0

F ′
from (8).

2.3 Parametrization of square roots of the class of JF

We say that a based fractional ideal I of RF is a square root of the class of the inverse different
if there exists δ ∈ K×

F such that

I2 ⊂ δ · JF and N(I)2 = N(δ) · N(JF). (9)

We now recall an orbit parametrization for such square roots that we introduced in [Swa23]. To
do this, let H̃F be the set of pairs (I, δ) satisfying (9). Let HF = H̃F /∼, where the equivalence
relation ∼ is defined as follows: (I1, δ1) ∼ (I2, δ2) if and only if there exists κ ∈ K×

F such that the
based fractional ideals I1 and κ · I2 are equal up to an SL2n+1(R)-change-of-basis and such that
α1 = κ2 · α2. Now, take (I, δ) ∈ HF , and consider the symmetric bilinear form:

〈−,−〉 : I × I → KF , (α, β) �→ 〈α, β〉 = δ−1 · αβ. (10)

Let π2n−1, π2n ∈ HomR(JF , R) be the maps defined on the R-basis (6) of JF by

π2n−1(θ2n−1) − 1 = π2n−1(ζ2n) = π2n−1(θi) = 0 for each i ∈ {0, . . . , 2n− 2},
π2n(ζ2n) + 1 = π2n(θi) = 0 for each i ∈ {0, . . . , 2n− 1}.

Let A and B respectively denote the matrices representing the symmetric bilinear forms π2n ◦
〈−,−〉 : I × I → R and π2n−1 ◦ 〈−,−〉 : I × I → R with respect to the R-basis of I, and observe
that A and B are symmetric of dimension (2n+ 1) × (2n+ 1) and have entries in R. We have,
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thus, constructed a map of sets

orbF : HF −→ {SL2n+1(R)-orbits on R2 ⊗R Sym2R
2n+1},

where by R2 ⊗R Sym2R
2n+1 we mean the space of pairs of (2n+ 1) × (2n+ 1) symmetric

matrices with entries in R. The following result characterizes the map orbF .

Theorem 3 [Swa23, Theorems 14 and 18, Propositions 17 and 20]. The map orbF defines a
bijection from HF to the set of all those SL2n+1(R)-orbits of pairs (A,B) ∈ R2 ⊗R Sym2R

2n+1

such that:

(a) (−1)n · det(x ·A+ z ·B) = Fmon(x, z) := (1/f0) · F (x, f0z); and
(b) pi((1/f0) · −A−1B) is a matrix with entries in R for each i ∈ {1, . . . , 2n}.
Moreover, for any (I, δ) ∈ HF , the stabilizer in SL2n+1(R) of orbF (I, δ) contains a subgroup
isomorphic to the group R×

F [2]N≡1 := {ρ ∈ R×
F : ρ2 = 1 = N(ρ)}.

For the purposes of this paper, it turns out (see Lemma 11) that we only need the restriction of
the parametrization in Theorem 3 to those pairs (A,B) such that A defines a split quadratic form
over k. This restricted parametrization can be expressed in terms of the action of G(R) on V (R).
Indeed, suppose we are given a pair (A,B) ∈ R2 ⊗R Sym2R

2n+1 such that the invariant form
det(x ·A+ z ·B) of (A,B) is equal to (−1)n · Fmon(x, z) and such that A defines a quadratic form
that is split over k. Then there exists g ∈ GL2n+1(R) satisfying gAgT = A0 (by the uniqueness
statement in the first paragraph of § 2.1), and the matrix T = (gT )−1 · −A−1B · gT is self-adjoint
with respect to the matrix A0 and has characteristic polynomial Fmon(x, 1). We thus obtain the
following correspondence, the proof of which is immediate.

Proposition 4. The map (A,B) �→ T described above defines a natural bijection from the set
of SL2n+1(R)-orbits on pairs (A,B) ∈ R2 ⊗R Sym2R

2n+1 with invariant form (−1)n · Fmon such
that A defines a split quadratic form over k to the set of G(R)-orbits on V (R) with characteristic
polynomial Fmon(x, 1). Under this bijection, we have that StabSL2n+1(R)(A,B) = StabG(R)(T ).

Remark 5. As explained in [Swa23, § 2.2], the proof of Theorem 3 is inspired by [Woo14], where
Wood derives a similar parametrization in which the multiplication table of a fractional ideal
of RF gives rise to a pair of symmetric matrices with invariant form equal to F (up to a sign).
In [Bha13, § 2], Bhargava uses Wood’s parametrization to prove analogues of Theorems 1 and 2
for rational points on hyperelliptic curves.

2.4 Orbits over fields
When R = k is a field, the parametrization in Theorem 3 simplifies considerably. Indeed, every
fractional ideal of RF = KF is equal to KF , so every element of HF is of the form (KF , δ), where
f0 · δ ∈ (K×

F /K
×2
F )N≡1 := {ρ ∈ K×

F : N(ρ) ∈ k×2}/K×2
F . Moreover, condition (b) in Theorem 3

holds trivially in this case, implying that every SL2n+1(k)-orbit on k2 ⊗k Sym2 k
2n+1 with invari-

ant form Fmon(x, 1) arises from an element of HF . We thus obtain the following result, which
gives a convenient description of the orbits of SL2n+1(k) on k2 ⊗k Sym2 k

2n+1 that arise via the
parametrization.

Proposition 6 [Swa23, Proposition 36]. When R = k is a field, the set of SL2n+1(k)-orbits on
k2 ⊗k Sym2 k

2n+1 with invariant form Fmon is in bijection with the set (K×
F /K

×2
F )N≡1. Under

this bijection, the orbit corresponding to the pair (KF , δ) ∈ HF is sent to f0 · δ.
In what follows, we say that an orbit of SL2n+1(k) on k2 ⊗k Sym2 k

2n+1 (or of G(k) on V (k))
is distinguished if it corresponds to 1 ∈ (K×

F /K
×2
F )N≡1 under the bijection of Proposition 6.
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In geometric terms, the orbit of a pair (A,B) ∈ k2 ⊗k Sym2 k
2n+1 is distinguished if and only if

A and B share a maximal isotropic space defined over k (see [BG13, § 4]).
For ease of notation, write f = Fmon. Given any (A,B) ∈ k2 ⊗k Sym2 k

2n+1 with invariant
form f , we may regard A and B as quadratic forms cutting out a pair of quadric hypersurfaces
QA and QB in P2n

k . Let F(A,B) denote the Fano scheme parametrizing (n− 1)-dimensional linear
spaces contained in the base locus QA ∩QB of the pencil of quadric hypersurfaces spanned by
QA and QB. The following proposition states that F(A,B) is a torsor of the Jacobian of SF .

Proposition 7. Let (A,B) ∈ k2 ⊗k Sym2 k
2n+1 with invariant form f . Then, if #k is sufficiently

large, F(A,B) is a torsor over k of the Jacobian of the stacky curve SF .

Proof. The Jacobian of a stacky curve X is defined to be the 0th-degree component Pic0(X)
of the group Pic(X) of divisors on X modulo principal divisors. Let ksep be a separable closure
of k, and let θ1, . . . , θ2n+1 ∈ P1

k(ksep) be the roots of F . Applying the correspondence between
isomorphism classes of line bundles and divisor classes to [CC17, proof of Proposition 2.2] yields
that Pic0(SF) is the group generated by the classes of the divisors (1

2θi − 1
2θj) subject to the

relations 2 · (1
2θi − 1

2θj) = 0 for 1 ≤ i < j ≤ 2n+ 1; i.e. we have

Pic0(SF) = (Z/2Z)〈(1
2θi − 1

2θj) : 1 ≤ i < j ≤ 2n+ 1〉.
There is a natural right action of the absolute Galois group Gk := Gal(ksep/k) on Pic0(SF): for
σ ∈ Gk, we have (1

2θi − 1
2θi) · σ = (1

2(σ−1 · θi) − 1
2(σ−1 · θj)).

A result of Wang (see [Wan18, Corollary 2.5]) implies that, as long as #k is sufficiently large,
the Fano scheme F(A,B) is a torsor over k of the 2-torsion subgroup J [2] of the Jacobian J of
the monic odd-degree hyperelliptic curve y2 = f(x, 1). Thus, to prove that F(A,B) is a torsor of
Pic0(SF), it suffices to show that there is a Gk-equivariant isomorphism Pic0(SF) � J [2]. But this
is clear: the divisor classes (θi − θj) for 1 ≤ i < j ≤ 2n+ 1 generate J [2](ksep) over Z/2Z. �

Note, in particular, that the SL2n+1(k)-orbit of (A,B) is distinguished if and only if F(A,B)

is the trivial torsor of the Jacobian of SF (which happens if and only if F(A,B)(k) �= ∅).

Remark 8. As it happens, Proposition 7 admits an analogue for pencils of even-dimensional
quadric hypersurfaces; see the work of Wang [Wan18] (generalizing previous work of Reid [Rei72,
Theorem 4.8]), showing that the Fano scheme of maximal linear spaces in the base locus of a
pencil of quadric hypersurfaces generated by a pair (A,B) ∈ k2 ⊗k Sym2 k

2n is a torsor of the
Jacobian of the hyperelliptic curve cut out by the equation y2 = (−1)n · det(x ·A+ z ·B).

We conclude this section by explaining how to visualize the simply transitive action of
Pic0(SF) on F(A,B)(ksep) from Proposition 7. For each i ∈ {1, . . . , 2n+ 1}, let Qi be the sin-
gular fiber lying over the point θi in the pencil of quadrics spanned by QA and QB. Suppose
that T is generic, so that each of the quadrics Qi is a simple cone with cone point qi. Let
F(A,B)(ksep) = {p1, . . . , p22n}, and for each � ∈ {1, . . . , 22n}, let p� denote the corresponding linear
subspace of P2n

ksep
. We illustrate this setup in the case where n = 1 in Figure 1.

We define an action of Pic0(SF) on F(A,B)(ksep) by first specifying how each (1
2θi) acts on

F(A,B)(ksep). Let Li� ⊂ P2n
ksep

be the linear span of the (n− 1)-plane p� and the point qi for each
pair (i, �). By [Rei72, Theorem 3.8], there exists precisely one element pi(�) ∈ F(A,B)(ksep) � {p�}
such that pi(�) ⊂ Li�. For each i, let (1

2θi) act on F(A,B) by swapping p� and pi(�) for each �. Then
for each pair (i, j), the divisor (1

2θi − 1
2θj) acts on F(A,B) by swapping p� with pi(j(�)) = pj(i(�)) for

each �. When n = 1, for example, the divisor (1
2θ1 − 1

2θ2) acts on F(A,B) by sending (p1, p2, p3, p4)
to (p3, p4, p1, p2), as we demonstrate in Figure 1.
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Figure 1. The pencil of conics spanned by QA and QB in P2
ksep

, with singular fibers Q1, Q2,
and Q3 having cone points q1, q2, and q3, respectively. In this case, F(A,B)(ksep) = QA ∩QB =
{p1, p2, p3, p4}. The dashed arrows display the action of the degree-0 divisor (1

2θ1 − 1
2θ2) on

F(A,B).

3. Construction of an integral orbit from a primitive integer solution

Take R and F as in § 2.2, and assume that k is of characteristic 0. In § 3.1, we prove that points
(x0, y0, z0) ∈ SF (R) give rise to certain orbits of G(R) on V (R) with characteristic polynomial
Fmon(x, 1). To produce the desired orbit, it suffices by Theorem 3 and Proposition 4 to construct
a pair (I, δ) ∈ HF such that the matrix A that arises defines a split quadratic form over k. Our
construction extends a result of Simon, who constructs the desired pair (I, δ) under the following
special conditions: F is primitive and irreducible and y0 is coprime to the index of RF in its
integral closure (see [Sim08, Corollary 4]). We finish in § 3.2 by describing when the orbits arising
from the construction are distinguished.

3.1 The construction
Let (x0, y0, z0) ∈ SF (R). For convenience, we say that the point (x0, y0, z0) is a Weierstrass point
if y0 = 0 and a non-Weierstrass point otherwise. Note that if y0 = 0, then z0 �= 0 because f0 �= 0,
so the binary form F factors uniquely as

F (x, z) =
(
x− x0

z0
· z
)
· F̃ (x, z) (11)

where F̃ ∈ R[x, z] is a binary form of degree 2n with leading coefficient equal to f0.
We start by transforming the pair (x0, z0) into a pair with simpler coordinates by constructing

a suitable γ ∈ SL2(R) such that (x0, z0) · γ = (0, 1). Let b0, d0 ∈ R be any elements such that
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b0x0 + d0z0 = 1 (such b0, d0 exist since Rx0 +Rz0 = R). We claim that there exists t ∈ R such
that (d0 − tx0) + θ(b0 + tz0) ∈ K×

F . Indeed, if we were to have (d0 − tx0) + θ(b0 + tz0) ∈ KF �
K×

F , then the pair (x, z) = (d0 − tx0,−b0 − tz0) is a root of the equation F (x, z) = 0, which has
finitely many roots up to scaling, implying that we can choose t to avoid this outcome (since k is
of characteristic 0). Take any such t ∈ R, let b = b0 + tz0 and d = d0 − tx0, and let γ = [ z0 b

−x0 d ].
Now, let F ′ be defined by

F ′(x, z) = F ((x, z) · γ−1) =
2n+1∑
i=0

f ′ix
2n+1−izi ∈ R[x, z].

Note that f ′2n+1 = y2
0 and that f ′0 �= 0 since f ′0 = f0 · N(d+ θb). If y0 = 0, the binary form F ′

factors uniquely as
F ′(x, z) = x · F̃ ′(x, z),

where F̃ ′ ∈ R[x, z] is a binary form of degree 2n with leading coefficient equal to f ′0; fur-
ther observe that f ′2n = F̃ (x0, z0) �= 0 because F is separable. Let θ′ = (−x0 + θz0)/(d+ θb) be
the root of F ′(x, 1) in KF ′ = KF , and consider the free rank-(2n+ 1) R-submodule I ′ ⊂ KF ′

defined by

I ′ := R〈ξ, θ′, . . . , θ′n, ζ ′n+1, . . . , ζ
′
2n〉, where ξ :=

{
y0 if y0 �= 0,
ζ ′2n + f ′2n if y0 = 0.

(12)

Observe that the R-module I ′ is a fractional ideal of RF ′ that resembles the fractional ideal In
F ′ ,

the only difference between them being that the basis element 1 ∈ In
F ′ is replaced by ξ ∈ I ′.

Lemma 9. We have that

I ′2 ⊂ δ′ · JF ′ , where δ′ :=

{
−θ′ if y0 �= 0,

F̃ ′(θ′, 1) − θ′ if y0 = 0

and that N(I ′)2 = N(δ′) · N(JF ′).

Proof. Recall from (6) that the fractional ideal JF ′ has the Z-basis

JF ′ = R〈1, θ′, . . . , θ′2n−1, ζ ′2n〉.
To prove the claimed containment, it suffices to check that when each of the pairwise products
of the basis elements of I ′ in (12) is divided by δ′, what results is an element of JF ′ . We have
the following computations:

ξ2/δ′ = ζ ′2n + f ′2n,

(ξ · θ′i)/δ′ = −y0θ
′i−1 for i ∈ {1, . . . , n},

(ξ · ζ ′j)/δ′ = −y0ζ
′
j−1 − y0f

′
j−1 for j ∈ {n+ 1, . . . , 2n},

(θ′i · θ′j)/δ′ = −θ′i+j−1 for i, j ∈ {1, . . . , n},
(θ′i · ζ ′j)/δ′ = −θ′i−1ζ ′j for i ∈ {1, . . . , n}, j ∈ {n+ 1, . . . , 2n},
(ζ ′i · ζ ′j)/δ′ = −ζ ′iζ ′j−1 − f ′j−1ζ

′
i for i, j ∈ {n+ 1, . . . , 2n}.

Using the fact that ζ ′i ∈ RF ′ for each i ∈ {0, . . . , 2n+ 1} together with the fact that JF ′ is closed
under multiplication by elements in RF ′ , one readily verifies that each of the expressions obtained
on the right-hand side above is an element of JF ′ . Crucially, these expressions do not depend in
piecewise fashion on the value of y0, even though ξ and δ′ do (see Remark 12).
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As for the second part of the lemma, using N(In
F ′) = f ′0

−n, we find that N(I ′) = ξ̃ · f ′0−n,
where ξ̃ = ξ = y0 if y0 �= 0 and ξ̃ = ξ − ζ ′2n = f ′2n if y0 = 0. Moreover, a calculation reveals that
N(δ′) = ξ̃2 · f ′0−1. Combining these norm calculations, we deduce that

N(I ′)2 = (ξ̃ · f ′0−n)2 = (ξ̃2 · f ′0−1) · (f ′0−(2n−1)) = N(δ′) · N(JF ′) �

We now transform I ′ and δ′ back from RF ′ to RF . Recall from (8) that

In
F = φn,γ(In

F ′) = (−bθ′ + z0)−n · In
F ′ ,

where we can invert −bθ′ + z0 because its inverse is equal to d+ θb. Since I ′ resembles In
F ′ , it

makes sense to consider the fractional ideal

I := φn,γ(I ′) = (−bθ′ + z0)−n · I ′ = (d+ θb)n · I ′, (13)

which has norm given by

N(I) = N((d+ θb)n · I ′) = N(d+ θb)n · N(I ′) = ξ̃ · f−n
0 , (14)

where we used the multiplicativity relation (7). Similarly, let δ ∈ K×
F be defined as follows:

δ := φ1,γ(δ′) =
δ′

−bθ′ + z0
=

{
x0 − θz0 if y0 �= 0,
F̃ (z0θ, z0) + (x0 − θz0) if y0 = 0.

(15)

It then follows from Lemma 9 that

I2 ⊂ δ′

−bθ′ + z0
· JF ′

(−bθ′ + z0)2n−1
= δ · JF , (16)

where in the last step above, we used the fact that

JF = φ2n−1,γ(JF ′) = (−bθ′ + z0)−(2n−1) · JF ′ .

Note that N(I)2 = N(δ) · N(JF) (this can be verified directly from (14) and (15), but it also
follows from the fact that N(I ′)2 = N(δ′) · N(JF ′) by Lemma 9).

Lemma 10. The fractional ideal I is well-defined, in the sense that it does not depend on the
choice of γ = [ z0 b

−x0 d ] ∈ SL2(R) satisfying (x0, z0) · γ = (0, 1) and d+ θb ∈ K×
F .

Proof. Let γ = [ z0 b
−x0 d ] ∈ SL2(R) satisfying (x0, z0) · γ = (0, 1) and d+ θb ∈ K×

F as above. Any
other γ̌ ∈ SL2(R) satisfying (x0, z0) · γ̌ to (0, 1) is a right-translate of γ by an element of the
stabilizer of (0, 1), which is the group of unipotent matrices Mt = [ 1 t

0 1 ] for t ∈ R. Thus, take
t ∈ R, and let

γ̌ = γ ·Mt =
[

z0 b+ tz0
−x0 d− tx0

]
.

Let F̌ (x, z) = F ((x, z) · γ̌−1) =
∑2n+1

i=0 f̌ix
2n+1−izi, and let θ̌ be the root of F̌ (x, 1) inKF . Assume

that t has been chosen so that (d− tx0) + θ(b+ tz0) ∈ K×
F , and note that

θ̌ =
−x0 + θz0

(d− tx0) + θ(b+ tz0)
=

θ′

1 + θ′t
. (17)

Just as we associated a pair (I ′, δ′) to γ, we can associate a pair (Ǐ , δ̌) to γ̌ satisfying the analogous
properties Ǐ2 ⊂ δ̌ · JF̌ and N(Ǐ)2 = N(δ̌) · N(JF̌ ). To prove the lemma, it suffices to show that

φn,γ(I ′) = φn,γ̌(Ǐ) and φ1,γ(δ′) = φ1,γ̌(δ̌). (18)
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The second equality in (18) is readily deduced by inspecting (15); as for the first equality, note
that it is equivalent to the following:( −bθ′ + z0

−(b+ tz0)θ̌ + z0

)n

· Ǐ = I ′. (19)

Using (17), we find that the fraction in parentheses in (19) is equal to 1 + tθ′. Now, observe that
we can express the ideals I ′ and Ǐ as

I ′ = R〈ξ̃, θ′ · In−1
F ′ 〉 and Ǐ = R〈ξ̃, θ̌ · In−1

F̌
〉, (20)

where ξ̃ = y0 if y0 �= 0 and ξ̃ = f ′2n = f̌2n if y0 = 0. Upon combining (19) and (20), we find that

(1 + tθ′)n · Ĩ = R〈(1 + tθ′)n · ξ̃, ((1 + tθ′)θ̃) · ((1 + tθ′)I
F̃
)n−1〉

= R〈(1 + tθ′)n · ξ̃, θ′ · In−1
F ′ 〉 = I ′,

where the last step above follows because θ′i ∈ I ′ for each i ∈ {0, . . . , n}. �
By applying the correspondence in Theorem 3 to the pair (I, δ) constructed above, we see

that the point (x0, y0, z0) ∈ SF (R) gives rise to a pair (A,B) ∈ R2 ⊗R Sym2R
2n+1 with invariant

form (−1)n · Fmon. To complete the construction, it remains to verify that A is split.

Lemma 11. The matrix A defines a split quadratic form over k.

Proof. It suffices to exhibit an n-dimensional isotropic space X over k for the quadratic form
defined by A. We claim that

X = k〈x0 − θz0, θ(x0 − θz0), . . . , θn−1(x0 − θz0)〉 ⊂ KF

does the job. Indeed, since F is separable, the elements θi(x0 − θz0) for i ∈ {0, . . . , n− 1} are
linearly independent over k: if y0 �= 0, then this follows because the elements θi ∈ KF for i ∈
{0, . . . , n− 1} are linearly independent and x0 − θz0 is an invertible element of KF ; if y0 = 0,
then this follows because the elements θi ∈ K

F̃
for i ∈ {0, . . . , n− 1} are linearly independent

and x0 − θz0 is an invertible element of K
F̃
. Thus, we have that dimk X = n. Moreover, note

that

π2n(〈θi(x0 − θz0), θj(x0 − θz0)〉) = π2n(x0θ
i+j − z0θ

i+j+1) = 0

for any i, j ∈ {0, . . . , n− 1}. �
Remark 12. We defined the pair (I, δ) in piecewise fashion, according as y0 �= 0 or y0 = 0. The
resulting pair (A,B) nevertheless admits a ‘functorial’ definition: indeed, the entries of A and
B are polynomial functions in x0, y0, z0, b, d and the coefficients of F . Thus, if our purpose was
simply to construct orbits from integral points, we could have carried out the construction for
y0 �= 0 and specialized the resulting pair of matrices to the case y0 = 0. However, our proofs of
Theorems 1 and 2 require knowledge of the element δ ∈ K×

F corresponding to the orbit arising
from an integral point, and it is difficult to reverse-engineer δ from a representative (A,B) of
such an orbit.

In [Bha13, § 2], Bhargava establishes an analogous construction for rational points on
hyperelliptic curves, one that takes a non-Weierstrass point on a degree-2n hyperelliptic curve
y2 = F (x, z) and produces a pair (I, δ) of a fractional ideal I and δ ∈ K×

F such that I2 ⊂ δ · I2n−3
F

and N(I)2 = N(δ) · N(I2n−3
F ). By a parametrization due to Wood (see [Woo14, Theorem 5.7]),

the pair (I, δ) gives rise to a pair (A,B) ∈ R2 ⊗R Sym2R
2n such that det(x ·A+ z ·B) =

(−1)n · F (x, z). To handle Weierstrass points, Bhargava uses the aforementioned specialization
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trick but does not determine the element δ ∈ K×
F corresponding to the specialized orbit, even

though this data seems necessary for the proofs of [Bha13, Theorem 3 and Corollary 4] to go
through.2 We note here that the piecewise construction of the pair (I, δ) given in this section can
be modified to work for hyperelliptic curves, thus yielding complete proofs of [Bha13, Theorem 3
and Corollary 4].

Remark 13. That the invariant form of the pair (A,B) is equal to (−1)n · Fmon, that A defines a
split quadratic form, and that the stabilizer of (A,B) contains a subgroup isomorphic to R×

F [2]
are properties that hold formally. Thus, if we replace R with any base ring and F ∈ R[x, z] is
any binary form of degree 2n+ 1, any R-primitive solution (x, y, z) = (x0, y0, z0) ∈ R3 to the
superelliptic equation y2 = F (x, z) gives rise to a pair of matrices (A,B) ∈ R2 ⊗R Sym2R

2n+1

such that the invariant form is Fmon and such that the stabilizer in SL2n+1(R) contains a subgroup
isomorphic to R×

F [2]N≡1. If the base ring R is an integral domain, then A defines a split quadratic
form over the fraction field k of R. Note that these properties hold even if we do not assume
that f0 �= 0, that F is separable, and that k has characteristic 0, despite the fact that we used
these assumptions to derive the construction.

3.2 Distinguished points
We say that a point (x0, y0, z0) ∈ SF (R) is distinguished if its associated G(k)-orbit is
distinguished. Note that Proposition 6 implies that (x0, y0, z0) is distinguished if and only if
f0 · (x0 − θz0) is a square in K×

F .
When f0 is a multiple of a perfect square by a unit u ∈ R×, SF has a trivial R-point, namely

(u,
√
u2n+1 · f0, 0). Since f0 · (u− θ · 0) = u · f0 ∈ K×2

F , the orbits associated to these trivial solu-
tions are always distinguished. Whether a primitive integer solution is distinguished is not
necessarily invariant under replacing F with an SL2(R)-translate. Indeed, suppose (x0, y0, z0) ∈
SF (R), take γ ∈ SL2(R) such that (x0, z0) · γ = (1, 0), and let F ′(x, z) = F ((x, z) · γ−1). Then
the point (1, y0, 0) ∈ SF ′(R) is distinguished, regardless of whether the point (x0, y0, z0) ∈ SF (R)
is distinguished. Nevertheless, whether a solution is distinguished is always preserved under
replacing F with a translate by a unipotent matrix of the form MT

t for t ∈ R.
Now take R = Z. When |f0| is not a perfect square, we show in [Swa23, § 3.3] that the non-

square factors of |f0| tend to obstruct the distinguished G(Q)-orbit from arising via the map
orbF defined in § 2.3. More precisely, we have the following result, which states that there are
strong limitations on the forms F ∈ F2n+1(f0) for which some point of SF (Z) is distinguished:

Theorem 14. Let F ∈ F2n+1(f0) be separable, and suppose that there exists a point of SF (Z)
giving rise to the distinguished G(Q)-orbit via the construction in § 3. Then one of the following
two mutually exclusive possibilities holds for each prime p | κ:

(a) RF ⊗Z Zp is not the maximal order in KF ⊗Q Qp; or
(b) RF ⊗Z Zp is the maximal order in KF ⊗Q Qp and F/z is a unit multiple of a square

modulo p.

Moreover, the density of binary forms F ∈ F2n+1(f0) such that one of the conditions (a) or (b)
holds for every prime p | κ is equal to μf0

:=
∏

p|κ(1/p
2 + (p− 1)/pn+1).

Proof. Let p | κ. By [Swa23, Proposition 40], if F ∈ F2n+1(f0) is such that some element of the
image of orbF has distinguished G(Qp)-orbit, then one of conditions (a) or (b) in the theorem

2 Although 100 % of hyperelliptic curves have no Q-rational Weierstrass points, they often have Weierstrass points
over completions of Q, and such local Weierstrass points cannot be disregarded in proving [Bha13, Theorem 3 and
Corollary 4], which concern locally soluble 2-covers (and, hence, local rational points) of hyperelliptic curves.
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statement holds. By [ABZ07, Proposition 3.5], the p-adic density of F ∈ F2n+1(f0,Zp) satisfying
condition (a) is p−2, and it follows from [Swa23, Proposition 41] that the p-adic density of
F ∈ F2n+1(f0,Zp) satisfying condition (b) is p−n−1(p− 1). The theorem follows by combining
these density calculations. �

Theorem 14 implies that points of SF (Z) often fail to be distinguished, a fact that is crucial
for the proofs of Theorems 1 and 2, because the geometry-of-numbers results from [BG13, § 9]
that we apply in § 4 to count orbits of G(Z) on V (Z) only give us a count of the non-distinguished
orbits.

4. Proof of Theorem 1

The purpose of this section is to give a proof of our first main result, namely Theorem 1.

4.1 Outline of the proof
Let δ be the upper density of forms F ∈ F2n+1(f0), enumerated by height, such that SF (Z) �= ∅.
Proving Theorem 1 amounts to obtaining an upper bound on δ.

To this end, let F∗
2n+1(f0) be the subset of all F ∈ F2n+1(f0) satisfying both conditions in

Theorem 14 for every prime p | κ; note that the complement of F∗
2n+1(f0) consists entirely of

binary forms for which the distinguished orbit does not arise from a primitive integer solution.
Moreover, let P denote the (G(Z)-invariant) subset of integral elements of V (Z) that arise via
the construction in § 3.1 from separable forms F ∈ F2n+1(f0). By partitioning F2n+1(f0) into
F∗

2n+1(f0) and its complement, we see that δ can be bounded as follows:

δ ≤ lim
X→∞

#{F ∈ F∗
2n+1(f0) : H(F ) < X} + #

(
G(Q)\{T ∈ P : T irreducible, H(T ) < X})

#{F ∈ F2n+1(f0) : H(F ) < X} ,

(21)

where we say that T is irreducible if ch(T ) is separable and the G(Q)-orbit of T is
non-distinguished.

The first term on the right-hand side of (21) constitutes the trivial bound for the density of
forms F ∈ F∗

2n+1(f0) such that SF (Z) �= ∅. Computing this first term is straightforward. Indeed,
the first term in the numerator and the denominator are respectively given by

#{F ∈ F∗
2n+1(f0) : H(F ) < X} = μf0 · f−2n2−n

0 · 22n+1 ·X(n+1)/2n + o(X(n+1)/2n), (22)

#{F ∈ F2n+1(f0) : H(F ) < X} = f−2n2−n
0 · 22n+1 ·X(n+1)/2n + o(X(n+1)/2n). (23)

The second term in the numerator on the right-hand side of (21) means ‘the number of
G(Q)-equivalence classes of irreducible elements T ∈ P of height less than X’, and this
constitutes a bound on the number forms F ∈ F2n+1(f0) � F∗

2n+1(f0) such that SF (Z) �= ∅. It
is hard to describe P explicitly and, hence, to obtain a precise asymptotic for this second term.
But P is contained within a subset of V (Z) defined by local conditions: indeed, we have

P⊂ V (Z) ∩
⋂
v

Pv,

where for each place v of Q, we write Pv for the subset of V (Zv) that arises via the construction
in § 3.1 from separable forms F ∈ F2n+1(f0,Zv). Thus, the second term in the numerator on the
right-hand side of (21) is bounded by the following quantity:

#
(
G(Q)

∖{
T ∈ V (Z) ∩

⋂
v

Pv : T is irreducible, H(T ) < X

})
(24)
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The rest of this section is devoted to bounding (24). We desire a bound of order o(f−2n2−n
0 · 2−n)

when 2 � f0 and a bound of order O(f−2n2−n
0 · 2−ε1nε2 ) when 2 | f0. We obtain bounds of these

magnitudes by means of the following steps.

(A) In § 4.2, we adapt results of Bhargava–Gross [BG13] to obtain an asymptotic upper bound for
the number of irreducible orbits of G(Z) on V (Z) of bounded height, where the orbits are counted
with respect to a weight function φ defined by infinitely many local conditions (see Theorem 16).
By choosing the weight function φ appropriately, so that it picks out orbits belonging to Pv for
every place v and counts each G(Q)-equivalence class of integral orbits just once, we obtain an
upper bound for the quantity (24). This bound is expressed a product of local mass formulas,
one for each place of Q.

(B) Proving Theorem 1 then amounts to bounding each of the local mass formulas obtained in
step (A) (in other words, we must control the ‘size’ of Pv for each v).

– In § 4.3, we bound the mass at ∞ by working over R (see Proposition 18). The mass at ∞
contributes a factor of O(2n ·X(n+1)/2n) to the bound.

– In § 4.4, we bound the mass at p when 2 �= p � f0 by working over Z/pZ (see Proposition 22).
As we later show in § 4.7, the masses at these primes together contribute a factor of O(2−ε1nε2 )
to the bound. This constitutes a small part of the saving when 2 � f0 and the entire saving
when 2 | f0.

– In § 4.5, we bound the mass at p when 2 = p � f0 by working over Z/8Z (see Proposition 26).
In this case, the mass at 2 contributes a factor of O(2−2n) to the bound, which constitutes
most of the saving.

– In § 4.6, we bound the mass at p when p | f0 by working over Qp and Zp (see Propositions 30
and 33). In this case, the mass at p contributes to the bound a factor of O(|f0|2n2+n

p ) when
p �= 2 and O(2−n · |f0|2n2+n

2 ) when p = 2.

(C) The final step is to combine the bounds obtained in steps (A) and (B) and to simplify the
result. We do this in § 4.7.

4.2 Step (A): counting irreducible integral orbits of bounded height
For a monic polynomial f = x2n+1 +

∑2n+1
i=1 ci · x2n+1−i ∈ Z[x], let the height of f be defined by

H(f) := H(c1, . . . , c2n+1) := max{|ci|2n(2n+1)/i : i = 1, . . . , 2n+ 1}. For an element T ∈ V (Z), let
the height of (the G(Z)-orbit of) T be defined by H(T ) = H(ch(T )).

Fix m ∈ {0, . . . , n}, and define I(m) ⊂ F2n+1(1,R) to be the set of separable monic degree-
(2n+ 1) polynomials over R having exactly 2m+ 1 real roots. Let B⊂ ch−1(I(m)) ⊂ V (R) be
a measurable subset closed under the action of G(R). Let N(V (Z) ∩ B;X) denote the number
of G(Z)-orbits of irreducible elements T ∈ V (Z) ∩ B satisfying H(T ) < X. Then we have the
following adaptation of [BG13, Theorem 10.1 and (10.27)], giving an asymptotic for N(V (Z) ∩
B;X).

Theorem 15. There exists an absolute constant J∈ Q× such that

N(V (Z) ∩ B;X) =
1

2m+n
· |J| · Vol(G(Z)\G(R))

·
∫

f∈I(m)
H(f)<X

#
(
B∩ ch−1(f)

G(R)

)
df + o(X(n+1)/2n),
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where the fundamental volume Vol(G(Z)\G(R)) is computed with respect to a differential ω that
generates the rank-1 module of top-degree differentials of G over Z.

Proof. In [BG13], Bhargava and Gross work with the subrepresentation V ′ ⊂ V consisting of
the traceless operators in V . Such traceless operators have characteristic polynomial with the
coefficient c1 of the term x2n equal to 0. They prove that N(V ′(Z) ∩ B;X) is given by a formula
(see [BG13, Theorem 10.1 and (10.27)]) that is almost identical to the formula in the statement
of Theorem 15, except that the value of Jmay be different and the integral runs over polynomials
with coefficients (0, c2, . . . , c2n+1) in I(m). By simply lifting the restriction that c1 = 0, it is not
hard to check that the proof of [BG13, Theorem 10.1 and (10.27)] carries over with minimal
modifications to prove Theorem 15. �

The following result generalizes Theorem 15 by giving an upper bound on the number of
integral orbits of height up to X, where the orbits are weighted by a function defined by local
conditions.

Theorem 16 (Cf. [BG13, Theorem 10.12]). Let φ : V (Z) → [0, 1] ⊂ R be a function such that
there exists a function φp : V (Zp) → [0, 1] for each prime p satisfying the following conditions:

– for all T ∈ V (Z), the product
∏

p φp(T ) converges to φ(T ); and
– for each p, the function φp is locally constant outside a closed set Sp ⊂ V (Zp) of measure 0.

Let Nφ(V (Z) ∩ B;X) denote the number of G(Z)-orbits of irreducible elements T ∈ V (Z) ∩ B

satisfying H(T ) < X, where each orbit G(Z) · T is counted with weight φ(T ) :=
∏

p φp(T ). Then

Nφ(V (Z) ∩ B;X) ≤ N(V (Z) ∩ B;X) ·
∏
p

∫
T∈V (Zp)

φp(T ) dT + o(X(n+1)/2n).

Proof. The proof is identical to the first half of the proof of [BS15, Theorem 2.21] (note that
the ‘accep-table’ hypothesis in [BS15, Theorem 2.21] is not needed for the upper bound in
Theorem 16). �

To apply Theorem 16 to bound (24), we need to choose the local weight functions φp

appropriately. Given T ∈ V (Z), denote by m(T ) the quantity

m(T ) :=
∑

T ′∈O(T )

# StabQ(T ′)
# StabZ(T ′)

=
∑

T ′∈O(T )

# StabQ(T )
# StabZ(T ′)

,

where O(T ) denotes a set of representatives for the action of G(Z) on the G(Q)-orbit of T ,
and where StabQ(T ′) and StabZ(T ′) respectively denote the stabilizers of T ′ in G(Q) and G(Z).
By [BG13, Proposition 10.8], counting G(Q)-orbits on V (Z) is, up to a negligible error, no
different from counting G(Z)-orbits on V (Z), where the G(Z)-orbit of T ∈ V (Z) is weighted by
1/m(T ).

The weight m(T ) can be expressed as a product over primes p of local weights mp(T ). Indeed,
as stated in [BG13, (11.3)], we have that

m(T ) =
∏
p

mp(T ), where mp(T ) :=
∑

T ′∈Op(T )

# StabQp(T )
# StabZp(T ′)

, (25)

where Op(T ) denotes a set of representatives for the action of G(Zp) on the G(Qp)-orbit of T , and
where StabQp(T

′) and StabZp(T
′) denote the stabilizers of T ′ in G(Qp) and G(Zp), respectively.
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For each prime p, let ψp : V (Zp) → {0, 1} ⊂ R be the indicator function of elements T ∈ Pp

such that ch(T ) is separable. Then upon taking φp = ψp/mp for each p, Theorems 15 and 16
together imply the following.

Proposition 17. We have that (24) is bounded above by

n∑
m=0

1
2m+n

· |J| · Vol(G(Z)\G(R)) ·
∫

f∈I(m)
H(f)<X

#
(
P∞ ∩ ch−1(f)

G(R)

)
df

·
∏
p

∫
T∈V (Zp)

ψp(T )
mp(T )

dT + o(X(n+1)/2n). (26)

In what follows, we call the sum over m on the first line of (26) the mass at ∞, and we call
the integral over V (Zp) on the second line of (26) the mass at p.

4.3 Step (B): bounding the mass at ∞
In this section, we prove the following result, which shows that the mass at ∞ in (26) is bounded
by O(2n ·X(n+1)/2n).

Proposition 18. The mass at ∞ in (26) is

≤ 3 · 2n ·
∏
p>2

p2n2+n

#G(Z/pZ)
·
∫

H(f)<X
df.

Proof. We start with the following lemma, where we derive an upper bound on the factor |J| ·
Vol(G(Z)\G(R)) that occurs in the mass at ∞. �
Lemma 19. We have that

|J| · Vol(G(Z)\G(R)) ≤ 22n+1 ·
∏
p>2

p2n2+n

#G(Z/pZ)
.

Proof. Let R = C, R, or Zp where p is a prime. Let R ⊂ R2n+1 be any open subset, and let
s : R→ V (R) be a continuous function such that the characteristic polynomial of s(c1, . . . , c2n+1)
is given by x2n+1 +

∑2n+1
i=1 cix

2n+1−i for every (c1, . . . , c2n+1) ∈ R. The constant J arises as a
multiplicative factor in the following change-of-measure formula.

Lemma 20. For any measurable function φ on V (R), we have∫
T∈G(R)·s(R)

φ(T ) dT = |J| ·
∫
R

∫
G(R)

φ(g · s(c1, . . . , c2n+1))ω(g) dr,

where we regard G(R) · s(R) as a multiset, | − | denotes the standard absolute value on R, dT
is the Euclidean measure on V (R), and dr is the restriction to R of the Euclidean measure on
R2n+1.

Proof of Lemma 20. The proof is identical to that of [BS15, Proposition 3.11]. �
In particular, the constant J is independent of the choices of R = C, R, or Zp and of the

region R and the functions s and φ. Thus, to compute |J|, we can make the following convenient
choices: take R = Zp, so that | − | = | − |p; take

R =
{

(c1, . . . , c2n+1) ∈ Z2n+1
p : x2n+1 +

2n+1∑
i=1

cix
2n+1−i ≡ f (mod p)

}
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for a fixed monic irreducible degree-(2n+ 1) polynomial f ∈ (Z/pZ)[x]; letting Σf := {T ∈
V (Zp) : ch(T ) ≡ f (mod p)}, take s to be any continuous right-inverse to the function that sends
T ∈ Σf to the list of coefficients of ch(T ); and take φ to be the function that sends T ∈ Σf to
1/# Stab(T ), where Stab(T ) ⊂ G(Zp) is the stabilizer of T , and sends T ∈ V (Zp) � Σf to 0. The
existence of the right-inverse s is well-known; see, e.g., [SSSV21, § 3.3].

Because φ is G(Zp)-invariant, Lemma 20 yields that for the above convenient choices, we
have, on the one hand, that the p-adic density of Σf is

Vol(Σf ) :=
∫

T∈Σf

dT =
∫

T∈G(Zp)·s(R)

1
# Stab(T )

dT

= |J|p · Vol(G(Zp)) ·
∫

f ′≡f (mod p)

∑
T∈G(Zp)\Σf

ch(T )=f ′

1
# Stab(T )

dr. (27)

First suppose p �= 2. We now compute the sum in the integrand in (27). Because we chose f to
be irreducible over Z/pZ, the ring Rf ′ := Zp[x]/(f ′) is the maximal order in its field of fractions
Kf ′ , and it is, in fact, the unique local ring of rank 2n+ 1 over Zp having residue field Fp2n+1

(hence, Rf ′ does not depend on the choice of f ′). Then by [Swa23, (63)], there is precisely one
G(Zp)-orbit with characteristic polynomial f ′, and the size of the stabilizer of this orbit is equal
to #R×

f ′ [2]N≡1 = 1. Thus, we find that∑
T∈G(Zp)\Σf

ch(T )=f ′

1
# Stab(T )

= 1. (28)

Combining (27) and (28) yields that

Vol(Σf ) = |J|p · Vol(G(Zp)) ·
∫

f ′≡f (mod p)
dr = |J|p · Vol(G(Zp))

p2n+1
. (29)

Let Σf := {T ∈ V (Z/pZ) : ch(T ) = f}. Then the mod-p reduction map Σf → Σf is surjective,
and we have by [BG13, § 6.1] that #Σf = #G(Z/pZ). Thus, we have, on the other hand, that

Vol(Σf ) =
#Σf

pdim V
=

#G(Z/pZ)
p2n2+3n+1

. (30)

Equating (29) and (30) yields that

|J|p =
#G(Z/pZ)

p2n2+n · Vol(G(Zp))
= 1 (31)

when p �= 2, where the last equality follows from the fact that the group G is smooth over Zp

when p �= 2.
Next, suppose p = 2. We now derive an upper bound on the sum in the integrand in (27).

By [Swa22, Proposition 59], the number of G(Z2)-orbits with characteristic polynomial f ′ is
equal to 2n−1(2n + 1). The size of the stabilizer of any such orbit is equal to #R×

f ′ [2]N≡1 = 1, so
we find that ∑

T∈G(Zp)\Σf

ch(T )=f ′

1
# Stab(T )

= 2n−1(2n + 1). (32)
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Combining (27) and (32) yields that

Vol(Σf ) = |J|2 · Vol(G(Z2)) · 2n−1(2n + 1)
22n+1

. (33)

Let Σf = {T ∈ V (Z/2Z) : ch(T ) = f}. Then the mod-2 reduction map Σf → Σf is surjective,
and by Propositions 4 and 6, the action of G(Z/2Z) on Σf is simply transitive, so #Σf =
#G(Z/2Z). Thus, we have, on the other hand, that

Vol(Σf ) =
#Σf

2dim V
=

#G(Z/2Z)
22n2+3n+1

. (34)

Combining (33) and (34) yields that

|J|−1
2 = 22n · Vol(G(Z2)) · 22n2−1(2n + 1)

#G(Z/2Z)
. (35)

Since G is not smooth over Z2, computing Vol(G(Z2)) is far more complicated, but we do not
need to know the value of Vol(G(Z2)) for our purpose. The value of #G(Z/2Z) is given in [Cho15,
§ 6] to be #G(Z/2Z) = 2n2 ·∏n

i=1(2
2i − 1), so it follows that

22n2−1(2n + 1)
#G(Z/2Z)

= (2−1 + 2−n−1) ·
n∏

i=1

(1 − 2−2i)−1 ≤ 1. (36)

Now, applying the identity

|J| ·
∏
p

|J|p = 1 (37)

along with the Tamagawa number identity (see [Lan66])

Vol(G(Z)\G(R)) ·
∏
p

Vol(G(Zp)) = 2 (38)

and combining them with (31), (35), and (36) completes the proof of Lemma 19. �
Next, in the following lemma, we compute the integrand in the integral over f .

Lemma 21. Let F ∈ F2n+1(f0,R), and suppose that F has exactly 2m+ 1 real roots. Then there
are exactly 2m+ 1 orbits of G(R) on V (R) that arise from points in SF (R). In particular, the
integrand in the integral in the mass at ∞ in (26) is a constant with value 2m+ 1.

Proof. Let f(x) = Fmon(x, 1), and let the real roots of f be given in increasing order by λ1 < · · · <
λ2m+1. We now compute the number of orbits of G(R) on V (R) having characteristic polynomial
f that arise from points in SF (R) via the construction in § 3. The G(R)-orbit associated to
a point (x0, y0, z0) ∈ SF (R) is identified via the correspondence in Proposition 6 with some
f0 · δ ∈ (K×

F /K
×2
F )N≡1. If y0 �= 0, this class is represented by a sequence of the form

(f0(x0 − λ1z0), . . . , f0(x0 − λ2m+1z0), b1, . . . , bn−m) ∈ R2m+1 × Cn−m � KF . (39)

Otherwise, if y0 = 0, then x0/z0 = λj for some j; letting F̃ be as in (11), we see that the class
f0 · δ ∈ (K×

F /K
×2
F )N≡1 is represented by a sequence of the form

(f0(x0 − λ1z0), . . . , f0 · F̃ (x0, z0), . . . , f0(x0 − λ2m+1z0), b1, . . . , bn−m) ∈ R2m+1 × Cn−m, (40)

where the term f0 · F̃ (x0, z0) in (40) replaces the term f0(x0 − λjz0) in (39). The class in
(K×

F /K
×2
F )N≡1 of the sequence in (39) or in (40) is given by the sequence of signs of its first

2m+ 1 terms. Because N(bj) > 0 for every j, the condition that N(f0 · δ) is a square
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in R× is equivalent to the condition that
∏2m+1

i=1 f0(x0 − λiz0) > 0 if y0 �= 0 and (f0 · F̃ (x0, z0)) ·∏2m+1
i=1
i�=j

f0(x0 − λiz0) > 0 if y0 = 0. We now split into cases based on the signs of f0 and z0.

Case 1a: f0 > 0, z0 > 0. First suppose y0 �= 0. In this case, the sign of f0(x0 − λiz0) is equal to
the sign of (x0/z0) − λi. The possible sequences of signs of the f0(x0 − λiz0) are therefore

(+,−,−,−, . . . ,−) or (+,+,+,−, . . . ,−) or · · · or (+,+,+,+, . . . ,+), (41)

giving a total of m+ 1 orbits. We label the sign sequences in (41) from left to right by an index
τ that runs from 1 up to m+ 1. If y0 = 0 and x0/z0 = λj , then because λi < λj when i < j and
λi > λj when i > j, we obtain the same sign sequences as those listed in (41).

Case 1b: f0 > 0, z0 < 0. First suppose y0 �= 0. In this case, the sign of f0(x0 − λiz0) is equal to
the opposite of the sign of (x0/z0) − λi. The possible sequences of signs of the f0(x0 − λiz0) are,
therefore,

(+,+,+, . . . ,+,+) or (−,−,+, . . . ,+,+) or · · · or (−,−,−, . . . ,−,+), (42)

giving a total of m+ 1 orbits. We label the sign sequences in (42) from left to right by an index
τ that runs from m+ 1 up to 2m+ 1. (Note that the first sign sequence in (42) is the same as
the last sign sequence in (41), which is why they share the same value of τ .) If y0 = 0, we again
obtain the same sign sequences as those listed in (42).

Case 2a: f0 < 0, z0 > 0. The possible sign sequences are the same as those listed in (42), and
we likewise label them from left to right by an index τ that runs from m+ 1 up to 2m+ 1.

Case 2b: f0 < 0, z0 < 0. The possible sign sequences are the same as those listed in (41), and
we likewise label them from left to right by an index τ that runs from 1 up to m+ 1. �

Substituting the results of Lemmas 19 and 21 into the mass at ∞ in (26), we deduce that
this mass is bounded by

≤
n∑

m=0

1
2m+n

· 22n+1 ·
∏
p>2

p2n2+n

#G(Z/pZ)
·
∫

f∈I(m)
H(f)<X

(2m+ 1) df ≤ 3 · 2n ·
∏
p>2

p2n2+n

#G(Z/pZ)
·
∫

H(f)<X
df,

(43)

as necessary. This completes the proof of Proposition 18. �

4.4 Step (B): bounding the mass at p when 2 �= p � f0

Let Ip(m) denote the set of monic degree-(2n+ 1) polynomials over Z/pZ (not necessarily sep-
arable) having m distinct irreducible factors. When 2 �= p � f0, we obtain the following result,
which bounds the mass at p in (26).

Proposition 22. For each prime p � 2f0, we have that∫
T∈V (Zp)

ψp(T )
mp(T )

dT ≤ min
{

1,
2n+1∑
m=1

p+ 1
2m−1

· #G(Z/pZ)
p2n2+n

· #Ip(m)
p2n+1

}
.

Remark 23. As we later show in § 4.7, combining the bound in Proposition 22 over all primes
p � 2f0 yields a total saving of O(2−ε1nε2 ).

Proof of Proposition 22. Given a monic degree-(2n+ 1) polynomial f over Z/pZ, let Σsol
f ⊂

V (Z/pZ) denote the mod-p reduction of the subset {T ∈ Pp : ch(T ) ≡ f (mod p)}. Because G
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is smooth over Zp, the map G(Zp) → G(Z/pZ) is surjective, implying that Σsol
f is G(Z/pZ)-

invariant. Then, since mp(T ) ≥ 1, we have∫
T∈V (Zp)

ψp(T )
mp(T )

dT ≤
∫

T∈Pp

dT

≤
2n+1∑
m=1

∑
f∈Ip(m)

#Σsol
f

pdim V
=

2n+1∑
m=1

∑
f∈Ip(m)

∑
T∈G(Z/pZ)\Σsol

f

#O(T )
p2n2+3n+1

, (44)

where for each T ∈ V (Z/pZ), we denote by O(T ) theG(Z/pZ)-orbit of T . Let Stab(T ) ⊂ G(Z/pZ)
denote the stabilizer of T . Substituting #O(T ) = #G(Z/pZ)/# Stab(T ) into (44) yields that∫

T∈V (Zp)

ψp(T )
mp(T )

dT ≤
2n+1∑
m=1

∑
f∈Ip(m)

∑
T∈G(Z/pZ)\Σsol

f

1
# Stab(T )

· #G(Z/pZ)
p2n2+3n+1

. (45)

The following lemma gives a formula for # Stab(T ) that is independent of f ∈ Ip(m).

Lemma 24. For T ∈ Σsol
f , we have that # Stab(T ) = 2m−1.

Proof of Lemma 24. Let Kf = (Z/pZ)[x]/(f). By Proposition 4, # Stab(T ) = #K×
f [2]N≡1.

Letting f split over Z/pZ as f(x) =
∏m

i=1 fi(x)ni , where the fi are distinct and irreducible, we
have that Kf �∏m

i=1(Z/pZ)[x]/(fni
i ). Consequently, K×

f [2] contains the 2m elements of the
form (±1, . . . ,±1). Exactly half of these elements have norm 1, so #K×

f [2]N≡1 = 2m−1. �

To bound the right-hand side of (45), it remains to control the number of G(Z/pZ)-orbits
on Σsol

f . But there can only be as many orbits as there are points in P1(Z/pZ), which has size
p+ 1. Combining this observation with (45) and Lemma 24 yields the proposition. �

Remark 25. It is well-known (see [BG13, § 6.1]) that for each odd prime p, we have

#G(Z/pZ) = pn2 ·
n∏

i=1

(p2i − 1) ≤ p2n2+n. (46)

Further note that Vol(G(Zp)) = #G(Z/pZ)/p2n2+n.

4.5 Step (B): bounding the mass at 2 when 2 � f0

Here, it turns out to be ineffective to work over Z/2Z or even Z/4Z; instead, we work over Z/8Z.
Let I8(m) denote the set of monic degree-(2n+ 1) polynomials in (Z/8Z)[x] having m distinct
irreducible factors over Z/2Z. When 2 = p � f0, we obtain the following result, which shows that
the mass at 2 in (26) contributes a saving of O(2−2n).

Proposition 26. We have that∫
T∈V (Z2)

ψ2(T )
m2(T )

dT ≤ min
{

1,
2n+1∑
m=1

12
22n+m−1

· 2 · #I8(m)
82n+1

}
.

Proof. Given a monic degree-(2n+ 1) polynomial f over Z/8Z, let Σsol
f ⊂ V (Z/8Z) denote the

closure under the action of G(Z/8Z) of the mod-8 reduction of the subset {T ∈ P2 : ch(T ) ≡ f
(mod 8)} (note that this subset may not be a priori G(Z/8Z)-invariant, because G is not smooth
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over Z2 and the map G(Z2) → G(Z/8Z) is not surjective). Then we have∫
T∈V (Z2)

ψ2(T )
m2(T )

dT ≤
∫

T∈P2

dT

≤
2n+1∑
m=1

∑
f∈I8(m)

#Σsol
f

8dim V
=

2n+1∑
m=1

∑
f∈I8(m)

∑
T∈G(Z/8Z)\Σsol

f

#O(T )
82n2+3n+1

, (47)

where for each T ∈ V (Z/8Z), we denote by O(T ) theG(Z/8Z)-orbit of T . Let Stab(T ) ⊂ G(Z/8Z)
denote the stabilizer of T . Substituting #O(T ) = #G(Z/8Z)/# Stab(T ) into (47) yields that∫

T∈V (Z2)

ψ2(T )
m2(T )

dT ≤
2n+1∑
m=1

∑
f∈I8(m)

∑
T∈G(Z/8Z)\Σsol

f

1
# Stab(T )

· #G(Z/8Z)
82n2+3n+1

. (48)

The following lemma gives a lower bound for # Stab(T ) that is independent of f ∈ I8(m).

Lemma 27. For T ∈ Σsol
f , we have that # Stab(T ) ≥ 22n+m−1.

Proof of Lemma 27. Let Rf = (Z/8Z)[x]/(f). By Remark 13, Stab(T ) contains a subgroup iso-
morphic to R×

f [2]N≡1 := {ρ ∈ R×
f : ρ2 = 1 = N(ρ)}. Let f split over Z/8Z as f(x) =

∏m
i=1 fi(x),

where the fi have the property that their mod-2 reductions are powers of distinct irreducible
polynomials. Then it follows from [LP20, Theorem 7] together with the Chinese remainder
theorem that Rf �∏m

i=1(Z/8Z)[x]/(fi), and R×
f [2] contains the 22n+m+1 elements of the form(

. . . , ρ0 +
di−1∑
j=1

ρjθ
j
i , . . .

)
∈

m∏
i=1

(Z/8Z)[x]/(fi),

where ρ0 is any element of (Z/8Z)× and ρj is any element of {0, 4} ⊂ Z/8Z for each j, θi is the
image of x in (Z/8Z)[x]/(fi), and di = deg fi for each i. At least 1

4 of these elements have norm
1, so # Stab(T ) ≥ #R×

F [2]N≡1 ≥ 22n+m−1. �

Let Ĝ be the split odd orthogonal group scheme, defined in the same way as G but without
the determinant-1 condition. Observe that the determinant map det : Ĝ(Z/8Z) → (Z/8Z)× is
surjective: for each σ ∈ (Z/8Z)×, the diagonal matrix with row-(n+ 1), column-(n+ 1) entry
equal to σ and all other diagonal entries equal to 1 is orthogonal with respect to A0 and has
determinant σ. Combining this observation with the computation of #Ĝ(Z/8Z) in Proposition 28
(to follow) yields

#G(Z/8Z)
82n2+n

=
#Ĝ(Z/8Z)
4 · 82n2+n

= 2 · (2n − 1) ·∏n−1
i=1 (22i − 1)

2n2 ≤ 2 · 1 = 2. (49)

To bound the right-hand side of (48), it remains to control the number of G(Z/8Z)-orbits
on Σsol

f . But there can only be as many orbits as there are points in P1(Z/8Z), which has
size 12. Combining this observation with (48), Lemma 27, Proposition 28, and (49) yields the
proposition. �

In the following proposition, we determine the value of #Ĝ(Z/8Z), which was used in (49).

Proposition 28. We have that

#Ĝ(Z/8Z) = 25n2+3n+3 · (2n − 1) ·
n−1∏
i=1

(22i − 1)

when n ≥ 1, and #Ĝ(Z/8Z) = 4 when n = 0.
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Proof. We apply the recursive formula for computing sizes of orthogonal groups modulo 8 given
in [Rei56, § 4.1.3]. The first step is to diagonalize A0. One readily verifies that there exists
g1 ∈ GL2n+1(Z) such that g1A0g

T
1 is equal to the diagonal matrix with first n+ 1 diagonal entries

equal to 1 and remaining n diagonal entries equal to −1. By [Jon44, proof of Lemma 3], there
exists g2 ∈ GL2n+1(Z2) such that g2g1A0g

T
1 g

T
2 is equivalent modulo 8 to the following diagonal

matrix:⎡⎢⎢⎢⎢⎢⎢⎢⎣

1 · · · 0 0 0 0
...

. . .
...

...
...

...
0 · · · 1 0 0 0
0 · · · 0 a1 0 0
0 · · · 0 0 a2 0
0 · · · 0 0 0 a3

⎤⎥⎥⎥⎥⎥⎥⎥⎦
, where (a1, a2, a3) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
(1, 1, 1) if 2n+ 1 ≡ 1 (mod 8),
(1, 1, 7) if 2n+ 1 ≡ 3 (mod 8),
(1, 3, 3) if 2n+ 1 ≡ 5 (mod 8),
(3, 3, 7) if 2n+ 1 ≡ 7 (mod 8)

. (50)

Using (50) together with the recursive formula displayed in [Rei56, § 4.1.3] yields that

#Ĝ(Z/8Z) =
2n+1∏
j=1

(
8j + 4j+1 · f(u2n+1−j) + 2(4

√
2)j · cos

(
π

4
K2n+1−j

)
− 8 · 4jh(u2n+1−j)

)
,

(51)

where the functions f and h are defined by

f(ui) =

⎧⎪⎨⎪⎩
1 if ui ≡ 0 (mod 8),
−1 if ui ≡ 4 (mod 8),
0 otherwise

and h(ui) =

{
1 if i < 2n and ui ≡ 0 (mod 8),
0 otherwise

and where the quantities ui and hi are given as follows.

Case 1: (a1, a2, a3) = (1, 1, 1). We have that

u2n+1−j = j − 1 and K2n+1−j = j − 2. (52)

Case 2: (a1, a2, a3) = (1, 1, 7). We have that

u2n+1−j =

{
j + 5 if j ≥ 2,
0 if j = 1,

and K2n+1−j =

{
j − 4 if j ≥ 2,
−15 if j = 1.

(53)

Case 3: (a1, a2, a3) = (1, 3, 3). We have that

u2n+1−j =

⎧⎪⎨⎪⎩
j + 3 if j ≥ 3,
3 if j = 2,
0 if j = 1,

and K2n+1−j =

⎧⎪⎨⎪⎩
j − 6 if j ≥ 3,
−8 if j = 2,
−7 if j = 1.

(54)

Case 4: (a1, a2, a3) = (3, 3, 7). We have that

u2n+1−j =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
j + 9 if j ≥ 4,
10 if j = 3,
7 if j = 2,
0 if j = 1,

and K2n+1−j =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
j − 8 if j ≥ 4,
−9 if j = 3,
−8 if j = 2,
−15 if j = 1.

(55)

Substituting (52)–(55) into (51) and simplifying yields the desired formula.
We can also compute #Ĝ(Z/8Z) by comparing two different formulas for a quantity known as

‘the 2-adic density of the quadratic lattice’ defined by the matrix A0, which is up to normalization
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the same as the 2-adic volume of G(Z2) with respect to Haar measure. We denote this quantity
by α2. One of the two formulas for α2 is given in [Cho15], where Cho constructs a smooth model
of the group scheme G over Z2. Letting G̃ denote the special fiber of this smooth model, one can
show by applying [Cho15, Lemma 4.2, Remark 4.3, and Theorem 5.2] that

α2 = 2 · 2−2n2−n · #G̃(Z/2Z) = 2−2n2+n+3 · # SO2n(Z/2Z), (56)

where SO2n denotes the special orthogonal group on a 2n-dimensional split orthogonal space.
To be precise, α2 is defined in [Cho15] to be 1/2 of the quantity in (56), to account for the
number of connected components of G in Ĝ. However, we have removed this factor of 1/2 to
make the definition of α2 consistent with that given by Conway and Sloane in [CS88, § 12], who
define α2 by

α2 =
#Ĝ(Z/2rZ)
(2r)2n2+n

(57)

for any sufficiently large positive integer r. It follows from [Kit93, Proposition 5.6.1(ii) and proof
of Lemma 5.6.5] that we can take r = 3 in (57). Comparing (56) and (57) together with the fact
that # SO2n(Z/2Z) = 2n2−n · (2n − 1) ·∏n−1

i=1 (22i − 1) for n ≥ 1 (see [Cho15, § 6]) yields that

#Ĝ(Z/8Z) = 24n2+4n+3 · # SO2n(Z/2Z) = 25n2+3n+3 · (2n − 1) ·
n−1∏
i=1

(22i − 1). �

Remark 29. The strategy for the second proof of Proposition 28 can likewise be used to obtain
a formula for #Ĝ(Z/2rZ) for each r ≥ 3.

4.6 Step (B): bounding the mass at p when p | f0

When p � f0, Propositions 22 and 26 give sufficiently good control on the size of Pp. But when
p | f0, the bounds in Propositions 22 and 26 do not suffice. Indeed, since proving Theorems 1
and 2 involves averaging over monicizations of forms in F2n+1(f0), we must obtain a bound
that decays with |f0|p at least as fast as |f0|2n2+n

p , which is the p-adic density of the set of
monicizations of forms in F2n+1(f0,Zp).

In this section, we bound the mass at p for primes p | f0 by controlling the number of orbits of
G(Qp) on V (Qp) that can arise from points of SF (Zp). Specifically, we obtain the following result,
which shows that the mass at p is bounded by O(|f0|2n2+n

p ) when p �= 2 and by O(2−n · |f0|2n2+n
2 )

when p = 2.

Proposition 30. For each prime p | f0, we have that

∫
T∈V (Zp)

ψp(T )
mp(T )

dT ≤
{

4 · Vol(G(Zp)) · |f0|2n2+n
p , if p �= 2,

8 · 2n · |J|2 · Vol(G(Z2)) · |f0|2n2+n
2 , if p = 2.

Proof. We start with the following lemma, which gives a convenient formula for the mass
at p.
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Lemma 31. Let ϕ be a continuous G(Qp)-invariant function on V (Zp) such that every element
T ∈ V (Zp) in the support of ϕ is separable. Then we have∫

T∈V (Zp)

ϕ(T )
mp(T )

dT

= |J|p · Vol(G(Zp)) ·
∫

(c1,...,c2n+1)∈Z2n+1
p

∑
T∈G(Qp)\V (Zp)

ch(T )=x2n+1+c1x2n+···+c2n+1

ϕ(T )
# StabQp(T )

dc1 · · · dc2n+1,

where J∈ Q is the same constant that appears in Theorem 15.

Proof of Lemma 31. The proof is identical to that of [BG13, Corollary 11.3]. �

To evaluate the sum within the integral that occurs in the formula given by Lemma 31, we
utilize the following lemma.

Lemma 32. Let p be an odd (respectively, even) prime, and suppose that F ∈ F2n+1(f0,Zp) splits
as a product m distinct irreducible factors over Zp. Then there are at most 2m+1 (respectively,
2n+m+2) orbits of G(Qp) on V (Qp) arising from points of SF (Zp) via the construction in § 3. The
size of the stabilizer in G(Qp) of any such orbit is at least #K×

F [2]N≡1 = 2m−1.

Proof of Lemma 32. By Proposition 6, it suffices to bound the number of elements of
(K×

F /K
×2
F )N≡1 of the form f0 · δ, where δ ∈ K×

F is the second coordinate of a pair (I, δ) ∈ HF

arising from a points of SF (Zp) via the construction in § 3.
Fix z0 ∈ Zp, and consider the monic odd-degree hyperelliptic curve CF,z0 of genus n over Qp

defined by the affine equation CF,z0 : y2 = Fmon(x, z0). Note that CF,z0 is a quadratic twist of CF,1

and that for z′0 ∈ Zp, the curves CF,z0 and CF,z′0 are isomorphic over Qp when z0 and z′0 represent
the same class in Q×

p /Q
×2
p . Let {η1, . . . , η�} ⊂ Zp denote a complete set of representatives of

elements of Q×
p /Q

×2
p , and note that we can take � = 4 when p is odd and � = 8 when p = 2.

Then each CF,z0 is isomorphic to one of CF,η1 , . . . , CF,η�
.

Let (x0, y0, z0) ∈ SF (Zp) giving rise to a pair (I, δ). Then the point (f0x0, y0) is a Qp-rational
point on the curve CF,z0 and, hence, is identified with a Qp-rational point (x′0, y′0) on one of
the curves CF,ηi . In [BG13, § 5], Bhargava and Gross show that points in CF,ηi(Qp) naturally
give rise to orbits of G(Qp) on V (Qp) having characteristic polynomial Fmon(x, ηi). Under the
construction of Bhargava and Gross, points of CF,ηi(Qp) give rise to G(Qp)-orbits on V (Qp) via
the following composition:

CF,ηi(Qp) → Ji(Qp)/2Ji(Qp) → H1(GQp , Ji[2]) � (K×
F /K

×2
F )N≡1, (58)

where Ji denotes the Jacobian of CF,ηi and where we identify the set of G(Qp)-orbits on
V (Qp) having characteristic polynomial Fmon(x, z0) with (K×

F /K
×2
F )N≡1 via Proposition 6. The

composite map in (58) is known as the Cassels map, and was first studied by Cassels in [Cas83].
Let θ′ ∈ KF be the image of x under the identification Qp[x]/Fmon(x, 1) � KF . If y0 = 0,

then Fmon(x, ηi · z) factors uniquely as

Fmon(x, ηi · z) =
(
x− f0

x0

z0
ηi · z
)
· F̃mon(x, ηi · z),

where F̃mon ∈ F2n(1,Zp). (The notation F̃mon makes sense, because F̃mon is indeed the monicized
form of F̃ as defined in (11).) Using the explicit description of the Cassels map stated in
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[BS09, § 2], one finds that the point (x′0, c′) ∈ CF,ηi(Qp) gives rise to the class

x′0 − θ′ηi if y0 �= 0,

F̃mon(θ′ηi, ηi) + (x′0 − θ′ηi) if y0 = 0

}
≡ f0 · δ ∈ (K×

F /K
×2
F )N≡1.

Meanwhile, by Proposition 6, the class in (K×
F /K

×2
F )N≡1 corresponding to (x0, y0, z0) ∈ SF (Zp)

is also f0 · δ. Thus, the number of elements of (K×
F /K

×2
F )N≡1 of the form f0 · δ arising form

points of SF (Zp) is bounded above by the total number of G(Qp)-orbits on V (Qp) arising from
Qp-rational points on any one of the finitely many curves CF,η1 , . . . , CF,η�

. By [BG13, § 6.2],
the number of G(Qp)-orbits on V (Qp) arising from each CF,ηi is at most 2mi−1 when p is odd
(respectively, 2n+mi−1 when p = 2), where mi is the number of distinct irreducible factors of
Fmon(x, ηi). But clearly mi = m for each i, so we get the desired upper bound of � · 2m−1 when
p is odd (respectively, 2n+m−1 when p = 2).

As for the statement about stabilizers, by Theorem 3, the stabilizer of any orbit arising via
orbF contains a subgroup isomorphic to K×

F [2]N≡1, which has size #K×
F [2]N≡1 = 2m−1. �

If p �= 2, combining Lemmas 31 and 32 along with (31) yields that∫
T∈V (Zp)

ψp(T )
mp(T )

dT ≤ |J|p · Vol(G(Zp)) ·
∫

�c=(c1,...,c2n+1)∈Z2n+1
p

f i−1
0 |ci for every i

2m(�c)+1

2m(�c)−1
dc1 · · · dc2n+1

= 4 · Vol(G(Zp)) · |f0|2n2+n
p ,

as necessary, wherem(�c) is the number of irreducible factors of the polynomial x2n+1 +
∑2n+1

i=1 ci ·
x2n+1−i ∈ Zp[x]. The case where p = 2 may be deduced analogously.

This completes the proof of Proposition 30. �
Now, let p be an odd prime. If we restrict our consideration to those forms F ∈ F2n+1(f0,Zp)

such that RF is maximal, we can do better than the bound in Proposition 30. Indeed, let μmax
p (f0)

denote the p-adic density of F ∈ F2n+1(f0,Zp) such that RF is maximal, and let ψmax
p : V (Zp) →

{0, 1} ⊂ R denote the indicator function of elements T ∈ Pp that arise from points SF (Zp) for a
form F ∈ F2n+1(f0,Zp) such that RF is maximal. Then we have the following result.

Proposition 33. For each prime p | f0, we have that∫
T∈V (Zp)

ψmax
p (T )
mp(T )

dT ≤ Vol(G(Zp)) · |f0|2n2+n
p · μmax

p (f0).

Proof. It follows from Lemma 31 that∫
T∈V (Zp)

ψmax
p (T )
mp(T )

dT ≤ |J|p · Vol(G(Zp))

·
∫

(c1,...,c2n+1)∈Z2n+1
p

∑
T∈G(Zp)\V (Zp)

ch(T )=x2n+1+c1x2n+···+c2n+1

ψmax
p (T )

# StabZp(T )
dc1 · · · dc2n+1. (59)

When F is such that RF is the maximal order inKF , we have the following analogue of Lemma 32
bounding the number of orbits over Zp arising from points in SF (Zp).

Lemma 34. Let p be an odd prime, and suppose that RF is maximal in KF . Then there are at
most 2m−1 orbits of G(Zp) on V (Zp) arising from points of SF (Zp) via the construction in § 3.
The size of the stabilizer in G(Zp) of any such orbit is 2m−1.
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Proof of Lemma 34. By [Swa23, Theorem 30], the number of G(Zp)-orbits on V (Zp) arising from
elements of HF via the correspondence in Theorem 3 is equal to #(R×

F /R
×2
F )N≡1 = 2m−1. By

Theorem 3, the stabilizer of any such orbit has size #R×
F [2]N≡1 = 2m−1. �

Proposition 33 now follows by substituting the result of Lemma 34 into the bound in (59). �

4.7 Step (C): finishing the proof
We can now apply Theorem 16 and Propositions 18, 22, 26, and 30 to obtain a bound on (26)
and, hence, on (24); combining the result with (22) and (23) gives a bound on δ via (21). Then,
simplifying the result, we draw the following conclusions.

Case 1: 2 � f0. When 2 � f0, we have

δ − μf0 � 2n · 2−2n ·
∏
p�2f0

min
{

p2n2+n

#G(Z/pZ)
,

2n+1∑
m=1

p+ 1
2m−1

· #Ip(m)
p2n+1

}
, (60)

where the mass at ∞ contributes O(2n), the mass at 2 contributes O(2−2n), and the masses at
primes dividing f0 contribute O(1).

We now bound the product of the masses at primes not dividing 2f0, proving that they
contribute O(2−ε1nε2 ). The following lemma allows us to bound the factors at primes less than
a small power of the degree 2n+ 1.

Lemma 35. We have for each fixed A ∈ (0, 1/3) ⊂ R that∏
3≤p≤(2n+1)A

2n+1∑
m=1

p+ 1
2m−1

· #Ip(m)
p2n+1

� 2−ε1nε2
,

where ε1, ε2 > 0 are real numbers that may depend on A.

Proof. We first estimate each factor in the product over primes. We split the sum at the prime
p into two ranges, one for m ≤ 1

2 log(2n+ 1) and one for m > 1
2 log(2n+ 1). We bound the sum

over m > 1
2 log(2n+ 1) as follows:∑
1
2

log(2n+1)<m≤2n+1

p+ 1
2m−1

· #Ip(m)
p2n+1

≤
∑

1
2

log(2n+1)<m≤2n+1

p+ 1
2m−1

≤ 2(p+ 1)√
2n+ 1

. (61)

For the sum over m < 1
2 log(2n+ 1), we rely on the following result of Afshar and Porritt.3

Theorem 36 [AP19, Remark 2.11]. Let p be a prime, and let 1 ≤ m ≤ log(2n+ 1). Then we
have the following uniform estimate:

#Ip(m)
p2n+1

=
1

(2n+ 1)
· (log(2n+ 1))m−1

(m− 1)!
·
(
Dp

(
m− 1

log(2n+ 1)

)
+O

(
m

(log(2n+ 1))2

))
,

where the implied constant is absolute (i.e. does not depend on p), and where the function Dp

is defined as follows. Letting I⊂ (Z/pZ)[x] be the set of all monic irreducible polynomials, we
have

Dp(z) =
E(1/p, z)
Γ(1 + z)

, where E(x, z) =
∏
f∈I

(
1 +

zxdeg f

1 − xdeg f

)
· (1 − xdeg f )z.

3 Note that a result of this type was first proven by Car in [Car82]; the dependence of the error term on the prime
p was made explicit in [AP19].
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We now turn the very careful estimate in Theorem 36 into a more easily usable form. First,
note that for any x ∈ (0, 1/2) ⊂ R and z ∈ (0, 1) we have(

1 +
zx

1 − x

)
· (1 − x)z ≤

(
1 +

zx

1 − x

)
· (1 − zx) = 1 +

(z − z2)x2

1 − x
≤ 1 + x2. (62)

By Carlitz’s theorem (see [Car32]), there are exactly pd−1 monic separable polynomials of degree
d over Z/pZ, and hence at most pd−1 monic irreducible polynomials of degree d over Z/pZ.
Using this together with (62), we deduce that

E(1/p, z) ≤
∏
f∈I

(1 + p−2 deg f ) ≤
∞∏

d=1

(1 + p−2d)pd−1
. (63)

To estimate the right-hand side of (63), we take its logarithm and apply the bound log(1 + x) ≤ x
(which holds for x > −1):

log
( ∞∏

d=1

(1 + p−2d)pd−1

)
=

∞∑
d=1

pd−1 · log(1 + p−2d) ≤
∞∑

d=1

pd−1 · p−2d =
1

p(p− 1)
. (64)

Taking p = 2 in (64) and using the fact that Γ(1 + z) > 1/2, we have for any prime p, any
1 ≤ m ≤ log(2n+ 1), and all sufficiently large n that

Dp

(
m− 1

log(2n+ 1)

)
+O

(
m

(log(2n+ 1))2

)
≤ 2

√
e+O

(
m

(log(2n+ 1))2

)
≤ 4, (65)

where e denotes the usual base of the natural logarithm. Upon combining (61), (65), and
Theorem 36, we find for all sufficiently large n that

2n+1∑
m=1

p+ 1
2m−1

· #Ip(m)
p2n+1

≤ 2(p+ 1)√
2n+ 1

+
∑

1≤m≤ 1
2

log(2n+1)

4(p+ 1)
(2n+ 1)

· (1
2 log(2n+ 1))m−1

(m− 1)!

≤ 2(p+ 1)√
2n+ 1

+
4(p+ 1)
2n+ 1

· e 1
2

log(2n+1) =
6p+ 6√
2n+ 1

≤ 8p√
2n+ 1

, (66)

where we have used the fact that
∑N

i=0(x
i/i!) ≤ ex for any x > 0 and integer N ≥ 0. By Erdős’

proof of Bertrand’s postulate, we have
∏

p<N < 4N for anyN ≥ 3. By the prime number theorem,
for any ε > 0, there exists an integer N > 0 such that for all N ′ > N , the number of primes
less than or equal to N ′ is at least (1 − ε) · (N ′/logN ′) and is at most (1 + ε) · (N ′/logN ′).
Combining this fact with (66), we find for any fixed A < 1/3 and all sufficiently large n (where
‘large’ depends on A and ε) that∏

3≤p≤(2n+1)A

2n+1∑
m=1

p+ 1
2m−1

· #Ip(m)
p2n+1

≤ 8(1+ε)·((2n+1)A/A log(2n+1)) · 4(2n+1)A

(
√

2n+ 1)(1−ε)·((2n+1)A/A log(2n+1))
� 2−ε1nε2

,

for some real numbers ε2, ε2 > 0. �
The following lemma allows us to bound the factors at the remaining primes.

Lemma 37. We have that ∏
p>2

p2n2+n

#G(Z/pZ)
� 1,

where the implied constant does not depend on n.
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Proof. From (46), it follows that

log
p2n2+n

#G(Z/pZ)
=

n∑
i=1

− log(1 − p−2i) ≤ 2 ·
n∑

i=1

p−2i ≤ 2
p2 − 1

, (67)

where we have applied the bound − log(1 − x) ≤ 2x, which holds for x ∈ (0, 1/2) ⊂ R. It is not
hard to check (by comparing derivatives) that 2/(p2 − 1) ≤ log(1 + p−3/2) for each p ≥ 5. Thus,∏

p>2

p2n2+n

#G(Z/pZ)
≤ e1/4

(1 + 2−3/2)(1 + 3−3/2)
·
∏
p

(1 + p−3/2) � 1. �

It follows from Lemmas 35 and 37 that the factor at the odd primes not dividing f0 is
O(2−ε1nε2 ) for some real numbers ε1, ε2 > 0, so by (60), we have δ = μf0 + o(2−n). This completes
the proof of the second statement in part (a) of Theorem 1.

We now determine the smallest n for which our method yields that a positive proportion
of superelliptic stacky curves in F2n+1(f0) are insoluble. To this end, let Fmax

2n+1(f0) be the set
of forms F ∈ F2n+1(f0) such that RF ⊗Z Zp is the maximal order in KF ⊗Q Qp for every prime
p | f0 and such that condition (b) in Theorem 14 fails for some prime p | κ. Let δmax be the
upper density of forms F ∈ Fmax

2n+1(f0), enumerated by height, such that SF (Z) �= ∅. For each
prime p | f0, instead of applying Proposition 30, we can apply Proposition 33, which yields the
following explicit bound on δmax:

δmax ≤ 3 · 2n ·
( 2n+1∑

m=1

12
22n+m−1

· #G(Z/8Z)
82n2+n

· #I8(m)
82n+1

)
·
∏
p>2

p2n2+n

#G(Z/pZ)
.

Upon applying the estimate #I8(m)/82n+1 ≤ 1, we deduce that δmax < 27−n ≤ 1 whenever
n ≥ 7. By explicitly computing #I8(m)/82n+1 in Sage for n < 7, one can check that we also
have δmax < 1 when n ∈ {5, 6}. Since the density of Fmax

2n+1(f0) in F2n+1(f0) is positive, this
completes the proof of the first statement in part (a) of Theorem 1.

Case 2: 2 | f0. When 2 | f0, we bound the mass at ∞ slightly differently: specifically, we do
not use the bound on |J| · Vol(G(Z)\G(R)) given by Lemma 19. Doing so, and applying the
identities (37) and (38), we obtain

δ − μf0 � 2−n · 2n ·
∏
p�f0

min
{

p2n2+n

#G(Z/pZ)
,
2n+1∑
m=1

p+ 1
2m−1

· #Ip(m)
p2n+1

}
, (68)

where the implied constant is independent of n. In (68), the mass at ∞ contributes O(2−n) (as the
Jacobian factors at all places have canceled out), the mass at 2 contributes O(2n), and the masses
at primes dividing f0 contribute O(1). It follows from Lemmas 35 and 37 that the factor at the
primes not dividing f0 is O(2−ε1nε2 ) for some real numbers ε1, ε2 > 0, so δ = μf0 +O(2−ε1nε2 )
in this case. This completes the proof of part (b) of Theorem 1.

5. Obstruction to the Hasse principle and the proof of Theorem 2

In this section, we study how often superelliptic stacky curves satisfy the Hasse principle using
the method of descent. Specifically, we describe 2-coverings of superelliptic stacky curves, and
we modify the proof of Theorem 1 to show that superelliptic stacky curves often have no locally
soluble 2-coverings and, thus, fail the Hasse principle. Upon showing that such a 2-covering
obstruction to solubility is a special case of the Brauer–Manin obstruction, we obtain Theorem 2.
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5.1 Defining the Brauer–Manin obstruction for SF

Let F be a separable integral binary form of degree 2n+ 1 ≥ 3. While a suitable theory of
Brauer–Manin obstruction for stacks remains to be developed, such a theory is not required in
the context of superelliptic stacky curves. Indeed, we can exploit the fact that the stack SF is
defined as a quotient of the punctured affine surface S̃F (see (2)), where the usual theory of the
Brauer–Manin obstruction for varieties applies.

Let S̃F,Q = S̃F ⊗Z Q, and let S̃F,Q(AQ)Br denote the usual Brauer–Manin set of the Q-variety
S̃F,Q (see [CDX19, § 1] for the definition). Let

S̃F (AQ)int :=
∏
v

S̃F (Zv) (69)

be the set of adelic points of S̃F that are integral in every place (i.e. the set of everywhere-
primitive adelic solutions to the superelliptic equation y2 = F (x, z), or equivalently, the set of
everywhere-integral adelic points on the stacky curve SF). With this notation in place, we define
the Brauer–Manin set of SF by

SF (AQ)Br := S̃F (AQ)int ∩ S̃F,Q(AQ)Br, (70)

and we say that SF has a Brauer–Manin obstruction to having an integral point if its
Brauer–Manin set is empty (i.e. if SF (AQ)Br = ∅).

Because we have defined SF (AQ)Br as a subset of S̃F,Q(AQ)Br, we can use the method of
descent as laid out for open varieties in [CDX19] to obtain a set-theoretic ‘upper bound’ on
SF (AQ)Br. Indeed, suppose that we have a torsor f : Z → S̃F,Q by a group of multiplicative type
or connected algebraic group Γ (all defined over Q). Let

S̃F,Q(AQ)f :=
⋃

σ∈H1(GQ,Γ(Q))

fσ(Zσ(AQ)) (71)

be the descent set of f , where fσ : Zσ → S̃F,Q is the twist of f : Z → S̃F,Q by a 1-cocycle represent-
ing σ ∈ H1(GQ,Γ(Q)). Since S̃F,Q is smooth and geometrically integral, Theorem 1.1 of [CDX19]
implies that

S̃F,Q(AQ)Br ⊂ S̃F,Q(AQ)f . (72)

It follows from (70) and (72) that SF has a Brauer–Manin obstruction to having an integral point
if it has an obstruction to descent by Γ-torsors in the sense that S̃F (AQ)int ∩ S̃F,Q(AQ)f = ∅.

5.2 2-coverings
Let k be a field of characteristic not equal to 2, let f0 ∈ k×, and let F ∈ F2n+1(f0, k) be separable.
Let θ1, . . . , θ2n+1 ∈ ksep be the distinct roots of the polynomial F (x, 1), and for each σ ∈ Gk and
i ∈ {1, . . . , 2n+ 1}, let σ(i) ∈ {1, . . . , 2n+ 1} be defined by θσ(i) = σ(θi). Let S̃F and SF denote
the corresponding punctured affine surface and stacky curve (which are now defined over k,
as opposed to Z), respectively. In this section, we specialize the discussion of descent in § 5.1
to the case where Γ is equal to the Jacobian Pic0(SF) of SF . Note that Pic0(SF) is a group of
multiplicative type, because over ksep, it is isomorphic to a finite product of copies of Z/2Z and
is thus diagonalizable. Consequently, we can apply (72) to Pic0(SF)-torsors.

A Galois étale covering defined over k with Galois group isomorphic to Pic0(SF) as
Gk-modules is called a 2-covering. Our strategy for describing the 2-coverings of S̃F is to
describe the 2-coverings of SF and pull back along the quotient map S̃F → [S̃F /Gm] = SF . We
now briefly recall the results of [BF05, § 5], in which Bruin and Flynn explicitly construct all
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2-coverings of SF up to isomorphism over k (see also [Bru02, § 3]). Consider the projective space
P2n

k with homogeneous coordinates [Z1 : · · · : Z2n+1] such that Gk acts on Zi by σ · Zi = Zσ(i).
The distinguished covering is defined to be the closed subscheme C1 ⊂ P2n

k cut out by the
homogeneous ideal

I1 :=
(
(θi − θj)(Z2

� − Z2
m) − (θ� − θm)(Z2

i − Z2
j ) : i, j, �,m ∈ {1, . . . , 2n+ 1}).

Let π1 : C1 → P1
k be the map defined by

π1([Z1 : · · · : Z2n+1]) =
θjZ

2
i − θiZ

2
j

Z2
i − Z2

j

for any distinct i, j ∈ {1, . . . , 2n+ 1}. For each class δ ∈ H1(Gk,Pic0(SF)), the twist of
π1 : C1 → P1

k by δ is given explicitly as follows. By [BG13, last paragraphs of §§ 4.2 and 5.1],
H1(GQ,Pic0(SF)) can be identified with (K×

F /K
×2
F )N≡1, so we may think of δ as being an

element of (K×
F /K

×2
F )N≡1. Let (δ1, . . . , δ2n+1) be the image of δ under the map K×

F /K
×2
F →

((ksep)×/(ksep)×2)2n+1 given by taking the product of the distinct embeddings of each field com-
ponent of KF into ksep. Then the twist of C1 by δ is the closed subscheme Cδ ⊂ P2n

k cut out by
the homogeneous ideal

Iδ :=
(
(θi − θj)(δ�Z2

� − δmZ
2
m) − (θ� − θm)(δiZ2

i − δjZ
2
j ) : i, j, �,m ∈ {1, . . . , 2n+ 1}),

and the twist of π1 : C1 → P1
k is the map πδ : Cδ → P1

k defined by

πδ([Z1 : · · · : Z2n+1]) =
θjδiZ

2
i − θiδjZ

2
j

δiZ2
i − δjZ2

j

for any distinct i, j ∈ {1, . . . , 2n+ 1}. The following theorem enumerates the basic properties of
the maps πδ : Cδ → P1

k.

Theorem 38 ([BF05, Lemma 5.10] and [Bru02, § 3.1]). With notation as above, we have:

(a) for each δ ∈ (K×
F /K

×2
F )N≡1, the scheme Cδ is a smooth, geometrically irreducible, projective

curve of genus n · 22n−1 − 3 · 22n−2 + 1;
(b) the action of Gk leaves both Iδ and πδ invariant, so the map πδ : Cδ → P1

k is defined
over k;

(c) the map πδ is a covering map with Galois group generated by the automorphisms τi : Cδ →
Cδ defined by Zi → −Zi for each i ∈ {1, . . . , 2n+ 1}; and

(d) we have that deg πδ = 22n, that #(πδ)−1(θi) = 22n−1, and that #(πδ)−1(α) = 22n for each
α ∈ P1

k(ksep) � {θ1, . . . , θ2n+1}.
We now demonstrate that the map πδ can actually be thought of as a 2-covering πδ : Cδ → SF .

Proposition 39. For any δ ∈ (K×
F /K

×2
F )N≡1, the map πδ factors through the coarse moduli

map SF → P1
k to give a 2-covering πδ : Cδ → SF .

Proof. Recall that a finite étale cover of SF is the pullback via SF → P1
k of a finite cover of its

coarse moduli space P1
k that is ramified with ramification index 2 at every point in the preimage

of θi ∈ P1
k(ksep) for each i (to account for the fact that SF has a 1

2 -point at each θi) and unramified
everywhere else. It follows from part (d) of Theorem 38 that the branch locus of the map πδ

consists precisely of the points θi and that each point in (πδ)−1(θi) has ramification index 2.
Thus, the map πδ factors through the stacky curve SF , giving an étale map πδ : Cδ → SF .

By parts (b) and (c) of Theorem 38, to prove that πδ is a 2-covering of SF over k, it suffices to
show that the group generated by the automorphisms τi is isomorphic to Pic0(SF) as Gk-modules.
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Let J denote the Jacobian of the monic odd-degree hyperelliptic curve y2 = Fmon(x, 1). We claim
that the map τi �→ (θi −∞) ∈ J [2](ksep) defines a Gk-equivariant isomorphism of groups. To see
why this claim holds, note that the group generated by the automorphisms τi is isomorphic to

(Z/2Z)〈τ1, . . . , τ2n+1〉
/( 2n+1∏

i=1

τi = 1
)

and the action of σ ∈ Gk on τi is given by σ · τi = τσ−1(i), because the action of σ on Zi is defined
to be σ(Zi) = Zσ(i). On the other hand, we have that

J [2](ksep) = (Z/2Z)〈(θ1 −∞), . . . , (θ2n+1 −∞)〉
/( 2n+1∑

i=1

(θi −∞)
)

and the action of σ ∈ Gk on (θi −∞) is (θi −∞) · σ = (σ−1 · θi − σ−1 · ∞) = (θσ−1(i) −∞).
Thus, we have the claim. The proposition now follows from the fact that J [2] � Pic0(SF) as
Gk-modules (see the proof of Proposition 7). �
Remark 40. Note that two coverings πδ1 : Cδ1 → SF and πδ2 : Cδ2 → SF are isomorphic (as
coverings of SF defined over k) if and only if δ1 and δ2 represent the same class in (K×

F /K
×2
F )N≡1.

Let (x0, y0, z0) ∈ SF (k), and let δ ∈ K×
F be the element associated to the point (x0, y0, z0)

via the construction in § 3. By (15), we have that

δ =

{
x0 − θz0 if y0 �= 0,
F̃ (z0θ, z0) + (x0 − θz0) if y0 = 0,

where F̃ is as in (11). With this notation, we have the following result, which tells us which
2-covering of SF has the property that (x0, y0, z0) lies in the image of its k-rational points.

Lemma 41. We have that (x0, y0, z0) ∈ πf0·δ(Cf0·δ(k)) ⊂ SF (k).

Proof. First suppose y0 �= 0. By construction, the point [1 : 1 : · · · : 1] ∈ Cf0·δ(k) satisfies

πf0·δ([1 : 1 : · · · : 1]) =
θj(f0 · δi) − θi(f0 · δj)

f0 · δi − f0 · δj =
θj · f0(x0 − θiz0) − θi · f0(x0 − θjz0)

f0(x0 − θiz0) − f0(x0 − θjz0)

= [x0 : z0] ∈ P1
k(k) = SF (k). (73)

Now suppose y0 = 0. Then one readily checks that the calculation in (73) goes through by
replacing [1 : 1 : · · · : 1] with the point [0 : 1 : 1 : · · · : 1] ∈ Cf0·δ(k). �

We have, thus, completed our description of the 2-coverings of SF . The 2-coverings of S̃F are
precisely the pullbacks of the coverings πδ : Cδ → SF via the quotient map S̃F → SF .

5.3 Proof of Theorem 2
Let F ∈ F2n+1(f0) be irreducible, let δ ∈ (K×

F /K
×2
F )N≡1, and consider the associated 2-covering

πδ : Cδ → SF over Q. We say that the 2-covering πδ is locally soluble if for every place v of Q, there
exists a point Pv ∈ SF (Zv) such that the number δv associated to Pv via (15) is such that f0 · δv
is equal to the image of δ under the natural map (K×

F /K
×2
F )N≡1 → ((KF ⊗Q Qv)×/(KF ⊗Q

Qv)×2)N≡1. (Note that, in this situation, Pv ∈ πδ(Cδ(Qv)) by Lemma 41.) Just as Bruin and
Stoll did for hyperelliptic curves in [BS09, § 2], we define the fake 2-Selmer set Sel2fake(SF) ⊂
(K×

F /K
×2
F )N≡1 to be the set of locally soluble 2-coverings of SF .

We claim that each element δ ∈ Sel2fake(SF) gives rise to an orbit of G(Z) on V (Z), the
associated G(Q)-orbit of which is represented by the class δ ∈ (K×

F /K
×2
F )N≡1. For each place
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v, let Pv ∈ SF (Zv) ∩ πδ(Cδ(Qv)). Then via the construction in § 3, Pv naturally gives rise to
an orbit of G(Zv) on V (Zv), the associated G(Qv)-orbit of which is represented by the class
δ ∈ ((KF ⊗Q Qv)×/(KF ⊗Q Qv)×2)N≡1. Since the algebraic group G has class number equal to
1, and since the orbit of G(Qv) on V (Qv) associated to δ has a representative over Zv for every
place v, it follows that the orbit of G(Q) on V (Q) has representative over Z. Thus, we have the
claim.

In the next lemma, we relate the fake 2-Selmer set to the Brauer–Manin obstruction.

Lemma 42. If Sel2fake(SF) = ∅, then SF has a Brauer–Manin obstruction to having a Z-point.

Proof. Let π : C → S̃F,Q be any 2-covering. We have by (69)–(72) that

SF (AQ)Br ⊂ S̃F (AQ)int ∩ S̃F,Q(AQ)π =
(∏

v

SF (Zv)
)
∩
( ⋃

δ∈H1(GQ,Pic0(SF)(Q))

πδ(Cδ(AQ))
)

⊂
⋃

δ∈Sel2fake(SF)

πδ(Cδ(AQ)),

and clearly the last union above is empty if Sel2fake(SF) = ∅. �
In proving Theorem 1, we imposed local conditions on V (Z) to sieve to the orbits that arise

from local points at each place. By definition, the exact same local conditions define orbits that
arise from elements of fake 2-Selmer sets. Moreover, if F ∈ F2n+1(f0) � F∗

2n+1(f0), Theorem 14
implies that the distinguished covering is not everywhere locally soluble. Thus, by the argument
in § 4, we have the following result.

Theorem 43. The upper density of forms F ∈ F2n+1(f0) such that Sel2fake(SF) �= ∅ is at most
μf0 + o(2−n) when 2 � f0 and at most μf0 +O(2−ε1nε2 ) for some ε1, ε2 > 0 when 2 | f0.

To prove Theorem 2, it remains to determine how often it is that the stacky curves SF have
integral points everywhere locally. We do so as follows.

Lemma 44. The density of forms F ∈ F2n+1(f0) such that SF (Zv) �= ∅ for every place v is at
least μ′f0

+O(2−2n).

Proof. By (1), we always have SF (R) �= ∅. If there is no prime p | κ such that F (x0, z0) = 0
for every [x0 : z0] ∈ P1(Z/pZ), then for any prime p | κ, there exists a pair (x0, z0) ∈ Z2 such
that gcd(x0, z0) = gcd(F (x0, z0), p) = 1, so (x0 · F (x0, z0), F (x0, z0)n+1, z0 · F (x0, z0)) ∈ SF (Zp).
On the other hand, if p | κ and the mod-p reduction of F has a simple zero at some point of
P1(Z/pZ), then SF has a Weierstrass point over Zp and is, thus, soluble. Moreover, for any prime
p such that p � κ but p | f0, we have (κ, f1/2

0 κ(2n+1)/2, 0) ∈ SF (Zp), and for any prime p � f0, we
have (f0, f

n+1
0 , 0) ∈ SF (Zp).

If p | κ, the p-adic density of forms F ∈ F2n+1(f0) such that the mod-p reduction of F has
a zero of multiplicity greater than 1 at each point of P1(Z/pZ) is p−2p−1 if 2p+ 2 < 2n+ 1 and
p−2n−1 otherwise. Thus, the density of forms F ∈ F2n+1(f0) such that SF (Zv) �= ∅ for every
place v is at least

∏
p|κ(1 − p−2p−1 − p−2n−1) = μ′f0

+O(2−2n). �
It follows from Theorem 43 and Lemma 44 that for all sufficiently large n, a positive

proportion of F ∈ F2n+1(f0) are such that Sel2fake(SF) = ∅ and SF (Zv) �= ∅ for every place v.
Indeed,

(1 − μf0) + (μ′f0
+O(2−2n)) = 1 −

∏
p|κ

1
p2

+
∏
p|κ

(
1 − 1

p2p+1

)
+O(2−n),
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which is clearly greater than 1 for every sufficiently large n. Theorem 2 now follows from
Lemma 42.
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