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Abstract

In this paper, new conditions for the stability of V-geometrically ergodic Markov chains
are introduced. The results are based on an extension of the standard perturbation theory
formulated by Keller and Liverani. The continuity and higher regularity properties are
investigated. As an illustration, an asymptotic expansion of the invariant probability
measure for an autoregressive model with independent and identically distributed noises
(with a nonstandard probability density function) is obtained.
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1. Introduction and statements

Let {Pc}igj<¢, be a family of transition kernels on a measurable space (X, X)), where ¢
reads as a small perturbation parameter. Throughout the paper, V: X — [1,+o00) is a
fixed function. The (unperturbed) kernel Py is assumed to satisfy the classical V-geometrical
ergodicity property, that is, Py admits a unique invariant probability measure g, 7o(V) < 00,
and there exists some constants ¢ € (0, +00) and «1 € (0, 1) such that

sup |E[f(X,) | Xo =x]—mo(f)] <ckiV(x) forallx e X VG)
Iflsv

or, equivalently,

sup [Py f(x) —mo(f)] < ckiV(x) forallx € X.
flsV

This means that Py has a spectral gap on the weighted supremum normed space By of
measurable functions f: X — C such that || f|ly = sup,cx V) N f(x)| < co. We are
interested in the following two questions. For small enough |¢|,

(Q1) does P admit an invariant probability measure, say m., and is P, V-geometrically
ergodic?

(Q2) do we have any control on g — 7, ?
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Perturbation of Markov chains 185

Under some classical aperiodicity and irreducibility conditions, property (VG) holds if and
only if Py satisfies the so-called drift condition based on the notion of a small set (see [15]
for the definition of the drift condition which is not used here). Consequently, a natural and
efficient way to study (Q1) is to prove that the perturbed Markov kernel P also satisfies the
drift condition (see, e.g. [3] and [18]). However, to the best of our knowledge, the theory
of geometrical ergodic Markov chains does not provide any general answer to (Q2), except in
terms of weak convergence in specific cases (see [18]). On the other hand, standard perturbation
theory, which is a natural way to investigate (Q2), leads us to assume the following continuity
condition:

[Pe — Pollgy == sup [|Pef — Poflly — 0 whene — 0; (1)
Iflv=<1

that is, the operator norm of P, — Py on By goesto 0 as ¢ — 0. In a series of papers, Kartashov
introduced the concept of a ‘strongly stable Markov chain’ for a Markov chain with a transition
kernel Py such that, in some neighborhood of Py with respect to || - || g,, P. has a unique
invariant probability measure 7, with the property that supy ¢, <1 [7:(f) — mo(f)| — 0 as
| P — Polla, — O uniformly in this neighborhood. Strong stability is shown to be equivalent
to the convergence

=0.
1

lim sup
" fllvst

1 ok
=Y Py f—mo(f)1x
k=1

n

Moreover, if Py is V-geometrically ergodic then, given p € (0, 1), one can consider
N € N* such that CKIN < p, and if P, is such that Ay := ||P0N — P8N||£V < 1— pthen P, is
V-geometrically ergodic and Supj £y <1 [T (f) —me(f)] = O(ANn/(1 — p — AN)). We refer
the reader to [11] for an overview of results in this direction and to [17] for a related discussion
for discrete state spaces. However, as discussed in [19, p. 1126] and in Example 1 below, the
continuity condition (1) may be restrictive.

Similar questions arise in the context of dynamical systems. To overcome the previous
difficulty, Keller introduced the more general assumption that

lim sup ||P.f — Poflli =0,
e=>0 fllo<1

involving the two norms || - ||p and || - ||; (instead of a single norm) on the space on which
Py has a spectral gap [12]. This approach has been highly enhanced by the Keller—Liverani
perturbation theorem [13], [14], which has proved to be a very powerful tool for studying the
behavior of the Sinai—-Ruelle-Bowen measures of certain perturbed dynamical systems (see,
e.g. [2, Theorem 2.10] and [5, Theorem 2.8]).

The goal of this paper is to show that the Keller-Liverani theorem also provides an interesting
way to investigate both (Q1) and (Q2) in the context of geometrical ergodic Markov chains.
In this Markovian context, the closest work to ours is [19], where Keller’s approach is used.
The results of [19] are improved here thanks to the Keller—Liverani perturbation theorem.
Furthermore, in this paper, higher regularity properties than continuity are investigated when
addressing (Q2). Note that the results of [13] and [14] have already been used in [4] to study
some stability properties of parametric autoregressive models (for different purposes from those
of Proposition 1 below).

Notation. For B € [0, 1], we denote by (Bg, || - || g) the Banach space composed of the mea-
surable functions f: X — C such that || f|lg := sup,cx V(x)7P| f(x)| < co. Note that By
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corresponds to the space of bounded measurable functions on X, with || f|lo = sup,x | f (x)],
and that 81 = By. We denote by (L(Bg, Bg), |l - llg, ) the space of all the bounded linear
maps from Bg to By, equipped with its usual norm: [|Tlg g = sup{|Tfllg, f € Bg,
I fllg < 1}. We write L (Bg) for L(Bg, Bg) and ||T ||g for ||T] g,s, which is a slight abuse
of notation. Let (B, || - | g7 ) denote the dual space of Bg. If T € L(Bg) then T* stands
for the adjoint operator of 7. By definition we have T* € £(£:9) with the corresponding
operator norm ||T*||£}; =||T|lg. Note that T* also defines an element of L£(B',, i)’{)) with
corresponding operator norm || T*|| g g < ||T*|| g from the continuous inclusion By C Bg.

Each perturbed Markov kernel P. is assumed to continuously act on 8;. The unperturbed
kernel Py is assumed to satisfy (VG), namely, Py admits a unique invariant distribution o on
X, X), mp(V) < 00, and

(V1) there exists «1 € (0, 1) such that || Py — o (-) Ix [I1 = O (k7).
We also assume that there exist N € N*, L € (0, +00), and § € (0, 1) such that
(D) forall e € (—&g, e0), PNV <8NV + L1x.

Under some classical aperiodicity and irreducibility assumptions, condition (V1) holds under
the so-called drift condition (see [15, Chapter 4, Theorem 16.0.1]). Condition (D) on the family
{Ps}ie|<¢o 1s weaker than the simultaneous geometrical ergodicity condition introduced in [18]
since (D) involves no small set. In the ¢ = 0 case (i.e. for a single transition kernel P), the
connection between the ‘best’ constants 1 in (V) and é in (D) is discussed in detail in [6]. See
also Remark 1 below.

Theorem 1. Conditions (V1), (D), and
lim [Pz — Pollo,1 =0 2
e—0

are assumed to hold. Then, setting K := max(k1, 8), the following statements are satisfied.

1. For each k € (k, 1), there exists ¢1 € (0, g9] such that, for all ¢ € (—¢1, €1), P has a
unique invariant probability measure 1, with (V) < 0o, such that

sup || Py — (1) Ix |1 = O(x"). (3)
le]<el

2. We have
lim sup |7 (f) — mo(f)] =0. “4)
£=>0 ) fllo<1

Note that, if each 7, admits a density, say p., with respect to a fixed positive measure i on
(X, ), then supy < 17(f) = 70( )] = f |Pe(x) = po(x)|d (x).

Conclusion (3) means that P, is V-geometrically ergodic in a uniform way with respect to
the perturbation parameter £. Conclusion (4) means that the total variation norm of 7, — g
goes to 0 when ¢ — 0. Consequently, Theorem 1 provides the same theoretical conclusions
as those in [11, Chapter 3], but under the continuity condition (2), which is weaker than that
in (1). Indeed, we have ||P; — Pyllo.1 < ||Ps — Poll1. There are several examples (see, for
instance, [19]) showing that the continuity condition (1) of [11] may fail, while (2) (or (8)
below) holds. The case of an autoregressive process is investigated in Example 1 below. Note
that the uniform bound (3) can be obtained from [16] when the kernels P, are assumed to satisfy
the drift condition with constants and a small set which do not depend on €. To derive (3) and
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(4) from the weaker assumptions (V1) and (D), some continuity assumption must be assumed
on the map ¢ — P;.

Typically, condition (V) is Assumption Al of [19] (see the remark following their assump-
tions). Condition (2) is weaker than Assumption AII of [19] involving the sequence (P}),>1
(here Assumption AlI is only required for n = 1). Note that, given any r € (k, 1) and setting
n:=1—1Inr/Iné (n € (0, 1)), the proof of Theorem 1 and further results in [13] ensure that
there exists D, € (0, +00) such that

| ?rp 1 |76 (f) — 70 () < Dr(l1Pe — Pollo,)". &)
fllo=

This provides an alternative statement to [19, Theorem 3.1], which states an inequality of type
(5) in assuming the existence of m.. The V-geometrical ergodicity of the perturbed kernel
P, was an open question in [19]. Actually, under their assumptions, condition (D) is a quite
natural hypothesis for P to inherit the V-geometrical ergodicity of the unperturbed kernel Py
(note that condition (D) is not so far from the drift condition). In the proof of Theorem 1,
condition (D) is viewed as a Doeblin—Fortet inequality on the dual space of 87 in order to use
the Keller—Liverani theorem.

Example 1. (Autoregressive process.) Assume that X := R and that (X,),cn is the auto-
regressive model defined by

Xl’l = aanl + ﬁna ne N*7 (6)

where Xg is a real-valued random variable, « € (—1,1), and (¢,),>1 is a sequence of
independent and identically distributed real-valued random variables, independent of Xj.
Assume that ¥ has a Lebesgue probability density function on X, say v(-), and admits a
first moment, f |x|v(x)dx < oo. We know that (X,,),cn is @ Markov chain with transition
kernel

Pa(x,A)=/RlA(aX+y)v(y)dy=/RlA(y)V(y—aX)dy- @)

Set V(x) := 1+ |x|, x € R. It is known (see, e.g. [20, Section 8] or [6, Section 5.5]) that,
for each o € (—1, 1), (X;)nen is V-geometrically ergodic with an invariant distribution .
Next, given any ap € (0, 1), it can be easily checked that the family {P,, @ € (—ap, ag)}
satisfies condition (D) with N = 1 and any 6 € (ap, 1). Finally, we prove below that, for
every ag € (—1, 1), the kernels Py, satisfy the weak continuity condition (2). The previous
facts ensure that Theorem 1 applies to the family (Py,4¢)s, S0 that the total variation norm
of my — 7y, goes to 0 when @ — «p. Note that no specific assumptions are required on the
density v, except that it admits a first moment. To the best of our knowledge, this last result is
new. It cannot be deduced from a known method, as in [11], since condition (1) does not hold,
as we prove below.

First we show that, for any g € (—1, 1), we have limy ¢, || Po — Peyllo,1 = 0, that is, for
all ¢ > 0, there exists n > 0 such that

Puf(x) = P,
a—aol <0 = [Pu—Palon = sup sup t el D~ TS
Il fllo<lxeR V(x)

From (7), we have Py f (x) = [ f(y)v(y — ax)dy, so

vV(-—oax) — v —opx 1
1Pa— Pallos < sup lv( ) —v( 0L, ®
xeR V(x)
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Let ¢ > 0. Since V(x) — +o0o when x — 00, we can choose a constant A > 0 such that
4/V(x) < ¢ for any |x| > A. Therefore, using the fact that v is a probability density function,
we obtain
W —ax) —v( —aox) LI (R) 2
sup < su

<
x> A V(x) T xsa V)

€.

Next, the map from R into L' (R) defined by ¢ > v(- — ) is continuous, so we can pick ’ > 0
such that, for all |x| < A,

lax —aox| <l —aglAd <’ = |v(- —ax) —v( —ax)ll i) <E.
Then, using V > 1, there exists  := 5’/ A such that, for any « satisfying |& — ag| < 7,

(- —ax) —v( —aox) |l 1R
sup ® < sup (- —ax) —v( - 0¥l w) < &-
r]<A Vix) lx|=A

Second, let us check that, whatever the density v(-), the strong continuity condition (1) is
never fulfilled. Let us consider a positive real number a such that

a —a 2a
/ v(y)cly;féf2 v(y)dy+/ v(y) dy.

—a

Such a real number exists for any density v(-) (if the previous terms coincide for every a > 0
then we obtain a contradiction whena — +00). Letag € (0, 1) be fixed. Foreacha € («g, 1),

define
a

Xy 1= > 0.
o — o

Note that —a + apxy < —a+ax, < a+agxy < a+ axy. Nextlet us introduce the following
function:

Ja) =y l[a-‘rotoxa,a-&-otxa](y) -y 1[—a+aoxa,—a+axu]()’) forall y € R.

From (7) we have

—a

(Pa fi)(xa) = /O (v + axe)v(y) dy — / (v + axa)v(y) dy,

—2a

2a 0
(P fa) (xa) = (y + apxg)v(y)dy — (¥ + apxe)v(y) dy.

a —a
Set J := [* yv(y)dy — [, yv(y)dy — faza yv(y)dy. We obtain

(P fo)(xq) — (Paofa)(xa)

a —a 0 2a
=J+axa(f0 v(y)dy—/2 v(y)dy>+aoxa(f v(y)dy—/ v(y)dy).

Since V(xy) = 1 + x4 and x, — +00 as « | «, it follows that

_ a —a 2a
i Fefa) o) = (Pay fa) (Xa) :a()(/ v(y)dy—/ b() dy—f b() dy) £0.

alog \% ()Ca) —a 2a
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Finally, from
1 Pe = P ll1 = 1P = Pog ll By

_ [(Py f)(x) — (Poy f) ()]
= sup sup
IfI<V xeR V(x)

. |(Po fo) (Xo) — (Paofa)(xa)|
- V(xa)

we deduce that || P, — Py, ||, does not go to 0 when & | .

)

Reinforcing the continuity condition (2) of Theorem 1 allows us to obtain the following
refinement.

Corollary 1. Assume that conditions (V1) and (D) hold, and that, for 8 € (0, 1],
(Vp) there exists kg € (0, 1) such that | Py — mo(-) Ix |lg = O(/cg)

and
811_1310 | Pe — Pollg,1 = 0. ®)

Then there existe1 € (0, eo] (from Theorem 1) and C € (0, +00) such that, foralle € (—¢1, €1),

sup e (f) —mo() < CllPe — Polig,1-
Iflp=1

Note that, under the drift condition, (V1) implies (Vg) by Jensen’s inequality for 8 € (0, 1].

Remark 1. Let P be any Markov kernel on X. If we have PNV < §NV 4+ L 1x for some
N € N*, L € (0,400), and § € (0, 1) and if Pt is compact from Bg to By (for some
£ > 1), then P is a power-bounded quasi-compact operator on By. Moreover, its essential
spectral radius is such that regs(P) < 6. Actually, denoting by §y (P) the infinum of the real
numbers § for which the above inequality holds for some N € N* and L € (0, +00), we
have regs(P) < Sy (P), with equality in many cases. This follows from the Doeblin—Fortet
inequalities (10) below and [8], since (Pt is compact from B7, to B;. If, in addition,
P satisfies aperiodicity and irreducibility conditions, then P is V-geometrically ergodic. Such
results are fully detailed and applied in [6] (without any perturbation issues). Now, if py (P)
denotes the infinum bound of the real numbers «; such that (Vi) holds then we have
pv(P) > ress(P). If there are eigenvalues A of P on By such that reg(P) < |A] < 1
then py (P) is the maximal modulus of such eigenvalues (which are in finite number from the
definition of ress (P)); if not, we have py (P) = regs(P). For instance, if (X,),en is defined by
(6) and if the probability density function v(-) of the noise has a moment of order r € [1, +00),
then (X,)nen is (1 + | - ) -geometrically ergodic with ress(P) < |a|” and py (P) = |«].
See [20, Section 8] or [6, Section 5] for details.

Now we are interested in asymptotic expansions of the perturbed invariant distributions.
Under condition (VG) and the continuity condition (1), expansions related to the generalized
potential R = (I — Py+ 1'[0)_1, with ITg(-) = mo(-) 1x, are given in [7], [10], and [11], namely,

n
e =m0l — DeR)™' =) mo(D:R)* =m0+ Y mo(DeR)* + O((DR)"),
k>0 k=1

when D, = P, — Py is such that |[D;R||; < 1. In general, this is not a Taylor expansion,
except, for instance, when D, has the form D, = ¢D with D € £L(8B;). This special case
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is discussed in [1]. In fact, for general perturbations, even in the case when (1) is fulfilled,
obtaining Taylor expansions for m, causes difficulties when the derivatives of the perturbed
kernels P (x, -) with respect to ¢ yield some weights (see the term x¥ in (14) below for the
order of regularity kK > 1). For this difficulty, the derivation procedure (see [5] and [9]) based
on the Keller—Liverani theorem is of great interest.

To illustrate this approach, we only consider the special instance of the autoregressive model
introduced in Example 1. More specifically, we assume that (X,,),en is given by (6) and that
the probability density function v(-) of the noise has a moment of order r, f [x]"v(x)dx < o0
for some r € [1, +00). Set V(x) := (1 4+ [x])", x € R. Then, foreach«a € (—1, 1), (Xn)neN
is V-geometrically ergodic with an invariant distribution m,. Moreover, we assume that r is
not an integer (i.e. r > |r], where |-| stands for the integer part function on R), and that v(-)
is positive and (7| + 1)-times continuously differentiable on R, with

()]

er V()

< 00, j=1...,rl+1 &)

Finally, suppose that, for all xo € R, there exist a neighborhood VY, of x( and a nonnegative
measurable function gy, (-) such that fR(l + 1¥1)"qx,(y)dy < 00 and, for all y € R and
V€ Vi, v(y +0) = gxg (V).

Proposition 1. Under the above assumptions, there exists B = B(r) € (0, 1) such that the map
o > Ty is |r]-times continuously differentiable from (—1, 1) to the dual space 5'8;3 of Bg.
In particular, for all € (—1, 1), there exist |r] signed measures [iqy 1, ..., la,|r] 00 R such
that, for all A € X,
Il
e .
Tate(A) = Ta(A) + Y — g j(A) + eI R(A) with lim sup |Re(A)| = 0.
e=>0 pcx

=t

Condition (9) is well suited to densities of the form v(x) = ¢(1 + |x|)~7. For other forms
of the density, (9) can be easily adapted so that Proposition 1 is still valid.

2. Proofs

Proof of Theorem 1. We will repeatedly use the fact that a bounded linear operator (between
two normed vector spaces) and its adjoint have the same norm. The adjoint of the rank 1
projection ITo(f) = mo(f) 1x is defined by IT5(f") := f'(Ix)mo forall f' € B].

First, assumption (V1) gives

1P = Tl gy = O}
Second, it follows from the continuity assumption (2) of Theorem 1 that
lim || P — Pyl 5.5, = 0.
Third, assumption (D) gives
1PN g < 8V gy + LIS g, foralle € (=g, e0) and ' € B} (10)

Indeed, recall that B8] and B, are Banach lattices and that, for each g’ € 87, we have || g’|| 8 =
Ig'lllg; = (Ig'l. 1x) and llg"ll g; = lllg’ll.g; = (Ig’l. V), where (-, -) stands for the duality
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brackets in both B, x B¢ and B x B1. Next, observe that, for every f’ € 8/ and every
f € B; suchthat | f| < V, we have [(P*)N £/, £)| < (|f'], PN V). Hence, (D) gives (10) as
claimed.

The three above statements show that { P}}|s|<, satisfies the assumptions of [14] on 0‘6’/1
(see also [9] for the use of the perturbation Keller-Liverani theorem in a Markov context).
Therefore, for all « € (k, 1), there exists &1 € (0, g9] such that, for all & € (—¢q, &1), the
following properties hold: there exist A, € C satisfying lim,_,g A, = 1 and a rank 1 projection
IT, on B such that

sup [[(P})" = ATl = O(") and lim |ITT; — [Tl 5 g, =0. (1)

lel<el

For small enough &1, we have A, = 1. Indeed, one may assume that |A.| > «. Then
we deduce from 1x = P/ 1x and (11) that, for any f’ € B}, we have lim, A;"(f', 1x) =
lim, A, ((PH)" f/, 1x) = (1, f', 1x). Thus, (A;"),en converges in C, so we have either
Ag = lor|As| > 1. Moreover, the sequence (P/),cn is bounded in £(By) from (D). Thus,
((P})")nen is bounded in £L(B,), and (11) then implies that (A}),cn is bounded in C. Thus,
Ae = 1. Hence, ((P})")nen is Cauchy, and so is (P/'),en in £L(B1). Therefore, there exists
[Ty € L(B) such that

li’£n P! =TI, inL(By). (12)

Thus, (P}')* — II} in L(B)), and so IT, = IT}. We have obtained

sup [P — el = O(k") and slgg% [TTe — ollo,1 = 0.

lel<el

From (12), it follows that I, is a positive projection on B satisfying I1, P, = P.I1, = I1,.
Let us prove that IT, is rank 1. We know that IT} is rank 1, namely, IT,(-) := (¢, -)a for
some ¢, # 0 in the dual space of B8} and for some a; # 0 in 8|. From IT} = IT}, we
obtain ker I1, = keraj. Thus, ker I, is of codimension 1, so we have dimIm IT, = 1 (use
B =kerIl, & ImII,).

The last fact shows that IT,(-) := e () 1x for some ¢, > 0 in B/. Since, for all A € X,
lim,, P} (xo, A) = e,(14) (for some fixed xg € X) and P (xo, ) is a probability measure on
(X, X) for each n > 1, we deduce from the Vitali-Hahn-Saks theorem that A +— 7.(A) :=
e, (14) is a probability measure on (X, X). Clearly, r, is Pe-invariant. Next 7, and e, coincide
on By: indeed, every f € Bp can be approached uniformly on X by a sequence (f;), of
simple functions, so 7, (f) = lim, 7. (f,) = lim, €, (fu) = €, (f) (the last convergence holds
since e, € B8]). We obtain 7, (V 1jv<,)) = e,(V1jy<y) < e, (V) < oo for every n > 1
since e, > 0. The monotone convergence theorem gives 7.(V) < oo. Thus, f + m.(f)
is in B). Since, for all f € By, lim, P!'f = e,(f)1x in B, we deduce that e, = 7, on
B from the invariance of m,. Finally, the last assertion of Theorem 1 follows from
limg 0 [T — Igllo,1 = 0.

Proof of Corollary 1. Let k € (max(xg, k1), 1), and let I" be the oriented circle in C,
centered at z = 1 and with radius less than (1 — k) /2. Note that the assumptions of Corollary 1
imply those of Theorem 1. We know from [14] and the proof of Theorem 1 that M :=
SUPer, je)<e, 121 — P.)~ Y1 < oo. Moreover, the rank 1 eigenprojection I1; is from standard
spectral theory:

1
, = ,—y{(zl — P) 'dz. (13)
2im r
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Next condition (Vg) gives Mo := sup,cr |(zI — Po) ~!|lg < 0. Assume that || Ix ||} = 1 (to
simplify). Then, from

(zI — Py ' — (@l — Py) "' = (2l — P))"N(P. — Po)(zI — Pp)~ !,

we obtain, for every f € Bg,

1—
7 (f) — o (N = T (f) — Ho(Hll1 = TKMIIPa — Pollg 1Mol flig-

Proof of Proposition 1. Recall that V (x) := (1 + |x])", x € R. Letag € (0, 1). We apply
the derivation procedure of [9, Appendix A] to the family {Py, o € (—ao, ap)} with respect to
the Banach spaces Bg. Let 8 € (0, 1]. For any o € (—ao, ap), the Markov kernel P, of the
autoregressive model (X,),cn satisfies the drift condition and the aperiodicity/irreducibility
assumptions of [15]. Hence, each P, satisfies condition (Vg). In the same way, { Py} | <aq
satisfies condition (D), so it also satisfies (D) with respect to the function V# thanks to Jensen’s
inequality. Leta € (—ag, ap). Thenlimg_,¢ || Py+e— Pullo,s = 0 from Lemma 1 below. Hence,
the perturbation Keller-Liverani theorem can be applied in £(8Bg) to the family (Pyy¢). (as
seen with 8 = 1 in the proof of Theorem 1). This gives the following spectral properties: there
exists kg g € (0, 1) such that, for all k € (kq,g, 1), there exists & > 0 such that the resolvents
(zI — Pyye)~ ! are well defined and uniformly bounded in £(B ) provided that |¢| < &, and
z € Csatisfies |z] > kand [z — 1] > (1 —«)/2.

Now let us introduce the formal derivative operators of & > Py:

(Praf)(x) = (—l)kxk/Rf(y)v(k)(y —ax)dy forallx € R. (14)

Lemma 1. Let (8, ) € [0, 11>

1 IfB+k/r<B <1forkef0,...,|r]}then @ — Py is continuous from (—ao, ao)
to L(Bg, Bg).

2. IfB+(k+1)/r < B <1lfork €{0,...,|r] — 1} then @ v Py is continuously
differentiable from (—ao, ap) to L(Bg, Bg), with AP o (@) /do = Pry,q.

Let Lemma 1 hold and apply [9, Appendix A]. For § € (0, 1) and o > 0, we set To(B) =
B+o/rand T1(B) = B+ (1 +o)/r. It follows from Lemma 1 that, for j =1, ..., [r],

o if To(B) € (0, 1] then o > Py is continuous from (—ap, ag) to L(Bg, Bry(s)),

o if T1(TyT1)’ " (B) € (0, 1] then @ — P, is j-times continuously differentiable from
(_a(), ao) to cﬁ(ﬁﬁ, £T1(T0T1)j71(/3))'

Let 8, € (0,1 — |r]/r), and let ¢ > O be such that 8, + [2|r] + 1)o + |r]]/r = 1. In
other words, we have (T()Tl)VJ To(Br) = 1. Let g € (—agp, ap). Then it follows from [9,
Proposition A.1] that there exists ¥ € (0, 1) such that, forall z € D := {z € C: |z] > &,
|z — 1] = (1 —&)/2}, the map « — (zI — P,)~ ' is |r]-times continuously differentiable
from some open interval I, centered at ag in £L(Bg,, B1). Moreover, the derivatives (up
to the order |r]) of the last map are uniformly bounded in («, z) € Iy, x D. Next, let us
define Ty (f) = me(-) 1r for any f € Bg,. From the above facts and standard spectral
calculus (see (13)), the map o — Iy (f) is [r]-times continuously differentiable from I, to
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L(Bg,, B1), sois a > 7y () from Iy, to 3:%' Since «q is any element in (—ag, ag), with
arbitrary ag € (—1, 1), this proves the first assertion of Proposition 1.

Let o € (—1,1). For all Borel sets A of R, we have dmy(A)/da = limy_o(my+n(A) —
o (A))/ h. Since mwy4p(-) — 7, (+) is a (signed) measure on R, it follows from the Vitali-Hahn—
Saks theorem that there exists a (signed) measure (4,1 on R such that we have dmy (A)/do =
e, 1(A). An obvious induction gives the same conclusion for the derivatives of order j =
2,...,rl.

Proof of Lemma 1. Set Ay := sup;cg |v(k)(t)|/v(t) and A := maXo<k<|r|+1 Ax. Note that
there exists B = B(f) such that, for all @ € [—ag, agp], we have P,VP < BVE.

For a € (—ag, ap), B € (0, 1], f € Bg, and x € R, we define Fy(a) := (Px o f)(x). From
the assumptions on v and Lebesgue’s theorem, for every k = 0, ..., [r], Fy is differentiable
on [—ag, ap], with d Fi () /da = Fy11 ().

Letk € {0,..., |r]},let (B, B') € [0, 11> be such that B+k/r < B/ < 1,andlet0 <o < 1
be such that 8 + (k + o) /r = B’. For any (a, &') € (—ap, ap)?, we obtain

| Fi(@) — Fr(a)] < 24k B| flligV (x)PT*/", (15a)
|Fr(e) — Fi(@)] < la — /| Ag1 Bl fll gV (x) PHEFD/T (15b)

where we have used a Taylor expansion of Fj in (15b). Multiplying (15a) (to the power 1 — o)
by (15b) (to the power o) gives

| Fi(er) — Fi(@)] < 2la — /|7 AB|| fllgV (x)PTE+o)/r

which can be rewritten as || Pio f — Pxo fllpr <2ABla — a'|”|| f|lg. The first assertion of
Lemma 1 is proved.

Nextletk € {0, ..., |r] —1},1et (B, ) € [0, 1]* be such that B+ (k+1)/r < g/ < 1, and
letO0 < o < 1besuchthat 8+ (k+1+0)/r = p’. Forany («, ') € (—ag, ag)?, we obtain

| Fi() — Fir(@') — (@ — &) Fip1 (@)] < 2o — &/ | A1 Bl fllgV (x)PTEFDI7 0 (16a)
| _ a/ 2

o
| Fi(er) — Fi(a') — (@ — o) Fiy1 ()] < T|Ak+23||f||ﬂ V(x)PTEED/r - (16b)

Then, by multiplying (16a) (with the power 1 — o) and (16b) (with the power o), we obtain
|Fi(@) — Fi(@) — (@ — ") Fep1 (@] < 2l — /|7 AB| flgV (x) P HEFFOT
which can be rewritten as || Pyo f — Pros f — (@ — &) Pry1,o fllp < 2ABla — o |1t I fllg-
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