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Groups of automorphisms of

linearly ordered sets

J.L. Hickman

I show that a group of order-automorphisms of a linearly ordered
set can be expressed as an unrestricted direct product in which
each factor is either the infinite cyclic group or else a group
of order-automorphisms of a densely ordered set. From this a
couple of simple group embedding theorems can be derived. The
technique used to obtain the main result of this paper was
motivated by the Erdds-Hajnal inductive classification of

scattered sets.

Unless the contrary is either obvious or stated explicitly, throughout
this paper we shall take "set" to mean "linearly ordered set". The
ordering will always be denoted by '"<" , any ambiguity being resolved by

context.

Sets and elements of sets will be denoted by upper and lower case
Latin letters respectively, with the exception that "f", "g", "A" will
denote functions anda "<", "g", "k", "m", "n" integers. Lower case Greek
letters will denote order-types, with "w" always being reserved for the
first transfinite ordinal, and the order-type of a set S will sometimes
be denoted by "o(S)" .

Given a set S , we can define a new ordering <* on S by setting
8§ <* t whenever ¢ < & . The resulting ordered set is called the
"converse" of S , and is denoted by "S*" . If n = o(S) , then we denote
o(8*) by "n*"

Given two sets R, S , we can form their ordered union as follows. By
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replacing R with R x {R} and S§ with S x {S} if necessary, we can
assume that R NS =@ . Nowput T =R uUS , and order T by setting
x <y if either x € R and y €S orelse x,y €R or z,y €S and
<y . If n=o0(R) and X =0(S) , then n + XA is defined to be

o(T) , and we write "T =R 0US" . More generally, if we have an indexed

set {S }

riper of pairwise disjoint sets with the index set R also

ordered, then we can form the ordered union S U{Sr; r € R} by setting

s <8’ if s €8, , s' € 5, » and either r < r'

or else r=r and

s <s'.

We can order the cartesian product T = R xS of two sets R, S , by
setting (»r, s) < (r', 8') if either s < 8' or else & = s8' and
r <r' . Wewrite "T'=R x5" , and if N = o(R) and X = o(S) , then we

define nA to be o(T) .

Given two sets S, T , an order-preservingmap f : S > T will be
called an "embedding". Clearly an embedding is injective; if f : S > T
is a surjective embedding, then f 1is called an "isomorphism" and S, T
are said to be similar ("S$ ~T") . Finally, an isomorphism f : S~ S is
called an "automorphism'". We denote the set of all automorphisms of S by
"A(S)" : under the operation of composition, A(S) becomes the carrier of
a group, which we denote by "A(S)" . Furthermore, we can partially order
A(S) by setting f =g if f(s) =g(s) for all s €S ; under this
partial ordering, A(S) 1is a lattice-ordered group. Holland has shown in
[3] that if G is any lattice-ordered group, then for some set S we have
a group monomorphism G = A(S) . Thus in particular any ordered group can

be regarded as a subgroup of A(S) for some set S .

A set S is said to be dense if S # $ and for all x, y € S with
x <y there exists 3 € S such that x < 2 <y . The obvious example of
a dense set is that of the set @ of rational numbers (under the usual
ordering), and it is well-known that if S is dense, then there exists an
embedding & = S . A set is said to be scattered if it contains no subset
that is a dense set: thus we have that S is scattered if and only if

there is no embedding @ + S .

Let S be any nonempty set. Erdds and Hajnal have shown in [Z] that

there exists an indexed set of pairwise disjoint sets such that

{Sr}rER
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(a) S = U{Sr; r € R}

(b) for each r € R , Sr is nonempty and scattered;

(¢) either |R| =1 or else R is dense.

In (c) of course we are using "| |" to denote cardinality. The proof of
this result that is given in [Z] assumes that S 1is countable; as the
authors observe, however, very little extra effort is required for the

proof of the general result.

As was indicated in a previous paragraph, we shall denote groups by
upper case script letters and - where possible - their carriers by the
corresponding upper case Latin letters, Since we shall need to speak of
group embeddings and group isomorphisms, we shall attach a subscript "G"
to distinguish these from the embeddings and isomorphisms introduced above.

If {Gx} is an indexed set of groups (with the index set X not

x€X
necessarily ordered), then we shall denote the unrestricted direct product
of the G by "X{Gx" x € X}" . We shall also denote the infinite cyclic

group by "Z" , and the trivial group by "O"
Our main result states that for any set S and any subgroup H of
A(S) , there is an indexed set {H of groups such that
' x€eX

(a) H = X{Hx; xz € X} ;

(b) for each x € X , either Hm =17 or Hx < A(R) for some
dense set R .

A subset R of a set S is called a "segment" if for all
z, Yy, 2 €5 such that x =y =2z , wehave x, 2 €ER®y €R . Let T be
any subset of S ; we define the convex hull Ch(T) of T to be
N{R; TC R & Ra segment of S} . Obviously Ch(T) is a segment of § ,
and Ch(R) = R for each segment R of S .

We find it convenient to define a binary relation V Dbetween subsets
of a given set S as follows. For R, TS S we put RV T if either
R=T or EnT=90.

Let 5 and H = A(S) be given. A segment R of S is called an
"H-block" if for every f € H we have RV f"R , where of course
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f"R = {f(r); r € R} . Clearly if H =K = A(S) , then every K-block is an
H-block. We refer to A(S)-blocks simply as "blocks".

Let I Ye a set of pairwise disjoint segments of S . We can define
an ordering on L as follows. For B, C €L , we set B < (C if we have
8 <t for some 8 €B and some t € C . It is readily seen that this

ordering is well-defined.
One final piece of notation is required. Let S be given, and take
H=<A(8) . For each x € S8 we put H(z) = {f(x); f € H} ,
H(x) = {y € BH(x); y >z} , and B (z) = {y € H(z); y <x} . If
H = A(S) , then we write "A(z)" , gt ()" , "AT(x)" for H(x), a(z) ,
and H (x) respectively.
We use the same notation for blocks. Thus if D is an H-block, then
H(D) = {f"D; f € H} , and so on.
THEOREM 1. Let S be a set, and take x € S and H < A(S) .
(1) H'(z) has a first element z if and only 1if H (x) has
a last element x .
(2) If 2 (2) is nonempty and has no first element, then H(x)
is a dense set.

(3) If H(x) has a first element z , then the segment
R={z GS;sz<x+} of S is an H-block.

+
Proof. Suppose that H'(z) has a first element x , choose f € H

such that ' = flx) , and put =z = f_l(x) : we claim that & is the
last element of H (x) .

Clearly x € H (x) ; suppose that y > & for some y € H (x) , and
let g € H be such that y = g(x) . Put h = fg € H; since

x~ <y <z, we must have & < f(y) < z , and since h(x) = fy) , this is

a contradiction.

In an exactly similar manner we can show that if H (x) has a last

element, then H+(.'z:) has a first element.

(2) Suppose that H'(x) is nonempty and has no first element; we
shall show firstly that H+(:x:) is a dense set.

Take u, v € H+(x) with u < v , and choose fu, f'v € H such that
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I
[t}

fﬁ(x) and v = fb(x) . Put y = f;l(v) ; it is easily shown that

+
y € H+(x) , and so there exists z € H (x) such that z <y . Put

fﬁ(z) ; then w € H+(x) ,and u <w < v . Therefore H+(x) is

w
dense.

By (1), H (x) has no last element, and in similar vein we can show
- - . . 4+
that H (x) is dense. But H(z) = H (x) u {z} U B (x) , whence it follows
easily that H(x) is dense.

(3) Suppose that H+(x) has a first element z , and let R Ybe the
segment {2 € §; x <z < x+} . Suppose that for some f € H we do not
have R V f'R ; by replacing f with its inverse if necessary, we may
assume that R < {y} for some y € f'R . Since R n f"R# P , it follows

+
that = € f"R; put u = f’l(x+) . Then u €R ; that is, xSu <z .
+
But < u=u € H+(x) , Wwhich contradicts the definition of x
Therefore we must have & = u , from which it follows that R < {y} for

every y € f'R , contradicting our assumption that ~ (R V f'R) .

Thus R is an H-block of S .

COROLLARY. Let S be a scattered set, and take H = A(S) . Then for
each x € S, either H(z) = {zx} or else every element of H(x) <s an
tmmediate predecessor and an immediate successor in H .

Proof. Since S 1is scattered, there is no x € § such that H(x)

is dense. Therefore for each x € S , either H(z) = {x} or =z has both

an immediate predecessor and an immediate successor in H .

Take x € S such that H(xz) # {x} , and let y be an element of
H(x) with y # x . Since there exists g € # with g(x) =y , we have
x € H(y) , from which we conclude easily that H(y) = H(x) .

The corollary now follows.

We retain the convention introduced in the preceding theorem of
+
denoting the first element of H (x) - when it exists - by "zt and the
last element of H (x) by "« " . We also extend this notation to blocks,

with the following justification.

LEMMA 1. Let S be a set, ard let B be an H-block of S , where
H = A(S) 1is given. Then the elements of H(B) are pairwise disjoint.
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Proof. Take C, D € H(B) , with of course C # D . There exist
fs g €H such that f"B =C and g"B=D . Suppose that C nD # @ .

Put A = f'-lg €H: then Bnh"B# @ , and since B is an H-block we
must have B = h"B . But then C = f'B = ¢"B = D , a contradiction.

We are going to partition a given set into blocks of a certain type,
and then express the automorphisms of the set as products of the auto-
morphisms of these blocks. The key to this procedure is the definition of
a certain operation I on the collection of blocks of the given set. This
definition we shall present shortly, but first of all we need a result
Jjustifying the definition.

LEMMA 2. Let S be a set, let H = A(S) be given, and let B be
an H-block of S . Assume that B exists, let f, g be any two

elements of H such that f"B =g"B = B* , and define the subsets R., R

0L |
of S by

Ry={f"x) €s;z€B&nc€z}, R ={g(x) €5 s €B&n €z},
where 7 <s the set of integers. [Then Ch(Ro) = Ch(Rl)

Proof. We shall show that Rl = Ch(Ro) , whence we obtain

Ch(Rl] c Ch[RO) . Since the argument will be symmetric, we shall also be

able to infer Ch(Ro) c Ch[Rl) , and so obtain Ch(Ro) = Ch[Rl)

Suppose that for some & € B and some n € Z we have
gHz) ¢ Ch(Ro] . Then we have either {gn(x)} < Ch(Ro) or

Ch(RO) < {gn(x)} , and without loss of generality we may assume the latter.

Since for each y €'B we have gz(y) < gJ(y) for all %, J € Z with

i < 4 , it follows that Ch(RO) < {gn(x)} for some x ¢ B and some

n >0 . However, g"B = f'B , and so gl(y) € Ch(RO) for all y € B .

[«
Hence there is a least positive integer n° for which Ch(}?o] < {gn (z)}
n°-1
for some x € B , and so ¢ (y) € Ch[RO) for every y € B . It follows

o [
that g g < f™B for some m > 0 , and since either f'B = gn Lig or
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o
B < gn ~lng , We may assume that m 1is the least positive integer with
this property.
. . n°-1, -1, .
We claim that in fact g B = ]‘m B . For if not, then by Lemma

[+] - °-
1, fm-l"B < gn —lnB < fm"B ., Put k= f'l mgn 1 € H. Then

B<h'B< f'B= B* , which is a contradiction. Hence we have
O_ o
gn “Llng - fm-l"B . However, Ch(RO) < {gn (x)} for some =z € B , and by
[e]
Lemma 1 this certainly implies f "B < g" "B . We now put

_ l—n°fm . n " + . .
hO =g € H and obtain B < hOB < g"B = B , another contradiction.

Thus our lemma is proved.

DEFINITION 1. Let S be a set, let H =< A(S) be given, and let B
be an H-block of S . Define a segment I(B) of S as follows.

(1) 1f H(B) = {B} , put I(B) =B.

(2) 1f H+(B) is nonempty and has no first element, put
I(B) =cn({f(z) €5; x €B & f €&}) .

(3) 1¢r H+(B) has a first element, take any f € ¥ with f"B = B* .
and put I(B) = ca({fYx) € S5z €B &n €32}) .

Lemma 2 shows that in the case of clause (3), I(B) is independent of
the particular choice of f € H ; hence our definition of the operator
is valid.

LEMMA 3. Let S be a set, let H = A(S) be given, let B be an

H-block of S , and assume that B* exists. For each n =0 define

=B and B - pln)*

(0)

B(n) by B(O)
(n)

» and similarly for each n = 0O

define B by B'' =B and B(n'l) =5 | Ihen for every m € 2
and every f € H such that f'B = B* , we have f™B = B(m) .

Proof. We prove the result for m = 0 by induction on m , the proo:

for m < 0 being exactly similar. By assumption fl"B = B(l) .

Assume that FB = B ana put F7B =D . Then D= 3™ |

(m) g+

and since it is clear that B < D , we must have either D = or
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(m)+ )

D >B But if the latter holds, then we have

B < f‘mnB(m)"' < an = B+ ,

a contradiction. Therefore we must have D = B(m)+ = B(ml)

Again we retain the notation introduced in the preceding result, and
note that if B+ exists, then I(B) is the smallest segment of S that

B(m)

contains for each m € Z .

THEOREM 2. Let S be a set, let H =< A(S) be given, and let B be
an H-block of S .

(1) f'"I(B) = I(f"B) for every f €H .

(2) I(B) is an H-block, and B <, I(B) .

Proof. (1) Take f € H . If I(B) =B , then f"B =B and the
result is trivial. If H+(B) is nonempty but has no first element, then

I(B) = ch(U{p; D € H(B)}) , and once again the result is clear. Thus we

are left with the case in which B+ exists.

We claim first of all that f"B+ = (f'"B)+ . For if this is not so,
+
then there exists g € H such that f"B < g"(f"B) < f"B' , whence we

obtain the contradiction B < (f"lgf'] "g < gt ,
Thus f"B+ = (f'"B)+ , and by induction we can show that

an(m) = (f"B)(m) for each m € Z . Therefore f"B(m) < I(f"B) for each
such m , from which it follows that f"I(B) < I{f"B) . On the other hand,

(f"B)(m) = f'"B(m) C f'I(B) for each m € Z , and by the remark above we
see that I(f"B) < f"I(B) .

Hence f"I(B) = I(f"B) .

(2) obviously B < I(B) , and so it suffices to show that I(B) is
an H-block. This is clear if I(B) is defined by clauses (1) or (2) of
Definition 1, for in the former case we have I(B) = B , whilst in the

latter case f"I(B) = I(B) for every f € H . Thus we are left with the
case in which I(B) is defined by clause (3).

Take f € H and suppose that I(B) n f"I(B) # § . By part (1) we
have I(B) nI(f"B) # ¢ - Put C = f'B ; we are assuming that B*
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+
exists, and so we know from the proof of part (1) that C exists;

furthermore, we can show as in the proof of Lemma 2 that C(t) = B(J) for

some 7, j € Z , since it follows from our assumption I(B) n I(C) # ¢

(k)

that C € I(B) for some k € Z . It is clear, however, that

I(C(i)) = I(C) and I(B(j)) = I(B) . Thus I(B) = I(C) = f"I(B) , and so
I(B) is an H-block.

THEOREM 3. Let S be a set, let H = A(S) be given, and let B, C
be H-blocks of S such that B< C . Then I(B) c I(C) , or
I(c) < I(B) .

Proof. We consider three cases.
(1) Suppose that I{(B) =B . Then I(B) cC c I(C) .
(2) Suppose that B* exists, and let f € H be such that
8 =8". 1t B < for each m ¢z, them I(B) < CcI(C) , and so

(n)

for some »n > 0 .

(n°)

we may without loss of generality assume that ¢ < B

(o)

Since B =B< C , there is a least 7n° > 0 for which B >C , and

< + . n + °
we claim that C exists and that g C =C , where g = fn €H .

o]
Certainly B(n ) € g"C , and thus C < g""C . Suppose that we have

C < h'C < g"C for some h ¢ H. Then B <A"B , and so k"B = B'®) rfor
some 7 with 0 < Z <n° . However, B(J)
(n°-1)

c C for every J with

0 <4 <n°1, and certainly B NC#@ . Thus we have a

+ . +
contradiction, and hence ( exists and g"C = (¢ .
A routine induction argument now shows that for each m > 0 there

exists »n > 0 such that C(n) > B(m) . Similarly we can show that for

(n) (m)

each m < 0 there exists n < 0 such that ¢ Thus

I(B) < I(C) .

<B

(3) Suppose that H+(B) is nonempty but has no first element. Thus
H(B) is dense and I(B) = Ch(U{D; D € H(B)}) . Now if I(C) = C , then
obviously D < € for every D € H(B) , whence we obtain I(B) c ¢ = I(C)
Hence we may assume that I(C) # C , and it follows from Definition 1 that
for each E € H(C) with E < I(C) , there exist EO, El € H(C) such that
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EO, E’l c I{C) and E'O <E< El . But clearly for each E € H(C) there

exists D € H(B) with D c E . Therefore we have
I(¢) = cn(U{p € H(B); & ¢ BH(C)(D<E < I(C))}) ,
whence it follows at once that I(C) < I(B) .

With reference to the above theorem: a slightly deeper examination of
Case (3) shows that I(C) < I(B) and I(C) # I(B) only if " exists ana
H(B) is dense.

LEMMA 4. Let S be a set, let H =< A(S) be given, and let B be
an H-block of S . Suppose that B exists, and let D be such that
BUDUB <4is a segment. Then D is an H-block, and if D # @ then
I(p) = 1(B) .

Proof. Take f € H and suppose that D n f'D # § . Obviously we

cannot have B n f'D # @ , since this would lead to D n f“l"B £0 .
Similarly we camnot have B' n Ffo#@P. Thus f'DCD. Butif

f'D # D , then either B n f.l"D #9 or B  n f_l"D # @ . Therefore
f'D =D, and so D is an H-block.

The remainder of the lemma now follows easily.

THEOREM 4. Let S5 be a set, let H = A(S) be given, and let B, C
be H-blocks of S such that BnC =@ . Assume that I(B) nI(C) # @ .
Then I(B) < I(C) or I(C) c I(B).

Proof. Since I(B) nI(C) #@¢ , it is obvious that we cannot have
both I(B) = B and I(C) = ¢ . Hence we may assume without loss of
generality that I(B) # B and that B < C .

From I(B) n I(C) # § it follows that I(B) nE # § for some
E € H(C) with E < I(C) . Since I(E) = I(C) , we may as well assume that
I{B)nC#9 . But I(B) # B, and so for each D € H(B) with D c I(B) ,
there exists D° € H(B) such that D° ¢ I(B) and D < D° . But then,
since ¢ >B and I(B) nC # @ , it follows that there are two

possibilities.

(1) DcC for some D € H(B) with Dc I(B) . From Theorem 3 we
have either I(D) c I(C) or I(C)c< I(D) . Since I(D) = I(B) , the
result follows.
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(2) CcI(B) and CnD#¢ @ for at most one D € H+(B) with
D < I(B) . Let us deal firstly with the case in which there is no such
D . Then if H(B) is dense, we must have D0 < I(C) < D, for some

Do, Dl € H+(B) , and so I(C) € I(B) . On the other hand, if B" exists,

(m) (m+1)

then we must have B <C<B for some m = 0 , and the result

follows by Theorem 3 and Lemma 4.

This leaves us with the case in which C nD # § for exactly one
D € H+(B) with D < I(B) . Again if H(B) is dense it is easy to show
that E < I(B) for each E € H(C) , and hence that I(C) < I(B) .

+
Thus assume that B® exists, let f € H be such that f'B =B , and
(m)

let m be the unique positive integer such that (¢ n B # @ . Then
f'c n B(mﬂ') # P , and it is easy to see that f'C = ¢* . By induction we
obtain B(n+m-l) < C(n) < B(n+m+l) for each n € Z , whence it follows

that I(C) € I(B) .

This proves our theorem.

DEFINITION 2. Let S %be a set, let H =< A(S) be given, let B be
an H-block of S , and let o be a nonzero ordinal. Define a segment
*

I(B) of S as follows.

(1) I(B) = I(B) .
(2) #*%s) = 1(8B)) .

(3) If « is & limit ordinal, then I%(B) = U{I'(B); v < a} .
THEOREM .5, Let S be a set, let H < A(S) be given, let B be an
Hi-block of S , and let o be a nonzero ordinal.

(1) For every f €l , fI™B) =I1%s"B) .

(2) I™B) ie an H-block of S .
Proof. (1) 1In view of Theorem 2, it suffices to prove this when a
is a limit ordinal. We have f"I"(B) = U{f"T’(B); n < w} , and so

f"Iw(B) = U{In(f"B); n<uw}l= Im(f"B) . Now take a > w , and assume that
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1Y) = IY(#"B) for each y <a . Then

FI%B) = U{f1Y(B); v <a} = U[IV(fB); ¥ < a} = I*(s"B)
(2) Again it suffices to prove this when a is a limit ordinal, and
we assume that IY(B) is an H-block for each y < o . Take f € H and
suppose that Ia(B) n f'"Ia(B) #9 . Then for some f, Y < a we have

B nB) £ 6.

Put 6§ = max{B, Y} ; then & <a and I%B) n f'IS(B) # 8 , by part
(1). But by assumption, I‘S(B) is an H-block, and so I‘S(B) = f"I‘S(B)
Using part (1) again, we see that Ig(B) = f"Ig(B) for every £ with

§ <& <a, from vhich it follows that I%(B) = f'T%(B) . Thus I%(B) is
an H-block.

THEOREM 6. Let S be a set, let H = A(S) be given, and let B, C
be H-blocks of S such that BnC =@ . Let o be a nonzero ordinal,

and assume that I%(B) n I*C) # @ . Then I™(B) EIa(C) or
%c¢) ¢ 1B) .

Proof. Once more, in view of previous results, it suffices to
consider the case in which o 1is a nonzero limit ordinal.

Since I%(B) n I*(C) # @ , there must exist B, y < a such that
IB(B) n IY(C) # @ ; putting 8 = max{B, Y} < a , we see that

IG(B) n IG(C) # @ , whence it follows that IE(B) N IE(C) # §p for every &

with 6 £ & <o . By induction therefore, we may assume that for each such

£, either I5(B) < I%(C) or I%(C)  I%(B) .

Suppose that it is not the case that *(B) c I*(C) . Then for some
x € S , we must have x € Ia(B) - 1*(c) , whence x € IB(B) for some
p<a,but x € I'(C) forno t<a . Let 8 be the least ordinal p
for which x € IP(B) ; then for each ¢ with 06 < < a , it caunot be

the case that IC(B) c IC(C) , and so for each { with
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max{6, 8} = ¢ < a , we must have IC(C) S_IC(B)
Put o = max{6, 8} ; then the sequence (Iw(C))w<c is nondecreasing,

and so U{T¥(C); ¥ < o} < I9(B) . Thus we have I%(c) < I*(B)

LEMMA 5. Let S be a set, and let H = A(S) be given. For any
H-block B , there is an ordinal o > 0 such that %) = Ia+l(B) .

Proof. For any H-block B and any ordinals B, y with 0 < B <y,
we have I°(B) c IY(B) . Thus if o is any ordinal such that |a| = |S| ,
then we must have Ia(B) = Ia+1(B)

DEFINITION 3. Let S be a set, and let H =< A(S) be given. For

egch ordinal o define a set La of H-blocks of S as follows.

(1) Ly = {{z}; x € s}

- Q .
(2) For a >0, La = {I (B); B ¢ LO} .

The elements of La will be called the "o-lines" of S (with

respect to H ).
LEMMA 6. Let S be a set, and let H = A(S) be given. There is an
ordinal o such that L_ =1 .
a o+l

Proof. By Lemma 5, for each x € S there exists an ordinal B = Bx

such that IB({x}) = IB+1({x}) . Put aq-= sup{Bx; x €5} . Then

Ia({x}) = Ia+l({x}) for each x € S , and so Lu = La+l .

DEFINITION 4. Let S be a set, and let H < A(S) %be given. The
order ordH(S) (with respect to H ) of S is defined to be the least

ordinal o such that L =L .
a o+l

THEOREM 7. Let S be a set, let H = A(S) be given, and let o be
a fized ordinal. There exists a unique set K of pairwise disjoint
H~blocks of S having the following properties.

(1) s= U{B; B ¢ K} , where the ordering on K is that induced
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by the ordering on S .
(2) For each B € K , either

(i) BELa,andforany CGLa, C2B=C=B; or

(i) B = U{CB; B <Y} for some increasing sequence
(CB) B<y of a~lines, and there is no C € L, with
C>B.
Proof. Take any C ¢ L, . Either there exists a maximal c° ¢ L,
with C° DC , or else there is an increasing sequence (6‘8) B<y of

a-lines with C = CO and such that D2 U{CB; B <y} formno D¢ La' In

the first case we put C'# = (° , and in the second case we put
# . cer } )
o

c" = U{CB; B < Y} . We now define K by K = {C
We must show first of all that each B € K is an H-block. If B is
of the first type given above, then this is obvious. Therefore we assume

that B is of the second type, and put B = U{C,; B < Yy} for some

B;
increasing sequence (CB)B<Y of a~lines. Take f € H and suppose that

B n f'B # § . Then we have C(S n]""Ce # ¢ for some &, 6 <7y , and hence

CF,' n f”CE # @ for all & with max{§, 9} < £ <y . Therefore Cg = f"CE

for all such & , from which it follows very easily that B = f"B . Thus
B is an H-block.

Now take B, D € K , and suppose that B n D # § . We must show that
B=pD. 1If B, D are both of the first type, then we have

B = I%({x}) and D= I% {y}) for some =z, y €S , and so by Theorem 6 we
have either BC D or D<C B . However, B, D are both maximal, and so
B =D . Now suppose that B 1is of the first and D of the second type,

and put D=U{DB;B<Y}. Then BnDB#Q) for some B <Yy , and so

B n DG # @9 for every 6§ with B =6 <Y , whence either B SDG or

D(S C B for every such § . But there is no FE € La with £ D DB for all
B < ¥ , from which it follows that B < D . Since B is maximal, this

gives B =1D .
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Finally, suppose that B, D are both of the second type, and put
B = U{Bw; P < 9} with D as before. Then BT n Dd # P for some T <0

and some 6 < y , and so BT n DB # 9 for every B with § =B <y,
which tells us that either B CDg or Dg € B, for every such B . A&s
above we can show from this that BT € D , and in a similar manner we

obtain B, € D for every § with T =y < 6 . Thus we conclude that

v
BCS D . By symmetry, DS B . Hence B =1D.

o Therefore the elements of K are pairwise disjoint, and as for each

£ €S we have x € Ia({x}) E.Ia({x})# € K , it is clear that K satisfies

the conditions. It remains to prove uniqueness.

Suppose that XK' is another set of pairwise disjoint H-blocks of S
satisfying the two conditions. Take B € X , B' € XK' , and suppose that
BNnB' # p . Then exactly the same arguments as above show that either
BcB' or B'CB , whence meximality tells us that B = B' . Thus

K = K' and our theorem is proved.

DEFINITION 5. Let H be a group. H 1is called an "A-group" if

there exists an indexed set {Hx} of groups such that

reX

(1) H ~z X{Hx; x € X} 5

(2) For each x € X , either Hx = ZY for some set Y , or else

Hx < A(R) for some dense set R .
THEOREM 8. A growp H is an A-group if and only if H = A(S) for
gome set S .
Proof. We assume firstly that H =< A(S) for some set S , and show
by induction on ordH(S) that H is an A-group.
Now if ordH(S) = 0 , then we have f(a) = x for every x € S and

f€H. Thus H >~ 0 , and obviously 0 is an A-group.

Let o be a fixed positive ordinal. We make the following induction

assumption: that for every set R and every K = A(R) , if ordK(R) <a,

then K is an A-group. Now let S be a set, let H < A(S) be given,
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and assume that ordH(S) =qa.

With respect to a , let K Dbe the set of H-blocks of S whose

existence was proved in Theorem 7. Since a = ordH(S) , we have f'B =B

for every f € H and B ¢ La , whence it follows easily that f"B = B for

every [ €H and B € K. Thus we have H ~n X{HB;
each B € X , HB is the subgroup of H whose carrier HB

HB = {f € H; Yx € S-B(f(x) = aﬂ} . Since it is clear that the unrestricted

B € K} , where for

is defined by

direct product of a set of A-groups is again an A-group, it suffices to
show that each HB is an A-group.

Take B € K and suppose that B k La . Then B = U{CB; B < y} for
some increasing sequence (CB)B<Y of o-lines, and there is no D ¢ La
with D2>B . Thus Y 1is a limit ordinal. ©Now take f ¢ HB and
€, L <Y with & < ¢ . Then either CE = f‘"c(E or C«E n f"CE =@ , and we
conclude via Theorem 6 that either C, ggf“CC or €, N f"Cg =9 . It
follows that H, ~ x{H, 6 ; B <y} , where H is defined in the obvious

B G c C
8 B
manner.

We have therefore reduced the problem of showing H to be an A-group
to that of showing each H_, D ¢ La , to be an A-group. Thus we may

assume without loss of generality that S = I%({x}) for some zx €S ; for

typographical convenience we put D, = Iw({x}) for each ¥ < o .

v

Suppose firstly that o is a limit ordinal. Then we have
S = U{Dw; P < a} , and the same argument as above shows that

H ~n X{HD ; ¥ <a}l . In view of our induction assumption therefore, the

result in this case will follow once we have shown that ordK(Dw) <o,

where for convenience we are setting K = H

Dy,

Now ordK[Dw) is defined by means of an operator I° , and this

operator I° is in turn defined using the group K , whereas the operator
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I is defined in terms of the group H . But K is the restriction of the
group H to the H-block Dw . It follows that if B gDLp is a K-block,
then B is also an H-block, and I°(B) < I(B) . Therefore if & is any

) 5 = D, N Jaa

I°6(B) = I°6+l(B) . Hence I°w({y}) = I°w+l({y}) for any y € Dw , and so

ordinal such that D B) , then we also have

ordK(D sy<a.

4

Therefore our result is proved for the case in which a 1is a limit
ordinal.

We now assume that a =8 + 1 for some § , and put B = DG . Thus
s =1(B) , and H = HB x K where K is the factor group H/HB . In the
same way as above we can show that HB is an A-group, and so it suffices
to show that K is an A-group.

Suppose that B+ exists. Then we know that for each f € H we have

f'B = B(m) for some m € Z . Let f° € H be such that f°"B = B* , and
put g = f”HB € XK. Then g has infinite order and generates K ; thus

K ~ Z , and so K is an A-group.

Now assume that B does not exist. Then H(B) is dense, and
C € I(B) for every C € H(B) . It follows that we have an embedding
K 3 A(H(B)) , and so once more K is an A4-group.
We have therefore shown that if H = A(S) for some set S , then
is an A-group. We must now prove the converse.
Let {Hx}xGX be some indexed set of groups such that for each
! H

x € X , either Hx = " for some set Y , or else = A(R) for some

x
dense set R . Put H = x{Hx; x € X} ; clearly it suffices to show that
H = A(S) for some set S .

By "gathering terms", we may assume that there is exactly one x € X

Y
such that Hx = 1" for some set Y . Let k be the smallest ordinal for

which |k] = || , and let 5, be any set of order-type (w*+w)¢ . Then
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we have A(SOJ ~, 27 . Now let

~n be some well-ordered enumeration

(x'l-) T<n
of X such that Hx = ZY , and for each T with 0 < T <n , let WT be
0

a set of order-type T + 1 and let ST be a dense set such that

HxT ~; A(S) . Put §=5,00{s OW;0<t<n}. Then it is routine

to show that H ~n A(S) .
Our theorem is thus proved.

THEOREM 9. Let S be a scattered set. Then A(S) = ZY for some
set Y.

Proof. By examining the proof of Theorem 8, we see that A(S)
contains as a factor a group K = A(R) for some dense set R only if
A(B) 1is dense for some block B of S . But obviously there is an

embedding A(B) + S , and so S cannot be scattered.

Taking the contrapositive, we see that if S is scattered, then A(S)

contains no such group K as a factor, and thus by Theorem 8 we must have
A(S) = ZY for some set Y .

COROLLARY. If S <s a scattered set, then A(S) is an ordered
group.
Proof. By our theorem we know that A(S) is abelian. Cohn in [1]

has shown, however, that for any set S , A(S) is an ordered group if and

only if it is abelian.

Holland has shown in [3] that if H is a lattice-ordered group, then
H <= A(S) for some set S . Since every ordered group is lattice-ordered,
the same result holds for ordered groups, and hence from Theorem 8 we can

conclude that every ordered group is an A-group.

We follow current custom in calling a group "torsion-free' if every

nontrivial element of it has infinite order.
THEOREM 10. Every torsion-free abelian group is an A-group.

Proof. Llevi has shown in [4] that every torsion-free abelian group is
an ordered group. The result now follows from Holland's result and Theorem

8.
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THEOREM 11. Let F be a free group of rank greater than 1 . Then
F = A(S) for some dense set S .

Proof. Neumann has shown in [5] that every free group is an ordered
group. Hence by Holland's result and Theorem 8, F is an A-group. Let

F= X{Fx; 2z € X} be the "A-group representation" of F given by Theorem
8. We claim firstly that |X| =1 .

For suppose that |X| > 2 . Then there exist A-groups F., F. ,

0> 1
neither of which is the trivial group, such that F ~a FO X Fl ; for
convenience we assume that F = FO x Fl , and represent the elements of F

1" "

as ordered pairs. The identity element of Fi will be denoted by ei N
1=0, 1. Take fi € Fi—{ei} , ©=0,1, and consider the elements

(fb, el)’ (eo, fi) of F . We then have
(fys &) (egs 1) = (7s 1) = ey 7)) (55 ¢))
and since F is free, it follows that for some positive integer =n we

must have either (f , el)n = (eo, fi) or else (f . el) = (eo, fi)n .

Since this implies f} = e, for some 7 =0, 1 , we have a contradiction.

Therefore |X| =1 ; put X = {z} . 1r Fx = 7Y for some set ¥ s

then F would be abelian, contradicting the fact that F is free with

rank greater than 1 . Therefore we must have Fx < A(S) for some dense
set S .

This proves our theorem.
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