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Abstract

Given a pair of biorthogonal multiscaling functions, we present an algorithm for raising
their approximation orders to any desired level. Precisely, let d(x) and ®(x) be a pair
of biorthogonal multiscaling functions of multiplicity r, with approximation orders m
and m, respectively. Then for some integer s, we can construct a pair of new biorthogonal
multiscaling functions ®™¥(x) = [®7 (x), ¢,11 (xX), Pr42(x), . .., Bras(x))7 and D™¥(x) =
(D), @1 (X), Prya(x), ..., Gras ()T with approximation orders n (n > m) and 7
(1 > m), respectively. In addition, corresponding to ®™¥(x) and ®™¥(x), a biorthogonal
multiwavelet pair ¥™* (x) and W™ (x) is constructed explicitly. Finally, an example is
given.
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1. Introduction

A refinable function vector of multiplicity r is a vector ®(x) = [¢;(x), ..., ¢, (x)]",
which satisfies a matrix refinement equation

®(x) =2Pk®(2x—k). (L.1)
k

The sequence { P}z of coefficient matrices is called the two-scale matrix sequence
of ®(x). We assume that only finitely many P, are nonzero and that all ¢;(x) have
compact support.

We call ®(x) a multiscaling function with multiplicity r if it generates a mul-
tiresolution analysis (MRA) of L2(R). This means that there exists a sequence of
subspaces V;, j € Z, of L%(R) with the following properties:
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aQ$a ---cvpcvicvy---;

(2) closizgy(Ujez Vi) = L*(R);

3) Njez Vs = O}

@ feV,e f2x)e Vi, jeZ

(5) The family {¢,(x —k): 1 <€ <r, k € Z} forms a Riesz basis of V,.

In detail, property (5) means that there exist two constants 0 < A < B < 00 so that

AY NG <

JjezZ

D oCroix — )

jez

2
<BY |Gl
2

jeZ

for any sequence of coefficient vectors {C;} with ) _ jez IC;j I3 < 0o. The superscript
* denotes the transpose.

Corresponding to a multiscaling function ®(x), ¥(x) = [Y(x), ..., ¥,(x)]7 is
called a multiwavelet if {,(x — k) : 1 < ¢ < r;k € Z} forms Riesz bases of subspace
W so that V, = Vo @ Wy and {2"2y,(2"x — k) : 1 <€ <r;k,n € Z)} forms a Riesz

basis of L2(R).
V(x) = [¢(x), ..., ¥ (x)]7 satisfies the refinement equation
V() =) 0:®Qx —k) (1.2)
keZ

for some r x r matrices sequence {Q}iez.
By taking Fourier transforms on both sides of (1.1) and (1.2), respectively, we have

d(w) = P(e™HDw/2), P(2)= %Z P2, (13)
keZ

- . A 1

V() = Qe Hdw/), 0@ =3) 0,
keZ

where P(z) and Q(z) are called the two-scale matrix symbolis of ®(x) and W (x),
respectively.

The properties of multiscaling functions and multiwavelets are discussed in many
papers (see [3,4,6,15,17-19]). One of the properties of a multiscaling function
which has great practical interest is the approximation order (see [2, 8, 10-12]). One
known way to raise the approximation order is through the use of two-scale similarity
transforms (TSTs) (see [13,16]). In this paper, we will give a general scheme for
constructing a pair of biorthogonal multiscaling functions and multiwavelets with ar-
bitrary desired approximation orders from any given pair of biorthogonal multiscaling
functions $(x) and fl')(x). In addition, we also present an explicit formula for con-
structing a pair of biorthogonal multiwavelets ¥™* (x) and ¥™¥(x) associated with a
new biorthogonal multiscaling function pair ®"*(x) and &)"“”(x).
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2. Basic concept

Two multiscaling functions ®(x) and &)(x) form a biorthogonal pair if
(D), D(x — k) = Soslrnr, k€ Z, (2.1)

where § is the Kronecker delta, and /,,, denotes the identity matrix.

Corresponding to & (x) and & (x), two multiwavelets ¥ (x) = [y, (x), ..., ¥, ()"
and ¥(x) = [Jq x),..., 1/7, (x))" form a biorthogonal multiwavelet pair if they satisfy
the following equations:

(D(x), U(x — k) = (¥(x), P(x —k)) = O,,,

- 22)
(\I/(X), \Il(x - k)) = 80.k1rxrv k € Z,

where O, ., denotes the zero matrix.

Similarly, let P (z) and Q(z) be the two-scale matrix symbols of Ci>(x) and W (x),
respectively. In terms of the two-scale matrix symbols P(z), Q(2), I;(z) and Q(z),
the biorthogonality of conditions (2.1)—(2.2) implies (see [1,9, 19])

P(2)P(2)* + P(—2)P(—=2)" = Lxs,
P@)Q@)* + P(-2)Q(~2)* = Oy,
P(2)Q(2)* + P(-2)Q(=2)* = O,y,,
0(2)0@)" + (=) Q(=2)* = L,

23)

LEMMA 2.1. Let ®(x) and ®(x) be a pair of biorthogonal multiscaling functions,
and let V(x) and \IJ(x) be the correspondmg btorthogonal multiwavelet pair, with
two-scale matrix symbols P(z), P(2), Q(z) and Q(z) respectively. Suppose Q" (2),
k=1,...,risthe kth row of Q(2), and Q"(z), k=1,...,r isthe kth row on(z)
Then

P(2)0*(@)* + P(=2)0*(~2)* = Orx1, k=1,...,r,
P(2)Q*@)* + P(=2)Q(—2)* = O, k=1,....r, (24
0/ 0% () + @/ (-2) 0 (—2)* = 84, Jok=1,...,r

PROOF. In terms of the biorthogonality of &(x), &>(x), W(x) and lIl(x), we
can show that P(z), Q(z), P(z) and Q(z) satisfy (2.3). Substituting Q(z) =
[0Y2)*, ..., 0" (2)*) and Q(z) = [Q'(2)* ..., Q" (2)*] into (2.3), respectively,
we obtain (2.4). O
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A multiscaling function ®(x) has approximation order m > 1 if m is the largest
m—1

integer for which there is a set of row vectors {a‘}; ' C R'", with a’ # O,,, that
satisfy, for £ =0,1,...,m — 1,

¢
1 /¢ 1
Z x -k Z Nkp. Lot
k=0(_l) 2% <k)a 2y Py = 2

Jj€Z

[4
Z(-l)"zl—k(i)a‘-k D Qi+ 1Py = %a‘. 2.5)
k=0 jeZ
See {8, 10, 11] for details. As is well known, if a multiscaling function ®(x) has
approximation order m, this implies that the multiwavelet ¥ (x) has m vanishing
moments, that is, fxflifk(x)dx =0,forj=0,1,....m—=1;k=1,...,r.
By repeated application of (1.3), we have

d(w) = (l—[ P(e—iw/Zi)) &(0).
j=1

Accordingto([3, 5], the infinite matrix product ( []52, P (e=*/?’)) converges uniformly
on compact sets to a continuous matrix-valued function if and only if P(1) has
eigenvalues A, = -+ = A, = 1 and [Ag], ..., |A,| < 1, with the eigenvalue 1
nondegenerate for k > 1.

A two-scale matrix symbol P(z) satisfies Condition E, if P(1) has a simple eigen-
value of 1, with all other eigenvalues less than 1 in modulus. Condition E is automat-
ically satisfied if the two-scale matrix symbol P(z) generates an MRA of L?(R) with
compactly supported basis functions.

In order to obtain the conditions that the matrix refinement equation has an L2-stable
solution, we introduce the transition operator Jp:

TeA(Z?) = P()AQ@P )" + P(—2)A(=2) P(—2)",

where A(z) is an r x r matrix with trigonometric polynomial entries. See [15] for
details. It was shown in [15] that the matrix refinement equation has an L2-stable
solution if and only if the corresponding transition operator J» satisfies Condition E,
and its eigenmatrix corresponding to the eigenvalue 1 is positive definite for all w € R.

3. Biorthogonal multiscaling functions

In this section, we will introduce a procedure for constructing a pair of biorthog-
onal multiscaling functions with multiplicity r + s starting with any given pair of
biorthogonal multiscaling functions with multiplicity .
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Let H(z) = [h; ;(z)] be the s x r matrix of Laurent polynomials with H(z) =
H(-z)and H(2)H(z)* = CI (0 < C < 1, |z] = 1). Construct two s X r matrices
A(2) and A(z) as follows:

A@R) = H(Z)Q(), 3.1
A@) = H(2) Q). (32)

LEMMA 3.1. In the setting of Lemma 2.1, suppose that A(z) and f{(z) aretwos xr
matrices defined in (3.1) and (3.2), respectively. Then

A@AR) + A(—2)A(=2)* = Cly,, (3.3)
P(2)A@)" + P(—2)A(=2)* = Oy, (34)
P(2)AQ®)" + P(—2)A(—2)" = Opxs, (3.5)
A@QQE* + A(-2)0(-2)" = H(2), (3.6)
A@)Q@)' + A(-2)Q(-2)* = H(2). (3.7

PROOF. Suppose that Equations (2.3) hold and that H(z) satisfies the conditions
above. Then we have

A@AQR) + A(=DA(-2)*
= H@Q@) Q@) H@* + H(-2)Q(-2) 0(—=2)*H(-2)*
= HD[Q@) 0" + Q(-1)Q(-2)'1H(-2)* = HRH(=2)" = Cl,xs.

This implies that (3.3) holds. Similarly, applying Lemma 2.1, (3.4)—(3.7) can also be
proven. O

THEOREM 3.2. Under the condition of Lemma 3.1, suppose that B(z) and B(z) are
two s X s matrices, and satisfy B(z)B(z)" + B(— z)B( 2)* = (1 = C)l,y,, where
0 < C < 1. Define

e, _ [P@ O snewn | P2 O
P (Z)_[A(z) B(z)]’ d (Z)—[A"(z) B(z)]' G8)

Then Pncw(z)ﬁnCW(Z)t + Pncw(_z)fch(_z)t — I(r+.\')x(r+s)-
PROOF. By Lemmas 2.1 and 3.1, we have

PnCW(Z)ﬁnCW(Z)t + PneW(_Z)ISneW(_Z)t
_[P(z) 0 ][ﬁ(zr 5(2)']
T LA®@ B 0 B@*
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+ [P(—z) 0 ] [13(—2)‘ A:(—z)‘]
A(-z2) B(-»)|| 0  B(-2r
P@P@) + P(-2)P(=2)*  P()AQ)" + P(-DA(-2)*
= | A@P@* +A-)P(-2) A@AD + A-DA(-D)
+B(2)B(2)* + B(—z) B(—2)*

1’)(’ 0’- xS
- Osxr I.wxs = l('+-’)x(r+.r)-
This completes the proof of Theorem 3.2. O

REMARK 1. There exist a lot of B(z), I§(z) satisfying the condition
B(2)B(2)* + B(—2)B(—2)* = (1 — C)I,y,.
Additionally, we can choose B(z) = B(z).

THEOREM 3.3. Suppose that all eigenvalues of the matrices B(1) and B(1) are less
than 1 in modulus. If both P(z) and P(2) satisfy Condition E, then both P™"(z) and
P™¥(z) satisfy Condition E.

PROOF. Since P™¥(1) = [ 4(D ;2 ], then
IA'I(r+.s')x(r+.f) - Pncw(])l = IA-Irxr - P(l)“)"l.\'xs - B(l)l

Obviously, all the eigenvalues of the matrices P (1) and B(1) must be the eigenvalues of
the matrix P"¥(1). This means that matrix P"*(1) has a simple eigenvalue of 1, with
all other eigenvalues less than 1 in modulus. That is, P"¥(z) satisfies Condition E.
Similarly, we can prove that P™*(z) also satisfies Condition E. This completes the
proof of Theorem 3.3. O

It was shown in [7, 14] that the representation matrix of the transition operator
Tpew 18 Tprew = [28;_;);.j, Where & is the (r + 5)* x (r + 5)? matrix defined by
o = Zk P,:‘f‘}’@ P,

According to the above discussion and [15], we have the following construction
theorem.

THEOREM 3.4. Let the conditions of Lemma 3.1 and Theorems 3.2 and 3.3 be
satisfied. Further, let the transition operator Jpw satisfy Condition E, and let its
eigenmatrix corresponding to the eigenvalue 1 be positive definite for all w € R.
Then there are ¢, 1(x), ..., P4 (x) and d~>,+.(x), ceey J),H(x) such that ®™¥(x) =
[D7(x), Bra1(X), -+, Bras (] and ™ (x) =[BT, §i1(x), ..., B4 (V)] area
pair of biorthogonal multiscaling functions with multiplicity r + s. Their two-scale
matrix symbols P™¥(z) and P () are given by (3.8).
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4. Explicit formula for constructing biorthogonal multiwavelets

In the above section, we have given a method for constructing a pair of biorthog-
onal multiscaling functions. In this section, we will discuss the construction of the
corresponding biorthogonal multiwavelet pair.

For simplicity, in this section, we suppose that matrices B(z) and B(z) of Theo-
rem 3.2 satisfy the following conditions:

(A1) B(2) = B(2);

(A2) B()B(2)*+ B(—z2)B(—2)*=(1 — C)l;x;, where0 < C < 1;

(A3) B(2)B(—2) = B(—2)B(2).

Clearly, if B(z) is an r x r diagonal matrix, then condition (A3) must hold.

Construct the matrices Q™" (z) and Q"‘W(z), respectively, by

new, « _ | X(@)Q(2) Y(z2)B(z)
Q (Z) - [: 0 (1 _ C)—l/szB(_Z)*:l 3 (4 l)
5" (z) = X0 Y(2)B(2) '
- 0 (1-0O)""?*B(=2)*]’

where X (z) and X (z) are two r x r matrices, Y (z) and ?(z) are two r X s matrices,
and k is an odd number.

Next we will give an explicit formula for constructing a biorthogonal multiwavelet
pair corresponding to ®"¥(x) and &"*(x).

THEOREM 4.1. Under the conditions of Theorem 3.4, if matrices X (2), X @, Y@
and Y (2) satisfy the following conditions:

H@OX @)+ (1 - CO)Y(@)* = Opxrs
H@X @)+ (1 - C)Y(2)* = Oprs 4.2)
XX+ 1 -0OY@DY @) = I,

then a biorthogonal multiwavelet pair V™" (x) and new (x) corresponding to ®"*(x)
and ®"¥ (x) is given, in terms of Fourier transforms, by

\i,nCW(w) = QneW(e-iw/Z)&ncW(w/z)’ \i\'}ncW(w) = anW(e—iw/Z)q:)neW(w/z)'

PROOF. According to our wavelet construction theorem, we only need prove that
P™¥(z), P™¥(z), Q"¥(z) and Q™" (z) satisfy the following equations:

P™ () P™(2)* + P™* (=) P"*(=2)" = lysyxtrsnrs (43)
Pnch(Z)anW(z)t + Pncw(_z)anw(_Z)‘ — 0(r+s)x(r+.\:)v (44)
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};neW(Z)QneW(Z)t + P’neW(_Z)QneW(_Z)* — 0(r+s)x(r+:)v (45)
0™ (0™ () + 0" (~2) 0" (—2)" = Ipsxirto- (4.6)

By Theorem 3.2, (4.3) holds. Next, we only need to prove that (4.4), (4.5) and (4.6)
hold. In fact

PneW(Z)QHCW(Z)t
_[P(z) 0 ][Q(z)‘):((z)* 0 ]
T 1A@@ B@|| B@)Y@* (1-C)""zB(-2)
=[ _ P@O@X@ 0 ]
AR Q@) X()* + B(2)B(2)*Y(z)* (1 -C)"VZ*B(z)B(—2)]’

By (2.3), we have P(z) 0(2)* + P(—2)@(—2)* = O,,. Hence
[P(2)0@)" + P(-2)0(=2)"1X(2)* = O,.,.

Using Lemma 3.1 and the condition B(z)B(z)* + B(—2)B(—2)* = (1 — C)I,,, we
obtain
[A(2)0(2)* + A(—2) Q(—2)*1X (2)* + [B(2) B(z)* + B(—2) B(=2)*1¥ (2)*
=H@DX@)' + 1 =07 (@) = O,

Therefore (4.4) holds. Similarly, we can prove that (4.5) holds. Finally, we prove
(4.6) holds. Since

QneW(Z) QnCW(Z)t
_ [X(Z)Q(z) Y(2)B(2) ] [Q(z)*{?(z)‘ 0 ]
= 0 (1 - C)""2z*B(=2)*| [ B(z)*Y(2)* (1 —C)""2z*B(-2)
X(Z)Q(Z)Q(z)‘f((zz* (1 = C)™'2z*Y(2) B(z) B(~2)
+Y(z)B(z)B(z)‘Y(z)_* ,
(1 -C)"V2zkB(-2)*B(2)*'Y(2)* (1 - C)'*z*B(—2)*B(-2z)

by (4.2), we have

anW(Z) Qne\V(Z)t + anW(_Z)anW(_Z)t

_ [X(z)f((zr +(1-0OY@Y @) 0 ]
B o (1-0)""[B(2)*B(z) + B(=2)*B(-2)]
— lrxr 0
I R A

This completes the proof of Theorem 4.1. O
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5. Approximation orders

In this section, we discuss the approximation orders of a pair of new biorthogonal
multiscaling functions constructed in Section 3.

Letforu=1,...,sandn, € Z,
by = b0 = = (12) @, may=1 (5.1)
u(Z _jez j _2’"_1 2 u L u - % .

where h,(z) are Laurent polynomials.
By b,(z) defined in (5.1), construct an s x s diagonal matrix B(z) by

B(z) = diag[b,(2), ..., bs(2)). (52
Then we have the following lemma.

LEMMA 5.1. Let b,(z) defined in (5.1) be symbols of sequences {bf}. Then

2"y by =2") bya=1, u=1,..s,

JjeZ jeZ
S @iyey =Y @i+ b, k=1,...n, -1
JjeZ jez
Further, suppose that B(z) = ZjeZ B,-zf, and L = min{n,, ..., n,}. Then

S @By = 2+ ) Byjur, k=1,...,L.

JjezZ JjeZ

LEMMA 5.2. Ifallb,(2),u = 1,...,s, satisfy |b,(2)|* + |b,(—2)|* = 2= @D, then

22m—2 -1
B()B(@)* + B(—2)B(=2)" = [1 _ —] L. (53)

22m—2

THEOREM 5.3. In the setting of Theorem 3.4, suppose that ®(x) and &D(x) have
approximation orders m and m, respectively. If the following conditions hold:
(C1) B(z) given by (5.2) satisfies (5.3),
(C2) A(z), A(2) defined in (3.1) and (3.2) satisfy

2m—2_1

ADAQ)" + ACDAGD" = -,

https://doi.org/10.1017/51446181100010105 Published online by Cambridge University Press


https://doi.org/10.1017/S1446181100010105

522 Yang Shouzhi [10]

then P™*(z) and P™*(z) given by (3.8) can generate a pair of new biorthogonal
multiscaling functions ®™¥(x) = [®T(x), drs1(x), ..., Drps(x)]” and CB““”(x) =
[P()7, d~>,+[ x),..., (5,“ (x))?, which have approximation ordersm + L and m + L,
respectively.

PROOF. By Theorem 3.4, P™¥(z) and P"‘W(z) can generate a new biorthogonal
multiscaling function pair ®"*(x) and ®™*(x). Next, we will prove that this new
biorthogonal multiscaling function pair have approximation orders of m + L and
m + L, respectively.

Since the approximation order of ®(x) ism, therearea® € R", £ =0,1,...,m—1,
with a® # O,,,, such that, by (2.4) and (2.5),

-1 1 ¢
(Z Paj — 2( ) =- Z(—l)“p@a" D @HTPy,

jeZ jezZ
(Z Pyjy1 — 2[ ) = Z( = k( )akZ(zj+ D Py
jez jez
Next, we will prove the approximation order of ®""(x) is m + L. That is, we will
find a set of row vectors wf € R™*, £ =0,1,...,m+ L — 1, with W° # O}, (4
such that
om Poj O, s 1
wt([Z/eZ 2j rxs ]__Ir.s'xrs)
Z;ez AZI Zjez BZ/‘ 2t (e
_ Z ch ( ) ' [Zjez&j)‘-*l’zj O,xs ] (5.4)
o Y22z Y (20) By, ) '

w ([Zjel Poja Orxs ] — —1—1( +5)x(r+ ))
Z,’ez Azj Zjez By e irsIxrTs

Z ( 1)‘ k( ) k [2162(21 + l)t_kPZj-H Orx.r ]
Zjez(zj + l)l_kAz.H'l Zjez(zj + l)l_kBZJ'H ’

k=0
(5.5)
It is clear that w¢ = [a%0,...,0] € R**, £ = 0,1,...,m — 1, as the first m
vectors satisfy (5.4) and (5.5). Hence we choose w¢ = [a%,0,...,0] € R,
=01, — 1, to be the first m vectors in (5.4) and (5.5). The remaining L
row vectors are denoted by wmtt = [a™*t ¢} ek €=0,1,..., L—1.

Obviously, w™ must satisfy Zj=, Ici| # 0. In fact, if all ¢/ = 0, then w" =
{a™, 0, ..., 0]. This means that the approximation orderof ®(x)ism-+1. If we use the
notation w® = [af, ¢}, c?,...,c}], thenc) =0forj=1,...,5£=0,1,...,m—1.
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Hence (5.4) is equivalent to

(Z Py — 2( ) +lch .. 1Y Ay

j€Z je2
= (=D re k -\ E—k 1 5 -k
= —277(,() at D @) Py ek 6] 2 Ay |, (56)
k=0 jez jez
[C[lv .. Cg] [Z BZ] 2[ sxs}
jezZ
-1 ( l)l —k
T ( )[c,:,...,c;]Z(zj)""Bz,-. (5.7)
k= jez

Since c{ =0forj=1,...,5,£=0,1,...,m — 1, then (5.7) implies the following
two identities:

C ] [Z BZ/ . sx:} = Osx.\'y (58)

je€Z
[c,l,,+[v B} m+€] [Z BZ] 2m+l sxs]
jez
-1
(=D m+e i e
25 —k e k m+k’ MR cm+k] Z(zj)l kBZjv (59)
k=0 jez
for{=1,...,L —1.
By Lemma 5.1, Zjez B,; = 27™I,,. Hence
2t 1
Z BZ] 2m+l Iy = WISXS'
jezZ
Therefore,for{ =1,..., L — 1,
[Cmaer -+ s Conped
m & m+ ¢ ) e
=5 Z( )¢ kz"(e )[cm+k,...,c‘,,,+k]2(2j)‘ “By;.  (5.10)
k= jez

Similarly, applying (5.5), we have

C ] [Z BZ/-H sxs] = Osx.n

JjeZ
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[Crln+t’ cees Ol [Z By — —7 SX-{'

jezZ

(=1)*(m+e , e
Tl WY [CAVERSRTAN ) TR by s

jez

-1

k=0
for£ =1,...,L — 1. Hence we have

m

[C”l+l""’cl,‘;1+(] = Z( 1)8 k2k<m+e)

X Cppir -1 Conge) D27 + 1) Bajus, (5.11)

JjeZ
foré =1,...,L — 1. By (5.10) or (5.11), taking any [c,'", oo el # Oy, we can
obtain [¢) ., ..., 5,0, € =1,..., L —1. And then applying (5.6), we can obtain

a™*t. This means that the remaining L - 1 row vectors W™t = [a"t ¢l oo L),

£=1,...,L —1 are obtained. Thereby, we prove that ®"*(x) has approximation
order m + L. Similarly, we also prove that the approximation order of ®™*(x) is
m + L. This completes the proof of Theorem 5.3. O

REMARK 2. Lemma 5.1 can guarantee that vectors [c} ., ..., ¢c5.J. £ =1,...,
L — 1, obtained by (5.10) and (5.11) are the same.

6. Example

Caseof r =s =1 Let¢,(x)and éi(x)bea pair of biorthogonal scaling functions,
and let ¥,(x) and 1/-11 (x) be the corresponding biorthogonal wavelet pair. Their
corresponding two-scale symbols are

1 2 1 - 2
P(z)=[%] (—%z“2+2z"—§), P(z)—‘-[lzﬂ] 7,

1, 1 1 1 1 3 1 1
=— S d =—=—- ———=z"\
Q(2) rk +2z 2 an 0(2) 8Z 42 +4Z Z 8

It is easy to verify that both the approximation orders of ¢ (x) and ¢ (x) are 2. That is,

m =m = 2. Take 7
2m-2 | 3
HO=y—p= =7

Then by (3.1) and (3.2), A(z) = (v/3/2)0(z) and A(z) = (v/3/2)O(z). Take

1+z] (1++v3)+01 -3z
2 2

B(z) = —[
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It is easy to verify that
AAQR)" + A(-)A(-2)* =3/4, B@)B()' + B(-2)B(-2)* =1-3/4.

By (3.8), we construct

. [2] (124207 = ) 0
P (Z)=|: 2§( Iy +22_i)2 %[%] (|+J'>+<| S | (6.1)
-~ u]z Z_l 0
P () = [5 . (62
[—?c—azs e R ——-ff] !

From [6, 14], the transition operation Zp= associated with P™¥(z) is a 44 x 44
matrix. By calculation, the transition operation Jp« satisfies condition E. Hence,
applying Theorem 3.4, we obtain a pair of new biorthogonal multiscaling functions
O™ (x) = [¢1(x), p2(x)]” and P™¥(x) = [¢)(x), P2 (x)]7, with two-scale matrix
symbols P™¥(z) and P (2) given by (6.1) and (6.2), respectively.

Let X(z2) = X(2)* = 1/2and Y(2) = Y(2)* = —J/3. ltis easy to verify that
X(2), X(2)*, Y(z) and Y(z)" satisfy (4.2). Thus, by (4.1), and taking k = 3, we
can construct two matrices Q" (z) and Q““"(z) Hence, applying Theorem 4.1,
the corresponding biorthogonal multiwavelet pair ¥™¥(x) = [¥;(x), ¥2(x)}” and
Ure¥(x) = [Y;(x), ¥2(x)]” can be constructed by the two scale matrix symbols
Q"™*(z) and 0"*(2).

Further, by Theorem 5.3, both approximation orders of the new biorthogonal mul-
tiscaling functions ®™*(x) and &"¥(x) are 4. That is, we raise the approximation
orders of ¢, (x) and (f),(x) from 2 to 4.

Similar to the case of r = s = 1, some examples can also be constructed for the
settings r > 1 and s > 1.
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