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Abstract

A joint spectral theorem for an n-tuple of doubly commuting unbounded normal operators in a
Hilbert space is proved by using the techniques of GB*-algebras.

1980 Mathematics subject classification (Amer. Math. Soc.): primary 47 A 10, 47 B 15; secondary 46 L
99.

Introduction

The definition of a joint spectrum for an n-tuple of bounded operators on a
Hilbert space H has been given by Harte and others [7, 12]. We generalize this to
define the joint spectrum of an n-tuple of unbounded operators in H. By using the
techniques of GB*-algebras (a class if involutive algebras studied by Allan [1] and
Dixon [4]), we prove the spectral theorem for an n-tuple of unbounded normal
operators (Theorem 2.2). The analogous result for bounded operators is straight-
forward and has been recently noted by Hastings [8].

1. Preliminaries

Throughout the paper H denotes a complex Hilbert space and %(H), the
algebra of all bounded linear operators on H.
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(a) Joint spectrum.

1.1. DEFINITIONS. Let T,..., T, be closed linear operators in H defined on the
same dense domain ). Suppose that T},..., T also have the same dense domain
o,

(1) The joint left spectrum Sp/(T) of T =(T,,...,T,) is the set of all
(A,...,A,) € C" such that for no n-tuple (B,,.... B,) of operators in B(H),

"_1B(T, — \;) C I holds.

(2) The joint right spectrum Sp(7T) of T = (T),...,T,) is the set (Sp,(T™*))*
where 7* = (T¥,...,T*) and for K C C", K* = {(A,,...,A,): (A,,...,A,) EK}.

(3) The joint spectrum Sp(7") is the set Sp,(T) U Sp(T).

REMARK. It is easily seen that our definition of the joint spectrum agrees with
the usual definition of the spectrum of a closed unbounded operator [10, page

346].

In the remaining part of this section, we assume that T,..., T, are closed linear
operators in H defined on the same dense domain °D such that their adjoints
T},...,TF also have the same dense domain *.

1.2. PROPOSITION. Let T = (T,...,T,). Then (A,....\,) € SpAT) if, and only
if, there is a sequence {x,} of unit vectors in D such thar (T, — X\,)x, — O as k - o
foreachi=1,2,... n.

PROOF. Suppose (A,...,A,) € C" If there is no sequence {x,} of unit vectors
in %D such that (T, — A,)x, —» 0/ = 1,2,...,n, then the operator §: D - 3", ® H,
(H,= H) defined by 8(x) =T, — A})x,....(T, — A,)x) is bounded below.
Hence there exists a bounded operator B: 27_, ® H, —» H such that 88(x) = x
for all x €. For i=1,2,...,n, define a operator B, on H by B(x) =
B(0,...,0, x,0,...,0) where x is in the ith place on the right hand side. Then B,’s
are bounded operators and

Y B(T,—A,)x =x forallx € 9D.

i=1

Thus 27_ \B(T, — A,) CTandso(A,,...,A,) & Sp/(T).
The proof of the converse is easy.

1.3. COROLLARY. (A,...,A, ) € Sp(T) if, and only if, there is a sequence {x}
of unit vectors in D* such that (T* — A;)x, > 0ask — % fori=1,...,n.
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1.4. CoroLLARY. If T,...,T, are normal, then Sp(T) = Sp.(T) and hence
Sp(T') = Sp(T).

Since (T, — A,))*xli = I(T; — A,)x|l for x €D and i = 1,...,n, the proof of
the corollary follows from Proposition 1.2 and Corollary 1.3.

(b) GB*-algebras.

A Generalized B*-algebra (GB*-algebra) [1, 4] is essentially a symmetric topo-
logical *-algebra A which admits a largest bounded *-semigroup (with respect to
multiplication) B, called its unit ball which is also closed and absolutely convex
so that the *-subalgebra A(B,) of 4 which B, generates algebraically is a Banach
algebra with Minkowski functional of B, in A(B;) as the norm. A(B,) is, in fact, a
B*-algebra. We shall need the following theorem regarding a GB*-algebra.

1.5. THEOREM [2]. Let A be a GB*-algebra with unit ball B,. Then A(B,) is
sequentially dense in A.

In the sequel, we shall need to deal with two important GB*-algebra—the
algebra of measurable functions and the algebra of measurable operators. We
discuss below these two algebras.

1.6. EXAMPLE. Let ( X, Z, 1) be a measure space with finite subset property. Let
m(X) be the *-algebra consisting of all complex-valued measurable functions
(modulo equality a.e.) on X. For each e > 0, F € E, u(F) < oo, consider the set
V(F, &) = {f€m(X): p({x € F: |f(x)|>€}) <e&}. Let ¢, be the topology on
m(X) for which V= {V(F,e): FEZ, p(F) < o0, € >0} is a zero neighbour-
hood base. Then (m(X), t,) is a complete GB*-algebra with underlying B*-alge-
bra A(B,) = L*( X, Z, p) (see [5)).

1.7. ExaMPLE. Let A be a von Neumann algebra acting on a Hilbert space H.
Yeadon [13] has discussed the set m,(A) of locally measurable operators in H
defined with respect to A. Dixon [5] has proved that m,(A4) is a complete
GB*-algebra with bounded part A(B,) = A4, with respect to a topology ¢,, called
the topology of convergence locally in measure (see also [13]) which is defined as
follows: Let Z be the centre of A. Then Z is * isomorphic to L*( X, Z, p) for
some measure space ( X, 2, u). Let d be the Segal’s dimension function [11] from
the projections in 4 to nonnegative extended real valued measurable functions on
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X. Foreache > 0and F € Z, u( F) < oo, consider the set
U(F,e) = {T € m/(A): for some projection P € 4,

ITP|| <eand p({x € F: d(1 — P)(x) >¢}) <e¢}.
Then ¢, is a topology on m,(A4) for which U = {U(F,¢): F € Z, u(F) < =,

¢ > 0} is a zero neighbourhood base.

1.8. DEFINITION. For u,,...,u, € m(X), the joint essential range &(u) of
u = (uy,...,u,)is defined by

&(u) = {(A,,...,An)ec":

©

{xEX: é lu,(x) — A< e}) >0 foreverye>0},

i=1
and the joint spectrum Sp, =y, (#) of u is defined by

Sp;~(u) = {()\l,...,)\,,) € C": for no n-tuple (v,,...,v,)

of elementsin L*( X ), > v,( j’_ )\,) = la.e.}.

i=1

1.9. PROPOSITION. Let n=1 be a positive integer. Then for u,,...,u, €
m(X),Sp,=(u) = &(u) where u = (u,,...,u,).

ProOOF. First we prove the result for » = 1. Let u € m(X). Suppose that
A & Sp,~(u). Then there is v € L¥( X) such that (v — A)v = 1 a.e. Then p({x €
X: Ju(x) = A|<1/Qllvll,)}) = 0. Hence A & &(u). Conversely, if A & &(u)
then there is an ¢ > 0 such that the set § = {x € X: | u(x) — A|< ¢} has measure
zero. Define v on X by

o(x) = {1/(u(x) -A) 1:fx€ X\ S,
0 ifxes.
Then v € L*(X) and v(u —A) = 1 a.e. Hence A & Sp, =« y(u).

Next for an arbitrary n, suppose that (A,,....A,) & Sp(u). Then there are
U,....v, € L*(X) such that 3/_ v(u, —A;) =1 ae. Let M = max{{|V,ll: i =
1....,n}. Then u(F, ,5,,) = 0 where fore >0, F, = {x € X: Z/_ | |u,(x) — A, |<
e}. For if p(F, 5 4) > 0, then for some x € Fiom

n

2 o(x)(u(x) =A,)

i=1

“ 1
<M2 ‘ul('Y)*Al|<_2_'

=1

1 =
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which is a contradiction. This shows that (A,,...,A,) & &(u). Conversely, sup-
pose that (A,...,A,) € &(u). Then for some & >0, u(F,)=0. If now
(Ap,.-.,A,) € Sp(u) then for any vy,...,v, in L®(X), Z7_v,(u;, — A;) is not
invertibie in L*( X') and hence

UL Sp[.”(X)( 2 oy, — Ai))'

i=1
But then by the result proved above for n = 1, 0 € &(Z7_ v,(u; — A;)) for every
vy,---,0, € L*(X). Hence for each >0 and for each v = (v,,...,v,) €
(L*(X))", p(E,(v)) > 0, where

E(v)= {xEX: Au;, = A)(x) <n}.
i=1
Take
(“i">‘i) d e
=t apn =—".
Yol = AP K n* + ¢

Then E,(v) C F, so that p( E,(v)) = 0, which is a contradiction. It follows that
(A, A & Sp(u) and the proof is complete.

2. Main theorems
In this section, we prove two main results of the paper.

TT, =TT, for i, j = 1,....n) normal operators in H with the same domain op.
Then the bounded bicommutant A of {T,...,T,} is a commutative von Neumann
algebra such that m,/(A) contains T),..., T,

nt

2.1. THEOREM. Let T,....T, be doubly commuting (that is TT* = T*T, and

PRrOOF. Since each 7, is closed, (1 + T*T,)! exists and is a bounded operator
with [|(1 + T*T,)"'|l < 1. Let E' be the resolution of identity on Borel subsets of
[0,1] for the operator (1 + T*T,)"". Let w, = {0}, w, = (1/(k + 1), 1/k] for
k=1,2,.... Then {w,} is a sequence of disjoint Borel subsets of [0, 1] with union
[0,1]. Then T,, = T,E‘(w,) is bounded and normal for each i = 1,...,n and
k=0,1,2,.... Hence using ([3], Theorem 15.12.8 page 389), x € D (= (T,),
domain of T ) if, and only if. £F 1T, x1I? < o0, and for such x, 32_,T,, x = T,x
and 27_(Tix = T*xfori=1,...,n.

Now let S € {7T,....,T,}. the bounded commutant of T),...,T, (thatis S €
*8( H) and ST, C TS for each /). By the Fuglede theorem [6], it is easy to see that
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(1 + T*T,)"'S = S(1 + T*T,)™". Therefore, E'(w,)S = SE(w,); and so ST, x =
T,5x (x€H, i=12,...,n; k=0,1,...). Hence S&€({T;: i=1,...,n k=
0,1,2,...}. Conversely, let S € {T;;: i=1,...,n; k= 0,1,2,...}. Then ST, =
T, Sfori=1,...,nand k =0,1,2.... Let x € 9. Then Sx € 9, for

2 T, Sx\* = 2 ST, xlI2 < IS|I2 E T, x11% < o0
k=0 k=0 k=0

fori = 1,...,n. Also,

k=0

fori=1,...,n.Hence S € {T\,...,T,}Y. Thus {T\,....T,} = (T,:i=1,....,m k
=0,1,2,. }

Next we show that the set {T,: i =1,...,n; k = 0,1,2,...} is a commuting set.

For 1l <i, j<n, we have TT*T TTT* = TTT* = TT*T, = T*T.T,. Hence
T(l + T*T) = (1 + T*T)T Thercfore (1 + T*T)) T+ T*T) = (1 +
T*T)"'(1 + T*T)T, C T;; and so (1 + T*T)'T, C T(1 + 7:.*T,.)“. By Fuglede’s
theorem, (1 + T,.*T,.)‘IT;* C T + T*T)™ also. After a little computation, we
get (1 + T*T)"(1 + T*T)" C (1 + T*T)'(1 + TFT)"". Since (1 + T*T,)"' and
(1 + T*T)" are bounded, (1 + T#T,)"\(1 + T*T)" = (1 + T*T)"(1 + T*T)"",
It follows that EX(w,)E/(w,) = EX(w)E'(w ) for1<i j<nandk,1=0,1,2,....
Since for 1 <i, j<n (1 + T*T)™'T; C T(1 + T*T,)"", we have for x € H, and
k,1=0,1,2,...

(1+ T*T) Tyx = (1+ TrT,) TE’(w,)x
= T,(1 + T*T,) ' E/(w)x
= LE/(w)(1 + T*T,) 'x
= Ty(1 + T*T)) '
which implies that E‘(w, ) commutes with T}, Hence for x € H,

TuTyx = TE(w)T,x = TT,E*(w,)x
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Therefore, T,,T,= T,T,;, and the set {T;: i=1,....n; k=0,1,2,...} is a
commuting set of bounded normal operators. Hence

A=(T,,... ) ={T:i=1,....nk=0,12,..}"

is a commutative von Neumann algebra. Now let Q,, = Zf.:OE"(wj). Then Q,, is
a projection in A and A, 71 as k » oo. Also, T,Q,, = T,ZX_(E(w;)) = Z5_T, .
Hence T,Q,, € A and so T,Q,, is measurable for i = 1,2,...,N; k=0, 1,2,....
Therefore by [13, Theorem 2.1), T,...,T, € m,(A).

REMARK. If 4 is as above and B is a von Neumann algebra containing A, then
it is clear that each T, € m,(B).

2.2. THEOREM (Spectral Theorem). Let T = (T,,...,T,) be an n-tuple of doubly
commuting normal operators with the same domain ). Then there is a resolution of
identity on Borel subsets of joint spectrum Sp(T) of T such that for each Borel
function f on Sp(T'), there is an operator f(T ) with

A(T) :fsp(r)f(”dE(”'

PROOF. Let 4 be the maximal abelian self-adjoint algebra containing the
bounded bicommutant of {T},...,T,}. Then by the remark following Theorem
2.1, A is a von Neumann algebra such that m,(A4) contains 7),...,T,. Since A4 is
maximal abelian, there exists a measure space (X, Z, u) such that H can be
identified with L*( X) and L®( X, £, p) is W*-isomorphic to 4.

Let @ be the W*-isomorphism of L*( X, 2, p) onto A. We show that ® extends
uniquely to a toplogical *-isomorphism of m(X) onto m,A). For this, since
L*(X) and A are sequentially dense in m(X) and m,(A4) respectively, it is
sufficient to prove that the induced topologies on L*( X) from m(X) and on 4
from m ( A) are identical via ®. We prove this below.

Let {f,} be a sequence in L*( X) converging to zero in the induced topology.
Let FEZ, p(F) < oc and let € > 0. Take & such that 0 <& <e. Since f, — 0
there exists an integer k, such that f, € V(F,¢') for all k> k,. Hence if
R, = {x € F: |f(x)|> ¢}, then p(R,) < ¢ for all k > k. Let E, = ®(x ;) be
a projection in A. Then [[®(f)E | = 1@ fix g )l = Il fix sl <& < e for all
k =k, Let d=®' restricted to projections in 4. Then d satisfies all the
properties of Segal’s dimension function and so

p({x € F1d(1 —E)(x)>¢}) <p({x EF:d(1 — E,)(x)>¢})
= p({x eEF:o'(1- (xg,))(x) > s’})
= p({x € F:xg(x)> e’})

<p(R,) <& <e forallk=k,.
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Therefore ®( f,) € U(F, ¢) for all k = k,, and hence ®( f,) — 0 in the topology
induced from m (A4). Thus ®: L*(X) - A is continuous in the induced topolo-
gies of m(X) and m,(A).

Conversely, let {S,} be a sequence in 4 such that S, — 0in m,(A4). Let F € Z,
p(F) < oo and let 0 < e < 1. Then there exists k, such that S, € U(F, &) for all
k = k,, that is, there exists a projection P in A such that for all k= k,,
ISPl <& and u({x € F: d(1 — P)(x) > ¢}) < e where d is the Segal’s dimen-
sion function ®! restricted to projections in 4. Since ® is onto, there exists
W € X such that ®(x, ) = P. Also ® being an isometry, ||®7'(S,)x !l =
ISPl <eforall k = k,. Hence {x € X: |® (S, )x)|=¢} C Weforallk = k,.
Therefore, for k = k,

(x€F:|0°N(S)(x)|>e) CW NF={xe€F @' (1 -P)(x)>e¢}
={x€F:d(l1 — P)(x)>¢};
and so
,u({x EF: |07 (S)(x)|> e}) <p({x € F:d(1 = P)(x) >¢})
<eg forallk = k.

Hence ®7'(S,) € V(F, ¢) for all k = k, and so ®7'(S,) — 0 in m(X). Thus "
is continuous.

We denote the extension of ® to m( X) again by ®. Since ® is from m( X) onto
m,(A), there exist u,,...,u, in m(X) such that ®(u,) = T, (i = 1,...,n). We shall
show that Sp(T) = Sp,(T) where Sp(T) = {(A,,....A,) € C": there are no

., B, in A satisfying 3 (T, — X\,)B, = I}. By Corollary 1.4, Sp(T) = Sp/(T)
and as is easily seen Sp,(T) C Sp,(T). Also, since ® is an isomorphism which
maps L*(X) onto A, we have Sp(T) = Spyx y(u) = &(u) where u =
(uy,...,u,). Thus to show that Sp(T) = Sp,(T), it is enough to show that
&(u) C Sp/(T). Let, therefore, (0,...,0) € b(u). Let E, = {x € X: 2/, | u,(x)]|
< 1/k} where k is a positive integer. Then p(E,) > 0. Let { f,} be the sequence
of unit vectors in L*( X) defined by f, = x5,/ Ju(E,) . Since

INEARTS f|u|2|fk|2du<k, fED.
Also,

RIAESS N IALES) S 15
i=1 i=1 i=1
1 2
l P'(Ek)‘[Ekluil dp
_1
M(Ek)
proving that (0,...,0) € Sp,(T'). Thus ®(u) C Sp,(T). hence Sp(T') = Sp,(T).

I
TI'Mx

%u(Ek) -0 ask - oo,
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If fis a Borel function on Sp(T), then fo u € m(X). Now a resolution of
identity E on Sp(T') is defined as follows: For each Borel subset w of Sp(T),
define E(w) = ®(x,, © u). It is easy to verify that

(1) E(2) =0, ESp(T)) = 1.

(ii) E(w; N wy,) = E(w,)E(w,) for all Borel subsets w,w, of Sp(T').

(iii) E(w; U w,) = E(w,) + E(w,) whenever w,,w, are disjoint Borel subsets of
Sp(T).

It only remains to show:

(iv) For each {, 7 € H, w - (E(w)¢{, %) is a complex Borel measure on Sp(7T),
or equivalently, for each { € H, w — (E(w){, §) is a complex Borel measure.

Let { € H. Define y; on L®(X) by ¢,(f) = (2(f)§, {). Then y, is a positive
linear functional and hence norm continuous on L®(X). Therefore there is a
finitely additive measure p . on X such that

(1) () = (@(1).8) = [ faus,  (fE€17(X)),

[9, page 357]. In fact, ¢, is weak* continuous on L*( X). To see this, let {g,} be a
net in L*( X) converging to g in weak* topology. Then by continuity of ¢, ®(g,)
converges to ®(g) in o-weak topology and so ®( f,) converges to ®(g) weakly. In
particular, ¥,(g,) = ¥,(g), which proves the continuity of y, in weak* topology.
It follows that p, . is a countably additive measure on X. Thus

w = (E(w)$.8) = (®(x. o u)§.§)
= o = d Y N
/XX“' udp fsp(r)xw Py

where py (w) = p.“(u“(w)), defines a Borel measure on Sp(7T"). Hence E is a
resolution of identity on Borel subsets of Sp(7"), and by (1)

(@(font )= [foudnge= [ fauts=[ fdEy,

where E, ((w) = p§ ((w) for all { € H and for all bounded Borel functions f on
Sp(T). Let f be a nonnegative Borel function on Sp(T). Then, as is well known,
for some sequence {f,} of nonnegative simple functions on Sp(T), f, #f. Then,
since &(u) = Sp(T'), f, o u /f o uon X and hence sup, f, o u = fo u.

Let { € H for which [, | f| dE;; < o0. With this §,

fdE, , = cud =] su oud
fspm 8.8 fxf Py fx kak Py

= SL/:p /ka cudpy, = S‘;‘(P(q)(fk °ou)t, f)
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By [13, Theorem 3.5], sup, ®(f, o u) exists and it is in m,(A4)". Let B=
sup ®( f, o u). Then B < ®( fo u). If B # ®(fo u), there exists g € m(X) such
that B = ®(g); g <fowuand g # fo u. Since ®(g) = ®(f, o u), g = f, o u which
contradicts f o u = sup, f, © u. Thus B = ®( f o u). Therefore

| fdE = (@(fou)s. ).
Sp(T)
Hence [, 7y fdE C ®( f ° u). Both being normal, their maximal normality gives

f fdE = ®(fou).
Sp(T)

3. Concluding remarks

(a) From [10, Theorem 13.24] it is easily seen that our joint spectral theorem
holds for T = (Ty,...,T,) if, and only if, all the operators in the n-tuple T are
doubly commuting.

(b) Also our technique yields a new proof with much algebraic flavour of the
classical spectral theorem for unbounded normal operator.
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