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On product varieties of groups

M.R. Vaughan-Lee

An example is given of a finitely based variety of groups YV
such that VA 1is not finitely based.

Let Y Ybe the variety of groups determined by the laws

(1) [[31, z5], [x3, =], (=5, xe]] s

-1
(2) [[xla X2 x3]9 [xha 115]] [[.’I:l, xZ]’ [xha L5, x3]j ’
([z1, @, z3], [x1, 22]) -
Then VA is not finitely based.

Only an indication of the proof is included as it is very similar to
the proofs of the existence of non-finitely based varieties given in [3]

and [2]. The crucial step is the following lemma.

LEMMA. If a, b, ¢, d are elements of a group which satisfies the
laws (1) and (2) then

[lab, e, dl, lab, c]] = [la, ¢, d], la, e1)P[ib, e, dl, (b, c]]

(la, be, dl, {a, bel] = [la, b, d], la, b1]°(la, ¢, d], la, ]} .

Using this lemma it can be shown that VA is determined by the laws

(3) [[[xl’ xZ]; [xaa xq]], [[-'55, xe], [x7a xB]Js [[xga xlO], [xllg le]]] N
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(h) [[[-’L'l, xz]’ [-’E3, x'-i]’ [xSs xG]], [[x79 .’1’.’8], [.’L‘g, xlOJJ] .

' [[[xl’ .’Z?z], [123, xl}]:]a [[x7’ x8]9 [d«‘g, xlo]’ [x55 xG]J] N

and the laws

Y = [[xl’ ol By mls bys vole [z )]s -oos By yek]]’

[y 20 e 5]

for k=1, 2,

For each 7 2 1 a group is constructed which satisfies the laws (3)

and (L), and the laws Wy, for k # n , but which does not satisfy the law

wn . This proves that VA is not finitely based.

Strongly finitely based varieties were introduced in [!], and it was
proved in [1] that if ¥V is strongly finitely based and W is finitely
based then VW 1is finitely based. Thus the variety V defined above
cannot be strongly finitely based, although it is finitely based.
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