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On the Limiting Weak-type Behaviors for
Maximal Operators Associated with Power
Weighted Measure

Xianming Hou and Huoxiong Wu

Abstract. Let B > 0, let ey = (1,0,...,0) be a unit vector on R”, and let du(x) = |x|fdx be a
power weighted measure on R”. For 0 < « < n, let M[‘j‘ be the centered Hardy-Littlewood maximal
function and fractional maximal functions associated with measure . This paper shows that for
q=n/(n-a), f e L}(R",dp),

lim ATu({x € R : MIf(x) > 1)) = Ol

G prEEn) e

1 1z mn,a

_WIERmdp) | )L}) -0,

u(B(x, |x[))t=e/n

which is new and stronger than the previous result even if § = 0. Meanwhile, the corresponding
results for the un-centered maximal functions as well as the fractional integral operators with respect
to measure y are also obtained.

Alir{)l)fﬂy({xeR” : |M;‘f(x) -

1 Introduction and Main Results

Suppose B > 0. Let u be a power weighted measure on R” with du(x) = |x|Pdx. The
goal of this paper is to analyze the limiting weak-type behaviors of maximal opera-
tors with respect to y, which is closely related to the best constants of the weak-type
endpoint estimates for the maximal operators.

For 0 < a < n, f € Lioc(R", du), define the centered maximal operators

o . 1
Mﬂf(x) = Sf‘:g’ W /};(x’r) lfldu(y),

where B(x, r) is a ball centered at x with radius r. The uncentered maximal operators
are defined by

~ 1

M f) = swp s [ O)ldu()
where the supremum is taken over all balls B, containing x. For & = 0, we denote
M, by M, and M, by My, which is the centered and uncentered Hardy-Littlewood
maximal function associated with g, respectively.
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In particular, for f = 0, du(x) = dx is the classical Lebesgue measure, and M
(resp., M "‘) is the classical centered (resp., uncentered) Hardy-Littlewood max1mal
function M (resp., M) for « = 0 and fractional maximal functions M, (resp., M,) for
0 < a < n. In 2005, Janakiraman [7] established, among other things, the following
limiting weak-type behaviors of M and M:

tim Am({x B MF(x) > A)) = | £l Vfe IR,
Ali:& Am({x e R": Mf(x)>A}) =2"|fl VfeL'(R").

Recently, Ding and Lai [3] extended the above results to the Hardy-Littlewood max-
imal operator and fractional maximal operators with homogeneous kernels Q satis-
fying the LI-Dini conditions. Moreover, see [2,7] for the corresponding results of
singular and fractional integrals with homogeneous kernels. In addition, Huang and
Hu [6], using the basic covering theorem [5, Theorem 1.6] and delicate analysis tech-
niques, proved the following result:

Jim Mv( {x e X Mf(x) > 1)) = iﬂfﬂl, v f e LY(X, dv),

where X = (0, oo) with the Euclidean metric |-| and dv(x) = xdx, and M is the
corresponding Hardy-Littlewood maximal function in (X, ||, v).

Note that du(x) = |x|Pdx is doubling, (R™,|-|, #) is a space of homogenous type.
We know from [1,8] that Mj; and I\A/f;f are bounded from L'(R", dyu) to L2 (R", du)
for0 < a < nand q = n/(n — ). Inspired by the above works, it is natural to explore
the limiting weak-type behaviors of M and M u- To establish the corresponding re-
sult, we consider the following more general forms: for V being an absolutely contin-
uous measure on R” with respect to measure dy and V(R") < oo, define

M5V (x) = sup M
>0 H(B(x,r))=e/"
VL (Bx)
M}‘ V(X) ;?}1 M(Bx)l—(x/n
for0<a<n.

In order to state our results, we will recall and introduce some notation. Let e; =
(1,0,...,0) be a unit vector on R”, let S"! be the unit sphere, and let w,_; be the
surface area of S"*. Let do(x’) denote the induced Lebesgue measure of S"~*. In
addition, by rotational invariance, we know that y(B(x/|x|,1)) = p(B(e;,1)), which
will be used in the proofs.

Now we can formulate our main results as follows.

Theorem 1.1 Letf3>0,0 < a < n,and q = n/(n—a). Suppose that V is an absolutely

continuous measure with respect to measure y on R" and V(R") < co. Then
wn_lV(R")q .

(n+p)u(B(er, 1))’

V(R")
WCBCo e M) O

() limyos Mu({x e R" : MV (x) > A}) =

(i) limyos )Lq‘u({x eR": ‘M;‘V(x) -
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24P, V(R
(n+B)u(B(e 1))’
2m+B)/ay (R™) -
e
(v) limy_oy Mpu({x eR": |]\7I;‘V(x) - 2(”+ﬁ)/qM;‘V(x)| >1})=0.

(iii) limy_o4 Au({x e R": M;‘V(x) >A}) =

(iv) limyos )qu({x eR": ‘]VI;‘V(x) -

In particular, for f € L'(R", du), taking dV (x) = |f(x)|dpu(x) in Theorem L1, we
have the following corollary.
Corollary 1.2 Letf>0,0<a<n, andq=n/(n-a). Then for f € L'(R",du),

(i) limyooe Au({x e R": M2f(x) > A}) = (Mﬁ)‘:”(};(el 1))\Ifl\fl(mdy);

|12 @, am)

— P | >At) =0;
u(B(x, |x[))-a/n })
2n+ﬁwn—l Hf“]‘il(R",dy) .

(n+B)u(B(e1)

~ 2B £ 1y,
(iv) limy_oy Ap({x e R": | MSf(x) - didu Ab) =0;
o ({ | u(B(x, |x[))1=o/n })

(V) limyoop Au({x e R : M f(x) - 20P/ape f(x)[ > A}) = 0.

(i) limy_os My({x eR": ‘M;‘f(x) -

(iil) limy_oy Ap({x e R": ]VI;‘f(x) >A}) =

Remark 1.3 Note that for § = 0, u(B(e;,1)) = %wn_l, our conclusions (i) and (iii)
in Theorem 1.1 or Corollary 1.2 recover the corresponding results in [7]. Moreover,
we remark that conclusion (ii) or (iv) is stronger than conclusion (i) or (iii) in our
theorem and corollary (see Remark 2.2). Therefore, even if = 0, our results (ii) and
(iv) are new and interesting.

Also, we consider the generalization of fractional integrals defined by

f(y)du(y)
e (B, |x = y[)) 1o/

(see [4]) and the more general form:

O0<a<mn,

If(x) =

dv(y)
e (B(x, |x — y[))1-o/n

where V is an absolutely continuous finite measure on R” with respect to p. It follows
from [8, Theorem 1] that I} is bounded from LY (R",du) to L™ ("= (R" du) as
well as from LP(R",dp) to LI(R",du) for1< p < n/(n—a) with1l/g =1/p — a/n.

Motivated by the results above, we will establish the following limiting weak-type
behaviors of I};.

LV(x)=

Theorem 1.4 Let$>0,0< a < n,andq =n/(n—a). Suppose that V is an absolutely
continuous measure with respect to measure y on R" and V(R") < oo. Then
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_ wn_lV(R")q .
(n+B)u(B(e 1))’

« V(R")

va(x)—# >A}):0.

(B(x, [x[)) e/
By taking dV (x) = f(x)du(x) for f € L'(R",dyu) and f > 0 in Theorem 1.4, we
have the following results.

(i) limy_oy Mu({x eR": IzV(x) >A})

(i) limyo, Mp( {xeR":

Corollary 1.5 LetO<a<n,f>0andq=n/(n-a). Then forany f € L*(R",du)

and f >0,

. . n.ra _ Wn-1 q .

(1) hm/\‘,ojL /lq‘l,l({x ceR": Iﬂf(x) > A}) = (n + ﬁ)/,{(B(el,l)) HfHLl(]R",d‘u)’
HfHLI(R",dy)

(i) timyo, Mp( {x e R

>1}) =o.

The paper is organized as follows. In Section 2, after giving an auxiliary lemma, we
prove Theorem 1.1. The proof of Theorem 1.4 will be given in Section 3.

Throughout this paper, the letter C, sometimes with additional parameters, will
stand for positive constants, not necessarily the same one at each occurrence, but
independent of the essential variables.

Tl () = B e )yl

2 Proof of Theorem 1.1

This section is concerned with the proof of Theorem 1.1. At first, we present an auxil-
iary lemma, which will be used in the later arguments.

Lemma 2.1 LetO0<a<mn q=n/(n-a), andlete; =(1,0,...,0) be a unit vector
on S™\. For a fixed A > 0, we have
1 Wn-1

‘u({xER" . W >)L}) = A (n+ B)u(B(e,1))

Proof It is easy to check that

" 1 n n+ 1
y({xeR ;W>A}):y({xeR x| ﬁ<m})
1/(n+8)

_ / f(maz(el,l))) r”*ﬁfldrdo(x')
s+1 Jo

_ Wy-1
Aa(n+B)u(B(en1))’
This completes the proof of Lemma 2.1. ]

Now we are in a position to prove Theorem L.1.

Proof of Theorem 1.1 Without loss of generality, we can assume that V(R") = 1.
Then for any 0 < & <« 1, there exists 7, > 0 such that

V({xeR":|x|<r.}) >1-e.
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Set dVi(x) := xp(0,r.)(x)dV(x) and dV5(x) := xp(o,r.)e (x)dV(x). We get
ViI(R")>1-¢ and W,(R")<e.
For A > 0, we denote that
E)= {x eR": M;V(x) > /1},
E) = {x e R": M Vi(x) > A},
E;={xeR" i My Va(x) > A}.

Note that 0 < \/¢ « 1, and then E, ¢ E!
We have

oven UE g and B[, o) € ELUEY,

BB o) =B L) < W(ER) < W(EL_ ) + W(E)).

Recalling that operator M is bounded from LY(R",dy) to L2 (R", dyu), we obtain

that
CV,(R")\4 Ceil?
wE) (=) S T
Consequently,
Ce/? qu/Z
(2.) u(E (1+\[)A) </4(EA)</4(E(1 \[),1)"'
Now we give the upper estimate OfI‘(Eh_ﬁ)a)' Let R, := (1+1/¢)r.. Then we can
_ pll 1,2
wrlteE(1 JO E(1 \/))LUE(l \[)A,where
Eéll\/n {Ix]> Re : Mg Vi(x) > (1-Ve)A},
Eszn = {|x[ < Re : My Vi(x) > (1-V/e)A}.

For |x| > R,, it is easy to see that

- ) V(B T))
02) a(BCe eyt < M) e
< ! .
u(B(x, |x| - )M
For ‘u(E(1 f)l) since |x| — re > |x|/(1 + ¢), it follows from Lemma 2.1 that
1
BB ) < u({1+1> R u(B(x, x| - re))i/a > (1-von})
1
<ul{b>Re: e gy > Vo)
(1+¢)m+P

Sy({xeR”: >(1—\/E)‘1/V7})

#(B((e+1)en, 1)) x|+
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e (c+ D)™
g‘u({xGR x| p<(1_\/g)qA‘1y(B(€1,1))})

~ Wy (e +1)"*F
~ (1-Ve)1Aa(n +B)u(B(er 1))’

Invoking (2.1), we deduce

Cell? Wy 1R"+ﬁ
A4 n+p
wy_1(e+1)"*P Cs'1/2 ) W, RIP
SU= V) (n + Pyu(Blen) s n+p

Then by letting A — 0+ and the arbitrariness of €, we get

u(Ey) <u(E, (i fﬂ)

Wn-1
llm AMu(E,) <
(n+P)u(B(en,1))
Next we turn to the lower estimate of y(E, ). Note that
/‘(Eéu\/é)/\) > y( {|x| > Re : M;‘Vl(x) > (1+ \/E)A})

In view of (2.2) and |x| + r. < (2¢ + 1)|x|/(e + 1), we have

(2.3)

1 1-¢
HEqeven) 2 ﬂ( { > Re u(B(x, |x| +re))a >+ \/E)A})
1-¢
>l Res o e e o~ (VO
y(B(;:l e, 1)(2e +1)"F|x|"+F (1-¢)1
”({| (1+¢)n+h (1+\/')qu})
w e 12011+ )" P 2e+ 1) F w, RS
ﬂ({xER |x| ﬁ Aq(1+\/z)q‘u(B(ebl)) }) 7’l+ﬂ
~ Wy (1-€)1(1+ )" W, 1R"+ﬁ
S M(n+P)(1+e)1(2e + 1) Bu(B(er,1))  n+p
Hence,
/2
u(Ex) 2u(E (1+\f))t) qu
Wy 1(1 - s)q(l +e)"*P w,_ RIP Ceal?

/\‘I(n+/3)(1+\/_)(28+1)”+ﬁy(B(el,1)) n+f M

By letting A — 0+ and the arbitrariness of € again, we get

. wn—l
Jm MelE) 2 G B u(Blen )

This combined with (2.3) implies that
Wy-1

(n+B)u(B(er,1))

and completes the proof of conclusion (i).

. q _
)LILI})l+ A # (EA )
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We now prove the conclusion (ii). For A > 0, set

1
(2.4) Gri={xeR": [M*V(x)- ————| > 1},
{ | # #(B(x,IXI))l/Q| }

Gl ::{|x|>R£:‘MZV1(x)—m‘ >},

It is not difficult to verify that

n+p
wyu_1Rg

#(G1) < (Gly_wnyy) + H( {x e R" : MEVa(x) > e/CD2}) + T f

Cer™V2 @, RMP
1 n-10¢
< Au(G(l—gl/(Zq)))_) + Aq + n +ﬂ

Therefore, it remains to estimate ‘u(GEl_qu)) 1)- Set

K( )._ 1 B 1-¢
P LB x = r)) Ve (B x|+ o))V
1 1
()= B R =) a(BGe )T
Using (2.2), we have

P‘(th_sl/(zq));t)

- M({M T ‘MZVl(x) ) F(B(x,|x1|— rg))l/Q‘ g (1_281/(2q))/\})
1 1 1/(2
+ H({M >R, : ‘ e y(B(x,|x|))1/4| 5 M( q)/\})

= u({[x] > Re : | Ka(x)| > (1-2e7CD)A})
+u({Ix> Re : [Ka(x)] > /CD2}).

It follows from |x| > R, = (& +1)r./e by definition that

|x| —re > |x|/(e+1) and |x|+r. <|x](2e+1)/(e+1).

Hence,
(B, x| + 70))Y9 — (B, 3] = 7))V + ep(B(x, x| - )V
Kl < w(BCx x|+ ro) (B |~ 7))V
(B, [x] + 1))9 — (B x|~ re ) :
T uB0o e+ r)) AR (B X = r))/ a(Bx x| + o))
= Ki(x) + )

u(B(x, [x| + re))/e”
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By the fact that |a¥ — b¥| < |a — b]? forany a,b > 0,0 < y < 1, we get

1/q
| Joteesnyielesny PPAY = Lo ueny) ylPdy|

u(B(x, |x[)Yau(B(x, x|/ (e +1)))a
|(2£+1 fB((s+1)e1/(2£+1) 1) ylfdy - /B((s+1)e1 1) )]
( fB(el,l) |y|ﬁdY[B((s+1)el,1) |)’|ﬁdy|x|n+ﬁ)

((2e +1)"*F —1)Va
" x| B apu(B(er, 1))

|Kj (x)] <

1/q

Then
((2e +1)"*F —1)V/a €

= Tl au(B(er, D)V (B, [e]) Ve

|Ki ()] <

Similarly, we have
1 1/q
u(B(x,[x|-r)) #(B(xa|x|))|
< ‘ I ylfdy - J3 el es1)) |)’|ﬁd)"l/q

Jocaeisy 1P AY Jpaxpycennyy /1Py

K (%) <

(e+1)"F -1 |1/a

||X|"+”H B(€1>1))|

Therefore,

1 . ((e+1)"F ~1)Ya 120
H(G(l—el/(Zq))A) < Au({x ER ° |x|(”+ﬁ)/qy(3(el,l))l/‘1 > (l 3¢ ))L})

> 81/(2‘1)A})

(R

w | (ex))"F -1 a0
+y({xeR .|—|x|"+ﬁ‘u(B(e1,1))‘ > & /\})
wn1((2e +1)"F —1) w1712

" M- 3700 u(B(en D)) Aiu(B(enD))
wp((e+1)"F -1)
Veriu(B(er,1))

Combining with the above estimates, we obtain
Ced™1/2 wn,lRerﬁ

A4 ’ n+p
o Ona((2e+ " -1) . w1172
- A1(1-3eVC0)au(B(e,1))  Au(B(er1))

wui((e+1)"™F 1) CeTV2 @, RIP

Veltu(Blenl)) | A nef
Now letting A — 0+ and noting that ¢ is arbitrary, we obtain
AIE(I)1+ Aq'u(GA) =0

u(Gr) < H(G(l Gn))

(2.5)

and complete the proof of conclusion (ii).
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Next, we verify conclusion (iii), using similar arguments with some appropriate
modifications. For |x| > R, x’ = x/|x|, it is easy to check that

1-¢ < M°V: _ Vi(Bx)
W (B((x—rox) 2 (] = r) ) < M Vi) = sup S S
1

< .
u(B((x +rex’) )2, (|x] = re)/2))Va

From this, by similar arguments as in the proof of the conclusion (i), we can get
similar upper and lower estimates with M i substituted for M. Moreover, note that
u(B(x, |x|))V = 20n+B)ay(B(x /2, |x|/2))"9, and we can get conclusion (iii).
Furthermore, the proof of conclusion (iv) is quite similar to that of conclusion (ii).
We omit the details here.
Finally, conclusion (v) follows directly from conclusions (ii) and (iv). Theorem 1.1
is proved. u

Remark 2.2 We remark that Theorem 1.1(ii) is stronger than conclusion (i).
Indeed, for A > 0, let G, be as in (2.4) in the proof of Theorem 1.1. Then for 0 <

£ < # <1, by Lemma 2.1, we have

n o n 1
p({xeR :M,,V(x)>A})Su(Gna)+M({x€R =W>(1‘W})

Wn-1
(1=m)ara(n + B)u(B(er,1))
By (2.5) and letting A - 0+, ¢ - 0 and # — 0, we know that

= /”(Gq/\) +

Wp-1

(n+P)u(B(ei,1))

(2.6) Alir(l)h)tqy( {x eR": MgV (x)>1}) <
On the other hand,
p({xeR": MEV(x) > A}) > {xeR": > (1+mMA}) - u(Gp)

- M(GM)-

1
u(B(x,|x[)) e

_ Wp-1
(1+7)a44(n + B)u(B(er,1))
Now invoking (2.5) and letting A - 0+, ¢ - 0, and n — 0, we get

27) f%‘f}fq”({x eR": M2V (x)>A}) > Tz +ﬁ)y”(;(ebl)).

Combining with (2.6) and (2.7), we obtain conclusion (i).

3 Proof of Theorem 1.4

This section is devoted to proving Theorem 1.4. Without loss of generality, we can
assume that V(R") = 1. Then for any 0 < ¢ << 1, there exists r, > 0 such that

V{xeR":|x|<r:})>1-e.
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Denote dVi(x) = x{xerni|x|<r.} (¥)dV(x) and dV2(x) = y{xernx[sr.} (x)dV(x). We
know that V;(R") >1—eand V,(R") < €. Set

Fy={x eR":[I[;V(x)|> 1},
Fy = {x eR": |z Vi(x)] > A},
F}={xeR": |IZV2(x)| >}
Note that 0 < ¢ < ¢/(?9) « 1, and we have
Fyc Fél—sl/(lq))a UFfl/(Zq)p and F%Hsl/lq)/l chRU Fe21/<2q>)t‘
Then
.”(Félﬂl/(zq))g) — 4(Fljapy) <u(Fr) < .“(F%l_gl/aq)n) + 4(Flyany)-
By the (L'(R",du), L2 (R",du))-boundedness of I%, we get

C Cel  Cet/?
2 ny\q
(31) ‘Lt(Fel/(zq)/\) Si\/g,{q Vz(R ) < \/EAq < 14 >
which leads to
Cel1/2 Cel-1/2
(3.2) H(F;Hsl/(zq))g) R TE <u(Fy) < H(le_gl/aw)l) L PR

Next, we will estimate {u(F(ll_El/(Zq))A) and y(FéHsl/(zq))/\ ), respectively. Employing
the notation R, = (1+1/¢)r, asin the proof of Theorem 1.1, we can write F} = F;"'UF}?,
where

Fyte={|x|> Re: [IgVi(x)[ > A} and  Fp? = {|x] < R, : |I§ Vi(x)| > A},

We first estimate ﬂ(F(lil,gl/(m)A) Set

1 1
u(B(x,Jx = y)Va w(B(x,[x]))Va’

L(x,y) =
Then
ﬂ(Féil_gl/(m)A) < M({Ix\ >R, : fRn IL(x, y)|dVi(y) > 81/(211)/\})
+ﬂ({lxl>Re: > (1_281/<zq>)l})

= Ji+ ).

By Lemma 2.1, we conclude that

1
u(B(x,|x[))Va

IZSy({xeR" >(1—2£1/(2‘7))A})

1
u(B(x,Ix]))a

" G PO =26/ i p(Blen D))’

Now we estimate J;.
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(i) When |x| > |x — y|, since |x| > R, |y| < 1, we have
|x|/(e+1) < |x - y| < (2e + 1)|x|/ (e +1).

Recall that |a? —b?| < |a—b|* forany a,b > 0,0 < y < 1. Then the mean value theorem
tells us that

1/q
< | fB(x,|x|) |2l dz - fB(x,|x_y|) |z|ﬁdz|

1/q
(S 11Pd2 [y ey 2P d2)
n+B _ |, _ 4 |n+B 1/ 1/
g( || |x -yl ) qg( Clyl ) ‘
u(B(er, 1))|x[2n+2F (e +1)~(n+F) |x["*F+1u(B(er,1))

IL(x, )

(ii) When |x| < |x — y|, we can similarly deduce that

e = " P~ |x| "+ Ya Cly| Ya
L(x,y)|< < .
LG )l < ( p(B(en,1))|x — y2n+2B (e + 1)‘(”+ﬁ)) ( |x|”+ﬁ+llf‘(3(€1>1)))
Hence,
1 q
Ji < NOX A|>R ( .[]Rn |L(x,y)|dVl(y)) du(x)
Cr 1
< £ d
(3.3) Y AI>Re x|*B+14(B (e, 1)) w(x)

< Cr, 1 dx < Cre
= VAt p(B(en 1)) Jr, xS erau(Blen )R,

Combining the above estimates for J; and J,, we obtain

(FM! ) < Cre + W1
B amaremn) = au(Ben )R, (n+ B)(A(1- 261/CD))au(B(er 1))’
which together with(3.2) implies that

Ced V2 @, R"F
A i n+f
< Cre N W1
~ Vedu(B(e,1))Re  (n+B)(A(1-2e/CD)))qu(B(er,1))
Ced V2 o, |R™P
A " n+p

Note that /R, = ¢/(1+ ¢€). By letting A - 0+ and the arbitrariness of ¢, we get

u(Fy) < H(Féil,sl/aq)),\) +

Wy-1

(n+B)u(B(er1))’

(3.4) lim AMu(F)) <
A—0+
On the other hand, we have
U(Flareny) > u({x] > Re : [IT(x)] > (1+ €/CD)2Y)

“#({ Rt [ i) 05O
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Since

1
| fe wtae 0L < f
1
| e o)

) dVi(y)
- fR |L(x,y)|dVl(Y)+/Rn u(B(x,|x - y|))a’

1 1
u(B(xJx = yD))Va — u(B(x, |x]))

1/q\alvl(y)

we have

1
H({|x|>Rs: "del()’)‘

1
<e({ll> ket [ atmtere mm

#({ Il > R fR [L(x, p)ldVi(y) > e/ D2} ).

- (12600}

dVl(y)‘ > (1+£1/(2‘1))A})

This together with Lemma 2.1 and (3.3) leads to

1 : ; 1/(2q)
U(F eveny) 2 #({IxI >R,: o 1 (B(x, \x|))1/‘1dVl(y)‘ > (1+2¢ )A})

({5 5 [ s ) > 01)
“({xemrs ‘f Wd\/l(y)| > (1+2e/C0)L L)
( Il < Re : ‘fnmd"l(y)\ >(1+281/<2q))A})
({5 ke [ LG plavi(y) > 7002}

wp-1(1—¢)1 Wy IR"”;
(”+ﬁ)(l(2€1/2‘1 +1))4u(B(ei,1))  n+p
Cre

" Vedu(B(en )R,

By letting A — 0+ and the arbitrariness of ¢ again, we get

35 lim A9u(Fy) > Wn-1 .
(35) Jm Me(E) 2 G By u(Blent))

Combining (3.4) with (3.5) yields that

Wn-1

(n+PB)u(B(e1))’

/llin}) Mu({x e R" - |[I;V(x)[ > A}) =

which completes the proof of conclusion (i).
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Next, we turn to proving conclusion (ii). Note that

5 V(R")
IHV(x)—W‘
) VI(R”) N Vz(Rn)
<TaV () y(B(x,|x|>>1/q‘ u(B(x,|x])) /s
) Vi(R") a -
< - el * B S

€
u(B(x, |x]))a’
where L(x, y) is as before. Recalling (3.1), Lemma 2.1, and (3.3), we have

< fR IL(x, p)|dVi(y) + [IE V()| +

n « R”
u({xer: IﬂV(x)_#(BZC(,PCG)I/q‘ 1))
n n+p
S/‘({|X|>Re: IZV(X)_PW| A})-r%

<u({Ixl> Rt [ LGy > /C02Y )

+M({|x| > Re I3 Va(x)] > gl/(ZqM})

£ Wy R"+ﬁ
+ SRyt ——————— > (1-2/C@D)) L) 4 222122
(> Re ey > 0270 )+ =00
Cre Ced™1/2
< +
Verdu(B(ep, 1))R;, A4
w181 @, RIF

e HO 20 u(B(en D) | 0B
Recall that r. /R, = ¢/(1+¢); by letting A — 0+ and noting that ¢ is arbitrary, we obtain

) V(R")
q n. o ‘/ -_—— =
Al_)11101+/\ y({xeR Hl ) u(B(x, |x]))t-a/n A}) >
This completes the proof of Theorem 1.4. ]
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