Ergod. Th. & Dynam. Sys., (2023), 43, 1785-1828 © The Author(s), 2022. Published by Cambridge 1785
University Press.
doi: 10.1017/etds.2022.24

Critical values for the B-transformation
with a hole at (

PIETER ALLAARTY and DERONG KONG#

T Mathematics Department, University of North Texas, 1155 Union Cir #311430,
Denton, TX 76203-5017, USA
(e-mail: allaart@unt.edu)
I College of Mathematics and Statistics, Chongqing University, Chongqing 401331,
PR China
(e-mail: derongkong @ 126.com)

(Received 18 November 2021 and accepted in revised form 20 February 2022)

Abstract. Given B € (1, 2], let Tg be the B-transformation on the unit circle [0, 1) such
that Tg(x) = Bx(mod 1). For each ¢ € [0, 1), let Kg(#) be the survivor set consisting
of all x € [0, 1) whose orbit {Tﬁ’} (x) : n > 0} never hits the open interval (0, 7). Kalle
et al [Ergod. Th. & Dynam. Sys. 40(9) (2020) 2482-2514] proved that the Hausdorff
dimension function ¢ — dimy Kg(t) is a non-increasing Devil’s staircase. So there exists
a critical value 7(8) such that dimp Kg(f) > 0 if and only if t < 7(8). In this paper,
we determine the critical value 7(8) for all 8 € (1, 2], answering a question of Kalle
et al (2020). For example, we find that for the Komornik—Loreti constant  ~ 1.78723,
we have 7(8) = (2 — B8)/(B — 1). Furthermore, we show that (i) the function 7 : 8
7(B) is left continuous on (1, 2] with right-hand limits everywhere, but has countably
infinitely many discontinuities; (ii) t has no downward jumps, with t(1+) =0 and
7(2) = 1/2; and (iii) there exists an open set O C (1, 2], whose complement (1, 2]\ O
has zero Hausdorff dimension, such that 7 is real-analytic, convex, and strictly decreasing
on each connected component of O. Consequently, the dimension dimy Kg(t) is not
jointly continuous in B and z. Our strategy to find the critical value t(B8) depends
on certain substitutions of Farey words and a renormalization scheme from dynamical
systems.
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1. Introduction

The mathematical study of dynamical systems with holes, called open dynamical systems,
was first proposed by Pianigiani and Yorke [27] in 1979. In recent years, open dynamical
systems have received considerable attention from both theoretical and applied perspec-
tives (cf. [13-15]). In the general setting, one considers a discrete dynamical system
(X, T), where X is a compact metric space and 7 : X — X is a continuous map having
positive topological entropy. Let H C X be an open connected set, called the hole. It is
interesting to study the set of points x € X whose orbit {7”(x) : n > 0} never hits the hole
H. In other words, we are interested in the survivor set

K(H)=1{xeX :T"(x) ¢ Hforalln >0} = X\ | J 77" ().
n=0

It is known that the size of K (H) depends not only on the size but also on the position of
the hole H (cf. [7]). In [29, 30], Urbanski considered C*-expanding, orientation-preserving
circle maps with a hole of the form (0, 7). In particular, he proved that for the doubling map
T» on the circle R/Z ~ [0, 1), thatis, T : [0, 1) — [0, 1); x > 2x(mod 1), the Hausdorff
dimension of the survivor set K»(t) := {x € [0, 1) : T2” (x) ¢ (0, 1) for all n > 0} depends
continuously on the parameter ¢ € [0, 1). Furthermore, he showed that the dimension
function 7, : t — dimgy K(¢) is a devil’s staircase, and studied its bifurcation set.
Carminati and Tiozzo [9] showed that the function 7, has an interesting analytic property:
the local Holder exponent of 7, at any bifurcation point ¢ is equal to 17 (¢). For the doubling
map 7> with an arbitrary hole (a, b) C [0, 1), Glendinning and Sidorov [18] studied (i)
when the survivor set K»(a, b) = {x € [0, 1) : T2" (x) ¢ (a, b) for all n > 0} is non-empty;
(i) when K3 (a, b) is infinite; and (iii) when K> (a, b) has positive Hausdorff dimension.
They proved that when the size of the hole (a, b) is strictly smaller than 0.175092, the

https://doi.org/10.1017/etds.2022.24 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2022.24

Critical values for the B-transformation 1787

survivor set K»(a, b) has positive Hausdorff dimension. The work of Glendinning and
Sidorov was partially extended by Clark [10] to the 8-dynamical system ([0, 1), Tg) with
a hole (a, b), where g € (1, 2] and Tg(x) := Bx(mod 1).

Motivated by the above works, Kalle et al [20] considered the survivor set in the
B-dynamical system ([0, 1), Tg) with a hole at zero. More precisely, for ¢ € [0, 1), they
determined the Hausdorff dimension of the survivor set

Kg(t)={x€[0,1): Tg(x) ¢ (0, 1) foralln > 0},

and showed that the dimension function ng : t = dimgy Kg(¢) is a non-increasing Devil’s
staircase. So there exists a critical value 7(8) € [0, 1) such that dimg Kg(f) > 0 if and
only if t < t(B). Kalle er al [20] gave general lower and upper bounds for 7(8). In
particular, they showed that t(8) <1 —1/8 for all 8 € (1, 2], and the equality 7(8) =
1 — 1/ holds for infinitely many B € (1, 2]. They left open the interesting question to
determine t(B) for all 8 € (1, 2]. In this paper, we give a complete description of the
critical value

7(B) = sup{t : dimy Kg(t) > 0} = inf{z : dimy Kg(7) = 0} (L.1)
for each 8 € (1, 2]. Qualitatively, our main result is the following.

THEOREM 1.
(i) The function t : B+ t(B) is left continuous on (1,2] with right-hand limits
everywhere (cadlag), and, as a result, has only countably many discontinuities.
(i1) T has no downward jumps.
(iii)  There is an open set O C (1, 2], whose complement (1, 2]\ O has zero Hausdorff
dimension, such that T is real-analytic, convex, and strictly decreasing on each
connected component of O.

Quantitatively, the main results are Theorem 2 and Propositions 6.2 and 6.3. Together
with Proposition 1.12, they specify the value of 7(8) for all 8 € (1, 2]. In Proposition 1.9
below, we give an explicit description of the discontinuities of the map t, which shows
that the dimension dimy Kg(¢) is not jointly continuous in 8 and ¢. The closures of the
connected components of the set O in Theorem 1(iii) form a pairwise disjoint collection
{1,} of closed intervals which we call basic intervals (see Definition 1.5). In the remainder
of this introduction, we describe these basic intervals by using certain substitutions on
Farey words. We then give a formula for t(8) on each basic interval (see Theorem 2)
and decompose the complement (1, 2]\ |, /» into countably many disjoint subsets (see
Theorem 3), which are of two essentially different types. We then calculate 7(8) on each
subset.

To describe the critical value 7(8), we first introduce the Farey words, also called stan-
dard words (see [24, Ch. 2.2]). Following a recent paper of Carminati, Isola, and Tiozzo
[8], we define recursively a sequence of ordered sets (Fn)?liO' Let Fy = (0, 1), and for
n > 0, the ordered set Fy, 11 = (v1, . . ., Upn+141) is Obtained from Fy, = (wy, ..., wonyy)
by inserting for each 1 < j <2" the new word w;w;4| between the two neighboring
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words w; and wjy1. So,
Flz(o’()l’])» FZZ(O,OOI,OI,OII,I),
F3 = (0, 0001, 001, 00101, 01, 01011, O11, 0111, 1), (1.2)

and so on (see §2 for more details on Farey words). Set Q% := Uf;] F, \ Fy. Then each
word in Q7 is called a non-degenerate Farey word. Note that any word in Q7 has length
at least two, and begins with digit 0 and ends with digit 1. We will use the Farey words as
basic bricks to construct infinitely many pairwise disjoint closed intervals so that we can
explicitly determine t(B) for 8 in each of these intervals. Furthermore, we will show that
these closed intervals cover (1, 2] up to a set of zero Hausdorff dimension.

The construction of these basic intervals depends on certain substitutions of Farey
words. For this reason, we need to introduce a larger class of words, called Lyndon words;
see [20, Lemma 3.2].

Definition 1.1. A words = s1 . ..s, € {0, 1}* is Lyndon if
Sigl - -Sm>=81...5y—; forallO0 <i < m.

Here and throughout the paper, we use lexicographical order > between sequences and
words; see §2. The words 0 and 1 are (vacuously) Lyndon. Let Q7 denote the set of all
Lyndon words of length at least two. Then by Definition 1.1, each s € 7 has a prefix 0
and a suffix 1. It is well known that each Farey word is Lyndon (cf. [8, Proposition 2.8]).
Thus Q}. C Q7.

Now we define a substitution operator  in 27 . This requires the following notation. By
a word we mean a finite string of zeros and ones. For any two words, u = uy . .. Uy, V=
V] ...Vy, we denote by uv = ug ... u,v; ... v, their concatenation. Furthermore, we
write u® for the periodic sequence with periodic block u. For a word w = wy ... w, €
{0, 1}, we denote W~ := wy ... w,_10if w, =1, and wF :=w; ... w,_11if w, =0.
Furthermore, we denote by LL.(w) the lexicographically largest cyclic permutation of w.
Now for two words s = 51 ..., € Qz andr=ry...r; €0, 1}‘5, we define

Ser:==«cy...Cim, (L.3)
where
s™ ifr; =0,
Cl...Cp =
P T L)t i =1,

andforl < j < ¢,

L(S) if Firj+1 = 00,
]L(S)Jr ifrjrj_H = 01,

Cim+1 -« - C(j+)ym = .
! ! ifrjrjy1 =10,
S ifrjrj_H = 11.

For an equivalent definition of the substitution operator e, see §3.
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Example 1.2. Let r =01, s = 001, and t = 011 be three words in Q*F Then L(r) = 10
and L(s) = 100. So, by equation (1.3), it follows that

res=re00l =r L(r)L(r)" =001011 € QF,
set=se0ll =s L(s)"s = 000 101 001 € Q}.
Then IL(r e s) = 110010, and thus
(res)et=(res)e0ll = (res) L(res) (res)= 001010 110011 001011,
and
re(set) =re 000101001
=r L@)L@L@r L) r L)L)t = 0010 10 11 00 11 00 10 11.

Hence, (res)et=re (set), suggesting that the operator e is associative. However,
observe thatr e s = 00 10 11 # 000 101 = s e r. So e is not commutative.

From Example 1.2, we see that Qj‘, is not closed under the substitution operator e, since
res = 001011 ¢ Q7. Hence we need the larger collection 7. It turns out that Q7 is a
non-Abelian semi-group under the substitution operator e.

PROPOSITION 1.3. (2%, o) forms a non-Abelian semi-group.

Remark 1.4. The substitution operator e defined in equation (1.3) is similar to that
introduced by Allaart [1], who used it to study the entropy plateaus in unique
g-expansions.

Let
A:={S=sjes00---0s;:5, € Qpforanyl <i <k;k e N} (1.4)

be the set of all substitutions of Farey words from 7. Then by Proposition 1.3 it

follows that Q’; CAC Q’Z Moreover, both inclusions are strict. For instance, 001011 =

01 ¢ 001 € A\Q2}, by Example 1.2 and Proposition 2.4 below, and 0010111 € Q7 \ A.
Given 8 € (1, 2], for a sequence (c;) € {0, I}N, we write

]

(ci))p : ‘i
i))p = R
i=1 /3

Now we define the basic intervals.

Definition 1.5. A closed interval I = [B, B«] C (1, 2] is called a basic interval if there
exists a word S € A such that

LES®)p =1 and LES)TSTLEO)®)g, = 1.

The interval I = IS is also called a basic interval generated by S.
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FIGURE 1. Graph of the critical value function t(8) for 8 € (1, 2]. Wesee that 7(8) <1 — 1/B forall 8 € (1, 2],

and the function T is strictly decreasing in each basic interval IS. For example, the basic interval generated

by the Farey word 01 is given by 1% = [Be, B] & [1.61803, 1.73867] with ((10)®)g, = (1100(10)®), = 1.

Furthermore, for any g € I°, we have 7(8) = (00(10)*)g = 1/B(B% — 1); see Example 1.7 for more
details.

The subscripts for the endpoints B¢ and B, of a basic interval will be clarified when
we define the Lyndon intervals (see Definition 1.8 below). Our second main result gives a
formula for 7(8) when g lies in a basic interval IS.

THEOREM 2.

(i)  The basic intervals IS, S € A are pairwise disjoint.
(i) If IS is a basic interval generated by S € A, then

T(B) = (STL(S)®)s forevery p € IS (1.5)

(iii)  The function t is strictly decreasing on IS, and is real-analytic and strictly convex
in the interior of IS.

Remark 1.6. Note that (iii) follows immediately from (ii). For the special case when S €
Q7,, the formula (1.5) was stated without proof by Kalle et al [20].

Example 1.7.
(i) Let s=01 € Q%. Then by Definition 1.5, the basic interval % =By, Bi]
satisfies

(L01)*)g, = ((10)*)g, =1 and (L(01)+(01)_L(01)°°)ﬁ* = (1100(10)*)p, = 1.
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By numerical calculation, we get / 0l ~ [1.61803, 1.73867] (see Figure 1). In fact,
Be = (1 ++/5)/2. Theorem 2 yields that

T(B) = (00(10)™) g = forall B € 1.

1
BB —1)
(i) Lets; =sy =01 € Q. Then S =s; o5 = 01 ¢ 01 = 0011. By Definition 1.5, the

basic interval 1512 = [l = [B,, B,]is given implicitly by
(L(0011)*°) g, = ((1100)*)g, = 1,
(L(0011)*(0011) ~LL(0011)*) 5, = (11010010(1100)>) 5, = 1.
Numerical calculation gives [ 0011 [1.75488, 1.78431] (see Figure 1), and
Theorem 2 implies

1, 1+p
B3 BABr-1)

T(B) = (STL(S)™)p = (0010(1100)>)5 = for all B € 1001,

Next, we introduce the Lyndon intervals.

Definition 1.8. For each Lyndon word S € Qj, the interval JS = [g3, 851 C (1,2] is
called a Lyndon interval generated by S if

(}L(S)O")ﬂE =1 and (L(S)+s°°)ﬁ§ =1
If in particular S € Q%., we call J S a Farey interval.

We remark that the Farey intervals defined in [20, Definition 4.5] are half-open intervals,
which is slightly different from our definition. It turns out that the discontinuity points of
7 are precisely the right endpoints of the Lyndon intervals JS with § € A.

PROPOSITION 1.9. The function t is continuous on (1, 2]\{,3,S : S € A}. However, for
each S € A, we have

lim 7(8) = (S®)gs > (S0°)4s = t(BS). (1.6)
BN\BS ! '

Remark 1.10. Proposition 1.9 implies that although the dimension dimy Kg(#) is contin-
uous in ¢ for fixed B, it is not jointly continuous in B and ¢. In particular, when ¢t = t(,BrS)
for S € A, the function 8 + dimgy Kg(t) has a jump at /Srs.

It was shown in [20, §4] that the Farey intervals JS, s € Q} are pairwise disjoint, and
the exceptional set

E:=(12\J /*
SEQ

has zero Hausdorff dimension. We strengthen this result slightly and show in Proposition
5.6(1) that E is uncountable and has zero packing dimension.

From Definitions 1.5 and 1.8, it follows that 7 S < JS for any S € A, and the two
intervals /5 and JS have the same left endpoint (see Proposition 5.1.) In Proposition 5.6(ii),
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we show that for any S € A, the Lyndon intervals J5°,r € Q} are pairwise disjoint
subsets of JS \ IS, and the relative exceptional set

ES = (JS \ IS) \ U JSOI'

*
reQy

is also uncountable and has zero box-counting dimension. In Proposition 5.1, we show that
the Lyndon intervals JS, S € A have a tree structure. This gives rise to the set

x
Eoo := ﬂ U JS, (1.7)

k=1 SeA(k)
where A(k) :={S=s10---o5;: 5, € Q} forall 1 <i <k}. We call Eo, the infinitely
Farey set, because its elements arise from substitutions of an infinite sequence of Farey
words. It follows at once that E, is uncountable; we show in Proposition 5.8 that it has
zero Hausdorff dimension.

Combining the above results, we obtain our last main theorem.

THEOREM 3. The interval (1, 2] can be partitioned as

(1,2l = EUE U U ESuU U 18,
SeA SeA

and the basic intervals {IS : S € A} cover (1, 2] up to a set of zero Hausdorff dimension.

Remark 1.11. Tt is worth mentioning that the Lyndon intervals JS and the relative
exceptional sets ES constructed in our paper have similar geometrical structure as the
relative entropy plateaus and relative bifurcation sets studied in [2], where they were used
to describe the local dimension of the set of univoque bases.

The following result was established in the proof of [20, Theorem D].

PROPOSITION 1.12. For any B € (1, 2], we have t(B) < 1 — 1/B. Furthermore,
1
) =1-— E forany g € E.

Thus, in view of Theorem 3, it remains to determine t(8) for 8 € ES with S e A
and for B € Eoo. In Proposition 6.2, we compute 7(8) for § € ES by relating the relative
exceptional set ES to the exceptional set E via a renormalization map Ws. Proposition 6.3
gives an expression for 7(f8) when B € E. As an illustration of the latter, in Proposition
6.4, we construct in each Farey interval J® a transcendental base 85, € Eo and give
an explicit formula for 7(B5,). Here we point out an interesting connection with unique
B-expansions: Let 8 =~ 1.78723 be the Komornik—Loreti constant (cf. [21]); that is, B is
the smallest base in which 1 has a unique expansion. Then it follows from Proposition 6.4
that B = BY € Ex, and (8) = 2 — B)/(B — 1) ~ 0.270274.

The rest of the paper is organized as follows. In §2, we recall some properties of Farey
words and Farey intervals, as well as greedy and quasi-greedy S-expansions. In §3, we
give an equivalent definition of the substitution operator e, and prove Proposition 1.3. The
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proof of Theorem 2 is given in §4. At the heart of the argument is Proposition 4.1, which
clarifies the role of the special Lyndon words S € A and is used in several settings to
derive the upper bound for 7 (8). The relative exceptional sets ES, S € A and the infinitely
Farey set E are studied in detail in §5, where we show that all of these sets have zero
Hausdorff dimension, proving Theorem 3. In §6, we determine the critical value 7(8) for
B in the relative exceptional sets ES and the infinitely Farey set Eo. Finally, in §7, we
show that the function 8 — 7(B) is cadlag, and prove Proposition 1.9 and Theorem 1.

2. Farey words and Farey intervals

In this section, we recall some properties of Farey words, which are vital in determining
the critical value t(B). We also recall from [20] the Farey intervals, and review basic
properties of greedy and quasi-greedy B-expansions.

First we introduce some terminology from symbolic dynamics (cf. [23]). Let {0, 1} be
the set of all infinite sequences of zeros and ones. Denote by o the left shift map. Then
({0, 1}, o) is a full shift. By a word we mean a finite string of zeros and ones. Let {0, 1}*
be the set of all words over the alphabet {0, 1} together with the empty word €. For a word
c € {0, 1}*, we denote its length by |c|, and for a digit a € {0, 1}, we denote by |c|, the
number of occurrences of a in the word ¢. Fortwowordsec =c¢j...c¢,andd =d; ... d,
in {0, 1}*, we writeed = ¢j . . . ¢,udi . . . d, for their concatenation. For n € N, we denote
by ¢” the n-fold concatenation of ¢ with itself, and by ¢* the periodic sequence with period
block c.

Throughout the paper, we will use the lexicographical order ‘<, <, >’ or =" between
sequences and words. For example, for two sequences (c;), (d;) € {0, DY, we say (¢;) <
(d;) if ¢; < dj, or there exists n € Nsuch that ¢y ...c, =dj...d, and ¢4+ < dyy1.
For two words ¢, d, we say ¢ < d if ¢0%®° < d0%®. We also recall from §1 that if ¢ =
¢l ...cmWithey, =0, thenet =¢;...cp_1l;andifc=cy . ..cy, with ¢,, = 1, then
¢ =cp...cu-10. Finally, for a word ¢ = cic3 . . . ¢, we denote its reflection by € :=
1I—=cpDd=c2) ... —=cy).

2.1. Farey words. Farey words have attracted much attention in the literature due to
their intimate connection with rational rotations on the circle (see [24, Ch. 2]) and their
one-to-one correspondence with the rational numbers in [0, 1] (see equation (2.1) below).
In the following, we adopt the definition from a recent paper of Carminati, Isola, and

Tiozzo [8].

First we recursively define a sequence of ordered sets F,,,n =0, 1,2,.... Let Fy =
(0, 1); and for n > 0, the ordered set Fy, 41 = (vy, ..., Vyntiy ) is obtained from F, =
(wi, ..., wayp) by

Vi1 = W; forl <i<2"+41,

vy = wijwijyp forl <i <2",

In other words, Fj,4; is obtained from F, by inserting for each 1 < j < 2" the new
word w;w ;11 between the two neighboring words w; and w;41. See equation (1.2) for
examples. Note that for each n > 0, the ordered set F}, consists of 2" 4+ 1 words which are
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listed from the left to the right in lexicographically increasing order. We call w € {0, 1}*
a Farey word if w € F, for some n > 0, and we denote by Qf := oo F, the set of all
Farey words. As shown in [8, Proposition 2.3], the set QF can be bijectively mapped to
Q N[0, 17 via the map

§:QrF — QNIO, 1 sr—>ﬂ. 2.1)

Is|
So, &(s) is the frequency of the digit 1 in s.
For eachn > 1, set

Fy = F,\ {0, 1},
and
FO:={weF:|lwo>|wh}), Fl:={weF": |w}>|wo
For example, Fl* = (01), F2* = (001, 01, 011), and FY = (001), Fl = (011). The follow-
ing decomposition can be deduced from [8, Proposition 2.3].

LEMMA 2.1. Foranyn > 2, we have F; = FQ U F} U F.

The ordered sets F,’,n > 1 can also be obtained via substitutions. We define the two
substitution operators by

and Uj: 2.2)
1~ 01, 1— 1.

PHQ 0+ 0l,

Then Uy and U; naturally induce a map on {0, 1}* or {0, 13N, For example,
Up:{0,1}* — {0,1}*; c1...cn = Uplcr) ... Uy(cy).

The following result was proven in [8, Proposition 2.9].

LEMMA 2.2. For each a € {0, 1}, the map U, : F,} — F' | is bijective.

By Lemmas 2.1 and 2.2, it follows that the ordered sets F,’ can be obtained by the
substitution operators Up and Uy on the set F}* = (01). We will clarify this in the next
proposition. Let Q27 be the set of all non-degenerate Farey words, that is,

0
Q= Fr.
n=1

Foraworde =c¢j . ..cp € {0, 1}*, let S(c) and IL(c) be the lexicographically smallest
and largest cyclic permutations of ¢, respectively. In other words, S(c) is the lexicographi-
cally smallest word among

Cc1€2 ... Cpy, C€2...CuCl, C3...CuCIC2, + ooy  CmCl +..Cm—15

and LL(c) is the lexicographically largest word in the above list. The following properties
of Farey words are well known (see, e.g., [8, Proposition 2.5]).

LEMMA 2.3. Lets = sy ... Sy € QY. Then the following hold.
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(i) S(s) =sandL(S) = spSm_1 - . . S1.
(i) s~ is a palindrome; that is, s1 . . . S;m—1(Sm — 1) = (S — DSm—15Sm—2 . . . 51.
(iii) The word s has a conjugate § € Q%,, given by

S:=L(s)=0s2. .- 5u_1 1. (2.3)

The last equality in equation (2.3) follows from statements (i) and (ii). In terms of the
correspondence equation (2.1), if £(s) = r € QN [0, 1], then £(S) = 1 — r. Note also that
the conjugate of § is simply s itself.

The following explicit description of 27 will be useful in §4 to prove the upper bound

for 7(B).

PROPOSITION 2.4. Q7 consists of all words in one of the following forms:

1) 017 or 071 for some p € N;

(i) 01P01P*1 . 01PTNO1PF! for some p € N and Farey word Ot . . . ty1 € Q%.;
(iii) OPT110PT11 ... 0PTV10P1 for some p € N and Farey word Ot; . . . ty1 € Q.

Proof. Note that 01 = U;(0) = Up(1) € F|" C Q. Furthermore, for p € N and
0f1 ...ty1 € Q%, we have

017 = U1 (017" = Ul (Wo(1)),

071 = Up(0P~'1) = Ul ~ (v, (0)),
017017+ 01PN O1PH = UP (Ug (011 . . . tn 1)),
oPthioPtiy L 0PtV 1071 = UL (U1 (0T - - - iy D).

By Lemma 2.3(iii), if Or ...ty1 € Q. then 071 ... 7y 1 € Q}. as well. Hence by
Lemma 2.2, all the above words lie in Q7.

To prove the converse, it suffices to show that each word in Qj; is of the form
Uy (Ui (1) or Uy (Up(t)) for some p > 0 and Farey word t € Qp. This is clearly true
for 01 = U(()) (U1(0)), where Ug denotes the identity map. Let n > 1 and suppose the
statement is true for all Farey words in F,;. Take s € F," | with s # 01. By Lemmas 2.1
and 2.2, s = Up(t) or s = U (t) for some Farey word t € F,". We assume the former, as the
argument for the second case is similar. By the induction hypothesis, either t = Uéj Ui(w))
for some u € QF and p > 0, in which case s = U(f—H(Ul (u));ort = U{’(Uo(u)) for some
u € Qpand p > 1, in which case s = Uy(U;(v)), where v = U]p_l(Uo(u)) € Q. Inboth
cases, s is of the required form. O

Observe that the two types of words in Proposition 2.4(i) are each others conjugates, and
the conjugate of a Farey word of type (ii) is a Farey word of type (iii), and vice versa. For
more properties of Farey words, we refer to the book of Lothaire [24] and the references
therein.

2.2. Quasi-greedy expansions, Farey intervals, and Lyndon intervals. Given 8 € (1, 2],
let 8(B) = 81(B)82(B) ... € {0, 1}N be the quasi-greedy B-expansion of 1 (cf. [11]),
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that is, 8(B) is the lexicographically largest sequence not ending with 0° such that
(6i(B))p = 1. The following property of 6(B) is well known (cf. [6]).

LEMMA 2.5.

(i) Themap B +— 8(B) is an increasing bijection from B € (1, 2] to the set of sequences
(a;) € {0, 13N not ending with 0° and satisfying

o"((a;)) < (a;) foralln > 0.

(i) The map B+ 8(B) is left continuous everywhere on (1,2] with respect to the
order topology, and it is right continuous at By € (1,2) if and only if 5(By) is
not periodic. Furthermore, if §(Bo) = (ai . . . ay)° with minimal period m, then

§(B) \uai ...a 0% as B\ Bo.

Recall from Definition 1.1 that fora word s =s1...5, € Q”L‘, we have sj41 ... 8y, >
S1...8u—; forall 1 <i < m. The following basic fact can be found in [5, Theorem 1.5.3].

LEMMA 2.6. Let ¢ =cp ...cy € {0, 1}*, and suppose two cyclic permutations of ¢
are equal (that is, Ciy1 ...CuC1 ... Ci =Cjql ...CpuCl ...Cj, where i # j). Then ¢ is
periodic; in other words, ¢ = b* for some word b and k > 2.

In fact, the length of b in Lemma 2.6 can be taken to equal gcd(]i — j|, m).

LEMMA 2.7. Lets € Q] anda =1.(s) = ay . .. ay. Then
Ait] .. Ay <Al ...0u—; foralll <i <m. 2.4)
Furthermore,

o"(ats"a®) < ats"a® foralln > 0. (2.5)

Proof. First we prove equation (2.4). Since s is Lyndon, it is not periodic. Hence a = L(s)
is not periodic, because any cyclic permutation of a periodic word is periodic. Since a =
IL(s), we have

Aitl ... au I ay...ay—; foralll <i <m.
Suppose equality holds for some i. Then
iyl ...aua] ...40; =0a] ...Qp—iA] ...04; =041 ...0u—iGp—it] ...0y = Q,

SO djy] -..amay . ..a; =1L(s) = a by definition of L(s). By Lemma 2.6, this cannot
happen, since a is not periodic.

Next we prove equation (2.5). Since s = s7 . . . 5y, is a Lyndon word, any word of length
ke{l,...,m—1} occurring in a = IL(s) is lexicographically larger than or equal to
S1 ... Sk. By equation (2.4), it follows that

ag+1 ...a,j;sl Sk Al . Ak Qp—f4] - - - Ay < A1 ...a,,t (2.6)

for all 0 < k < m. Hence, by equations (2.6) and (2.4), we conclude that 6" (a*s~a®) <
ats™a®™ for all n > 1. This completes the proof. O
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LEMMA 2.8. Let B € (1, 2). Then §(B) is periodic if and only if 8(B) = IL(s)*> for some
Lyndon word s of length at least two.

Proof. Suppose §(8) = (aj . . . ay)*° with minimal period block a =ay ... a,. Then
m > 2 since B < 2. Take s := S(a). Then a = LL(s), and

Sitl+--Sm =81 ...8q—; foralll <i <m. 2.7

If equality holds for some i, then we deduce just as in the proof of Lemma 2.7 that s is
periodic. However, then a is also periodic, contradicting that m is the minimal period of
8(B). Hence, strict inequality holds in equation (2.7), and s is Lyndon. The converse is
trivial. O

Recall the Farey intervals and Lyndon intervals from Definition 1.8. The following
properties of Lyndon intervals and Farey intervals were established in the proof of [20,
Theorem C].

LEMMA 2.9.
(i)  The Farey intervals J®, s € QY are pairwise disjoint, and their union is dense in
(1, 2].
(ii) Any two Lyndon intervals are either disjoint or one is contained in the other.

(iii)  For any Lyndon interval JS,S € Qj, there exists a unique Farey interval J* such
that JS C J".

Note that (iii) follows immediately from (i) and (ii).

2.3. Greedy expansions and the symbolic survivor set. Given 8 € (1,2]and t € [0, 1),
we call the sequence (d;) € {0, 1N a B-expansion of t if ((d;))p =t. Note that a
point ¢ € [0, 1) may have multiple S-expansions. We denote by b(z, ) = (b;i (¢, B)) €
{0, 1}N the greedy B-expansion of t, which is the lexicographically largest expansion
of t in base B. Since Tg(t) = Bt(mod 1), it follows that b(Té’(t), B) =ac"(b(, B)) =
bp+1(t, B)by42(t, B) . . .. The following result was established by Parry [26] and de Vries
and Komornik [12, Lemma 2.5 and Proposition 2.6].

LEMMA 2.10. Let B € (1, 2]. The map t — b(t, B) is an increasing bijection from [0, 1)
to

((di) € {0, 11N 2 6™ ((d})) < 8(B) for all n > 0}.

Furthermore:
(i) the map t — b(t, B) is right-continuous everywhere in [0, 1) with respect to the
order topology in {0, 1}N;
(ii) if b(ty, B) does not end with 0°°, then the map t — b(t, B) is continuous at ty;
(iii) ifb(to, B) =b1 ... b, 00 withb,, =1, thenb(t, ) /' b1 ...b,8(B)ast /1.

Recall that the survivor set Kz () consists of all x € [0, 1) whose orbit {Té‘ (x):n >0}
avoids the hole (0, 7). To describe the dimension of Kg(t), we introduce the topological
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entropy of a symbolic set. For a subset X C {0, N, its topological entropy hiop(X) is
defined by

log #B,, (X
iop(X) = lim inf 2&FBnX),
n—o0o n
where #B,,(X) denotes the number of all length n words occurring in sequences of X. The
following result for the Hausdorff dimension of Kg(f) can be essentially deduced from
Raith [28] (see also [20]).

LEMMA 2.11. Given B € (1,2] and t € [0, 1), the Hausdorff dimension of Kg(t) is
given by

htop (Kﬁ ()
log B

s

dimgy Kﬁ(l) =

where
Kp(t) = {(d) € {0, 3N 1 b(t, B) < 0" ((d;)) < 8(B) for all n > 0}.

To determine the critical value 7(8) for 8 inside any Farey interval JS, we first need to
develop some properties of the substitution operator e from equation (1.3). We do this in
the next section.

3. Substitution of Lyndon words

In this section, we give an equivalent definition of the substitution operator in Q7j
introduced in equation (1.3), and prove that 27 forms a semi-group under this substitution
operator. This will play a crucial role in the rest of the paper.

3.1. An equivalent definition of the substitution. ~Given a Lyndon word s € Q} witha =
LL(s), we construct a directed graph G = (V, E) as in Figure 2. The directed graph G
has two starting vertices ‘Start-0’ and ‘Start-1°. The directed edges in the graph G take
labels from {0, 1}, and the vertices in G take labels from {s~, s, a, a*}. Denote by LE the
edge labeling and by £" the vertex labeling. Then for each directed edge e € E(G), we
have £E (e) € {0, 1}, and for each vertex v € V(G), we have £V (v) € {s™, s, a,a’}. The
labeling maps ££ and £ naturally induce the maps on the infinite edge paths and infinite
vertex paths in G, respectively. For example, for an infinite edge path ejes . . ., we have

LE(erer.. ) = LE@enLE @) ... e{o, 1}

Here we call eje; . . . an infinite edge path in G if the initial vertex of e is one of the
starting vertices and for any i > 1, the terminal vertex t (e;) equals the initial vertexi(e;j+1).
Similarly, for an infinite vertex path v = vjv; . . ., we have

L. ) =LY DL () ... efs,s aa"}l,

where we call viv, . . . an infinite vertex path in G if vy is one of the starting vertices and
for any i > 1, there exists a directed edge ¢ € E(G) such thati(e) = v; and #(e) = vj41.
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Start-1 ! @ ! @© 0

1 =(s) n @ - Start-0

FIGURE 2. The directed graph G = (V, E) with the edge labels from {0, 1} and vertex labels from {s7, s, a, at},
where s € Q] and a = L(s).

Let Xg = XEg(G) be the edge shift consisting of all labelings of infinite edge paths in
G, that is,

Xg :={LE(e1er...)  e1es ... isan infinite edge path in G}.

One can verify easily that Xg = {0, 1N, Also, let Xy = Xy (G) be the vertex shift which
consists of all labelings of infinite vertex paths in G, that is,

Xy :={LY(vjvy...) s vjvy ... is an infinite vertex path in G}.

Then any sequence in Xy is an infinite concatenation of words from {s7, s, a, a®}. Observe
that the edge shift X ¢ is right-resolving, which means that out-going edges from the same
vertex have different labels (cf. [23]). Moreover, different vertices have different labels. So
for each (d;) € X, there is a unique infinite edge path eje, . . . in Gsuch thatdid, . . . =
LE(erer. . ).

Definition 3.1. The substitution map &g from Xg to Xy is defined by
bs: Xp — Xy, LEerea.. ) LY (t(e))t(er) . . ),
where 7 (¢;) denotes the terminal vertex of the directed edge e;.
We can extend the substitution map ®g to a map from B, (Xg) to B.(Xy) by
D51 Bu(Xp) > Bu(Xv); L(er .. e > LV (1(er) . 1(en)), (D)

where B, (XE) consists of all labelings of finite edge paths in G and B,(Xy) consists of
all labelings of finite vertex paths in G. So, by equations (1.3) and (3.1), it follows that for
any two words s € Q7 and r € {0, 1}*, we have

ser = Oy (r). (3.2)

Example 3.2. Lets =01 and r = 001011. Then s € Q7. and r € Q] \ Q7. Furthermore,
s~ =00,a=L(s) = 10,a* = 11. So by the definition of ®s, it follows that

dg(r) = 5(001011) = s~aaTs~ats = 001011001101,
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D (r7) = P(001010) = s"aats"aTs™ = 001011001100.

Observe that &g(r~) = ®s(r)~. By Definition 1.1, one can check that &g(r) € Q7.
Furthermore,

dg(L(r)) = ®5(110010) = a*ss~aaTs™ = 110100101100 = L(Ds(r)),
and
D (r®) = dg((001011)°) = (s"aaTs~ats)™ = (001011001101)>° = d4(r)>.
3.2. Properties of the substitution. Motivated by Examples 1.2 and 3.2, we study the

properties of the substitution ®s. We will show that Q7 forms a semi-group under the
substitution operator defined in Definition 3.1. First we prove the monotonicity of ®s.

LEMMA 3.3. Lets € Q. Then the map s is strictly increasing in X p = {0, 1N,

Proof. Let (d;) and (di’ ) be two sequences in X g, and let (e;), (el’. ) be their corresponding
edge paths; thus, (d;) = L ((¢;)) and (d)) = LE((e})). Suppose (d;) < (d). Then there
exists k € N such that dy ...dy_1 =dj...d;_, and dy <d;. If k=1, then d| =0
and dj = 1. So, LY (t(e1)) =s~ and Lv(t(e’l)) = a™. By Definition 3.1, it follows that

D5((di)) < Ds((d))).
If k> 1,then ey ...ex_1 =¢] ...e,_,, which implies that the initial vertices of e
and e,/{ coincide. Since d; < d,/{, by the definition of LV, it follows that (see Figure 2)

LYt () < LY (1(e)).

By Definition 3.1, we also have ®s((d;)) < d>s((d{ )). This completes the proof. O
LEMMA 3.4. Lets € Q’i Then for anywordd = d; . . . dy € B«(XEg) withk > 2, we have
Os(d7) = Os(d)™  ifdr =1,

Og(dh) = dg(d)t  ifdy = 0.

Proof. Since d =d; . ..d; € B«(XE), there exists a unique finite edge path e ... ex
such that £E(e; ... ex) =d. If dy =1, thend™ =d, .. . dy_;0 can be represented by
a unique finite edge path ¢] ... e, with €] ...e;_, =e1...e;_1. By the definition of
LY, it follows that LY (¢ (e})) = L ((ex)) ™. Therefore, by Definition 3.1, it follows that

Ds(d7) = D(LEE] ... €})) = Ds(LE(er . . . ex—1€}))
=L (t(er) ... tlex—1)t(e}))
=LY(1(e1) ... 1(er))” = Ds(@) ™
This proves the first equality of the lemma. The second equality follows analogously. [

Recall the operator e from equation (3.2). In the following, we prove Proposition 1.3 by
showing that 27 is closed under e and that e is associative. The proof will be split into a
sequence of lemmas. First we prove that Q7 is closed under e.
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LEMMA 3.5. Foranys,r € Q], wehaveser € QF.

Proof. Lets=s1...8, € Qz and a = LL(s). Then there exists j € {1,...,m — 1} such
that

a:sj+1...sms1...sj. (3.3)

Letr=r;...1p € Q}i Then we can write ser = ®4(r) = by . .. b,,y. Furthermore,
there exists a finite edge path e . . . e; representing r such that

®s(r) = LY (t(e1) .. . 1(er)) =: by ... by,

where each block b; € {s™, s, a,a™}. Note that b; = s~ since the block r begins with
r1 = 0. By Definition 1.1, it suffices to prove

b,‘+1 Ce bmg > bl Ce bmg_l' for any 0<i<mdl. (3.4)

We split the proof of equation (3.4) into two cases.

Case l. i = km for some k € {1,2,...,¢ —1}. Then b;y1 ... byme = br4+1 ... bg. Since
r is a Lyndon word, we have ry41 ...r¢ > ry ... re—_i. So, equation (3.4) follows directly
by Lemma 3.3.

Case Il. i =km + p for some k€ {0,1,...,£—1} and pe {l,...,m — 1}. Then

bit1...bwe=biy1...biym—pbry2 ... be. In the following, we prove equation (3.4) by
considering the four possible choices of by € {s7, s, a, at). If bi4+1 = s, then by using
that s € Q7 , we conclude that

b,'_H...b,’+m_p=Sp+1...Sm>S1...Sm_p=b1...bm_p,

proving equation (3.4). Similarly, if by, 1 = a™, then by equation (3.3), one can also prove
that ;1 ... biym—p > b1 ... byu_p. Now we assume by = s—. Then by using s € Q7,
it follows that

biv1 ... bigm—p=Spy1...5,=81...Sm—p=b1...by_p. 3.5)

Observe that the word s~ can only be followed by a or a™ in G (see Figure 2). So by, €
{a, a™}. Since a = LL(s), we obtain that

bi+m—p+l coobiym=ar ... Ap 77 Sm—p+1 -+ - Sm > Sm—p+1 -+ - Spy = bm—p+l ... by
(3.6)

Thus, by equations (3.5) and (3.6), we conclude that b; 11 . . . bjtm > b1 . .. by, proving
equation (3.4). Finally, suppose by = a. Note that the word a can only be followed by a
or a’ in G. Then by equation (3.3) and using s € Q%, we have

bit1 ... bixm =81 ...8m >b1...by.
This completes the proof. O
Say a finite or infinite sequence of words by, ..., b, or by, bo, . .. is connectible if

for each i, the last digit of b; differs from the first digit of b; 1. Thus, for instance, the
sequence 1101, 00111 is connectible whereas the sequence 11010, 0111 is not.
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LEMMA 3.6.
(1) Let by, by, ... be a (finite or infinite) connectible sequence of words. Then for any
s e Qj,

Dg(biby .. .) = Dg(b)Dg(by) . ...
(i) Lets,r € Q’z Then ®g(r*°) = Og(r)*® and Os(IL(r)>°) = dg(ILL(r))>°.

Proof. To prove (i), it suffices to show that if by, by is a connectible sequence, then
Ds(b1by) = dg(by)Ds(br); the statement then extends to arbitrary connectible sequences
by induction.

Without loss of generality, by the symmetry of the edge-labels in Figure 2, we may
assume that b; ends in the digit 0 and b, begins with the digit 1. However, note that
in the directed graph in Figure 2, if we travel along an edge labeled O followed by an
edge labeled 1, we always end up at the vertex labeled a*, which is also the first vertex
visited after traveling along an edge labeled 1 from the ‘Start-1" vertex. Thus, ®g(b1by) =
Ds(b;) Ds(b2).

Statement (ii) follows from (i) since r begins with digit O and ends with digit 1, so r is
connectible to itself; and similarly, IL(r) begins with digit 1 and ends with digit 0, so L(r)
is connectible to itself. O

To prove that e is associative, we need the following result, which says that the two
operators e and I commute.

LEMMA 3.7. Foranys,r € Q%, we have L(ser) = s o IL(r).

Proof. The proof is similar to that of Lemma 3.5. Letr = r; ... r, € Q] . First we show
that s e L(r) is a cyclic permutation of s e r. Note that L(r) =711 ...rery ... rj for
some 1 < j < £.Thenr; =0andr;y; = 1, so Lemma 3.6(i) implies that

soer =@ ...70) = Ps(r1...7))Ps(rjg1...7¢). (3.7
However, since r € Q’z, we have rp = 1 and r; = 0, so by Lemma 3.6(i), we obtain that
Se L(l‘) = (Ds(rj_H oo ery . rj) = d>s(rj+1 ce rg)CDS(Vl e rj).

This, together with equation (3.7), proves that s e L(r) is indeed a cyclic permutation of
s e r. It remains to prove that s e IL(r) is the lexicographically largest cyclic permutation of
itself.

Write s=s1...5; € Q}i with a =1L(s) =a; ...a;, and write L(r) =c; ... cy.
Then by Lemma 2.7, it follows that

dit] .-Gy <aj...aym—; forall0<i < m;

Citl...Cp<cCl...co—; forall0<i <. (3.8)
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Write seL(r) = by ...by = by ... by, where each b; € {s7, s, a, a™}. Then it suffices
to prove that

biy1...bme <by...bye—; forallO <i < mdl. (3.9)

Since L(r) has a prefix ¢; =1, we see that by ...b, =b; =aT. So, by using
equation (3.8) and the same argument as in the proof of Lemma 3.5, we can prove
equation (3.9). L]

The next lemma will be used in the proof of Lemma 5.3 and Proposition 6.2.

LEMMA 3.8. Lets € Q}, and take two sequences (c;), (d;) € {0, 1N,
(1) Ifd; =1, then

o"((¢;)) < (d;) foralln >0 = o"(Ds((c;))) < Ds((d;)) foralln > 0.
(i) Ifd; =0, then

o"((¢;)) = (d;) foralln >0 = " (Ps((c;))) > Ds((d;)) foralln > 0.
Proof. (i) Suppose di = 1 and 6" ((¢;)) < (d;) for all n > 0. Then ®4((d;)) begins with
L(s)*. If n = 0(mod |s|), then by Lemma 3.3, it follows that " (Ds((c;))) < Ps((d;)).
If n # O(mod |s|), then by using ®g(d;) = L(s)* and the same argument as in the

proof of Lemma 3.7, one can verify that " (®g((c;))) < Ds((d;)). The proof of (ii) is
similar. O

Finally, we show that e is associative.
LEMMA 3.9. For any three wordsr, s, t € Q%, we have (res)et =re (set).

Proof. Letr=r|...ry,s=s1...5,,andt =1t ..., Then we can write(r e s) e t as
(res)et=B;B,...B,, (3.10)

whereeachB; € {(res) ,res,L(res), L(res)™}.Sincet; =0,wehave B; = (res)™.
Furthermore, by the definition of @4 it follows that for 1 <i < ¢,

L(res) if t;_1t; = 00,
L(res)t iff_1t; =01,
B, — ( ) : i—14 @3.11)
(res)” ift;_1t; = 10,
res ift;_q1t; = 11.

Similarly, we can write

set=bib,...by,
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where each b; € {s™, s, L(s), L(s) "}, and it follows from the definition of &g that

L(s) if t;_1t; = 00,
L(s)™ ift_14; =0I,
b; = (s) : i—11 (3.12)
S~ ift;_1t; = 10,
S ift;_1t; =11,
for 1 <i < £. Comparing equations (3.11) and (3.12) and using Lemmas 3.4 and 3.7, it
follows that

Op(b;) =B; foralli > 1.

Moreover, the sequence by, by, . . ., by is connectible because b1b, . . . by = &4(t) arises
from a walk along the directed graph in Figure 2. Hence, Lemma 3.6 and equation (3.10)
yield

re(set) = ®.(biby...by) = Op(b))DPr(b2) ... Pr(by) =Bi1By... By =(res)et,
as desired. O]

Proof of Proposition 1.3. The proposition follows by Lemmas 3.5 and 3.9 and Example
1.2, which shows that e is not commutative. O]

4. Critical values in a basic interval
In this section, we will prove Theorem 2. Recall from equation (1.4) that A consists of all
words S of the form

S=SIOS20---OSk, kEN,

where each s; € Q7. By Proposition 1.3, it follows that A C Q7, and each S € A can be
uniquely represented in the above form. Take S € A. As in Definition 1.5, we let IS :=
[,B/ZS, ﬂf ] be the basic interval generated by S. Then by Lemmas 2.5 and 2.7, it follows that

§(BS) =L(S)™® and §(BS) =L(S)TSTL(S)™. 4.1)

To prove Theorem 2, we first prove the following proposition, which provides one of the
key tools in this paper and will be used again in §6.

PROPOSITION 4.1. Forany S € A, the set
L(S) :={(x;) : S®° < 0" ((x;)) K L(S)*° for all n > 0} 4.2)
is countable.

We point out that the specific form of S is essential in this proposition: it is not enough
to merely assume that S is a Lyndon word. For instance, take S = 0010111 € Q7. Then
L(S) = 1110010, and it is easy to see that I"(S) D {10, 110}N.

For S = s € Q}., Proposition 4.1 follows from the following stronger result, proved in
[20, Proposition 4.4].
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LEMMA 4.2. Foranys =si ... Sy € QF, the set
[(s) := {(x;) : s*° <K 0" ((x})) K L(s)* forall n > 0}
consists of exactly m different elements.

To reduce the technicalities in the proof of Proposition 4.1, we extend the definition
from Lemma 2.3(iii) and define the conjugate of any word S € A by

p(S) :=L(S).

LEMMA 4.3. The function ¢ : A — {0, 1}*; S — @(S) is a semigroup automorphism on
(A, o). That is, ¢ maps A bijectively onto itself, and

(p(Sl o---0S;) = (p(Sl) e - O(p(Sk) forallsl, ..., 8¢ € pr 4.3)
Furthermore, @ is its own inverse:

0(@(S)) =S forallS € A. (4.4)

Proof. We prove equations (4.3) and (4.4) simultaneously by induction on the degree k
of S=s| e---es;. For k = 1, equation (4.3) is trivial and equation (4.4) follows from
Lemma 2.3(iii). Now suppose equations (4.3) and (4.4) both hold for any word S = s; e

- - @ 5 of degree k, and consider S o r with r € Q7. Set S:= ¢(S). We claim first that for
any word t € {0, 1}*,

dg(t) = D3(1). 4.5)

The expression on the right is well defined since, by equation (4.3), S= o(sj)e---o
p(sp) € Q. N _ N
Write A :=IL(S) and A := IL(S). By equation (4.4), ¢(S) = S, so we have

A=S and A=S. (4.6)

Now note the rotational skew-symmetry in the edge labels of the directed graph in Figure 2.
The edge path corresponding to the word t is just the 180° rotation about the center of the
figure of the edge path corresponding to t. However, replacing the vertex labels S, S7, A,
and AT byS=A, S~ =AT,A =S, and AT = S, respectively, and rotating the whole
graph by 180°, we get the original graph back except that all the vertex labels and edge
labels are reflected. This implies equation (4.5).

Now we can apply equation (4.5) to t = L(r) and obtain:

P(S) e o(r) =S e p(r) = P3(L(r)) = Ps(L(r)) =SeL(r) =L(Ser) = p(Ser).
A7)

Since r € Q7 was arbitrary, the induction hypothesis of equations (4.3) and (4.7) give

@(sie---es es 1) =g(s;)e---eq(sy)ep(siy) forallsy,. .., s € QF.
4.8)
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Thus, equation (4.3) holds for k + 1 in place of k. Next, by Lemma 2.3(iii), ¢(s;) € Qj}
and ¢(¢(s;)) = s; for each i, so applying equation (4.8) with ¢(s;) in place of s; for each i,
we conclude that p(¢(S")) = S’ for every S’ € A of degree k + 1 also.

Thus, we have proved equations (4.3) and (4.4) by induction. Now the remaining
statements of the lemma follow immediately: by equation (4.3), Lemma 2.3(iii), and
Proposition 1.3, it follows that ¢ (S) € A for every S € A, whereas equation (4.4) implies
that ¢ : A — A is bijective. Therefore, ¢ is an automorphism of (A, e). ]

Define
L) :={(x): (x) eT(S)}, SeA.
It is clear that T'(S) has the same cardinality as I'(S). Observe also by equation (4.6) that
T(S) ={() : 8% < 0" ((3)) < L) foralln > 0}
= {1 : 8% = "((3) = L) foralln > 0}
= {1 : L(@®)™ = 0™ ((3)) = ($)™ foralln > 0}
=T'(p(8)). (4.9)

Proof of Proposition 4.1. For S = s € Q},, the proposition follows from Lemma 4.2. So it
suffices to prove that if I'(S) is countable for an S € A, then I'(S e r) is also countable for
any r € QY.

Fix S € A with I'(S) countable; fix r € Q%.,, and note that r begins with 0 and IL(r)
begins with 1. Therefore, S e r begins with S~ and L(Ser) =S e L(r) begins with
L(S)". So

(Ser)* <S8 and L(Ser)™ > L(S)*. (4.10)
By equations (4.2) and (4.10), it follows that
C'S) C{(x;)): (Ser)* <x0"((x;)) < L(Ser)*foralln >0} =T (Ser).

Since I'(S) is countable, it suffices to prove that the difference set ['(Ser) \ I'(S) is
countable. By Proposition 2.4, the word r must be of one of the following four types:
(I r=01? forsome p € N;
(II) r =071 for some p € N;
(II) r=01P01P*" ... 01PT'N01P*! forsome p € Nand Ot . .. tx1 € Q%;
IV) r=0rTl10P+0] . 0PTN10P] for some p € Nand Or; . ..ty1 € Q%;
Since the words in (II) and (IV) are the conjugates of the words in (I) and (III), respectively,

it suffices by Lemma 4.3 and the relationship of equation (4.9) to consider cases (I) and
(IID). Let A := LL(S).

CaseI.r = 017 for some p € N. Note thatS e r = ®g(01”) = STATS?land L(Ser) =
SeL(r) = ®5(170) = A*SP~!1S~. Then I'(S e r) consists of all sequences (x;) € {0, 1}N
satisfying

(STATSPH™® < 6™ ((x) < (ATSPTISTY®  foralln > 0. (4.11)
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Take a sequence (x;) € I'(Ser) \ I'(S). Then by equations (4.2) and (4.11), it follows that
Xktl - - Xkem =S” or AT forsome k > 0.If X441 . . . Xg1m = S™, then by taking n = k
in equation (4.11), we obtain

—lao—
Xk+m+1Xk+m+2 - - - = (A+SP S )oo

However, by taking n = k 4+ m in equation (4.11), we see that the above inequality is indeed
an equality. S0, Xj4 X542 . .. = (STATSPT1)%o,
If X4 o1 ... Xkem = AT, then by taking n = k in equation (4.11), we have

Xeam1Xbm42 - - - < (SPTISTAT)™ (4.12)

Note by equation (4.11) that x; 41 . . . Xj+, = S~ foralli > 0. So by equation (4.12), there
must exist a j € {k+m,k+2m,...,k+ pm} such that x;y;...xj4,;, =S. Then
by the same argument as above, we conclude that x;1xj42 ... = (STA+SP~1)®, 8o,
['(Ser)\ I'(S) is at most countable.

Case III. r=01P01P* . 01PTNO1PT! where p e N and t:=0t ...ty1 € Q5.
Consider the substitution

np:=Ul oU: 0 017; 1 01PF1,

Then r = 1, (F), as shown in the proof of Proposition 2.4. Note by Lemma 2.3 that L(r) =
1pHigrptugrrta 01PN 0170 and L(F) = 17y . . . t50. Then

L(r)>® = o (017101771, .01PTN017)®) = o (n, (111 . . .ty0))) = & (1, (L(F)™)).
(4.13)

Claim. If (x;) € I'(S e r) begins with x1 . . . x,, = ST, then there exists a unique sequence
(zi) € {0, 1} such that (x;) = ®s(n,(z122 - - ).

Note that r begins with 0170 and L(r) begins with 17+10. Then S e r begins with
®g(0170) = S~ATSPIS™ and L(S e r) = S o LL(r) begins with &g(17110) = ATSPS™.
Let (x;) e I'(Ser) with x| ...x,;, =S~ . Then

STATSPTIST < xut1 - Xngm(pr2) S ATSPST foralln > 0. (4.14)
By taking n = 0 in equation (4.14), it follows that
X1 - - - Xm(pt2) = ATSPTIST, (4.15)
However, by taking n = m in equation (4.14), we have
Xmtl -+ Xm(p43) < ATSPS™. (4.16)
By equations (4.14)—(4.16), it follows that
either Xpp1 ... Xmpt2) = ATSPTIS™ or Xt -« - Xm(p43) = ATSPS™.

Observe that in both cases, we obtain a block ending with S™. Then we can repeat the
above argument indefinitely, and conclude that

(xi) € {STATSPTL STATSPIN = (@5, (0)), Ds(n, (NN (4.17)
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Since 1,(0) = 017 and 7n,(1) = 017*1, it follows from equation (4.17) and Lemma 3.6
that

(xi) = Ps(1p(21)Ps(1p(22) . .. = Ps(Mp(z)Np(22) - . ) = Ps(np(z122 .. 2))
(4.18)

for some sequence (z;) € {0, 13N, The uniqueness of (z;) follows by the definition of the
substitutions 7, and ®g. This proves the claim.

Now take a sequence (x;) € I'(S er) \ I'(S). Then by equations (4.2) and (4.14), we can
find an ng > 0 such that xu41 - . . Xpg4m =S~ or AT. If X041 . . . Xpgm = AT, then by

equation (4.14), there must exist ny > ng such that x,,4+1 ... x4, 4+m = S™. So, without
loss of generality, we may assume X;,4+1 . . . Xpg+m = S~ . Then by the claim there is a
unique sequence (z;) € {0, 1}V that Xng+1%ng42 - - - = Ps(mp(z122...)) € I'(Ser). By

the definition of I'(S e r), it follows that
(Ser)™® < o"(Ps(np(ziz2...))) < L(Ser)™ foralln > 0. (4.19)

Note by r = 1, (f) and Lemma 3.6(ii) that (S e 1)*° = ®g(r>) = dg(n, (r*)). Similarly,
by Lemmas 3.6(ii), 3.7, and equation (4.13), it follows that IL(S e r)*®° = Og(L(r)*®) =
Ds (o (1, (IL(F)°°))). Thus, equation (4.19) can be rewritten as

s (7)) < 0" (Ps(np(z122 - . ))) < Ps(o(np(L(E)™)))  foralln > 0.
By Lemma 3.3, this implies that
np(F°) < 0" (p(ziz2 .. )) < o (p(LE)™))  foralln > 0. (4.20)

Note (¢;) < (d;) is equivalent to n,((c;)) < np((d;)). So, by equation (4.20) and the
definition of 7, it follows that

#° <o (z122 .. ) < L™ foralln > 0,

and hence (z;) € T'(F). Since T € %, we know that I'(F) is finite by Lemma 4.2. Hence
there are only countably many choices for the sequence (z;), and thus by the claim, there
are only countably many choices for the tail sequence of (x;). Therefore, ['(Ser) \ I'(S)
is at most countable. O

Recall from Lemma 2.11 the symbolic survivor set Kg (). To prove Theorem 2, we also
recall the following result from [20, Lemma 3.7].

LEMMA 4.4. Let B € (1,2]andt € [0, 1). If 6™ (8(B)) < b(t, B), then
Ks(1) = {(d;) : b(t, B) < 0" ((di)) < (B1(B) - .. 8, (B) )™ forall n > 0}.

Proof of Theorem 2. That the basic intervals I3, S € A are pairwise disjoint will be shown
in Proposition 5.1 below. In what follows, we fix a basic interval / S — [ﬂes, ,Bf]. Take
B €IS, and let t* = (Ps(0%°))g = (STA®)g, where A =L(S) = Ay ... A,. Then by
equation (4.1) and Lemma 2.5, it follows that

A% = 5(B5) < 8(B) < 5(B) = ATSTA®. @.21)
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Since S =s; o - - - @ 5 with each s; € Q7. by Proposition 1.3, we have S € Q7. If B €
(ﬁes, ﬂf], then by Lemma 2.7, we have

o"(STA®) K A® < §(B) foralln > 0;

and by Lemma 2.10, it follows that STA™ is the greedy S-expansion of r*, that is,
b(t*,B) =STA®. If B = ﬁz’ then 0" (STA®) < A*® = §(B) for all n > 0; and in this
case, one can verify that the greedy S-expansion of ¢* is given by b(t*, ) = S0%°.

First we prove 7(8) > t*. Note that A = Ay ... A,,. Letty := (STANA; ... Aj)™)g,
where the index j € {1, ..., m} satisfies S=S(A) =A ;... AyAr ... Aj. Note by
Lemma?2.7that Aj41 ... Ay < A1 ... Ay—j forany O < i < m. Then by equation (4.21),
one can verify that

o"(S"ANA ... AN™) =o"(STANT (A .. A7ANT))
<A® 5 8(B) foralln > 0.

So, b(ty, B) = (STANA, . .. A ;)*°. This implies that any sequence (x;) constructed by
arbitrarily concatenating blocks of the form

S"A*A| ... Aj, k>N
satisfies (STAN A, . .. Aj)™® < 0™((x;)) < 8(B) forall n > 0. So,
(STANTIA AL STAN2A AN C Kp(iw).

By Lemma 2.11, this implies that dimy Kg(¢y) > 0 for all N > 1. Thus, t(8) > ty for
all N > 1. Note that ry 7 t* as N — oo. We then conclude that t(8) > t*.
Next we prove 7(8) < t*. By equation (4.21) and Lemma 4.4, it follows that

Kp(t*) C {(x;) : STA® < 0" ((x;)) < ATSTA for all n > 0}
—{(x) : STA® < 6" ((x;)) < A® forall n > 0} =: T. (4.22)

Note by Proposition 4.1 that I'(S) = {(x;) : S®° < " ((x;)) < A® foralln > 0} is a
countable subset of I'. Furthermore, any sequence in the difference set I \ I'(S) must
end with STA®. As a result, I is also countable. By equation (4.22), this implies that
dimpy Kg(t*) = 0, and thus 7(8) < t*. This completes the proof. ]

5. Geometrical structure of the basic intervals and exceptional sets

In this section, we will prove Theorem 3. The proof will be split into two subsections. In
§5.1, we demonstrate the tree structure of the Lyndon intervals JS, S € A, and the relative
exceptional sets ES, S € A, from which it follows that the basic intervals IS = :313 , ,3*
S € A are pairwise disjoint. We show that each relative exceptional set ES has zero
box-counting dimension, and the exceptional set E has zero packing dimension. In §5.2,
we prove that the infinitely Farey set E, has zero Hausdorff dimension.

5.1. Tree structure of the Lyndon intervals and relative exceptional sets. Given S € A,
recall from Definitions 1.5 and 1.8 the basic interval IS = [/34 ﬂ*] and the Lyndon interval
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JS = [ﬁes, ,Brs] generated by S, respectively. Then by Lemmas 2.5 and 2.7, it follows that
5B =LO®, 8B =LEOTSLEO™ and () =LES)TS™. (GRY
First we show that the Lyndon intervals JS, S € A have a tree structure.

PROPOSITION 5.1. LetS € A. Then IS C JS. Furthermore,
(i) foranyr e Q% we have J3*F c JS\ IS;
(i) for any two different words v, ¥ € Q. we have J3** N J Ser’ — ¢,

Proof. Let IS = B3, 5] and JS = [B5, BS]. Then by equation (5.1), it follows that
8(BS) =L(S)TSTL(S)® < L(S)*S™ = 5(8),

which implies 85 < g5 by Lemma 2.5. So I8 c JS.
For (i), let r € Q7. Then r begins with digit 0 and ends with digit 1. By Lemmas 3.6(ii)
and 3.7, this implies that

5B =L(Ser)® = (Se L(r))™ = ds(L(r)™)
> ®g(10%°) = L(S)TSTL(S)® = 5(85).
So, pS*r > pS. Furthermore, by Lemmas 3.4, 3.6(ii), and 3.7, it follows that
S(B3 ) =L(Ser)T(Sen™
= Og(L(N ") Ps(r™) = Pg(L(r)r™)
< Bs(1%°) = L(S)"$® = 5(8).

This proves 5°F < B35. Hence, J5°F = [,3?", g3 c (S, pS1= U8\ 15

Next we prove (ii). Let r, 1’ be two different Farey words in 7. By Lemma 2.9(i), it
follows that J* N J¥ = @. Write J* = (8. BF] and Jv = [/SE/, ,B,r/]. Since J' and J* are
disjoint, we may assume ) < ,3{. By equation (5.1) and Lemma 2.5, it follows that

L(r)"r™ = 8(80) < 8(8]) = L()™. (5.2)
Then by equations (5.1), (5.2), and Lemma 3.3, we obtain that
5B =L(S e 1) " (S e 1) = Dg(L(r) "r™)
< O(L(r)®) = L(S o )™ = 8(B5*").
It follows that ,Brs'r < ﬂzs‘r,, and hence JS** N JS*' = g. O

Remark 5.2. Proposition 5.1 implies that the Lyndon intervals JS, S € A have a tree
structure. More precisely, we say J® is an offspring of JS if there exists a word T € A
such that R = S o T. Then any offspring of JS is a subset of JS. Furthermore, if J " is
not an offspring of JS and J3 is not an offspring of J S’ then Proposition 5.1 implies that
JISnJsS=g. Consequently, the basic intervals 1 S, S € A are pairwise disjoint.
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Recall from §1 the exceptional set £ = (1, 2] \ UrEQ*F J* and the relative exceptional
sets ES = (JS\ I5)\ Uresz’; JS*r with S € A. Next we will show that E is bijectively
mapped to ES via the map

Ws: (1,21 = IS\ 15 = (B, 71, Br>08"" o ds04(B), (5.3)

where & () is the quasi-greedy B-expansion of 1.

We mention that Wg is not surjective, which somewhat complicates the proof of
Proposition 5.4 below. For example, let S = 011. Then 8(,85) = 111010(110)*° and
8(BS) = 111(011)°. Take B € (BS, BS] such that §(B) = 1110110%°. One can verify
that 8 ¢ Wg((1, 2]), since 6(B) cannot be written as a concatenation of words from
(S, S, L(S), L(S)™}.

LEMMA 5.3. Forany S € A, the map Vg is well defined and strictly increasing.

Proof. Let S € A with A = IL(S). First we show that the map Wg : (1,2] — JS\ IS =
(BS, BS1is well defined. Note that

5(BS) = ATSTA® = 0g(10®°) and §(BS) = ATS® = dg(1%).  (5.4)

Take B € (1, 2]. Then 10%®° < §(B8) < 1°°. By Lemma 3.3 and equation (5.4), it follows
that

8(B5) < @s(8(B)) < 8(BY).
Thus, by Lemma 2.5, it suffices to prove that
" (Ps(8(B))) < Ps(8(B)) foralln > 0. (5.5)

Note by Lemma 2.5 that 6" (5(8)) < 6(B) for all n > 0, and §(8) begins with digit 1.
Thus, equation (5.5) follows by Lemma 3.8(i), and we conclude that the map Wg is well

defined.
The monotonicity of Wg = 8! o ®dg o § follows since both maps § and ®g are strictly
increasing by Lemmas 2.5 and 3.3, respectively. This completes the proof. O

PROPOSITION 5.4. Forany S € A, we have Wg(E) = ES.

Proof. We first prove that
Ws(BF) = B5*T and Wg(BF) = 5T forallr € QF. (5.6)
Observe that §(8;) = IL(r)>. Then by Lemmas 3.6(ii) and 3.7, it follows that
D(8(B))) = Ps(L()™) = (S e L(r)™ =L(S e r)™ = §(8;"),

so Ws(By)) = ,Bes'r. Similarly, since §(8F) = L(r)*r>, Lemmas 3.4, 3.6(ii), and 3.7 imply
that

Ds(8(BF)) = PsIL(r)Tr™) = dg(L() ") Ps(r™)
= (SeL(r)Tds(r)® =L(Ser)"(Ser)™ =5(85M).
We conclude that Wg(BF) = ﬂrs’r. This proves equation (5.6).
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Note by Lemma 2.5(ii) that the map g +— §(B) is left continuous in (1, 2], and is right
continuous at a point S if and only if 6 (8o) is not periodic. Hence by Lemma 2.8, it follows
that the map B +— §(B) is continuous at By if and only if §(By) is not of the form L(r)>
for a Lyndon word r. Since ®g is clearly continuous with respect to the order topology and
the map 8! is continuous, it follows that Wg is continuous at Ay if and only if §(8o) is not
of the form LL(r)* for a Lyndon word r. Moreover, Wg is left continuous everywhere.

Note that if §(8g) = L(r)°°, then by Lemma 2.5(ii), it follows that as 8 decreases to
Bo, the sequence §(8) converges to L(r)T0> with respect to the order topology, that is,
limg\ g, 6(B) = L(r)*T0%. Since W is increasing, it follows that

ws((1,2) = NN | (0" 4",

*
reQy

where 8(p*) = ®g(L(r)®) and §(g") = ®g(L(r)T0>). Note that (p¥, ¢g"] C JST. By
Lemma 2.9(iii), there is a (unique) Farey word # such that J* C J7. Applying equation
(5.6) to both r and r, and using Lemma 5.3, we conclude that J Ser — JSef Hence,
(p*, "1 C JS*F. Therefore, if B € ES = (JS\IS)\ Uresz’; JSer then B lies in the range
of Wg. This implies that

ES c wg((1,2)). (5.7)

Now assume first that 8 € Wg(E). Then B = Wg(f), where B & J* for any r € Q.
Hence, 8 ¢ JS*T forany r € Q7. by equation (5.6) and since Wg is increasing. Therefore,
B € ES.

Conversely, suppose 8 € ES. By equation (5.7), 8 = \Ils(,é) for some ,3 e (1, 2]. IfB €
J* for some r € QF, then g € Ws(J") C JS°T by equation (5.6), contradicting that g €
ES. Hence, B € E and then B € Wg(FE). This completes the proof. ]

Kalle er al proved in [20, Theorem C] that the Farey intervals J*, r € Q’; cover the
whole interval (1, 2] up to a set of zero Hausdorff dimension. Here we strengthen this
result and show that the exceptional set E is uncountable and has zero packing dimension.
Furthermore, we show that each relative exceptional set ES is uncountable and has zero
box-counting dimension. The proof uses the following simple lemma.

LEMMA 5.5. Let JS = [ﬂes, ﬂrs] =: [p, q] be any Lyndon interval. Then the length of JS
satisfies

_,-IsI

7% = ——4q

Proof. Since 8(p) = L(S)*™ and §(g) = LL(S)TS*, we have
(L(S)+0°°)p =1= (L(S)+S°O)q =: ((¢i))g-

It follows that
IS|

o0 o0

S, _ _ Ci Ci Ci 1 . q _IS|

|J|—4—P—Zqi_1+ ) g1 pi—lf ) g1 g-11
i=1 i=[S|+1 i=1 i=|S|+1

@

as required. O
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PROPOSITION 5.6.

(i)  The exceptional set

E=21\ | J J

*
reQy

is uncountable and has zero packing dimension.
(i) Forany S € A, the relative exceptional set

*
reQy

is uncountable and has zero box-counting dimension.

Proof. (i) First we prove dimp E = 0. Let py € (1,2] such that §(pn) = (10V~1)°°.
Then by Lemma 2.5, it follows that py \( 1 as N — oo. Thus E = U}’Vozl(E Non,2]).
By the countable stability of packing dimension (cf. [16]), it suffices to prove that

dimp(E N[pn,2]) =0 forall N e N. (5.8)

Let N € N. Take a Farey interval J® := [p, q] C [pn, 2] withs = 51 ... 5, € QF such
that

m> N +2—3log,(py — ). (5.9)

Write IL(s) = ay . .. ay. Then 8(p) = (a1 . .. a;,)*°. Since p > py, by Lemma 2.5,
we have (aj . ..an)>® = 8(p) = 8(pn) = (10¥~1)°, which implies that a; . . . ay+1 =
10¥~1'1. Then by Proposition 2.4, we conclude that

S1. .. syl = OV (5.10)
Note that
L®)T0%), =1 = (L) "s¥)g =: (i)
So, by equation (5.10), it follows that

” Ci ” Ci > Ci ” Ci
2oi=l=d it X 5t e

i=1 =1

which implies

1 1 1y q—7p
T < (pi qi) -

Whence,
pP—-D@-1 _, _ (oy—D? _
|J|=q—P>T4m22NTq (5.11)
However, by Lemma 5.5, it follows that
q 2 2 _
J|<—qg "< m< ", 5.12
Il < q_lq _pN_lq _pN—l'ON (5.12)
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Now we list all of the Farey intervals in [py, 2] in a decreasing order according to their
length, say JSt, J52, .. .. In other words, |J%| > |JSi| for any i < j. For a Farey interval
JS, if JS = J5 we then define its order index as o(JS) = k.

Set Cy :=2log?2/log pn. Let J¥ be a Farey interval with |s'| > Cym. Then by
equations (5.9), (5.11), and (5.12), it follows that

S < 2 =cwm 2 om (=17

_pN_l'oN =m2 <W2_m§|.]s|

This implies that

[Cym) [Cym)
o(J = Y #s eQp il =k < > (k-1 <Cim’, (5.13)
k=1 k=1

where the second inequality follows by equation (2.1) since the number of non-degenerate
Farey words of length k is at most k — 1 (see [8, Proposition 2.3]). Together with equation
(5.12), equation (5.13) implies that
— log | JSi
lim inf 28171 _
i—00 o(JSi)

Note that [py, 2] N E = [oN, 2] \ Usesz*;, JS. So, by [17, Proposition 3.6], we conclude
equation (5.8). This proves dimp E = 0.

Next we prove that E is uncountable. For s € Q%,, let JS = (ﬂz, BF) be the interior of
the Farey interval JS = [,BZ, BE1. By Lemma 2.9(i), it follows that the compact set

E:=[121\ | J°

%
seQy

is non-empty and has no isolated points. Hence, E is a perfect set and is therefore
uncountable. Since E\ E is countable, it follows that E is uncountable as well.
(ii) In a similar way, we prove dimg ES = 0. Note that ES = (,6*, /35] \ UFEQ* JSer,

Fix a Farey wordr = ry . . . rp,. Then the Lyndon interval JSer — ,BZS“, ,Brs'r =: [pr> qr]

satisfies
(LS er)T0™), =1 = (LS er)" (Ser)®), =: ((d))g,-
So,
m|S| ) m|S| ] 00 m\Sl
1 1
—=1= a + Z ; = Z (m+1)|S\+1_’
i=1 T i=1 ' j=m|S|+1 1T i=1

where the inequality follows by observing that S € Q7 and thus S er™ = 018110,

Therefore,
L i (L _ L) _ G
g ST = L\ pl g (pr — D(gr = 1)
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Critical values for the B-transformation 1815

which implies

(Pr=D@r =1 _jser| _ BS - 1)? [ser].

| =dqr — Pr = TQI‘ 2|s|+1 qr
r

However, by Lemma 5.5, it follows that

|JSO[‘

ar  —m|s| 2 _|Ser|
—4qr = @% .
Now let (JS°%) be an enumeration of the intervals JS°F, r € Q7. arranged in order by
decreasing length. Then by a similar argument as in (i) above, we obtain

|JS.['| S
gr—1

—1 JS-r,-
lim inf 08

i—co logo(JSeri) oo

Thus, dimg ES = 0.
Finally, since we showed in (i) that E is uncountable, we conclude by Lemma 5.3 and
Proposition 5.4 that ES = Wg(E) is also uncountable. This completes the proof. O

5.2. The infinitely Farey set. Recall from equation (1.7) that
o0
Ex=() U /%
n=1 SeA(n)
where
A(n)={sjesye---es,:s € Qpforalll <i <n}.

In particular, A(1) = Q% and A = ;2 A(n). Note that (1,2] = EU Useﬂ} JS. Fur-
thermore, for each word S € A, we have

IS\IS=ESu | ] J5.

s
reQy

By iteration of the above equation, we obtain the following partition of the interval (1, 2].

LEMMA 5.7. The interval (1, 2] can be partitioned as

(1,21 = EUEs U U ESU U I8,
SeA SeA

To complete the proof of Theorem 3, we still need the following dimension result
for Eo.

PROPOSITION 5.8. We have dimy E~, = 0.

Proof. Note by equation (1.7) that

Ex=( U <) U 7~ (5.14)

n=1 SeA(n) n=1 SeA:|S|>n
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This suggests covering Eo, by the intervals JS for S € A with |S| > n for a sufficiently
large n. To this end, we first estimate the diameter of JS. Take S € A with [S| = m,
and write JS = [p, ¢]. Then 8(p) = L(S)® and §(g) = L(S)*S°, and it follows from
Lemma 5.5 that

8] < L gm.

71 (5.15)

Let (8,) be an arbitrary sequence in (1, 2) decreasing to 1. We will use equation (5.15)
to show that dimy (Eso N (B, 2]) = 0 for all n € N, so the result will follow from the
countable stability of Hausdorff dimension (cf. [16]). Fix n € N. Observe that if J S —
[p, q] intersects (B, 2], then g > B, and so by equation (5.15),

S| <

:Bn -1

Next, we count how many words S € A there are with |S| = m. Call this number N,,.

Observe that if S=s; esye---esgand |s;| =1 fori =1,...,k,then S| =1l ...I.

Note by [8, Proposition 2.3] that #{r € Q’; 2r| =1} <1 —1 for any ! > 2. Thus, for any

given tuple (Iy, . . . , ), the number of possible choices for the words sy, . . . , Sg is at most

Il ... lx = |S| = m. It remains to estimate how many ordered factorizations of m there
are, that is, to estimate the number

B, =:CuB, ™. (5.16)

Jm=#{1,.... k) :keN, [ eNsyforalli and 1l . ..l = m}.

By considering the possible values of /1, it is easy to see that f;, satisfies the recursion

fm: Z fm/d,

dim,d>1

where we set f] := 1. (See [19].) We claim that f,, < m?. This is trivial for m = 1, so let
m > 2 and assume f;, < n? for all n < m; then

2 0 2

m 1 T

Sm = E fm/df § <E> sz E EZWLZ(?—]) <m2,
dlm,d>1 dlm,d>1 d=2

This proves the claim, and we thus conclude that N, < m3. Now, given ¢ > 0 and 6 > 0,
choose N large enough so that Cn(ﬁ,,)’N < 8. Using equations (5.14) and (5.16), we

obtain
o0
H5(Econ(p,21) < Z 151 < Z m3CEB™E — 0
SeA:|S|=N, JSN(B,,2]1#£0 m=N
as N — oo. This shows that dimy (Ex N (B, 2]) = 0, as desired. O]

Proof of Theorem 3. The theorem follows by Proposition 5.6, Lemma 5.7, and
Proposition 5.8. O
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6. Critical values in the exceptional sets
By Proposition 1.12, Theorem 2, and Theorem 3, it suffices to determine the critical value

7(B) for
Bel ) ESUE.

SeA
First we compute 7(8) for B € (Ugen ES. Recall from Lemma 5.3 and Proposition
5.4 that for each S € A, the map Wg bijectively maps the exceptional set E = (1, 2] \
Useqs /* to the relative exceptional set ES = (JS\19)\ Urear JSer,

LEMMA 6.1. Let B € E\{2} with §(B) = 816> . ... Also let S € A, and set B := Wg(p).
Then

@) b(x(B), B)=08283...;and )
(i) the map f — (Ps(b(f, B))) g is continuous at T(B).

Proof. First we prove (i). Note by Proposition 1.12 that ‘L'(,é) =1- 1/,3 = (08263 . . ')ﬁ'
So by Lemma 2.10, it suffices to verify that
0" (08283 ...) <816>... foralln > 0. 6.1)

By Lemma 2.5, it is immediate that 6" (05283 . . .) < (§;) for all n > 0. If equality holds
for some n, then 8(,3): (6;) is periodic with period m > 2 (since ,3 # 2), so by Lemma
2.8, 8(B) = L(r)™ for some Lyndon word r. This implies f = B; € J*. However, then
by Lemma 2.9, ,é € J* for some Farey word s, and so ,3 ¢ E, a contradiction. This proves
equation (6.1), and then yields statement (i).

For (ii), note by Lemma 2.10(ii) that the map 7 + b(f, ,3) is continuous at all points 7 for
which b(7, B ) does not end with 0°°. Furthermore, the map ®g is continuous with respect
to the order topology. So, by statement (i), it follows that the map f > (Og(b(F, ﬁ))) g 1is
continuous at r(ﬁ), completing the proof. U

PROPOSITION 6.2. Let S € A. Then for any p € ES, we have
T(B) = (Ps(05233 . . .))g,
where 16283 . . . is the quasi-greedy expansion of 1 in base 3 = ng(ﬁ).

Proof. Let B € ES. Then by Lemma 5.3 and Proposition 5.4, there exists a unique 3 ek
such that = Wg ' (B) € E, in other words, §(8) = ®s(8(B)). Write §(B) = 815, . .. and
sett* := (Pg(08283 . . .))g. We will show that (8) = t*, by proving that s, (Kg(2)) > 0
for t < t*, and Kg(¢) is countable for t > 1*. We consider separately the two cases: (i)
B < 2and (i) B = 2.

Case I. B < 2. First, for notational convenience, we define the map
Og4: (0, 1) = (0, 1); 7> (Ps(b(i, f))g.

Since by Lemma 6.1 the map ® S.j is continuous at 1:(,3) and t* = s (‘L’(,B)) =
(®s(08283 . . .))g, it is, by the monotonicity of the set-valued map ¢ — Kg(t), sufficient
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to prove the following two things:
f<t®) = hopKs@g ;D)) >0, 6.2)
and
i>t(f) = Kp©g 4(D) is countable. (6.3)

First, take 7 < 7(B) and set 7 := O (D) = (Ds(b(, B))g. Since " (b(f, B)) < 8(B)
for all n > 0, Lemma 3.8 implies that

o"(®s(b(f, B))) < Ds(8(B)) = 8(B) foralln > 0.
Hence, b(t, B) = ®s(b(f, B)). Now
O5(K5(1) = {Ps((x) : b, B) < 0" ((x;)) < 8(B) for all n > 0}
C {Ds((x) : Ds(b(E, B)) < 0" (Ps((x:))) < Ps(8(B)) forall n > 0}

= {Ps((xi)) : b(t, B) < 0" (Ps((xi))) < §(B) foralln > 0}
CH{G) b, B) < 0" ((3i)) < 8(B) foralln > 0} = Kg (1),

where the first inclusion again follows by Lemma 3.8. We deduce that
hiop(Kp (1)) > hiop (P (K5(7)) = IS| ™ hiop (K () > 0,

where the last inequality follows since 7 < r(ﬁ ). This gives equation (6.2).

Next, let 7 > 7(B) and set ¢ := O 3 (). Then, by the same argument as above, we
have b(t, B) = Ps(b(f, ,3)). Since ﬁ € E, there exists a sequence of Farey intervals
J = [B*, Br*] with re € % such that G == B}* \, B as k — oc.

We claim that b(Z, ,é ) > (r;)™ for all sufficiently large k. This can be seen as follows.
As explained in the proof of Lemma 6.1, 8(B) is not periodic, and therefore by Lemma
2.5(ii), the map B’ — 8(B’) is continuous at B (where we use B’ to denote a generic base).
This implies 8(gx) \y 8(B) = 18283 . . . as k — oo. However, 3(qr) = 8(,3;") = L(ry)%>,
and by Lemma 2.3, L(ry) is the word obtained from ry by flipping the first and last
digits. Thus, (r;)> converges to 08,83 . . . in the order topology. Since 7 > t(,é) implies
b(#, B) = b(z(B), B) = 08,83 . . ., the claim follows.

We can now deduce that for all sufficiently large &,

K (1) = {(yi) : b(t, B) < 0" ((3)) < 8(B) for all n > 0}
={(i) : Bs(b(, B)) < 0" ((31)) < Ps(8(B)) for all n > 0}
C{O) : Ps((r)™) < 0" (1)) < Ps(L(r)™) for all n > 0}
={0i) : Ser)™® < 0"((3)) < L(Sery)™ forall n > 0},
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where the inclusion follows using the claim and 5(3) < 8(qr) = L(ry)*>°. Hence, Kg(?) is
countable by Proposition 4.1. This establishes equation (6.3).

Case II. B =2. In this case, §(B) = 1%, so §(8) = Ps(8(B)) = L(S)TS® and * =
(®s(01%°))g = (STL(S)TS®)p = (S0°°) 4. Recall that B = ,B,S is the right endpoint of
the Lyndon interval JS.

If t < t*, then b(¢, B) < b(t*, B) = S0°°, so by Lemma 2.10(iii), there exists k € N
such that b(¢, B) < STLL(S)*S*0%. It follows that

Kp(t) = {(xi) : b(t, B) < 0" ((x;)) < 8(B) forall n > 0}
S {L(S)TSFS~, L(S)TSFHH1s 1,

and hence A (Kg(2)) > 0.
Now suppose ¢ > t*. Then b(t, 8) > b(t*, B) = S0°°, so by Lemma 4.4,

Kp(t) = {(xi) : b(t, B) < 0" ((x;)) < L(S)"S* for all n > 0}
C {(x) : SO < o™ ((x;))<L(S) TS for all n > 0}
= {(x;) : 8% < 0" ((x;)) < L(S)"S™ forall n > 0}
= {(x) : 8% < 0"((x1)) < L(S)™ forall n > 0},

where the second equality follows by using S € Q%, so o”((x;)) %= SO for all n > 0 if
and only if " ((x;)) = S* for all n > 0. Therefore, Kg(t) is countable by Proposition 4.1.
This completes the proof. O

Next we will determine the critical value t(8) for 8 € E. Recall from equation (1.7)
that

[e¢]

e=) U 7

n=1 SeA(n)

where for each n € N, the Lyndon intervals J S, S € A(n) are pairwise disjoint. Thus, for
any 8 € E, there exists a unique sequence of words (sy) with each s; € Q7. such that

o]

(B} = ﬂ JSte-esy

n=1

We call (sg) the coding of B.
PROPOSITION 6.3. For any B € Eq with its coding (si), we have
() = lim (sj e - - 05,0%)p.
n—>oo

Proof. Take B € Eo. For k > 1, let S :=sj e - - - es; and write # := (S0>)4. Note
that 8 € JS = [f}es", rs"] for all k > 1. Hence,

5(B) = 8(B,") = L(SH™, 6.4)
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which implies that b(#, ) = S0 for all k£ > 1. Observe that Sg4; = Si e s;41 begins
with S;”. Therefore,

tir1 = Sk+10%)p < (Sk0%)p =1,

so the sequence (#) is decreasing. Since #; > 0 for all k£ > 1, the limit #* := limy_, oo
exists. We will now show that t(8) = t*.

First we prove 7(8) < t*. Since #; decreases to t* as k — 00, it suffices to prove that
T(B) <t for all k > 1. Let g := ,B,Sk for all £ > 1. Then gx > B since B € JSk, and
gk \ B as k — oo. Set 1 := (S;0%),,. Since gx > B, one can verify that b(t, gx) =
Sx0%° = b(t, B). So,

Kg(tx) = {(x;) : b(tg, B) < 0" ((x;)) < 8(B) forall n > 0}
C{(xi) : Sk0%® < 0" ((x7)) < 8(gy) foralln > 0} = K, (7). (6.5)
Note by Proposition 6.2 and Case II of its proof that T(gx) = (S,0°),, = t,ﬁ. This implies
that dimg K, (t,é) =0, and thus by equation (6.5), we have dimy Kg(#;) = 0. Hence,
7(B) < t; for any k > 1. Letting k — oo, we obtain that t(8) < r*.

Next we prove 7(B8) > t*. Note that B = W (Bi), where Br € Eo has coding
(Sk+1> Sk+2, - - -). Let a(f, Br) denote the quasi-greedy expansion of f in base By (cf. [12,
Lemma 2.3]). Observe that the map f— a(, ) is strictly increasing and left continuous
everywhere in (0, 1), and thus the map f > (Ps, (a(t, Br))) g is also left continuous in
(0, 1). So, by the same argument as in the proof of equation (6.2), it follows that

T(B) = (s, (a(r(B), B = (P (07))p > (§,07)4

for every k € N, and letting k — oo gives 7(8) > t*. O

To illustrate Proposition 6.3, we construct in each Farey interval J® a transcendental
base B € E and give an explicit formula for the critical value 7(8). Recall from [4]
that the classical Thue—Morse sequence (60;)72, = 01101001 . . . is defined recursively as
follows. Let 8g = 0; and if 6y . . . 6on_ is defined for some n > 0, then

O .. Ogns1_y =00 ...0m 1. (6.6)
By the definition of (6;), it follows that
Orky1 =1 —06r, 6O =06 foranyk > 0. (6.7)
Komornik and Loreti [21] showed that
0i+10i42 ... <616 ... foralli > 1. (6.8)
PROPOSITION 6.4. Givens = sy ...s, = 0cl € QF, let B := B3, € (1, 2] such that
(0162 03¢0y ... Orpq1€02yn ... )pg =1
Then B € Ex N JS is transcendental, and
2Y s B B = B

7(p) = T
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We point out that in the above proposition, ¢ may be the empty word. To prove the
transcendence of 8, we recall the following result due to Mahler [25].

LEMMA 6.5. (Mahler, 1976) If z is an algebraic number in the open unit disc, then the
number Z := Y {0, 0;7" is transcendental.

Proof of Proposition 6.4. Lets = s ...s, = 0cl € Q}. First we prove that
5(,3) = 91692 93C94 e 92k+1c92k+2 el = (3,'). (6.9)

By Lemma 2.5, it suffices to prove that ¢”((§;)) < (§;) for all n > 1. Note by Lemma
23 thatdy...8, = lel =L(s)" =:a; ...a,}. Take n € N, and write n = mk + j with
ke NU{0}and j € {1,2,...,m}. We will prove 6" ((§;)) < (§;) in the following three
cases.

Casel je{l,2,...,m—2}. Note by equation (6.7) that 62y = 1 — Ox1. This implies
that 0" ((8;)) begins with either a;1 ... ay, orajq .. .a;jsl ...Sp—1. By Lemma 2.7,
it follows that a” ((§;)) < (8;).

Case 1I. j =m — 1. Then o"((8;)) begins with 65;0;41¢ for some k € N. If 65 =0,
then it is clear that ¢"((§;)) < (§;) since §; = 1. Otherwise, equation (6.7) implies that
92k92k+1c = 10c = 1S1 e Sm—1- Hence,

an((at)) =1s1...8m—1 Sptm+16ntm+2 ... < laz ... a;8m+18m+2 = (&),
where the strict inequality follows since s1 ... s,—1 < a2 ... an.
Case Ill. j = m. Then
0" ((8i)) = Ork+1002k+42 O2k+3€02k 44 . . . < 0102 B3¢0 ... = (8),

where the strict inequality is a consequence of equation (6.8).

Therefore, by Cases I-1II, we establish equation (6.9). Next we show that 8 € E,. For
keN,letS;:=s;e5,0---05;, withs; =sands; =01 forall2 <i <k.ThenS; € A
for all k € N. So it suffices to show that g € JS for all k > 1. First we claim that

Sk = 016y B3¢0y .. . By 1By, L(Sk) = 61¢b B3¢y ... 0x 16y (6.10)

forall kK > 1.
Since S| =s = 0cl = 81¢f; " and L(S;) = 1¢0 = 0;¢6;, equation (6.10) holds for
k = 1. Now suppose equation (6.10) holds for a given k € N. Then

Sk+1 =Sk e (01) = S; L(S)T = 01¢hr ... Oy cOp 010> ... Oy _ O
= 91(:92 e 92k+171C92k+1+,

where the last equality follows since, by the definition of (6;) in equation (6.6),
Osk g« Oprt =01 ... 92k+. Similarly, by the induction hypothesis and Lemma 3.7,
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we obtain

L(Sk41) = L(Sk @ (01)) = S @ L(01) = Sy o (10) = L(Sp)*S;
= 9]c92 e sz_lcezk EC@ ce 92k_1c@

=0icH, ... 92k+1_1C92_k+].

Hence, by induction, equation (6.10) holds for all £ > 1.
Next, recall that the Lyndon interval JS = [ﬂf", ,B,S k1 satisfies

5B = L(SH™ and  §(B%) = L(S)) TS ©6.11)

By equations (6.9) and (6.10), it follows that §(8) begins with L(Sx)™, so by equation
(6.11), 8(B) > L(Sp)>® = ‘S(ﬁeSk)~ Thus, 8 > ﬂzs" for all k > 1. However, by equations
(6.9), (6.10), and Lemmas 3.7 and 3.9, we see that §(8) also begins with

L(Sk42)T = L(Sx o (01 ¢ 01))" = LL(Sx  (0011))"

= (Sk @ L(0011)) " = (S¢ o (1100))* = L(Si) Sk Sy L(Si) ™,

which is strictly smaller than a prefix of § (/3,S )T = L(Sx)*S°. This implies that g <

,B,Sk for all k > 1. Hence, 8 € JSk for all k > 1, and thus B € Ex N J3. Furthermore, by
equations (6.9), (6.10), and Proposition 6.3, it follows that

(B) = klingo(SkOw)ﬁ = (010, 03¢0y . . )p

m—1

1
= Z (ﬂMk+l +2 Z ,Bmk‘H Igmk+m> — (01¢t205¢04 . . )g

B +2 Y s,ﬂm—f +1

—1
=1
B ZZ;n:Z Sj,Bm_j +[3m—1 _,Bm
= ﬂm—l s

where we recall that ¢ = s> . . . s;,—1, and the last equality uses that s, = 1.
Finally, the transcendence of S follows by using equation (6.9), Lemma 6.5, and a
similar argument as in the proof of [22, Proposition 5.2]. O

Remark 6.6.

(i) Whens = 01, the base ,322) ~ 1.78723 given in Proposition 6.4 is the Komornik—Loreti
constant (cf. [21]), whose transcendence was first proved by Allouche and Cosnard
[3]. In this case, we obtain (%) = (2 — g%)/(BY — 1) ~ 0.270274.

(i1) When s = 001, the base ,3821 ~ 1.55356 is a critical value for the fat Sierpinski
gaskets studied by Li and the second author in [22]. In this case, we have t(ﬂggl) ~
0.241471.
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TABLE 1. The triples (s, 85, T(B%,)) withs € Fj C QF.

s = 0001 001 00101 01 01011 011 0111

B, ~ 1.43577 1.55356 1.59998 1.78723 1.83502 1.91988  1.96452
—1(B5,)~ 0218562 0.241471 0.336114 0.270274 0.432175 0.40305 0.455933

By Proposition 6.4 and numerical calculation, we give in Table 1 the triples
(s, B> T(BS)) for all s € Ff C Q7. Based on Proposition 6.4, we conjecture that each
base B € E is transcendental.

7. Cadlag property of the critical value function
In this section, we prove Proposition 1.9 and Theorem 1. Recall by Lemma 5.7 that the
interval (1, 2] can be partitioned as

(L2j=Eu | J IF=EUEL U] ESU ] IS (7.1)
seQ”} SeA SeA

Here we emphasize that the exceptional set E, the relative exceptional sets ES and the
infinitely Farey set E, featuring in equation (7.1) all have Lebesgue measure zero in view
of Propositions 5.6 and 5.8. Hence the basic intervals IS, S € A, and then certainly the
Lyndon intervals JS, S € A, are dense in (1, 2]. This allows for approximation of points in
E, ES, and E, by left and/or right endpoints of such Lyndon intervals. We also recall from
Theorem 2 that for any basic interval / S = [,BL,S, ﬁf] with § (ﬂes) = L(S)* and 8(,8§) =
L(S)*SIL(S)*, the critical value is given by

() = (Ps(0%))p = (STL(S)™)p forany B e I°. (7.2)
Moreover, by Proposition 6.2, it follows that for each g € E S, we have
T(B) = (Ps(08283 . . .))g, (7.3)

where 18,83 ... =8(8) with § = Ws~'(8) € E. In particular, when g € E, we have
7(B) = 1 — 1/ (see Proposition 1.12). When B € E, it follows by Proposition 6.3 that

T(B) = nlingo(sl esye---e5,07)p, (7.4)

where (sg) is the unique coding of B (that is, 8 € JS1**% for all k € N).

From equation (7.2), it is clear that the critical value function 7 is continuous inside
each basic interval IS = [ﬂZS, ﬂf]. So, in view of equation (7.1), we still need to consider
the continuity of t for g € EU E U UseA(ES \ {ﬂrs}), the left continuity of T at 8 = ﬂes
and 8 = ,B,S, and the right continuity of T at 8 = ﬂf. We need the following lemma.

LEMMA 7.1. If B € (1,2) and 8(B) is periodic, then B € | Jgc I8.

Proof. Assume §() is periodic. In view of equation (7.1), it suffices to prove

B¢ EUELU| ) ES.

SeA
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First we prove 8 ¢ E. By Lemma 2.8, §(8) = LL(S')* for some Lyndon word S’. This
means B is the left endpoint of a Lyndon interval, so by Lemma 2.9, 8 € J$ for some
Farey word s. Hence, 8 ¢ E.

Next, suppose B € ES for some S € A. Clearly, B # ,3rs since S(ﬁrs) =L(S)*8>
is not periodic. Thus B € (,Bf, ,Brs) \ Ure% JS°T. So, by Proposition 5.6, there is a
sequence (ry) of Farey words such that ,Bgs'rk N B. Write §(B8) = (a; . . . a,)>° with
minimal period n. Then by Lemma 2.5, it follows that § (,B?'rk) N aj . ..a 0%, so for
all sufficiently large &, 8(/3[5"" ) contains a block of more than 2m zeros, where m := |S].

However, this is impossible, since 8(,8?“") = L(S e1;) is a concatenation of blocks

from S, S7, IL(S), and L(S) ™. These blocks all have length m, and only S~ could possibly
consist of all zeros, while S~ can only be followed by LL(S) or L(S)™. Thus, § (ﬂ?’r")
cannot contain a block of 2m zeros. This contradiction shows that 8 & ES.

Finally, suppose B € E~. Then there is a sequence (Si) of words in A such that g
lies in the interior of JS for each k. Note that g = ﬁ?l is the left endpoint of J S, Thus,
JS N sk # (4, and therefore by Lemma 2.9, it must be the case that J S < JS¢ for all k.
However this is impossible, since |JS| — 0. Hence, 8 & Eo. O

Proof of Proposition 1.9. First fix fg € (1, 2] \ {,B,S : S € A}. It is sufficient to prove that
(*) foreach N € N, there exists r > 0 such thatif 8 € (1, 2] satisfies |8 — Bg| < r, then
there is a word s . . . sy such that t(8) has a S-expansion beginning with sy . . . sy,
and t(Bp) has a Bp-expansion beginning with s1 . . . sy.
FOI‘, if 'L'(,B) = (S] ... 8NCIC2 .. .)'3 and ‘L'(,B()) = (S] [ SNd1d2 . ')ﬂo’ then

[T(B) —T(Bo)l < I(s1...5ncC1c2 .. ) — (S ...5NC1C2 .. )l

+ (1. .. syc1c2 .. )y — (81 ... sndida .. ) gl

11 1 Sl |

=25 T 5 B

o 1B By i=%:+1'80

___1B—hl 1

B-=DBo—1  (Bo— DY
r 1

SB-DE-D " G-DE

and this can be made as small as desired by choosing N sufficiently large and r sufficiently
small. In view of equation (7.1), we prove (x) by considering several cases.

Case I. By € (,BKS, ,Bf) for some basic interval IS = [,Bf, f] with S € A. It is clear from
Theorem 2 that () holds in this case.

Case II. Bo € E. Then by Proposition 5.6, there exists a sequence of Farey intervals J =
(B}, B7*]such that B;* — Boas k — oco. Furthermore, |J%| — 0ask — oco. This implies
that the length |sy| of the Farey word s goes to infinity as k — oo.Let N € N be given. We
can choose r > 0 small enough so that if a Farey interval JS intersects (8o — r, Bo + 1),
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then |s| > N and

51(B) - .. dn(B) = 81(Bo) - . - Sn (Bo). (7.5)

We can guarantee equation (7.5) because for By € E \ {2}, the expansion §(fp) is not
periodic by Lemma 7.1, so by Lemma 2.5, the map B +— §(8) is continuous at .
Furthermore, for o = 2, the map B8 +— §(B) is left continuous at Sy.

Let 8 € (Bo —r, Bo +r). By equation (7.1), we have either 8 € E or 8 € JS for
some s € Q}. If B € E, then by Proposition 1.12, it follows that 7(8) =1—1/8 =
(082(8)33(B) . . .)p and

1
T(fo) =1- Bo (052(B0)33(Bo) - - -) gy (7.6)

so (x) holds by equation (7.5).

Next we assume B € J® with s =51 ...5, € Q}. By our choice of r, it follows
that m = |s| > N, and equation (7.5) holds. Since g € J® = [B}, Bi], we have L(s)* <
8(B) < L(s)Ts*>. Write L.(s) = aj . . . a,;; then by equation (7.5), it follows that

81(Bo) - . . dn(Po) = 81(B) ... dn(B) = a1 ... an. (7.7)

Observe by equations (7.1)—(7.4) and Lemma 2.3 that 7(8) has a 8 expansion beginning
with s~ = 0Oay . . . a,,. Hence, by equation (7.7), t(8) has a S-expansion with prefix

S1...858v = 0612 L..aAN = 052(,30) . 51\/(/30). (7.8)
This, together with equation (7.6), gives (x).

Case Ill. By € ES\{,BrS} for some S € A. The proof is similar to that of Case II, but there
are some extra details involving the substitution operator. By Proposition 5.6, it follows
that

Boe B2, B\ | /> (7.9)
reQy
and there exists a sequence (ry) of Farey words such that ﬂzs'r" — Bo as k — oo. This
implies that |ry| — oo as k — oo.
Let N € N be given; without loss of generality, we may assume that N = N’|S| for
some integer N'. By Lemma 7.1, we can choose r > 0 sufficiently small so that if a Lyndon
interval JS°F intersects (By — r, Bo + r), then |r| > N’ and

81(B) - .. Snisi(B) = 81(Bo) - - . Srisi(Bo) =S @ (81(Bo) - - . 8x(Bo)) (7.10)
for any 8 € (8o — r, Bo + r), where By = \Ils_l(ﬂo) e E.
Now take 8 € (Byg — r, Bo + r). By equation (7.9), it follows that either 8 € ESorfB e
JS* for some r € Q4. If B € ES, we let f = Wg'' (B). Then equation (7.10) yields

Sei1(B)...on(B) =81(B)...8n1s(B) =SeB1(Bo) ... 5n(Bo)),
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which implies 81 () . . . S5/ (B) = 81(Bo) . . . S57(Bo). So, by equation (7.3), it follows that
7(B) has a B-expansion with a prefix

S e (052(B) ... 5n((B)) =S e (082(Bo) - . . 8/ (Bo))s

which coincides with a prefix of a Bp-expansion of 7(8p). This gives (x).
IfBe JS*T forsomer=r|...ry € Q7,, then by our assumption on r, we have m >
N’. Furthermore,

SeLI)N)®=LESer® <88 <LESer)"(Ser)® = (SeL(r)"(Ser)™.
Therefore, writing L(r) = by . . . by, it follows from equation (7.10) that
Se(bi...by)=81(B)...8n8(B) =SeB1(Bo)...on(Po)). (111

This shows that by . .. by = §; (,30) L. ON (,30). Now observe by equations (7.1)—(7.4)
and Lemma 2.3 that t(8) has a S-expansion beginning with (Ser)™ =S e (0b; . .. by).
So, by equations (7.3) and (7.11), it follows that 7(8) has a B-expansion with a prefix

Se(Oby...by)=Se(08(R0) . ..8n(Bo))

of length N, which is also a prefix of a Sg-expansion of t(8p). This again gives (x).

Case 1V. By = ﬂes for some S € A. Here the right continuity of t at By follows from
Theorem 2. The left continuity can be seen as follows. If S € Q7, then 7(Bg) has a
Bo-expansion 05, (,3?)83 (,BKS) .. ., and the left continuity follows by the argument in Case
I1, using the left continuity of the map 8 — §(B) at By. Otherwise, S = S’ o r for some
S" € A and r € QF, and 7(Bp) has a By-expansion ®g (082(87)83(B}) . . .). In this case
the left continuity follows from the argument in Case III.

Case V. By = ﬁf for some S € A. Here the left continuity at Sy follows from Theorem 2.
The right continuity can be seen as follows. First note that

5B =LOTSTLE)™ and (B) = (STLEO))s.

Observe also that 5 = limj. Ws(B), so by Lemma 2.5, ds(8(8)) \ 8(BS) as B\, 1.

Now let N € N be given. As in Case III, we may assume that N = N’|S| for some
integer N’. We choose r > 0 small enough so that if r € Q}. and JS*T intersects
(Bo, Bo + r), then |r| > N’. Now take B € (Bo, Bo +r). If B € ES, then g = \Ils(,é) for
some B € E,and §(B) = ®s(5(B)). Note that if B\ Bo, then B \, 1 and so §(B) \, 10°.
Thus, we may also assume r is small enough so that §(8) begins with 10V ~!. Then 7 (8)
has a B-expansion beginning with ®g(0"") = S~IL(S)"'~!, which is also a prefix of length
N of a By-expansion of (o).
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Similarly, if 8 € JS°T, then we may assume r is small enough so that r begins with
0V'~!. Then 7(B8) has a B-expansion beginning with (S er)~, and therefore beginning
with STLL(S)V '~ and we conclude as above.

Case VI. By € E~. Then there exists a sequence (sx) of Farey words such that
o0

By=[7%

k=1

where S :==s; esy o - - - @ 5;. Note that JS > JSe+1 forallk > 1, and |S¢| — oo ask —
0.

Let N € N be given, and choose k so large that |Si| > N. Choose r > 0 sufficiently
small so that (By —r, Bo +r) C JS. Take B € (Bo —r, Bo+r). Then B € J5, so by
equations (7.1)=(7.4), it follows that 7(f) has a B-expansion beginning with S,", which is
also a prefix (of length at least N) of a Sg-expansion of t(8p). Hence, we obtain (x).

Finally, we consider By = ,B,S for S € A. The left continuity at By (that is, the analog of
(x) for B € (Bop — r, Bo)) follows just as in Case III. The jump at Sy (that is, equation (1.6))
can be seen as follows. Since t(By) = (S0°°)g, < (S°°)p, by Proposition 6.2 (or rather,
Case II of its proof), it suffices to show that

li = (S®)4,. 7.12
ﬁl\ngor(ﬁ) (™) g, (712)

First assume S € Q7. Then §(By) = L(S)*S8%, and by Lemma 2.3, it follows that S®° =
082(B0)83(Bo) - - .. So, by the same argument as in Case II, we obtain equation (7.12).
Next suppose S = S’ e r for some S’ € A and r € Q.. Then

8(Bo) = L(S)TS™® = (S’ ¢ L(r)) (S’ e )™ = dg (L(r) ™) = D (8(ho)),
where BO = \I/STI (Bo) € E. This implies that
g (082(0)83(Bo) - - ) = Py (™) = (S @)™ = S™.

The same argument as in Case III then yields equation (7.12). [

Proof of Theorem 1. The theorem follows by Proposition 1.9, and Theorems 2 and 3. [
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