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Abstract. Feng and Huang [Variational principle for weighted topological pressure.
J. Math. Pures Appl. (9) 106 (2016), 411-452] introduced weighted topological entropy
and pressure for factor maps between dynamical systems and established its variational
principle. Tsukamoto [New approach to weighted topological entropy and pressure. Ergod.
Th. & Dynam. Sys. 43 (2023), 1004—-1034] redefined those invariants quite differently
for the simplest case and showed via the variational principle that the two definitions
coincide. We generalize Tsukamoto’s approach, redefine the weighted topological entropy
and pressure for higher dimensions, and prove the variational principle. Our result allows
for an elementary calculation of the Hausdorff dimension of affine-invariant sets such
as self-affine sponges and certain sofic sets that reside in Euclidean space of arbitrary
dimension.
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1. Introduction

1.1. Dynamical systems and entropy. Topological pressure and its variational principle
have been significant in several fields, including the dimension theory of dynamical
systems. Recently, Feng and Huang devised an innovative invariant called weighted
topological pressure for factor maps between dynamical systems and proved its variational
principle [FH16]. Their work inspired Tsukamoto to suggest a new definition of this
invariant [Tsu22]. He also established a variational principle, revealing the non-trivial
coincidence of the two definitions. Tsukamoto focused on the simplest case with two
dynamical systems.

In this paper, we extend Tsukamoto’s definition to the case of an arbitrary number of
dynamical systems and prove its variational principle. With our result, we can plainly
calculate the Hausdorff dimension of self-affine sponges, a topic studied by Kenyon and
Peres [KP96]. Furthermore, we will show in §6 that we can determine the Hausdorff
dimension of certain sofic sets embedded in higher-dimensional Euclidean space.
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FIGURE 1. First four generations of a Bedford—-McMullen carpet.

We review the basic notions of dynamical systems in this subsection. Refer to the book
of Walters [Wal82] for the details.

A pair (X, T) is called a dynamical system if X is a compact metrizable space and
T : X — X is a continuous map. A map 7 : X — Y between dynamical systems (X, T')
and (Y, S) is said to be a factor map if w is a continuous surjection and 7t o7 = So 7.
We sometimes write as 7 : (X, T) — (Y, S) to clarify the dynamical systems in question.

For a dynamical system (X, T'), denote its topological entropy by hp(T). Let P(f) be
the topological pressure for a continuous function f : X — R (see §2 for the definition
of these quantities). Let .# 7 (X) be the set of T-invariant probability measures on X and
h, (T) the measure-theoretic entropy for u € A T(X) (see §3.2). The variational principle
then states that [Din70, Gm71, Gw69, Ru73, Wal75]

P(f)= sup (hM<T>+ /X fdu>-

nwe T (X)

1.2. Background. We first look at self-affine sponges to understand the background

of weighted topological entropy introduced by Feng and Huang. Let m1, m», ..., m,
be natural numbers with m; <my <--- <m,. Consider an endomorphism 7 on
T" =R"/Z" represented by the diagonal matrix A = diag(m, my,...,m,). For
D C[[i_{0,1,...,m; — 1}, define

o0
K(T, D) = {Z A, € T"
n=0

e ED}.

This set is compact and T-invariant, that is, T K (T, D) = K(T, D).

These sets for r = 2 are known as Bedford—McMullen carpets or self-affine carpets.
Figure 1 exhibits a famous example, the case of D = {(0, 0), (1, 1), (0, 2)} C {0, 1} x
{0, 1, 2}. The analysis of these sets is complicated compared with ‘self-similar’ sets.
Bedford [Bed84] and McMullen [McM84] independently studied these sets and showed
that, in general, their Hausdorff dimension is strictly smaller than their Minkowski
dimension (also known as box-counting dimension). Figure 1 has Hausdorff dimension
log, (142'°832) = 1.349 - - - and Minkowski dimension 1 + logz 3 = 1.369 - - - .

The sets K(T, D) for r > 3 are called self-affine sponges. Kenyon and Peres [KP96]
calculated their Hausdorff dimension for the general case (see Theorem 1.5 in this section).
In addition, they showed the following variational principle for the Hausdorff dimension
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of K(T, D):
,
. 1 1 1
dimyK(T, D)= sup { hM(T)+Z( - )hM,(Tl-)}.
we.nT(ry L1ogmy o \logmy_j1 logm, o
(1.1)
Here, the endomorphism 7; on T —+1 is defined from A; = diag(my, ma, . .., my_iy1),

and y; is defined as the push-forward measure of ; on T"~i*+! by the projection onto the
first r — i + 1 coordinates. Feng and Huang’s definition of weighted topological entropy
of K(T, D) equals dimy K (T, D) with a proper setting.

1.3. Original definition of the weighted topological pressure. Motivated by the geome-
try of self-affine sponges described in the previous subsection, Feng and Huang introduced
a generalized notion of pressure. Consider dynamical systems (X;, 7;) (i = 1,2,...,7r)
and factormaps 7r; : X; - X;jy1 (i =1,2,...,r = 1):

T b9 TTr—1
X1, ) — X2, o) —— - — (X, T}).

We refer to this as a sequence of dynamical systems. Let w = (w1, wa, ..., w;) be a
vector with w; > 0 and w; > 0 for i > 2. Feng and Huang [FH16] ingeniously defined
the w-weighted topological pressure Py, (f) for a continuous function f : X1 — R and
established the variational principle [FH16, Theorem 1.4]:

Pi(f) = sup < Z wihgi-n,, (T;) + wi /

petM (X)) \ iz X

f du) (1.2)
1

Here, 7@ is defined by

7@ =idyx, : X; — Xy,

7D =miomi_jo---om : X1 = Xit1,

and 7Y~V u is the push-forward measure of x by 7“1 on X;. The w-weighted
topological entropy h;‘(’)P(Tl) is the value of Pi;(f) when f = 0. In this case, equation
(1.2) becomes

,
h$(T1) = sup ( > wihn<i1)*u(n)). (1.3)
pedM(Xy) N =1

We will explain here Feng and Huang’s method of defining ht'f)p(Tl)- For the definition
of Pf;(f), see their original paper [FH16].

Let n be a natural number and ¢ a positive number. Let ) be a metric on X;. For
x € X1, define the nth w-weighted Bowen ball of radius ¢ centered at x by

dNT! (2D (x)), T/ (2D (y))) < & for every}

BY(x,e)=1yeX
w5 e) {y l'oijil'(wl—i----—kw,')n'l and 1 <i <k.
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4 N. Alibabaei

Consider I' = {B,',"/_ (xj, )}, an at-most countable cover of X| by weighted Bowen balls.
Let n(I') = min; hj. Fors >0and N € N, let

AyS =inf {Z e M

J

r= {B,'l"/,(xj, €)}; covers X1 and n(I") > N}.

This quantity is non-decreasing as N — oo. The following limit hence exists:

AYS = lim AYS.
€ N—oo N.e

There is a value of s where A?* jumps from oo to 0, which we will denote by h:f)p(Tl, €):

ws _ Joo (s < higy(T, 8)),
’ 0 (s> h®(T1,¢).

The value h:f)p(Tl, ¢) is non-decreasing as ¢ — 0. Therefore, we can define the w-weighted

topological entropy h:‘gp(Tl) by
hiop(T1) = lim i, (T3, &),

An important point about this definition is that in some dynamical systems, such as
self-affine sponges, the quantity h{ (7)) is directly related to the Hausdorff dimension

top
of Xl.
Example 1.1. Consider the self-affine sponges introduced in §1.2. Define p; : T" /! —
Tr—i by
Di(X1, X2, ooy Xp—iy Xp—jp1) = (X1, X2, « o, Xpj).
Let X1 = K(T, D), X; = pi—.1opjo---0pi(Xy1), and T; : X; — X; be the endomor-
phism defined by A; = diag(my, ma, ..., m,_;j41). Define the factor maps =; : X; —
X1 as the restrictions of p;. Let
log m log m log m logm; logmy log m
w= , — — , 11— . (14
log m, log m,_1 log m, logmy  logms log m»
Then each nth w-weighted Bowen ball is approximately a square of side length em ™.
Therefore,
hiop(T1)
dimy K(T, D) = -2~ (1.5)
log m

1.4. Tsukamoto’s approach and its extension. Following the work of Feng and Huang
[FH16] described in §1.3, Tsukamoto [Tsu22] published an intriguing approach to these
invariants. There, he gave a new definition of the weighted topological pressure for a factor
map between two dynamical systems:

(X1, T1) —"= (X2, T»).

He then proved the variational principle using his definition, showing the surprising
coincidence of the two definitions. His definition of weighted topological entropy allowed
for relatively easy calculations for sets like self-affine carpets.
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We will extend Tsukamoto’s idea, redefine the weighted topological pressure for a
sequence of dynamical systems of arbitrary length, and establish the variational principle.
Here we will explain our definition in the case f = 0. See §2 for the general setting. We
will not explain Tsukamoto’s definition itself since it is obtained by letting r = 2 in the
following argument.

Consider a sequence of dynamical systems:

m ™ T
X1, T) —— (X2, o) —— - - —— (X, T}).

Take a metric d©) on X;. Leta = (ai,ap,...,ar—1) With0 < a@; < 1 for each i. Let N be
a natural number and ¢ a positive number. We define a new metric dz(\l/) on X; by

d¥ (x1, x) = max d(T;"xy, Ti"x2).
0<n<N

We inductively define a quantity #;’(Q, N, ¢) for Q C X;.For Q C X1, set

#(Q, N, ) = min {n c N' There exists an open cover {Uj};’.:l of Q }

with diam(U;, d\’) < ¢ forall 1 < j <n

(The quantity #{ (2, N, ¢) is independent of the parameter a. However, we use this notation
for the convenience of what follows.) Let & C X, 1. Suppose #? is already defined. We set

#,,(2 N, e)

= min { Z(#?(ﬂfl(Uj), N, &)%

J=1

neN, {Uj};f=1 is an open cover of }
with diam(U;, d{t") < e forall 1 < j <n]’

We define the topological entropy of a-exponent h®(T), where T = (T;);, by

log #(X,, N, ¢)
Y .

This limit exists since log #% (X, N, ¢) is sub-additive in N and non-decreasing as ¢ tends
to 0.

From a = (a1, a2, . .., a,—1), we define a probability vector (that is, all entries are
non-negative, and their sum is 1) w, = (wy, . . ., w,) by

h*(T) = lim < lim
e—>0 \ N>

w] =apaas - - - dr—1,
wy = (1 —apazas - - - ar1,
w3 =(—-aas--- a1,

w1 =0 —-a2)a_1,
Wy = 1-— ar 1.

The following theorem is a direct consequence of our main result in Theorem 2.1.

THEOREM 1.2. Fora = (aj,as, . ..,ar—1) with0 < a; <1 for each i,
r
W (T)=  sup < Z wihnmw(m). (1.6)
pedT (X)) \ =1
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6 N. Alibabaei

The strategy of the proof is adopted from Tsukamoto’s paper. However, there are some
additional difficulties. Let 4%,.(T) be the right-hand side of equation (1.6). We use the
‘zero-dimensional trick’ for proving h*(T') < h¢,.(T'), meaning we reduce the proof to the
case where all dynamical systems are zero-dimensional. Merely taking a zero-dimensional
extension for each X; does not work. Therefore, we realize this by taking step by step
extensions of the whole sequence of dynamical systems (see §3.3). Then we show 2% (T) <
h$,.(T) by using an appropriate measure, the definition of which is quite sophisticated (see
oy in the proof of Theorem 4.1). In proving h*(T') > h¢,.(T), the zero-dimensional trick
can not be used. The proof, therefore, requires a detailed estimation of these quantities for
arbitrary covers, which is more complicated than the original argument in [Tsu22].

Theorem 1.2 and Feng and Huang’s version of variational principle in equation (1.3)
yield the following corollary.

COROLLARY 1.3. Fora = (ay,az,...,a,—1) with0 < a; < 1 for each i,
h*(T) = hi(Th).

This corollary is rather profound, connecting the two seemingly different quantities.
We can calculate the Hausdorff dimension of self-affine sponges using this result as in
the following example. Additionally, we will show in §6 that we can now determine the
Hausdorff dimension of certain sofic sets in higher-dimensional Euclidean space.

Example 1.4. Let us take another look at self-affine sponges. Kenyon and Peres [KP96,
Theorem 1.2] calculated their Hausdorff dimension as follows. Recall the notation in §1.2
andthatm; <mp <--- <m,.

THEOREM 1.5. Define a sequence of real numbers (Z;); as follows. Let Z, be the
indicator of D, namely, Z,(iy,...,iy) =1if (i1,...,i;) € D and 0 otherwise. Define
Z,—1 by

my—1

Zr—l(il’ cees ir—l) = Z Zr(ilv R PR ir)~
i,=0

More generally, if Z 11 is already defined, let

mj+1—l
ZiGit, .. ip) =Y Zjpa(in, ..., ijpp)o8mie/logmi,
ij+1=0
Then . log Zo
dimygK(T, D) = ——

logm;’

We can prove this result in a fairly elementary way by Corollary 1.3 without requiring
measure theory on the surface. Set a; = logmH+1 m,_; foreach 1 <i <r — 1, then w,
equals w in equation (1.4). Combining equation (1.5) and Corollary 1.3, we have

hioy(T1) — h*(T)
logm;  logm;’

dimy K (T, D) =

Hence, we need to show the following claim.
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CLAIM 1.6. We have
h*(T) = log Zy.

Proof. Observe first that taking the infimum over closed covers instead of open ones in
the definition of 2% (T') does not change its value. Define a metric d*) on each X; by

d@(x, y)= min |x—y—n|.
neZY*l“Fl

Let
Dj={(e1,...,ej)| thereareej,1,...,e with(e1,...,¢e) € D}.

Define p; : Dy_j+1 — D,_; by pi(e1,...,e—it1) = (e1,...,e,—i). Fix0 < e < 1/m,

and take a natural number n with m|" < &. Fix a natural number N and let v; : va_ 4;'41_1 —
Div_f.” be the product map of p;, that is, ¥; (vi, . . ., Uy+n) = (Pi(v1), . . ., Pi(UN+n))-
For x € D" | define (recall that A; = diag(m1, ma. . .., m,—i41))
o
U;’) = { Z Afkek € Xjlex € Dy_j41 foreach k and (eq, . .., en+n) = x}.
k=0
Then {U(i)} ~n+n 18 a closed cover of X; with diam(U(i) d(i)) <e. Forx,ye pNtn
* JxeD, ! X YN : > r—i+1’

N+n
r—i

we write x « y if and only if )Ei) N Uy(i) # . We have for any i and x € D

1 ; ;
~'withec | U ud.
x,EDrNj;n yG‘l//iil(X,)
x'~x

Notice that for each x € DﬁV_Jlf” , the number of x” € Dﬁv_f." with x” «~ x is not more than 3.

Therefore, for every v = (vil), R ”1(\}ln) e va_’:", there are (vgk), ce, vx(ln) € Div_Jq”,

k=2,3,...,L,and L < 3", with

L
_ k k
#ar WP N ) <Y Z @) - Z ).
k=1

We inductively continue while considering that the multiplicity is at most 3" and obtain
#(Xr, N, &)

SAED I (ED VI CH (D>

x1eDM ey 7 () Xr2€Y3 7 (x-3)

ap\ asz ar_2\ ar_1
Z (Zr—l(Ul) e Zr_](vN+n))al) > .. ) )

vj€D,_ for each j

25 (5

—1 —1
X1€D1 vyept () Xr—1€py (Xr—2)

— 3r(r—l)ZON+n'
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Therefore,
log #(X,, N, ¢
h%(T) = lim ( lim Lﬁ) < log Zp.
e—0 \ N—>oo N
Next, we prove h*(T) > log Zp. We fix 0 < ¢ < 1/m, and use e-separated sets. Take and
fixs=(t,...,t) € D, and set s; = (t1, ..., t,—j+1). Fix a natural number N and let
¥i : DY ., — DY be the product map of p; as in the previous definition. Define
N o]
Qi = { Z A Fey + Z AiKsi e Xiler, ..., ey € Dri+l}-
k=1 k=N+1

Then Q; is an e-separated set with respect to the metric dj(\j) on X;. Consider an arbitrary
open cover .7 ) of X; for each i with the following properties (this (.7 )); is defined as a
chain of open (N, g)-covers of (X;); in Definition 3.1).

(1) Foreveryiand V € Z® we have diam(V, d](\j)) < e.

(2) Foreachl <i <r—landU € Z*D thereis O (U) c .Z9 such that

') cl W)
and

70= ) Fow.

Ue i+

We have #(V N Q;) < 1 for each V € Z© by (1). Let (e{”, e{?, ..., ¢(’) € DY | and
suppose U € .Z@ satisfies

N )
Yok + Y Ayt eunon.
k=1 k=N+1
Then nl_l(U) contains at least Z, _ (eiz)) s 2 (eﬁ)) points of Q1. Hence,
# WU N e) = Zra(el?) - Zeo1(eP).
We continue this reasoning inductively and get
#(X,. N.e)

-y ( )3 <( )

e<r)€DfV er=Dey,_~1(e®) e@ey;~(e®)

@y . Dwar a a3.” RN
Z (Zr—l(el ) Zr—l(eN ))

2 2 _
(e e e @)
eﬁz)eDr,l for each j

A (2 (% v ) )

—1 -1
*1E€D1 “xpep! (x1) Xr—1€p5 ' (xr—2)

= ZON.
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This implies
h*(T) > log Zy.
‘We conclude that

h*(T) = log Zy. O

We would like to mention the work of Barral and Feng [BF12, Fell], and of Yayama
[Yall]. These papers studied the related invariants when (X;, T;)(@ =1,...,r) are
subshifts over finite alphabets. In this subshift case, our definition of h?(T) (and its
pressure version in §2) is essentially the same as that given in [BF12, Theorem 3.1].
Hence, we can say that our definition generalizes the approach in [BF12, Theorem 3.1]
from subshifts to general dynamical systems.

2. Weighted topological pressure

Here, we introduce the generalized, new definition of weighted topological pressure. Let
X;, T;)(i=1,2,...,r)bedynamical systemsand 7; : X; > X;y1 (i=1,2,...,r—1)
factor maps. For a continuous function f : X1 — R and a natural number N, set

SNf(x) = f(x) + f(Tix) + f(TEx) + -+ £(TN ).
Let ) be a metric on X;. Recall that we defined a new metric dz(\j) on X; by

dy (x1,x2) = max d(T;"x,, T,"xp).
0<n<N

We may write these as SI{,‘ for d{]" to clarify the maps 7 and 7; in the definitions above.

Let a = (aj, a2, ...,a,—1) with 0 < a; <1 for each i and ¢ a positive number. We
inductively define a quantity P*(2, f, N, &) for @ C X;. For @ C X1, set
P(Q2, f,N,¢)

= inf { Z eXp(S[l]lp SNf)'

neN, {Uj};’.:1 is an open cover of }
j=1

with diam(U;, d\) < e forall1 < j <n

Let @ C X;y1. If P{ is already defined, let
Pi‘:.l(gz» f7 N’ ‘9)

neN, {Uj}’}:1 is an open cover of }

with diam(U;, dy*') < e forall 1 < j <n

= inf { D (PAETN U, LN, €)Y
j=1

We define the topological pressure of a-exponent P*(f) by
log P*(X,, f. N, 8)>

N

This limit exists since log P*(X,, f, N, €) is sub-additive in N and non-decreasing as
e tends to 0. When r = 1, this coincides with the standard definition of the topological
pressure P(f) on (X1, T1). The topological entropy A, (T1) is the value of P(f) when
f = 0. When we want to clarify the maps 7; and 7; used in the definition of P%(f), we
will denote it by P*(f, T) or P*(f, T, m) with T = (T;)!_, and & = (7;)_,.

Pt =1l li
(f) SE)% ( Ngnoo
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Recall that we defined a probability vector w, = (wy, . .., w,) froma = (ay, az, . . .,
ar—1) by

Wy =a1aaz - - - a1,
wy = (1 —apazas - - - ar_q,
w3 =(l—ayaz - a1,

2.1
wr—1 = (1 —ar-2)ar—1,
w,=1—a,_1.
Let
7@ = idy, : X1 — Xi,
A =mjomi_10---0m : X1 —> Xit1.
We can now state the main result of this paper.
THEOREM 2.1. Let (X;, T;) (i=1,2,...,r) be dynamical systems and m; : X; —
Xiy1 (i =1,2,...,r — 1) factor maps. For any continuous function f : X1 - R,
r
PU(f) = sup (Z Wik, (1) + wi f fdu>- (22)
ped (X)) \ =1 X1

We define PZ_(f) to be the right-hand side of this equation, where ‘var’ is the

var
abbreviation of ‘variational’. Then we need to prove

PA(f) = PG ().

3. Preparation
In this section, we prepare several tools which will be used in the proof of Theorem 2.1.

3.1. Basic properties and tools. Let (X;,T;) i =1,2,...,r) be dynamical systems,
mwi:Xi = Xiy1 (i=1,2,...,r —1) factor maps, a = (ay, ..., ar—1) € [0, 171, and
f : X1 — R acontinuous function.

We will use the following notions in §§3.3 and 5.

Definition 3.1. Consider a cover .Z) of X; for each i. For a natural number N and a
positive number ¢, the family (% ®); is said to be a chain of (N, €)-covers of (X;); if the
following conditions are true.

(1) Foreveryiand V € . Z® we have diam(V, dl(\;)) < e.
(2) Foreachl <i<r—1landU € .Z@tD thereis ZO(U) c .F@ such that

(N (%)
and

Fh="J Fow.
UeF D
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Moreover, if all the elements of each F® are open/closed/compact, we call (& (i))i a
chain of open/closed/compact (N, €)-covers of (X;);.

Remark 3.2. Note that we can rewrite P*(X,, f, N, ) using chains of open covers as
follows. For a chain of (N, &)-covers (Z); of (X;);, let

L@a<f9 N7 g, (y(l))l>

= ) ( > ( ( 3 P st>“1 m>a,~2)a,1'

U e ) Ur=Heze=bHym) UWezM(U?)
Then

P (X, f,N,¢)
=inf {P2°(f, N, &, (ZD))|(FD); is a chain of open (N, &)-covers of (X;);}.
Just like the classic notion of pressure, we have the following property.

LEMMA 3.3. For any natural number m,
PYSH f, T™) =mP(f, T),
where T™ = (T;")]_,.

Proof. Fix ¢ > 0. It is obvious from the definition of P]“ that for any Q1 C X and a
natural number N,

P (1, S,E‘f, T",N,e) < P{'(Q1, £, T,mN, ¢).
Let Q;4+1 C X;41. By induction on i, we have
PA(Qy1, SEF.T™, N, &) < P (Qig1, f. T.mN, ).

Thus,
PY(SHf, T, N, &) < PA(f, T, mN, ¢). (3.1)

There exists 0 < § < ¢ such that forany 1 <i <r,
dD(x,y) <8 = dli(x,y) <e (forx,yeX;).

Then
dy (x,y) <8 = dly(x.y) <& (forx,yeX;andl1<i<r). (32

Leti = 1 in equation (3.2), then we have for any Q| C X1,
PH(Q1, f,T,mN,¢e) < P{ (1, S,ﬁ‘f, T",N,$).
Take 2,41 C X;+1. Again by induction on i and by equation (3.2), we have
P*(Qut1, f» T, mN, &) < P*(Qiy1, SLLf, T™, N, ).
Hence,

PY(f,T,mN,&) < P*(SIf, T™, N, ).
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Combining with equation (3.1), we have
P,"(S,,Tgf, T" ,N,e) < P!(f,T,mN,¢) < P,"(S,,Tgf, T",N,$).
Therefore,
PUSIF, T™) = mP*(f, T). O
We will later use the following standard lemma of calculus.

LEMMA 3.4

(1) For0 < a <1 and non-negative numbers x, y,
(x + ) <x+y°

(2)  Suppose that non-negative real numbers py, pa, . . ., py satisfy Y ;_, pi = 1. Then
for any real numbers x1, X3, . . . , Xn, we have

n n
Y (—pilog pi +xipi) <log Y _ €.

i=1 i=1

In particular, letting x1 = xo = - - - = x,, = 0 gives

n
Y (=pilog pi) <logn.

i=1

Here, 0 - log 0 is defined as 0.

The proof for item (1) is elementary. See [Wal82, §9.3, Lemma 9.9] for item (2).

3.2. Measure theoretic entropy. In this subsection, we will introduce the classical
measure-theoretic entropy (also known as Kolmogorov—Sinai entropy) and state some of
the basic lemmas we need to prove Theorem 2.1. The main reference is the book of Walters
[Wal82].

Let (X, T) be a dynamical system and u € .#7 (X). Aset.o/ = {Ay, ..., A,}is called
a finite partition of X with measurable elements if X = A U-.-UA,, each A; is a
measurable set, and A; N A; = & for i # j. In this paper, a partition is always finite and
consists of measurable elements.

Let ./ and ¢’ be partitions of X. We define a new partition &/ v &/’ by

FdNvd ={ANA|A e o/ and A" € &'}
For a natural number N, we define a refined partition .27y of ./ by
In=dNT AT 2. . vT VN Dy,

where T I .o/ = {T™'(A)|A € «/} is a partition for i € N.
For a partition &7 of X, let

Hy(o/) == > u(A)log (u(A)).
Acd
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We set

H, (o
hy (T, o) = Nh—r>noo M

This limit exists since H,, («/y) is sub-additive in N. The measure theoretic entropy h, (T)
is defined by
hu(T) = sup{h, (T, )|/ is a partition of X}.
Let <7 and &/’ be partitions. Their conditional entropy is defined by
WANA) (AN A)
Hy (o)== Y A )Z (A g(T
Aled’ Acd/ s
n(A)#0
LEMMA 3.5
(1) H, () is sub-additive in < : that is, for partitions </ and </’
Hy (o v "y < H(A) + H ().
(2) H, () is concave in . that is, for 1, v € AT (X)and0 <1t <1,
Hi—pprn (&) > (1 = )H () + tH, ().
(3)  For partitions </ and ',
h (T, ) < h, (T, ')+ H,L(;a/uaf).

For the proof, confer with [Wal82, Theorem 4.3(viii), §4.5] for item (1), [Wal82,
Remark, §8.1] for item (2), and [Wal82, Theorem 4.12, §4.5] for item (3).

3.3. Zero-dimensional principal extension. Here we will see how we can reduce the
proof of P*(f) < P&.(f) to the case where all dynamical systems are zero- dimensional.
First, we review the definitions and properties of (zero-dimensional) principal extension.
The introduction here closely follows Tsukamoto’s paper [Tsu22] and the book of
Downarowicz [Dow11]. Suppose 7 : (Y, S) — (X, T) is a factor map between dynamical
systems. Let d be a metric on Y. We define the conditional topological entropy of m by

sup, .y log #(r 1 (x), N, 8))
N .

hiop(Y, S|X, T) = lim ( lim
e—>0 \ N—>oo
Here,

#0r=" (). N. &) — min {n . N‘ There exists an open cover {U;}]_, ofn_l(x)}.

with diam(Uj, dy) < eforalll < j <n

A factormap  : (Y, S) — (X, T) between dynamical systems is said to be a principal
factor map if

hop(Y. S|X., T) =0,

Also, (Y, §) is called a principal extension of (X, T).
The following theorem is from [Dow11, Corollary 6.8.9].
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THEOREM 3.6. Supposen : (Y, S) — (X, T) is a principal factor map. Then 7 preserves
measure-theoretic entropy, namely,

hp,(S) = hn*,u(T)
for any S-invariant probability measure p on Y.
More precisely, it is proved in [Dow11, Corollary 6.8.9] that r is a principal factor map
if and only if it preserves measure-theoretic entropy, provided that A, (X, T) < oo.
Suppose 7 : (X1, T1) = (X2, T2) and ¢ : (Y, S) — (X3, T») are factor maps between

dynamical systems. We define a fiber product (X x X, Y, Ty x S)of (X1, T)) and (Y, S)
over (X2, T7) by

Xy xy, ¥ = {(x, ) € X x Yn(x) = o)},
T x §: Xy Xx, Yo,y r— (T1(x), S(y)) € X, Xx, Y.

We have the following commutative diagram:

1
X1 Xx, Yy — X,
' n (3.3)

Yy ——X»

Here, 7/ and v are restrictions of the projections onto Y and X, respectively:
7' Xy Xx, Y3 (x,y) —>yevY,
ViXixy, Yo (xy)r—xeXi.

Since 7 and ¢ are surjective, both 7’ and 1 are factor maps. The following lemma is
proved in [Tsu22, Lemma 5.3].

LEMMA 3.7. If ¢ is a principal extension in the diagram in equation (3.3), then V is also
a principal extension.

A dynamical system (Y, S) is said to be zero-dimensional if there is a clopen basis of
the topology of Y, where clopen means any element in the basis is both closed and open. A
basic example of a zero-dimensional dynamical system is the Cantor set {0, 1} with the
shift map.

A principal extension (Y, S) of (X, T) is called a zero-dimensional principal extension
if (¥, S) is zero-dimensional. The following important theorem can be found in [Dow11,
Theorem 7.6.1].

THEOREM 3.8. For any dynamical system, there is a zero-dimensional principal
extension.

Let (Y;, R;)) (i =1,2,...,m) be dynamical systems, 7; : ¥; - Y;11 (i=1,2,...,
m — 1) factor maps, and a = (ay, . . ., an—1) € [0, l]m_l. Fix2 <k <m — 1 and take a
zero-dimensional principal extension ¢y : (Zg, Sx) — (Y, Rx). Foreach 1 <i <k —1,
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Weighted topological pressure revisited 15

let (Y; xy, Zk, R; x Si) be the fiber product and ¢; : Y; Xy, Zy — Y; be the restriction of
the projection as in the earlier definition. We have

¢

Y,‘ XYy Zk —l> Yi

\L iﬂk_loﬂk_zon-oﬂi

Z Y
k o k

By Lemma 3.7, ¢; is a principal factor map. We define I1; : ¥; xy, Zy — Yiq1 Xy, Zk
by IT; (x, y) = (m;(x), y) foreach 1 <i <k —2, and I1j_ : Yx—1 Xy, Zx — Zj as the
projection. Then we have the following commutative diagram:

é1

Y1 Xy, Zy ———=Y]

S

2
Yy xy Zx———————Y)

) i

Hk—zi Th—2

k-1
Yi_q Xy, Ly — > Y

n, i (3.4)

Zi o Yi

T
Tk oPk

Yit1
i/ﬂkﬂ

i”m—l

Y

Let

(Zi,Si)=(Yika Zi, Ry x 8) forl<i<k-—1, (Z;,S8)=U;,R;) fork+1<i<m,
[y =mroti : Zx > Vi1, i =m 1 Z; > Ziyy fork+1<i<m-—1,
¢i=1idz, 1 Z; > Z; fork+1<i<m.

LEMMA 3.9. In the settings above,

Pia(f, R, ) = Pie(f 0 ¢1, S, T)
and

PU(f, R, m) < PU(f o ¢y, S, ).
Here, R = (R))i, ® = (m;)i, S = (Si); and I1 = (I1;);.
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Proof. We remark that the following proof does not require Z; to be zero-dimensional.
Let

7© =idy, : Y1 — Y1,
7@ =mjomij_10---om : Y] = Yiyq,
and

n9 =idg, : 2, — 2y,
H(i)zl_liol'[,-_lo~~~ol_11:Zl—>Z,-+1.

Let v e .#5(Y;)) and 1 <i < m. Since all the horizontal maps in equation (3.4) are
principal factor maps, we have

hr[(i—l)*u(Si) = h(¢i)*r[(i—l)*v(Ri) = hﬂ(i—l)*(qsl)*u(Ri)-
It follows that
m
PE(fogr, S, )= sup ( > wikpe-n,, (S +wi [ fog dv)
Zy

veS1(Z)) N =1

m

= sup (Z Wil -1 (g, (Ri) + w1 / f d((¢1)*v)>
veS1(Z)) N =1 Y
m
< sup (Z wihi-n,, (Ri) +wi / f dﬂ)
ped M (v \ i1 hn

= PI.(f, R 7).

(The reversed inequality is generally true by the surjectivity of factor maps, yielding
equality. However, we do not use this fact.) ~

Let d' be a metric on Y; for each i and d* a metric on Z;. We define a metric d’ on
(Zi, Si)for1 <i <k—1by

d~"((xl, 1), (x2, y2))
= max{d’ (x1, x2), d(y1, y2)}  ((x1, Y1), (x2, y2) € Zi = Y; Xy, Zy).

Set c?‘ =d' for k+1<i<m. Take an arbitrary positive number ¢. There exists
0 < 8 < e such that forevery 1 <i <m,

di(x.y) <8 = d'@Gi). () <& (x.y€Z). 3.5)
Let N be a natural number. We claim that
P'(f,R,mt,N,¢) < P*(f o1, S, II,N, ).
Take M > 0 with

PA(f o1, S, T, N,8) < M.
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Then there exists a chain of open (N, §)-covers (& @); of (Z;); (see Definition 3.1 and
Remark 3.2) with

P (fopr, S, M, N,5,(FD)) <M.

We can find a compact set Cy C U for each U € .Z™ such that Uyezm Cu = Zy.
Let # .= {(Cy|U € F™)}. Since H;l_](CU) C I"Ir;]_l(U) is compact for each
Ue.Z™, we can find a compact set Ey C V for each V € F™"~D(U) such
that TT! (Cy) C Uyvesww) Ev. Let 2" D(Cy) :={Ev|V € Z"D(U)} and
=D = oy H™D(C). We continue likewise and obtain a chain of compact
(N, 8)-covers (# D); of (Z;); with

PUf o1, S, M, N,8, (D)) <P (fod1, S, I, N,8, (FD)) <M.
Let ¢; (D) = {¢;(C)|C € # D} for each i. Note that for any Q C Z;,
77 (i () = ¢i1 (T ().

This and equation (3.5) assure that (¢; (£ @)); is a chain of compact (N, g)-covers of
(Y;)i. We have

P(f, R, N, e, (i (H D))= P(fopr, S, T, N, 8, (# D)) <M.

Since f is continuous and each ¢; (% ) is a closed cover, we can slightly enlarge each set
in ¢; (K ) and create a chain of open (N, g)-covers (O @), of (¥;); satisfying

P°(f,R,m, N, e, (0)) < M.
Therefore,
PA(f,R,m,N,&) < P*(f,R,m,N, e, (6V)) < M.
Since M > P*(f o ¢1, S, II, N, §) was chosen arbitrarily, we have
P'(f,R,mt,N,¢) < P*(fo¢1, S, II,N, ).
This implies
PY(f,R, ) < P*(f o g1, S, ). O

The following proposition reduces the proof of P4(f) < P&%.(f) in the next section to
the case where all dynamical systems are zero-dimensional.

PROPOSITION 3.10. For all dynamical systems (X;, T;) (i = 1, 2, . . ., r) and factor maps
i X > Xiq1 (=12,...,r—1), there are zero-dimensional dynamical systems
(Zi, S;) (=1,2,...,r) and factor maps 1; : Z; - Ziy1 (i =1,2,...,r — 1) with
the following property; for every continuous function f : X1 — R, there exists a continu-
ous function g : Z1 — R with

P.(f.T,m) > P&.(g. S, 1)
and

P4(f,T,m) < P%g, S, II).
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Proof. We will first construct zero-dimensional dynamical systems (Z;, S;) (i =
1,2,...,r) and factor maps Il; : Z; - Z;j41 (i=1,2,...,r —1) alongside the
following commutative diagram of dynamical systems and factor maps:

Z1ﬁ> » X1 Xx, Zrﬂ>Xl

N W

Zzﬁ XZXXrZrHXZ

2) \L
nz\x & "
) 3) )] .
o \ \Lﬂrf,ﬁ T3 T3 \L”"3
r

Zy—p > (Xr—2 XX, Zy) X Zr—1 > Xy XX, Zy > Xy

(Xr—1Xx,Zr)
(3) ) T
T T r—=2
M,_» r—2 r—=2
Yr-1

Zyog —> X XX, Zr > Xy

)

r—1 Tr-1
I,

zZ, —" S X,

()
(3.6)

where all the horizontal maps are principal factor maps.

By Theorem 3.8, there is a zero-dimensional principal extension ¥, : (Z,, S;) —
(Xr, T;). The set {x} is the trivial dynamical system, and the maps X, — {*} and
Z, — {x} send every element to *. For each 1 <i <r — 1, the map X; Xx, Z, > X;
in the following diagram is a principal factor map by Lemma 3.7:

Xi XX, Zr4>X,-

TTp—]0Oy—20:-0TT;

zZ, ——— X,

Forl <i<r-—2, deﬁneni(z) ¢ Xy, Z, —> Xit+1 Xy, Z, by

2
7 (x, 2) = (i (x), ).
Then every horizontal map in the right two rows of diagram (3.6) is a principal factor map.
Next, take a zero-dimensional principal extension vy_1 : (Z,—1, S;—1) = (X;—1 X X,

Zy,Tr—1 xS,) and let IT1,_| = nr(z_)l o Yr—1. The rest of diagram (3.6) is constructed
similarly, and by Lemma 3.7, each horizontal map is a principal factor map.
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Weighted topological pressure revisited 19
Let f : X1 — R be a continuous map. Applying Lemma 3.9 to the right two rows of

diagram (3.6), we get

Pi(f. T 1) = Piy(f o p1, 8P, M?)
and

PU(f T, ) < P*(f o 1, S?, TIP)
for 1@ = (ni(z))i and §® = (T; x S,);. Again by Lemma 3.9,

Pie(f o1, 8P, MP) = PL.(f o g1 o¢, SO, TP

and

PY(f o1, SP,MP) < P(f oo, SO, V)

where TI® = ((ni@))f;lz, I1,_1), and S® is the collection of maps associated with Z,
and the third row from the right of diagram (3.6). We continue inductively and obtain the

desired inequalities, where g is taken as f o g1 o¢r o - - - 0 ¢;. O

4. Proofof P*(f) < P&.(f)

Leta = (ay,...,ar—1) €0, 1771, Recall that we defined (wi, ..., w,) by
wy =a1a2a3 - - - ar—1,
wy = (1 —apazas - - -a,q,

w3z = (1 —az)as - --ar_1,

wr—1 =1 —a,2)a,_1,
wr =1—a,-

and P%.(f) by

Po(f) = sup (Z wihgi-n,, (T;) + wi /

fdu>,
pedM (X)) \ =) i
where

7@ = idy, : X1 — X,

7D = giomi_yo--om : X1 — Xiil.

The following theorem suffices by Proposition 3.10 in proving P*(f) < P&.(f) for
arbitrary dynamical systems.

THEOREM 4.1. Suppose (X;, T;) (i = 1,2, ...,r) are zero-dimensional dynamical sys-
temsandm; : Xi — Xj41 (i =1,2,...,r — 1) are factor maps. Then we have

PAS) = Pc(f)

for any continuous function f : X1 — R.

Proof. Letd @) be a metric on X i foreachi = 1,2, ..., r. Take a positive number ¢ and
a natural number N. First, we will backward inductively define a finite clopen partition

https://doi.org/10.1017/etds.2024.35 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2024.35
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o/ of X; for each i. Since X, is zero-dimensional, we can take a sufficiently fine
finite clopen partition ./ of X,. That is, each A € &7 is both open and closed,
and diam(A, dl(\;)) < &. Suppose 7 +1 is defined. For each A € 7TV take a clopen
partition #(A) of ni_l(A) C X; such that any B € A(A) satisfies diam(B, dl(\j)) < e. We
let oD = |J i1 B(A). Then /D is a finite clopen partition of X;. We define

A = OV T gDy T2 Dy VD ),
We employ the following notation. For i < j and A € dlf,j ), let JZ/I\(/i)(A) be the set of
‘children’ of A:
(A= (B e o \mj_1omj20-- om(B) C A
Also, for B € ,sa/]\(,i) and i < j, we denote by 77; B the unique ‘parent’ of B in ,;af]\(,j):
TiB=Ae JZ/A(/) suchthat mj_jomj_s0---om(B) C A.
We will evaluate P*(f, N, ) from above using {7 }. Let A € <7, (2), and start by setting
ZJ(\})(A) — Z 5P SN S
Bea\"(A)
Let A € bc%]f,ﬂr]). If Zx_l) is already defined, set
. - _
zyw= > @y s
Bed{)(A)

We then define Zy by
Zy= Yy @y Py

AE,Q{A(,”
It is straightforward from the construction that
P}fl(Xr9f7N’8) S ZN'

Therefore, we only need to prove that there is a 7}-invariant probability measure © on X
such that

.
. log Z
Z wih -, (T, D) + wy / fdu> lim gN N

] X N—o0
Since each A € 4271\(,1) is closed, we can choose a point x4 € A so that
SNf(XA) = Sup SNf.
A

We define a probability measure o, on X by

1 1)~ ar—1—1 —2) o~ ar—r—1
oy=— Y. Zy V@A) ZU & 14)

N
(1
Aedy

- —1 ~ —1
o x ZQ @A) ZPGEA) T S ws
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where 8XA is the Dirac measure at x 4. This is indeed a probability measure on X since

a,,z—l

1 _ ~ ay_1—1 D)~
ov(Xn =7 3. Zy VAT 2T Ea)
A

N -1 - -1
o ox ZO@A)TT ZP AT S

1 _ ar—1—1 _ a,_»—1
=—— > Zy @y > oz P

Ared(! Arredy V(A
-1
S e X Aw’ E e
Ased D (Ag) Aredt\ (A3) Aredy (A7)
=z (A2
1 -1 a,—1—1 ) a,_r—1
=7 X I @) 2 A
WAL Ay V(A
2 - 1 a1
Yoo zPwmye !t Yz
AseddY (Ag) Ared\P(As)
:Z;?(A:;)
1 i—1 ar—1
Are%,f,’)

Although oy is not generally T-invariant, the following well-known trick allows us to
create a T1-invariant measure p. We begin by setting

1 N-1
Uy = N Z le*UN‘
k=0

Since X is compact, we can take a sub-sequence of (i, )y so that it weakly converges to
a probability measure p on X1. Then u is T1-invariant by the definition of wy. We will
show that this u satisfies

,
Z wihgi-n,, (T, Dy 4w /

i=1 X

log Zn

du > 1li
f'u_Nl—{noo N

We first prove
,
Z wl'HjT([—l)*UN (4271\(;)) + wq f Syfdu=1logZy.
— X1
i=1
To simplify the notation, let
UI(Vi) = n(i_l)*aN

1 1)~ ar_1—1 1)~ a;—1
=7 > zy @ s 2V Sy
BE.Q{I\(]I)
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and

aj+1—

; ) —1 1) 1 iy, aj ;
w' = > zy @Az @)z () log (23] (4)).

(j+1)
Aedy

CLAIM 4.2. We have the following equations:

r—1
ai—1
Hy (") =1log Zy — / Snfdoy =Y /Z—W}Vf),
X — n
j=1
a —1a 1
O _Ginl o G-1) ) .
HGI(G)(Q%N ) =log Zy 7 Wy Z 7 Wy (for2 <i<r).

j=i

Here, "'} ((aj — 1)/ Zn)Wy is defined 10 be 0.

Proof. Let A € gfjf,l). We have

1 1)~ =1 - -1
UN(A):Z—Z/(\; DAy T ZO )" T S ),
N
Then
Ho (y)) == Y oy(A)log (oy(A)
Acat)
=logZy — Y on(A)Syf(xa)
Acar)

@

r—1
i—1 1) _1—1 - -1 N
Y=Y @& 20 @A) S oy (21 G A)
=t TN e

D
For term (I), we have

1 —1) ~ a_1—1
/ S f doy = —~ Yo zy V& aAa T
X

N
AcarD

-1 —1
L ZQ @A ZP @A) sy f(xa)
= ().

We will show that (II) = WI(Vj). Let A’ € ﬂfjf,j+1). Then any A € &%If,l)(A’) satisfies
7j+1A = A’ Hence,
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1) o~ ar_1—1 1)~ a;—1 N
am= > 3 zi P& L ZQ @A) SV log (21 (411 A))
AreaJTD Aear V(A

NG

—1) ~ ar—1—1 i+1) ~
= Y ziVGa) 2TV G A
NeaI™

| aj—1 i
z{ @an” 10g (zy ()

. =1 -1
x Y ZgTV@E"TT 2P @) e e,
AP (A

an’

The term (II)’ can be calculated similarly to how we showed o, (X1) = 1. Namely,

i aj_1—1 o aj_2—1
a'= >z a7

Ajed AN Ajedy VA
o) _ 1 a;—1
SRR SEPTCYRCRI SRt
AseddD (Aq) Aredl\P (A3) Areay" (A)

=7y (A2)

o ap .
== Yz Vuap" =z .
Ajed) (A

Thus, we get

1) o~ ay_1—1 it1) o~ ajr1—1 ; aj ;
m= Y zyP&A"Z{TE e Z0 ) log (2 (A))
AealtD
=wy.

This completes the proof of the first assertion.
Next,let2 <i <r.Forany A € oD,

i 1 —1) ,~ a—1—1 1)~ aj—1 .
oM = 3z V@B Z) @B S

Zn
eV,
n(i)(xB)eA

1 1y 1 —1 1y io1—1
=2y @Az Ea
n

o - o
x Y ZVPEAB)T -z @B) SO,
Bed"(A)

As in the evaluation of term (I)’, we have

oy i1 N 1 . .
> EABTT Z @B S = 2D )"
Bea"(A)
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Hence,
- i—1 i i
o (A) = - 20 VG T 2O G AT 20D ()"
n
Therefore,
HGI(\;)(WIS))=— 3 ol (A) logay (A)
AEQ/(i)
1)~ a,-—l i — a;—
logzN—— S 20 T 20T 2D )"
Ae%(’)

_ ~ r—1—1 [)  ~ ai—1 [ — ai—1
x log (z0 V@ 4" ---z")(n,-+1A) iV
-1 i)~ ai—1_(— aj—1 i—
— log zN—— 3 25 @& 20T 28V og 2§V )

Ae;z/(’)

— 4~ —1) ~ ar—1—1 i) o~ ai—1_—1 a1 N
D= X A EaT )@z W a2 @A)
= P e

(1)
Note that we can calculate term (III) as
1)~ ar—1—1 i) o~ ai—1 ___ aj—1 N
Yooy @Az Gz @) e (2 741 4)
Ae;zfl\(,i)

1) ,~ a_1—1 j+1) ~ aj=l_j aj-1-1 /
Z Z0 VG A ) A ' Fjr2Aj) Zz(\;)(AHl) ' IOg(ZJ(\;)(AHl))
A/’+1€W]§]j+l)

i—1 aj—1 ; aj+1-1 i—1 aj—1
<y zy AT Y Zy A 3 zi @)
Aject\ (Aj4) Airiel ™ (Aif2) Ay (A1)

=z0 A0

1)~ ar—1—1
=...= Z Z% )(ﬂrAj-H)
Aj+|€<£27}§,j+l)

1) o~ ai—1 . aj_q .
xox ZgTV @A) 2 (A log (23 (Aj)).

We conclude that
| r—1 a 1
. i)y _ aj— i-1) aj — L0
Hgg)(,;zi,\, ) =log Zy — W Z 7 wy’.
j=i
This completes the proof of the claim. U

By this claim,

r—1r—1

,

(@) Widi—1 i—1) wl(a] D6
;wingiew; )+w1/ Snfdu =log Zy— Z Dl gy - wy.
1=

i=1 j=i
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However, we have

r—1r—

1
Zwa, 1W(l D—I—Z w,(a]—l)W(]) 0.
i=1 j=i

Indeed, the coefficient of Wj(vk) 1<k<r-—1)is
k

Wrr1ag + (ar — 1) Z w; = wir1ag + (ax — Dagagr1 - - - ar—1
i=1

= ap{wr+1 — (I —ap)ag+1ak+2 - - - ar—1} = 0.

Thus, we have

,
Z wiHG[(Vi) (ﬁf,f;l)) + w / Snfdu=1log Zy. 4.1)
i=1 X

Let u® = 7=V 1 and ug\i,) = n(i_l)*uN.

LEMMA 4.3. Let N and M be natural numbers. Forany 1 <i <r,

1 2M log |7 @]
s N '
Here, |.o/D| is the number of elements in oD,

Ho () 2 S H o (o)) -

Suppose this is true, and let N and M be natural numbers. Together with equation (4.1),
we obtain the following evaluation:

r r

Wi ) Wi )
21 MHMX/)(ﬂM)-le /ledlLN > E ﬁHo,(v’)('dN )
i= =

2M log |7 w /
— _— Svfd
121: N v N Xi W dow
_log Zy Xr: 2M log |7 @]
= N .

i=1
Let N = Ny — oo along the sub-sequence (Ny) for which N M This yields

r

w .
ZM u(z)(%())-i-wl/ fdp> lim

X N—o0
i=1

log Zn

We let M — oo and get

,

. log Z
> wiho (T ) [ f = tim ZEZY,
i=1 X

N—ooco N

Hence,

PG (f) = PA().

We are left to prove Lemma 4.3.
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26 N. Alibabaei

Proof of Lemma 4.3. This statement appears in the proof of variational principle in
[Wal82, Theorem 8.6], and Tsukamoto also proves it in [Tsu22, Claim 6.3]. The following
proof is taken from the latter. We will explain for i = 1; the same argument works for all i.

Let o7 = o/(D. Recall that uy = (1/N) Z,I{VZ_OI le*aN. Since the entropy function is
concave (Lemma 3.5), we have

N-1 N-1
HMN (JZ{M) = % Z Hle*gN(Q{M) = % Z HUN (Tl_kJZ/M).
k=0 k=0
Let N =gM +r with0 <r < M, then
N—1 q M-1 gM+M—1
Y Ho (T ety =Y > Ho (7M™ i) = Y~ Hoy (T )
k=0 s=0 1= k=N

S

v
M- I

Ho (T~ tyr) — M log ||

=z >

"L

D
-
Il
(e}

M=

Hy (7M™ atyy) — M log | /. 4.2)

=}
“
Il
=}

=

We will evaluate > 7_, HGN(TfSM ! o#y) from below for each 0 <t < M — 1. First,
observe that

M—1
T]fstth — \/ Tl_SM_t_]ﬂ-
j=0
We have
M+1+jl0<s=<q0<j=M-1}={t,t+1,....t +qM+ M —1}
without multiplicity. Therefore,
t+H(g+DHM—1
H,, (y) < H(,N< \/ T;"d) byN <i+(g+ DM
k=0

q t—1
< Z H(,N(Tl_SM_’;z%M) + Z H,,N(Tl_k;z%) by Lemma 3.5.
s=0 k=0
This implies
q —1
> Ho (T7M ™ atyy) = Hoy () = Y Ho (T 0)
s=0 k=0
> HUN(%/N) —Mlog|e/| byt <M.

Now, we sum over ¢ and obtain

M—-1 q
SO Hy (7M7) = MH, (/i) — M log |/
t=1 s=0
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Combining with equation (4.2), this implies
N—-1
> Hoy (T ) = MHo, () —2M° log |/ .
k=0

It follows that

N—-1
1 1 _ 1 2M log |<7|
3 Hiy ) = 50 3 Ho (T o) = S Hoy () = =—— .
k=0
This completes the proof of Theorem 4.1. U

5. Proof of PL.(f) < P(f)
It seems difficult to implement the zero-dimensional trick to prove P%.(f) < P*(f).
Hence, the proof is more complicated.

THEOREM 5.1. Suppose that (X;, T;) (i = 1,2,...,r) are dynamical systems and m; :
Xi > Xiv1 (G =1,2,...,r — 1) are factor maps. Then we have

PE.(f) < PU(f)

for any continuous function f : X1 — R.

Proof. Take and fix u € .#T1(Xy). Let u; = 7%=V, u. We need to prove

> wih (T +wi [ die < P,
1

i=1
However, the following argument assures that giving an evaluation up to a constant is

sufficient: suppose there is a positive number C which does not depend on f nor (7;);
satisfying

> wily, () + wy / fdu < PU(f.T) +C. (5.1)
X1

i=1
Applying this to Sy, f and T = (T;"); for m € N yields

D wihy (T™) 4w /

Smfdu < P(Suf,T")+C.
; X
i=1 1

We employ Lemma 3.3 and get

,
m Z wihy, (T;) + mw f fdu<mP*f,T)+C.
X

i=1

Divide by m and let m — co. We obtain the desired inequality

> wih T+ wn [ die < PO,
1

i=1

Therefore, we only need to prove inequality (5.1).
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Let &/ = {AY), Aéi), e, A,(,il).} be an arbitrary partition of X; for each i. We will
prove

Z wihy, (T;, /D) + w) /

fdu < PUS,T)+C.
i=1 X

We start by approximating elements of .7") with compact sets using backward induction.

Forl <i <r,let
A?:{O,l,...,m,}X{O,l,...,mr_l}x---x{O,l,...,mi+1}x{O,l,...,mi},
A =1{0,1,...,m}x{0,1,...,mp_1}x---x{0,1,...,mip1} x{1,2,...,m;}.

We will denote an element (j,, jr—1,..., ji) in A? or A; by jrjr—1--- ji. For each
AY) € o/, take a compact set Cj-r) c Ag.r) such that

my
log m, - Z M,(AY) \C;.r)) <1
=1

Define Cér) as the remainder of X,, which may not be compact:

my my
" _ ")\ ) _ )
Cy _UA/. \ Cj _X,\UC/. .
j=1 j=1

Then € := {C(()r), Cl(r), e C,(,,r)} is a measurable partition of X,.
Next, consider the partition 7' (")) v &7~V of X,_;. For j, j,—1 € Ar_1, let
=1 _ -1 (r) (r=1)
B =ma(CNnA; 7.
Then
_ _ 1. .
7 @)y D =BT e € A,

and for each j, € A(,),
my—1
(r=1) _ _—1 ,(r=1)
U 85,0 ==,
Jr—1=1

)

 C Bj(rr;i)l (which could be empty)

FOI‘ eaCh jrjr—] € Ar—la take a COmpaCt set C;:]_i
such that
my  Mp—1

log [Ar—tl- Y Y e (BYVNCYTD) <1
Jr=0 jr—1=1

Define C ](:0_ D as the remainder of rrr__ll (C;:)):
mp—1
=1 _ _—1 ~() (r—1)
Cio =m €\ U € h
jrfl:]

Then €~V = {C;:;i)l | jrjr—1 € A(r)fl} is a measurable partition of X,_i.
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Continue in this manner, and suppose we have obtained the partition
¢® = {C(k)|J e A% of Xy fork=i+1,i+2,...,r. We will define V). Each ele-
mentin (Cg(’“)) v o7 @ can be expressed using J’ € A0 andji €{1,2,...,m;}by

@ _ _—1,~G+1) (i)
BJ,J.[—T[I- (CJ, )ﬂAji.

Choose a compact set C y) C By) for each J € A; so that

log [A;] - ) Z i ( B(’) <’).i) <1

0 =
Jend, | Ji=l

Finally, for J' € A%, ., let

J+
C(zo = C(IH))\ U C(t)
ji=1
Set ¢ = {Cy)|J € A?}. This is a partition of X;.
LEMMA 5.2. For €9 constructed above, we have
hyg (Tis D) < hyy (T, €9 + 1
Proof. By Lemma 3.5,
hyy (Tis D) < by (T, 7O v 7L (D))
<y (Ti, € D) + Hy (7O v 271 (@) 160,
Since C;i) C By) for J € A;,
H,, (Q/(i) Vv ni—l(%(i+1))|<g(i))

@) @) (@) (@)
; (B NC (B NC
— Z ,U«i(Cy)) Z mi( K : J)log (Ml( K : j))

JeA? KeA; Hi(cy)) [L,'(Cy))
i (CH#0
- Z '0) Z lo )
<C“)> Ny
J,EA?H Ji=1 J'0 Mi J/O
wi (A0

By Lemma 3.4, we have

wi(BY), 0 Clh) wi(BY). N i)
- Z OReEaE ( B ) < log |Ay].
o i (CYh)
Therefore,
H[Li (d(l) Vnifl((g(i+1))|%(i)) < 10g |Al| Z ( 71 C(l+]))\ U C(l) ) D

Jen?, Ji=1
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Recall the definition of w in equation (2.1). We have

Z wihy, (T;, €9) 4w /

fdu
i=1 X

1
= lim —{H, (¢")+ cecap_ N d
Nlm N{ u(€y") +araz ar_1 ” fdu

r—1
+ Z Aidiy1 - - Ar- (Hui (Cglill)) - HMH—I (%]EII—H))) }
i=1

1
= lim —{H, & _/ Snfd
Nl—r>nooN{ . (€y7) + araz ar—1 ¥, Nfdp

r—1
i — i+1
+ Y a@aig - ar  Hy (6 1 (6T )>)}.
i=1

Here, we used the relation
i i+1 i — i+1
Hy (63)) = Hyupoy (64 ) = Hyy (63)) = Hyy G (6 )
N 1
= Hy, (6 Ir; (6 ).

We fix N and evaluate from above the following terms using backward induction:

r—1
Hy, (6\)) +aray -+ ar_y / SNfdu+ Y aiaiyy - ar 1 Hy (6 177 (64 T)).
Xi i=1

(5.2)

First, consider the term

PR -arl(Hu%‘Hn;‘(%ﬁ))) + /
X1

Sn f d,u).
For C € 64", let € (C) = (D € €\ |7:(D) C C}, then by Lemma 3.4,

Hy (&P @ 2)) + f Sxf dp
X1

u(D) u(D) u(D)
C — 1 S
= 2 mOp 2 < 20 1m0 T me WP Nf>}

cesyy De? (€)
12(C)#0

< ) m(Olog ey,
cesy e (€)

Applying this inequality to equation (5.2), the following term appears:

azag---a,_l(Hm(%ﬁ’|n;1<%$)>>+a1 > wa(C)log Yo e SNf>. (53)
ces? D%’ (C)
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This can be evaluated similarly using Lemma 3.4 as

Hy, (%”1%2)%_1(‘515;3))) +ay Z 12 (C) log Z &SUPp SN f

cety De%)(0)
D D D a
= Z u3(C) Z (—MZ( )10g #a( )—|—M2( )10g< Z esupESNf) )}
) > w3(C) w3(C)  pu3(C) i

Cety De%y”’ (C) E€%y’ (D)
u3(C)#0

aj
< ) w(Olog ) ( > eS“PESNf> :
cet)) pe?P () Ect (D)

Continue likewise and obtain the following upper bound for equation (5.2):

log Z ( Z ( . ( Z SUPe() SNf>aI . .>a,_2>a,_]'

cneg " cr-heglV(cn) ceg(c®)
(5.4

Forl<i<rlet?? ={Ce?cD|C is compact}. There is a positive number ¢; such
that d(i)(y1, y2) > g forany Cy, Cs € ‘50(1) and y; € Cy, yz € C;. Fix a positive number
& with

& < min g;. (5.5)
1<i<r

Let .#® be a chain of open (N, g)-covers of X; (see Definition 3.1). Consider

aj ar—2\ dr—1
£SUPy (D) SNf) .. ) ) .

log Z°(f, N, e, (F))

—log ¥ ( )3 <<

U ez ) Ur-bDez=-Huym) UWegzOWU®)

(5.6)
We will evaluate equation (5.4) from above by equation (5.6) up to a constant. We need the
next lemma.
LEMMA 5.3

(1) ForanyV C X, with diam(V, d\))) < ¢,
WD e € IDNV £ o) <2V.
) Letl<i<r—1landC e %\, Forany V C X; with diam(V,d) < e,
D e €V(C)DNV £ @) <2V,
Proof. (1)D e Sf]g) can be expressed using C,E:) e (s=0,1,...,N—1)as

_ ) —1 () —2 () —N+1~(r)
D—CkoﬂTr CklmTr Ckzﬁ---ﬁTr C,

N-1

https://doi.org/10.1017/etds.2024.35 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2024.35

32 N. Alibabaei
If DNV # &, we have Tr’S(C,g)) NV # @ forevery 0 < s < N — 1. Then for each s,
@ # Tf(Tr_s(C,g)) N V) cClNTHW).

By equation (5.5), each k; is either O or one of the elements in {1, 2, . . ., m,}. Therefore,
there are at most 2%V such sets.

(2) The proof works in the same way as in item (1). C can be written using J; € A? o
(k=0,1,...,N—1)as

_ ~G+D —1 ~@G+1) -2 ~@+1) —N+1 ~@+1)
C_CJO mTi+1CJ. mTi+1C12 m"'ﬁTiJrl CJN_|‘

Then any D € ‘518 )(C ) is of the form

_ @ —1 () -2 ~() —N+1 ~()
D= CJ()ko N Tl C.]]k] N Tl CJzkz n-.-nN Tl CJNflkN,I

withO <k <m; (=1,2,...,N—1).If DNV # &, then each k; is either 0 or one of
the elements in {1, 2, . . ., m;}. Therefore, there are at most 2N such sets. O
For any C(D ¢ %15,1), thereis V € .ZM with v N CV % @ and

SUWPc) SN f < %PV Snf

LetC® ¢ ‘515,2), then by Lemma 5.3,

Z eSWPc) SN < Z N Z eSuPy SN f

cU)e%,E,“(cO)) Uzg,%i)g veZ ()

By Lemma 3.4,

a a
Z &SUPc() st) 1 < qaN Z ( Z £SUPY SNf) 1.

cez) (c@) Ueg@ VeZ D)
UNC?#o

For C®) ¢ ‘515,3), we apply Lemmas 5.3 and 3.4 similarly and obtain

( Z ( Z eSPc) st>“1>az

COeEP(C®)  chesy (c@)

< 2a1a2N2a2N Z ( Z < Z esup" st>a1>a2'

0eF® UeF@0) ~VeZD ()
oncP £y

We continue this reasoning and get

SRR

chegd " cr-Degl™V () cheg (@)
ap ar—2\ dr—1
< goN Z ( Z (( Z eS“Puu)SNf) ) > )
Unegz® *yr-bHegt-huw) UWegzMW(WU®)
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Here, o stands for er;l ajaj4+1 - - - ar—1. We take the logarithm of both sides; the
left-hand side equals equation (5.4), which is an upper bound for equation (5.2). Further-
more, consider the infimum over the chain of open (¥, &)-covers (. ®)); on the right-hand
side. By Remark 3.2, this yields

r—I1

Hﬂr((gjslr)) +aiay - - - a1 / Snfdu+ Z ajajy1 - - - ap_1Hy, (%ﬁ”ﬂ;l((gg-‘rl)))
Xi i=1

<log P*(X,, f. N, &) +aN log 2.

Divide by N, then let N — oo and ¢ — 0. We obtain

,
> wihy (€D 4 wn [ de < PUCFT) S alog2
X1

i=1

Lemma 5.2 yields

,
> il (T /) +wy [ fdu = PUGLT) Fatog2
i=1 X

We take the supremum over the partitions (<7 @),

D wihy, (T)) + w /

fdu<Pf,T)+alog2+r.
i=1 X

By the argument at the beginning of this proof, we conclude that

> it (T +wn [ f du < PO, .

i=1

6. Example: sofic sets

Kenyon and Peres [KP96-2] calculated the Hausdorff dimension of sofic sets in T2. In this
section, we will see that we can calculate the Hausdorff dimension of certain sofic sets in
T¢ with arbitrary d. We give an example for the case d = 3.

6.1. Definition of sofic sets. This subsection is referred to [KP96-2]. Weiss [We82]
defined sofic systems as subshifts which are factors of shifts of finite type. Boyle, Kitchens,
and Marcus proved in [BKMS8S5] that this is equivalent to the following definition.

Definition 6.1. [KP96-2, Proposition 3.6] Consider a finite directed graph G = (V, E) in
which loops and multiple edges are allowed. Suppose its edges are colored in / colors in a
‘right-resolving’ fashion: every two edges emanating from the same vertex have different
colors. Then the set of color sequences that arise from infinite paths in G is called the sofic

system.
Let m; <mp <---<m, be natural numbers, 7 an endomorphism on
T" =R"/Z" represented by the diagonal matrix A = diag(m,ms,...,m,), and
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(0,1,0), (1,0,0)

(0,0,1), (0,1,1),
(1,0,0), (1,0,1)

(0,0,0), (0,1,1),
(1,0,0), (1,0,1),

(0,0,3), (1,0,3),

@m@)

(0,1,3), (1,0,1),
(1,0,2) (0,1,1),
(1,0,3), (1,0,0), (0,1,2)

(0,0,1), (0,1,0)

FIGURE 2. Directed graph G.

D =T[/_{0,1,...,m; — 1}. Define amap R, : DN — T" by

w [os] egk) [os] e(k)
n)\ 00 _ r
Rr((e )nzl)_(zmlk"“’zmrk)’
k=0 k=0
where e®) = (e(k) RN eﬁk) ) € D for each k. Suppose the edges in some finite directed

graph are labeled by the elements in D in the right-resolving fashion, and let S ¢ DN be
the resulting sofic system. The image of S under R, is called a sofic set.

6.2. An example of a sofic set. Here we will look at an example of a sofic set and
calculate its Hausdorff dimension via its weighted topological entropy. Let D = {0, 1} x
{0, 1,2} x {0, 1, 2, 3}, and consider the directed graph G = (V, E) with V = {1, 2, 3} and
D-labeled edges E in Figure 2.

Let Y1 DN be the resulting sofic system. Let C = {0, 1} x {0, 1, 2} and B = {0, 1}.
Define p; : D — C and p> : C — B by

pi@, j, k) =@, ), p20,j)=i.
Let p?’ : DN — N and pzN : CN — BN be the product map of p; and p,, respec-

tively. Set ¥» = pY(¥1) and Y3 = pY(¥2). Note that ¥, = {(0, 0), (1, 0), (0, D} and
Y3 = {0, 1}V, meaning they are full shifts.
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The sets X; = R;(Y;))(i =1,2,3) are sofic sets. Define m;:X; —> X, and
m : Xy — X3 by

T(x,y,2) =@, y), mx,y)=x.

Furthermore, let T, T>, and T3 be the endomorphism on X, X7, and X3 represented by
the matrices diag(2, 3, 4), diag(2, 3), and diag(2), respectively. Then (X;, 7;); and (7;);
form a sequence of dynamical systems.

For a natural number N, denote by Y;|y the restriction of Y; to its first N coordinates,
and let p; y : Yi|y — Yit+1|n be the projections for i = 1, 2. As in Example 1.4, we have
for any exponent @ = (a1, a2) € [0, 1]%,

| “
a 1 -1 “
K(T) = lim - log > ( > IpnT ) ) :
ue{0,1}N " vepary W)

Now, let us evaluate | pl,N_l(v)I using matrix products. This idea of using matrix
products is due to Kenyon and Peres [KP96-2]. Fix (a, b) € {0, 1}? and let

ajj = |{e € Eleis from j to i and the first two coordinates of its label are (a, b)}|.

Define a 3 x 3 matrix by A, ) = (a;;);j. Then we have

0 1 1 1 1 1 1 2 2

Aooy=10 0 1), Aon=|1 1 0], Agop=|0 1 2|, Aqn=0.
1 1 0 0 1 2 2 21

Note that A(o,o)z = A(O,l) and A(0,0)3 = A(1,0)~ Forv = (vy,...,vnN) € Y2|n, We have

1PN @) = Ay Ay, -+ Agy .

Here, A =< B means there is a constant ¢ > 0 independent of N with c"!B < A < ¢B. For
o = (14++/5)/2, we have &> = o + 1 and

o 1+« o o o o o
Aoy (1] = « |=a|1]. Aon|1]=*|1]. Aqg |1]=c*|1].
o 1+« o o o o o

Therefore,

”AU]AUQ AUN” = Alevz "'AUN 1 X)\vl)hvz "')"UNa
o

where A0y = @, L0,1) = 0(2, A1) = as.

Take u € Y3 = {0, l}N and suppose there are n numbers of zeros in u. Also, if there are
k numbers of (0, 0) terms in v = (v, ..., vyN) € pz,N_l(u), there are n — k numbers of
(0, 1) terms and N — n numbers of (1, 0) terms in v. Then,

)‘vlal coo, = aalka2a1(n—k)a3a1(N—n).

UN
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Therefore (recall that Y = {(0, 0), (1, 0), (0, D}Y),

Yoo o = > Doy U1 Ay

vepan 1 (u) (1. 0N)EP2N T (1)

n
_ Z <Z)aa1ka2a1(n—k)a3al(N—n) = (@ + o241y g3V
k=0

This implies

a N N
Z ( Z |P1,N1(U)|al) = Z <n>(a‘” + 2ay " gara(N—n)
n=0

ue{0, 1}V " vepy y ()

— {(O{al +a2a1)a2 +a3a1a2}N.

‘We conclude that

1
ha(T)zth Nlog{(aal 4 @21 4 glaanN
—00

log {((#)al + (#)a])az +Q+ «/E)MZ}.

As in Example 1.4, the Hausdorff dimension of X is obtained by letting a; = log, 3
and ay = log; 2:

logy 3
aoarT 1
dimy (X;) = RE(T) _ log, {((M) + (M>

log, 3 log; 2

)" el

log 2
=2.1061 - - - .

2 2
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