SOME INTEGRALS INVOLVING E-FUNCTIONS

by T. M. MACROBERT
(Received 11th August, 1953)

§ 1. Introductory. This paper describes a simple method of evaluating integrals of a type
some cases of which have been discussed by Dr. Ragab.

The following formulae are required in the proofs

Ifp<g+1,2+0,

E(p;a,:q;pi2)= 0 D) (A TG F@ia,:0ip,: =12 covoenen(])
Ifp=q¢+1, |z |>1_in this formula.
If R(ey,,)>0,
J‘:e_“y“”ﬂ_llf](p 10t ps ) du=EB(D+1 ;0 :0;p:2) crireiniiiiinrinnne, (2)
IfR(q+y)>O, R(B+9)>0,
f:ruww(a, B:: N AA=T(@)T(B) T (o +y)T(B+9) Lo+ B+7) eorrrerrionrensn(3)
E%f‘“—’ d§=-1%), ............................................. )

where the contour starts from -co on the £-axis, passes round the origin in the positive
direction, and ends at —oco on the £-axis, the initial value of amp { being - =.

If B(m +n)>0,
J:K”(A)Am~1 dA=2m—21’(m;“”>P<m2‘”>. ........................... (5)
If m is a positive integer,
D(mz) =mm==4 (2m)b—im P(z)P(z +%) F(z +mm‘ 1) s (6)

§ 2. Method of Proof. The first formula to be proved is as follows. If R(x)>0, R(p —2)>0,
and m is a positive integer, .

1
[ 2t =Nt B(p i 2y 2 2
0 ,
=TI p—a)M*PE(P+M ;0 i @+M;Pyi2), tirerrieienerinreniiarenneneens (7)

where a3 =(x+v)/m, peyy=(p+v)fm, v=0,1,2, ..., m~1.
To prove this, assume that g=p, so that (1) can be applied for all non-zero values of z.
The L.H.S. of (7) can then be written

T (o) (T (p,)] j :A«~1<1 LN (p gy - Afz) dA.

On expanding in powers of 1/z and integrating term by term this becomes
B(a, p— ) TIT' () (IT(p) ] Fp+m s 2, 1 g +m 5 py - 1[2).
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Now from (6), with «/m in place of z,

() =m°‘“.*(2ﬂ')*“*m1"<%) r("‘;;l) F(ﬁiﬂ) ,

m

with a similar formula for I'(p). On applying (1) it is seen that the integral has the value given
in formula (7).

Finally, to remove the restrictions on p, replace z in (7) by z/u and apply formula (2) as
often as is required. ,

On applying the same procedure it is found that

1
5 | B g ) &
=(2mEmd AP B (D ot 1@+ 5 g D M™), veiiiiiin e, (8)

where the contour is that of formula 4).
Similarly, if B(«)>0, and assuming initially that ¢=p +m,

f e E (Do, iq;p,s z/f\m) dA
0 ~

=2rAmrme i E(p+m o, @5 ps i 2fMM) i (9)
Using formula (5), and assuming initially that ¢=p +2m, it can be shown that, if
R(k 4+ 7)>0,
4
[R OB (@ ayi05p,: 2007 a2
0
=(2aPm 222k L BLp+2m ; o, 1 q; pg i 2[(2M)P ™}, it (10)
where a1 =k +7 +20)/(2m), tprmrsy =k —n+2)/(2m),v=0,1,2,...,m-1.
Again, on applying (3) and agsuming initially that g=p +m, it is found that, if R{(k + y)>0,
R(k+8)>0,
fwe°")t"*1E(y, S N E(psa,:iq;p,:z/Am) dA |
0
=2 tmpE DB E(p+2m ;0 1@ +m; ps i 2/M™), crvivinninnnen (11)
where o, =(y +k+v)m, oy =@ +k+v)/m, pop =@ +8+k+v)/m, v=0,1,2, ...,
m—1,
Finally,

fe‘i"“EUo Lo g pet 2™ AL

eEE(p+m ;o i q;pe 267 /mm) }

= —imyy k-3 ) .
(2m) m —e TR (p+m;a,q;ps: 26 /m™

where «,,, ., =(k+v)/m,v=0,1, 2, m -1, and the contour is that of formula (4).
To prove this, assume that B (k)>>0 and ¢=p +m ; then deform the contour into a small
circle about the origin with radius tending to zero and the negative real axis described twice.
Formulae (9), (10), (11) were given by Ragab in somewhat different forms in Part III
of these Proceedings, pages 131, 119 and 134 respectively. -
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