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Abstract
In this paper, we study the singular boundary value problem

Alu = Af(x,u,Du) inQ,
u>0 in Q,
u=0 on 09,

where 1> 0 is a parameter, & > 1 and A’y = |Du|"~3(D?*uDu, Du) is the highly degenerate and
h-homogeneous operator related to the infinity Laplacian. The nonlinear term f(x, 1, p) : Q X (0, 00) X
R" — R is a continuous function and may exhibit singularity at + — 0*. We establish the comparison
principle by the double variables method for the general equation A u = F(x,u, Du) under some
conditions on the term F(x, t, p). Then, we establish the existence of viscosity solutions to the singular
boundary value problem in a bounded domain based on Perron’s method and the comparison principle.
Finally, we obtain the existence result in the entire Euclidean space by the approximation procedure. In
this procedure, we also establish the local Lipschitz continuity of the viscosity solution.

2020 Mathematics subject classification: primary 35D40; secondary 35B51, 35J60, 35J70.
Keywords and phrases: infinity Laplacian, singular boundary value problem, viscosity solution,
comparison principle, existence.

1. Introduction

In this paper, we consider the singular boundary value problem

A’;,u = Af(x,u,Du) in Q,
u>0 inQ, (1-1)
u=20 on 092,
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2 F. Liu and H. Sun 2]

where the domain Q € R"”, 1 > 0 is a parameter and

ou % 8u

———, h>1
6x,- 8xj axiaxj >

n
Al = |Duf(D*uDu, Duy = |Duf"> "
ij=1

is the h-homogeneous quasilinear operator associated with the infinity Laplacian.
The nonlinear term f(x, t, p) : Q X (0, 0) X R” — R is a continuous function and may
exhibit singularity at t — 0%.

When h = 3, the operator is the infinity Laplacian

n 2
Asoll = (DzuDu, Du) = %%ﬂ,
— 6x,- 6)(7]' 6)(7,’6)(]'
ij=1
which was first introduced by Aronsson in the study of the absolutely minimizing
Lipschitz extension (AMLE) [2-5] in the 1960s. The infinity Laplacian is quasilinear
and highly degenerate, and the solutions are usually understood in the viscosity
sense. See for example Crandall et al. [18]. In [24], Jensen proved that the AMLE
functions are equivalent to the infinity harmonic functions (viscosity solutions to the
homogeneous infinity Laplacian equation A,z = 0) and also proved the existence
and uniqueness of AMLE. In [16], Crandall et al. showed that the infinity harmonic
functions can be compared with linear cones that can be regarded as the fundamental
solution of the equation A, u = 0. For more results on the infinity harmonic functions,
one can see [1, 15, 17].

When / = 1, the operator is the normalized infinity Laplacian

o u u 0P
il 8x,~ axj (9X[8Xj '

Aﬁ’ou := |Dul"(D*uDu, Du) = |Du|™>

Peres et al. [38] discovered a wonderful connection between the Dirichlet problem
corresponding to the normalized infinity Laplacian and a random game named
‘tug-of-war’. The game is played by two players and the token is initially at any point
xo € Q. When the game starts, the two players take turns to move the token arbitrarily
and the length of the movement is not greater than € > 0. When one of the players
moves the token to the point x € 9Q, the game is over and the players are rewarded
or punished through the running payoff function f and the final payoff function g. As
g — 0, Peres et al. proved that the continuum value function of the game is the unique
viscosity solution of the problem

{Af}’ou = f(x) inQ,

1-2
u=g on 0Q (1-2)

for the continuous functions f (|f| > 0) and g. Lu and Wang [32] established the
existence and uniqueness of the solution for the problem (1-2) based on partial
differential equation methods. The normalized infinity Laplacian equations related
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to some ‘tug-of-war’ game have attracted increasingly more interest. The normalized
infinity Laplacian with a transport term

ANu+ (€ Duy=0 inQ,
u=g on 0Q

was first studied by Lépez-Soriano et al. [30]. When £ is a continuous gradient vector
field, they obtained the existence and uniqueness of the viscosity solutions. When £ is
Lipschitz continuous but not necessarily a gradient, they established the existence of
viscosity solutions using ‘tug-of-war’ game arguments. In addition, Peres et al. [37]
introduced a biased ‘tug-of-war’ and showed the existence and uniqueness of viscosity
solutions under the continuous Dirichlet boundary condition for the 8-biased infinity
Laplacian equation

ANy + B\Dul = 0, (1-3)

where S € R is a fixed constant denoting the bias. If § =0, (1-3) reduces to the
unbiased case.

In [31], Lu and Wang showed the existence and uniqueness of viscosity solutions
for the inhomogeneous Dirichlet problem

Aot = f(x) in Q,
u=g on 0Q),

when the nonhomogeneous term f has one sign. Bhattacharya and Mohammed [7]
studied the existence and nonexistence of viscosity solutions to the Dirichlet problem

Acu = f(x,u) in Q,
u=g on 0Q),

where f has sign and monotonicity restrictions. In [8], they presented some structure
conditions on f and established the existence results without sign and monotonicity
restrictions. Liu and Yang [29] gave existence and uniqueness results of viscosity
solutions of the nonhomogeneous problem

Au=fx) inQ,
u=g on 0Q,

where 1 < & < 3.1n [26], Li and Liu established the existence of viscosity solutions of
the Dirichlet problem

A u = f(x,u) inQ,
u=g on 0Q,

when the right-hand side f(x, ¢) is nondecreasing in ¢ and nonincreasing in ¢. For other
studies on the infinity Laplacian operator, one can refer to [27, 33, 34].
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Over the years, the singular boundary value problem for the partial differential
equation has attracted much attention and the earliest study on the singular boundary
value problem was introduced by Fulks and Maybee in [21]. They studied the physical
problem about heat conduction in electrically conducting materials. Let Q C R? be
occupied by an electrical conductor. Then each point x € Q becomes a source of heat
when a current is passing through Q. Suppose that the function E(x, f) describes the
local voltage drop in Q and o (u) is the electrical resistivity, where u is the temperature.
According to the resistance heat generation formula, E*(x, t)\o (1) denotes the rate of
generation of heat at any point x and time #. Let ¢ and « be the specific heat and thermal
conductivity of Q, respectively, which can be taken as constant. Then the temperature
u at the point x € Q and time ¢ satisfies

E%(x,1)

— kAu = .
cuy, — kAu @)

(1-4)
In one simple case, one can take o-(1) = au, where « is a positive constant. It is obvious
that o(u) — 0 as u — 0. Thus, (1-4) is singular since the right-hand side becomes
unbounded at u = 0. This physical problem naturally leads to the study of the singular
problem related to the parabolic Laplacian equation

u — a’Au = F(x, t,u),

where a® = k/c and F(x, t,u) = E*(x, t)/co(u). The singular boundary value problems
can be widely applied in non-Newtonian fluids, boundary layer phenomena for viscous
fluids and chemical heterogeneous catalysts [19, 20, 22].

It is worth noting that A¥ u = |Du|~2Au reduces to Au when the dimension is one.
Therefore, it is natural to study the singular boundary value problems related to the
infinity Laplacian. Bhattacharya and Mohammed [7] considered the singular boundary
value problem

1-5)

—Asut = b(x)h(u) in Q,
u=0 on 0Q),

where b € C(2) N L™(Q) is a positive function in Q, and & € C(0, o) is positive and
may exhibit singularity at zero, in other words, h(f) — oo as t — 0*. They gave the
existence, uniqueness and asymptotic behaviour of the positive viscosity solution
of Problem (1-5). In [10], Biset and Mohammed extended the existence results of
viscosity solutions to the singular boundary value problem

—Acout = Af(x,u) in Q,
u>0 in Q,
u=0 on 0Q
in a bounded domain Q as well as in the whole Euclidean space, where 4 > 0 is a

parameter. In [26], Li and Liu established the existence, uniqueness and the asymptotic
estimate of the viscosity solution to the singular boundary value problem
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—A"u =b(x)g(u) inQ,
u>0 in Q,
u=0 on 0Q).

For other studies of the singular boundary value problems, one can refer to
[35, 36, 39].

Inspired by these works, we study the singular boundary value problem (1-1) of
the strongly degenerate operator A" u. For all cases & > 1, we prove that A" share
a common theory. Let us point out that, unlike the case & = 1, the operator A is
quasilinear even in dimension 1. Therefore, we must make subtle analysis. Our main
results are as follows.

We first give the comparison principle for the following general equation:

A u = F(x, u, Du). (1-6)

THEOREM 1.1. Let Q CR" be a bounded domain. Suppose that the function
F(x,t,p) € CCQXR XR") is negative and nondecreasing in t, and the map 7 —
F(x,t,Tp) is nondecreasing in [1,p) for each (x,t,p) € QX RXR", where p > 1.
Assume that u € C (ﬁ) andv € C(ﬁ) satisfy

A’;ou > F(x,u,Du), xeQ
and
Ai’ov <F(x,v,Dv), xeQ
in the viscosity sense, respectively. If u < v on 0, then u < v in Q.

The proof of the comparison principle Theorem 1.1 is based on the double variables
method in viscosity solution theory. If the nonhomogeneous term F(x,u,Du) is
independent of the gradient Du, Li and Liu proved the comparison principle for the
equation A" u = F(x, u) in [25]. However, due to the strong degeneracy of the operator
A" and the dependence of p of the nonlinear term F(x, t, p), we must perturb twice to
make Jensen’s method useful [24]. In [25], they also established the existence of the
boundary blow-up viscosity solution and analysed the boundary asymptotic behaviour
of the blow-up solutions based on the comparison principle and Karamata’s regular
variation theory, which was first introduced by Cirstea and Radulescu [11-13].

THEOREM 1.2. Let Q C R" be a bounded domain and ¢ € C(0CY). Assume that F :
Q xR X R" — R is a continuous function and satisfies

sup |F(x,t, p)| < oo (1-7)
QxXIXR"
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Jor every compact interval 1 C R. Suppose that u, € C(Q) is a viscosity subsolution
and u* € C(Q) is a viscosity supersolution of

{Ai‘ou = F(x,u,Du) inQ, (1-8)

u=g on 0Q,

in Q. If u, < u* in Q, then the problem (1-8) admits a viscosity solution u € C(Q) such
that u, <u <u*in Q.

Theorem 1.2 gives the existence of the viscosity solution of (1-8) when the
nonlinear F(x, t, p) is bounded in Condition (1-7) for the class of operators A", with a
parameter & > 1. The method is based on the standard Perron idea. Let us point out that,
unlike the case & = 1, the operator A’ is quasilinear even in dimension one. Hence,
we must make subtle analysis. During this procedure, the construction of barrier
functions is more complicated. This observation is very important for the study of the
existence.

Obviously, taking F(x, u, Du) = Af(x, u, Du), one can immediately get the existence
result of Problem (1-1) if f(x,u, Du) is bounded, that is supgy .g» | f(x, u, Du)| < co.
Now we turn to the singular boundary problem (1-1). That is, f(x, z, p) may exhibit the
singularity when ¢ — 0. We need some basic assumptions on the singular nonlinear
term f(x, ¢, p) to construct a viscosity subsolution and supersolution.

Let R* :=(0,00) and f(x,t,p): QX R X R" — R be a continuous function that
satisfies the following conditions.

(F-1): There are fy) € R* and two continuous functions k: (0,7) — R* and
a: Q — R* such that

fx,t, p) < —a(X)k(t) for all (x,t, p) € Q x (0, 1) X R".
(F-2): There are two continuous functions g : R* — R* and b : Q — R* such that
fx,t,p) > —b(x)g(t) forall (x,1,p) € Qx R* x R".

Now we define the following notation in connection with the functions k and g:

t k(t
geo := limsup %) ko := liminf Q (1-9)

t—+00 -0+ h

We always assume that 0 < ky < oo.

Furthermore, we assume that the function » in Condition (F-2) above satisfies the
following condition.

(B-w): The following problem:

A'w = —b(x) inQ,
w>0 in Q, (1-10)
w=0 on Q)

https://doi.org/10.1017/51446788724000041 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788724000041

[7] Viscosity solutions to the infinity Laplacian 7

admits a viscosity solution wq € C(ﬁ). When the function b € C(Q) is positive, the
existence of the Problem (1-10) has been established by Li and Liu (see [26]).

To investigate the existence of the viscosity solutions to the singular boundary value
problem (1-1), one key is to find a viscosity subsolution. Due to the nonlinear term
f(x, ¢, p) on the right-hand side, it is difficult to construct a viscosity subsolution. Here
we adopt the principal eigenfunction for the following eigenvalue problem:

1-11
u=0 on 092, ( )

{Ai’ou +pa(x)u" =0 in Q,
where Q is a bounded domain and a(x) is a positive continuous function in Q. Liu
et al. [28] established the existence of a positive principal eigenfunction ®@g and gave
a characteristic for the principal eigenvalue A(QQ) of Problem (1-11). Additionally, it
is obvious that A1(€Q;) > A1(€Qy) if Q; C Q,. Since the principal Dirichlet-eigenvalue
A1(Q) and the corresponding eigenfunction @ are both positive, we need the
positivity of kg as in (1-9) to construct an appropriate viscosity subsolution and
then Perron’s method guarantees the existence of viscosity solutions to the singular
boundary problem (1-1).

THEOREM 1.3. Let Q CR" be a bounded domain and f:QXR* XR" - R be a
continuous function. If f satisfies the conditions (F-1), (F-2) and b satisfies the
condition (B-w), then there exists a constant Ag, depending on €, g« and ||[wqlle

such that Problem (1-1) admits a viscosity solution u = u, € C(ﬁ) for any A with
Al(Q)ka1 <A< A,

Theorem 1.3 shows the existence of the viscosity solution of the singular boundary
value problem (1-1) when the parameter A is lying in an appropriate range, that is
A1 (Qky << A5, To overcome the difficulty of the singularity of Problem (1-1),
we construct the appropriate cut-off function and then use the comparison principle,
compactness analysis and Perron’s method to establish the existence of the viscosity
solution. Due to the high degeneracy and quasilinearity of the operator A" and the
singularity of the nonlinear term f(x,?, p), we cannot follow the scheme in [9]. To
overcome this difficulty, we propose conditions (F-1) and (F-2) and then construct a
suitable viscosity supersolution of Problem (1-10). However, we invoke the positive
eigenfunction of the eigenvalue problem (1-11) to construct an appropriate viscosity
subsolution to Problem (1-1). Then by the standard Perron method, we can obtain the
existence of the viscosity solution of the singular boundary value problem.

With Theorem 1.3 in hand, we can establish the existence result of the singular
problem in the entire Euclidean space by the approximation procedure. Due to
the strong degeneracy of the operator, we need the following additional monotone
condition (F-3) on the nonlinear term f(x,t, p). Note that it would be interesting to
consider the singular problem on unbounded domains other than R".

(F-3): For any (x, 1, p) € Q x R* x R, the function t — f(x,t,tp)/a(x)t" is nonde-
creasing in t, where the function a(x) is the one in (F-1).
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THEOREM 1.4. Let f satisfy the conditions (F-1), (F-2) and (F-3) in R", where
b satisfies the condition (B-w). Then for any A with A(B(O, 1))](51 <A< A% the
problem

A" u = Af(x,u,Du) inR",
u>0 inR", (1-12)

u(x) - 0 as |x| — oo

admits a viscosity solution u = uy € C(R"), where A1(B(0, 1)) is the principal eigen-
value of Problem (1-11) on the unit ball Q = B(O, 1).

The paper is organized as follows. In Section 2, we give the definition of the
viscosity solutions and establish the comparison principle by the double variables
method based on viscosity solutions theory. In Section 3, we prove the existence of the
viscosity solutions to the boundary value problem by Perron’s method if the nonlinear
term on the right-hand side is bounded. In Section 4, we establish the existence of
the viscosity solution of the singular boundary problem (1-1) in a bounded domain Q
by truncation and Perron’s method. In Section 5, we extend the existence result to the
entire Euclidean space by the approximation procedure.

2. Comparison principle

In this section, we first give the definition of viscosity solutions to the general
equation

Al u = F(x,u,Du) inQ, (2-1)

where F : Q X R X R" — R is continuous. Then we establish the comparison principle
by the perturbation method based on viscosity solutions theory.

Since the operator A" is highly degenerate and singular at the points where the
gradient vanishes, one should give an appropriate explanation at these points. Here we
adopt the viscosity solutions based on the semicontinuous extension [18, 23]. Note that
one can rewrite (2-1) as

Gn(D*u, Du) = F(x,u,Du), xe€Q,

where G, : S x (R"\ {0})) = R, G»(X, p) := |pI"3(Xp) - p and S is the set of all n x n
real symmetric matrices. When A > 1, we have lim,_,o G,(X, p) = 0 for any X € S.
Thus, we can define the following continuous extension of Gy:
— Gy(X,p) if p#0,
GiX.py={ " P
0 if p=0.

Now we give the definition of viscosity solutions to (2-1).

DEFINITION 2.1. Let Q € R” be a domain. An upper semicontinuous (USC) function
u defined in Q is said to be a viscosity subsolution of (2-1) if and only if for every
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[9] Viscosity solutions to the infinity Laplacian 9
xo € Q and ¢ € C*(Q) such that u(xy) = ¢(xo) and u(x) < @(x) for all x € Q near x,
there holds

Gi(D*¢(x0), Dyp(x0)) > F(xo, ¢(x0), Dep(x0)).-

Similarly, a lower semicontinuous (LSC) function u defined in Q is said to be a
viscosity supersolution of (2-1) if and only if for every xo € Q and ¢ € C*(Q) such that
u(xg) = ¢(xp) and u(x) > ¢(x) for all x € Q near x, there holds

Gu(D*¢(x0), Dp(x0)) < F(x0, 9(x0), Dp(x0))-

If a continuous function u € C(Q) is both a viscosity supersolution and a viscosity
subsolution of (2-1), then we say that u is a viscosity solution of (2-1).

Note that one can give the definition of viscosity subsolutions and viscosity
supersolutions equivalently by super-jets and sub-jets. We first recall the definition of
super-jets and sub-jets, and then give an equivalent definition of viscosity subsolutions
and viscosity supersolutions. One can see the details in for example [18].

DEFINITION 2.2. The second-order super-jet of u € USC(Q) at xy € Q is the set
T>*u(xg) = {(Dgo(xo),ngo(xo)) fp € CZ(Q) and u — ¢ has a local maximum at x},
and the closure of J>*u(xp) is
72’+u(x0) = {(p,X) € R" x S : there exists (X, pp, X,) € Q@ X R" X S such that
(P Xa) € T ) and Qs uCh). s Xa) = (0, uxo). . X)).
Similarly, the second-order sub-jet of u € LSC(Q) at x( € Q is the set
T > ulxo) = {(De(xo), D*¢(x0)) : ¢ € C*(Q) and u — ¢ has a local minimum at xo},
and the closure of JT> u(xp) is
?2’_u(xo) = {(p,X) € R" x S : there exists (x,, pp, X;) € Q X R" X S such that
(Pns Xn) € T uCtn) and (i, t(52), Py X) = (0, u(xo), p, X)}.
DEFINITION 2.3. We say that u € USC(Q) is a viscosity subsolution of (2-1) if
5h(X, p) = F(xy, u(xg), p) forall xo € Q and for all (p, X) € 72’+u(x0).
Similarly, we say that u € LSC(Q) is a viscosity supersolution of (2-1) if
Eh(X, p) < F(xg, u(xp), p) for all xg € Q and for all (p, X) € 72’_14()60).

If a continuous function u € C(Q2) is both a viscosity supersolution and viscosity
subsolution of (2-1), we say that u is a viscosity solution of (2-1).

By the definition of the viscosity subsolution (supersolution), one can easily get the
following results.
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REMARK 2.4. (1) If u;,u, are viscosity subsolutions of (2-1), then max{u;,u,} is a
viscosity subsolution of (2-1) as well.

(2) If uy,u, are viscosity supersolutions of (2-1), then min{u;, u,} is a viscosity
supersolution of (2-1) as well.

Now we give the local Lipschitz continuity of a viscosity solution to A" u = a,
where « is a constant. For more regularity results of infinity Laplacian equations, one
can see [8, 31].

LEMMA 2.5. Let a be a constant. If u € C(Q)(\L*(Q) satisfies Al u> a in the
viscosity sense, then u is locally Lipschitz continuous in . Moreover, for any given
Xo € Q, there exists a constant C such that

lu(x) — u(y)| < Clx —y| for all x,y € Bisi(x,.00)/3(X0),

where C depends on xy, diam(Q), |a| and ||u|lr~q). A similar result holds if u satisfies
Ay < a.

PROOF. Let d(xp) := dist(xy, 0Q) for each xy € Q. Set

2(M — m)

k(xp) = Aoy

+ 1 + |a|diam(€2), (2-2)

where M := maxq u and m := ming u. For all y € By,)/3(x0), we consider the function

W) = u(y) + klx — y| - %Ix -y,

where k := k(x) is defined in (2-2). Note that y € C*(R" — {y}). For x # y,
ALY(x) = —lal(k — lalk = y)"".
Since k > 1 + |a|diam(Q), we see that A"y <  in Q \ {y}. Note that d(y) > 2d(x0)/3
for any y € Bxy)/3(xo). For any x € 0B4,)(y),
_ lal »
Y(x) = uy) + kd(y) - 761 )

d(xy) (k_ lo| d(y))
2

>m+
2

S me+ d(;co) (k _ %ldiam(Q)) > M = u(x),

where we use (2-2). Therefore, u < i on (Bg)(y) \ {y}). Since Aty <aand ALy >«
in By, () \ {y}, by the comparison principle in [25], we have u < i in By, (y). Thus,
for any y € Bix)/3(x0) and any z € By (y),

|

uz) < uly) + klz =yl = =l = > (2-3)
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For any p € Bj(x,)3(x0), one has Bgx)/3(x0) € Bap)(p). According to (2-3), for any
X,y € Bagy)3(x0),

|a]
u(y) < u(x) + ke =yl = b = ¥

and

|

u(x) < u(y) + klx =yl = by = .

That is,

||
[u(x) — u(y)| < (k - Tlx - yl)lx -y <klx—yl forall x,y € Byuy3(x0).

Thus, for a given xj € Q,
Ju(x) — u@)| < Cle =] for all x, y € Bygeyy3(xo),
where C depends on xg, diam(€2), || and [|ul|z~q)- O
Now we recall the maximum principle of infinity harmonic functions [6, 14].

LEMMA 2.6. Ifu € C(Q) satisfies Asu > 0 in the viscosity sense, then u attains its
maximum only on the boundary 0 unless u is a constant.

PROOF OF THEOREM 1.1. Define
ve = v(1 +8)—si%fv, O<e<p-1
Since F(x,t, p) is negative, nondecreasing in t and T — F(x, t, Tp) is nondecreasing in
[Lp),
Alv, =1 +e)'Aly
<1+ E)hF(X, v, Dv)

<+ g)hF(x, Ve, Dvy)
< F(x,vgs,Dvy)

in the viscosity sense. That is, v, is a viscosity supersolution of (1-6).
Next we want to show u < v, in Q. Suppose in contrast that u > v, at some point
Xo € Q and

M = sup(u — vg) = u(xp) — ve(xg) > 0.
Q
According to [18], we double the variables

Wi, ) = 1) — ve(y) — ﬁlx Y L) eQxQ, j=1,2,....
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Suppose that w; attains its maximum at (x;, y;) € QAxQ. According to [18, Proposition
3.71,

i — vil4
fim M; = lim (”(xj) —ve(y)) = Jl’—y’l) =M
and
kg =yl
lim ——== = 0.
AT 4

It is clear that x; — xo,y; — xp asj — oo. Since M > 0 > sup,q(u — v,), there exists an
open set g such that xo, x; and y; € y € Q as j — oo.
Let

= yil* g =t
4 4
It is obvious that the function u — ¢ has a local maximum at x; and v, — ¢ has a local

minimum at y;.
We consider the following two cases: either x; = y; or x; # y; for j large enough.

x) = Yy = -

Case 1: If x; =y;, we have Dy(y;) =0 and D?¥(y;) = 0. Since v, is a viscosity
supersolution,

FQj (v, DY(y)) = F(yj, ve(yp), DY (y;)) = 0,
which contradicts F' < 0.

Case 2: If x; # y;, we use jets and the maximum principle for semicontinuous functions
[18, Theorem 3.2]. There exist n X n symmetric matrices X; and Y; such that X; <Y;
and

P X) €T ), (YD eT v,

where p; = jlx; — y;*(x; — y;). By the definitions of the viscosity subsolution and super-
solution, since A" u > F(x,u,Du) and A" v, < (1 + &)"F(x,v,, Dv,) in the viscosity
sense,

0 < p">Xjpj, pj) = F(xj, u(x;), py)
< pil">3;pj, pj) = F(x;, u(x)), p;)
< (1 +&)"F(y;, v, pj) = Fxj, u(x)), p)). (2-4)

Since w; attains its maximum at (x;,y;) € Q x Q,
; 4
Jhi =yl

Z for all x,y € Q. (2-5)

u(x) = ve(y) - ﬁ|x —y* < ulx) - vely) —
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[13] Viscosity solutions to the infinity Laplacian 13

Since v, is a viscosity supersolution, we see that v, is locally Lipschitz continuous by
Lemma 2.5. Taking x = y = x; in (2-5),
g =yt
4
where L is the Lipschitz constant of v,. Thus,

< ve(xj) = ve(yy) < Lixj — yjl,

J =yl
—— < L.
1 <
Upon taking a subsequence if necessary, we can assume that p; — p. Taking the limit
in (2-4),
(1 + &) F(x0, ve(x0), p) = F(xo, u(xo), p) = 0.
Thus,
F(xo, ve(x0), p) > (1 + 8)"F(x0, ve(x0), p) = F(xo, u(xo), p). (2-6)
Since F(x, t, p) is nondecreasing in ¢ and u(xp) > v¢(xp),
F()C(), u(-xo)s p) Z F(x()s VE(xo)s p)9

which contradicts (2-6).
Thus, we have u < v, in Q. Letting £ — 0, we obtain u < v in Q. O

REMARK 2.7. If F(x,t,p) >0, F(x,t, p) is nondecreasing in ¢ and 7 — F(x,t,Tp)
is nonincreasing in (p, 1] for each (x,7, p) € Q X R x R*, where 0 < p < 1, then the
comparison principle still holds if we perturb the supersolution v to v, = v(1 — &) +
gsupg v, where 0 < e <1 -p.

3. Existence when nonlinear term supgoxxxr:|[F(x,, p)| < oo

In this section, we want to establish the existence of viscosity solutions of the
boundary value problem (1-8) when the nonlinear term F(x, ¢, p) is bounded, that is,
SUPqyxrr 1F (X, t, p)l < co. The method is based on the standard Perron idea, but we
must make subtle analysis due to the strong degeneracy of the operator A .

PROOF OF THEOREM 1.2. Let
T:={aeCQ): A a>F(x aDa)in Q,a < pondQand a < u* in Q}.

Here T is nonempty since u, € T.
Let

u(x) ;= supa(x), x€Q. 3-1

a€eT

Setting v, := infq u, and v* := supg u*,

Vvi<u. <u<u <v' inQ.
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14 F. Liu and H. Sun [14]

Step 1. We show that u is a viscosity subsolution. Let ¢ € C?(Q) and u — ¢ have a
local maximum at xy € Q. Then there exists some small ball B,(xo) € Q such that
u(x) — ¥(x) < ulxo) — Y(xo) for any x € B,(xp). We want to show

A" y(x0) = F(xo, u(xo), Dy(xo)).

According to (3-1), u(xo) = sup,r a(xo). We fix 0 < § < p***1 and pick a sequence
{ay} in T such that u(xg) — ax(xo) < d/k for each positive integer k. Clearly,

0
@e(X) = Y(x) < u(x) = h(x) < ulxo) = (xo) < @ilxo) = Ylxo) + 2. x € Bp(x)-

(3-2)
That is,
0
a(x) = Y(x) — 7S i(xo) — Y(xo), x € By(xo).
Therefore,
2h+1) o
a(x) = [ (x) + |x = xo ] <ap(x) = ¥(x) - % < ayg(xo) — Y(xo)
for all x € Bp(x0)\§(5/k)1/[z<h+m (xo). This implies that a;(x) — [¥(x) + |x — xo[>* D]
attains its maximum at some point x; € §(5/k)l/[2(h+l)] (x0)- In particular,
(o) — Y(x0) < i) — [Y(xe) + e — xol 11, (3-3)
Let yo(x) := y(x) + |x — xo|**D. By a direct calculation,
Al o) = Alyr(ee) + O((S/k)" D) = F(x, i), Do (xe)), (3-4)

where we use @ € T. Combining (3-2) and (3-3),
ai(x0) — Y(xo0) < (o) — W) + b — xoP V1 < o) — (o) — e — o7+,
which implies limy_,o, @ (x;) = u(xp). Letting k — oo in (3-4),
ALY (x0) 2 F(xo, u(xo), Dy(xo)).
Therefore, u is a viscosity subsolution.

Step 2. We want to show u € C(Q)and u = ¢ on 9Q. Take two constants C, < 0 < C*
such that

C. <inf{F(x,t,p) : (x,1,p) € QX [v,, V'] X R"}
and
C* = sup{F(x,t,p) : (x,1,p) € QX [v,, V'] X R"}.

Since u is a viscosity subsolution of Afjou = F(x,u, Du) and F(x, u, Du) is bounded, u
is locally Lipschitz in Q by Lemma 2.5. Now we proceed to show that u is continuous
on 0Q and u = ¢ on 9Q. By [26], there exist a., 8" € C(Q) such that
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[15] Viscosity solutions to the infinity Laplacian 15

Ala,=C"'inQ and a,=¢ondQ,
AlB*=C,inQ and B =¢ondQ.

Since A" u* < C* and a. < u* on 0Q, we have @, <u* in Q by the comparison
principle (see Remark 2.7). Similarly, we have u, < " in Q. Let

& := max{a,,u,} and B := min{B*,u’}.
Then & € C(Q), 8 € C(Q), and
V. <u, <& B<u <v' inQandda = =¢ondQ.

Note that @, and S* are a viscosity subsolution and a viscosity supersolution
of (1-8), respectively. By Remark 2.4, we conclude that & and j are a viscosity
subsolution and a viscosity supersolutlon of (1-8), respectively. Thus, ® € Tand & < u
in Q. For any z € T, we have z < u” in Q. Additionally, by the comparlson principle,
we also have z < 8" in Q. Therefore, z < Bin Q. This implies u < 8 in Q. Then we have
& <u<pBin Q.

Since &, € C(Q) and & = B = ¢ on 0Q, it follows that u € C(Q)and u = @ on JQ.

Step 3. We show that u is a viscosity supersolution. Suppose that it does not hold.
Then there exists a point xy € Q and a function ¢ € C>(Q) such that u — ¢ has a local
minimum at xg, but

ALY (x0) > Flxo, u(xo), D(xo)). (3-5)
Suppose that u(xg) = u*(xp). Then for any x near x,
U (x) = Y(x) 2 ulx) — Y(x) > ulxo) — Y(xo) = u" (x0) — Y(xo).
Since u* is a viscosity supersolution,
Al(xo) < F(xo, u” (x0), Dy(x0)) = F(xo, u(x0), Di(xo)),

which is contrary to (3-5).
Now suppose that u(xp) < u*(xo). Let d(xo) := dist(xp, 0Q). For any x € B,(xo),

u(x) = (x) = u(xp) — Y(xo).
Define ¢(x) := y(x) + (u(xo) — ¥(xo)). For any x € B,(xo),
A" p(x0) = A w(xo0) > F(xo, d(x0), D(x0)).-

Since F(x,t, p) is continuous, one can take 0 < gy < min{1, p, (d(x()/2)*"*D} small
enough such that

A d(xo) > F(xo, d(x0) + £ D(xo)) forall 0 < & < s, (3-6)
For 0 < & < &, define ¢.(x) := ¢(x) — Velx — xo|**V + &. By a direct computation,

Al po(x) = AL p(x) + O(Velx — xo[*™),  as x — xo.
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Thus, by (3-6),
Ale(x0) = Al(xo) > Flxo, ¢(x0) + & Dd(x0)) = F(xo, ¢(x0), Dge(x0)).
We claim that there exists a small g1, with 0 < g < &g, such that
Al () > F(x, ¢, (), D, (1)) for all x € B,yaasn(xo).

Suppose that our claim does not hold. Then for each small &€ > 0, there exists an x, €
By (xo) such that Alge(xe) < F(xe, $o(xe), De(xe)). Since x; — xo as & — 0, we
observe that

lim AL.(r) = Ald(vo) and  Hm F(re. du(x). DBo(x.)) = Flxo. ¢(x0), DAxo).

We conclude that A” ¢(xg) < F(xo, ¢(xo), Dé(xp)), which is a contradiction and the
claim is proved.

Since ¢(xp) = u(xp) < u*(xp), we can suppose that g; is small enough and for all
X € Bg:/whnn (x0), @(x) < P (x) <u(x). Since u(xo) < u(xp) + &1 = Plxo) + &1 =

@, (xp), there exists 0 < 57 < s}/whﬂ)] such that u(x) < ¢, (x) for all x € B, (x). We
note that
u(x) > ¢(x) forall x € B,(xo),
and
u(x) = ¢, (x) = u(x) — () + Verlx —xo " — g > 0
for all x € BP(XO)\EEU[A(M)] (xp).
1
To sum up,

(1) Aé’o(ﬁgl (x) > F(x, ¢¢,(x), Do, (x)) forallx € Bsi/[4(h+1)] (x0),

(2) ¢, (x) < u*(x) forall x € Bgl/[4(h+l)] (xo0), 3-7)
(3) M(X) < ¢sl(x) for all x € le(x())a
) u(x) > g, (x) for all x € B, (x0)\B, /-1 (Xp).
Now define
M()C) if x e Q\Egl/[wm)] (XO),
a(x) = : 1
sup{ge, (x), u(x)} if x € Bsi/[4(/1+])] (x0).

It is obvious that it € C(ﬁ) and u, < u < it < u* in Q. Next we want to show that it € T.
Take ¢ € C>(Q) such that &t — ¢/ has a local maximum at some point y € Q, that is,
f(x) — g(x) < i(y) — Y(y) for x in some ball Bs(y). It is clear that fi(y) = u(y) or i(y) =
oe, (). If @t(y) = u(y), we note that u < &z in Q. For all x € B;s(y),

u(x) — fr(x) < (x) — §x) < ay) = P(y) = u(y) — ().
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[17] Viscosity solutions to the infinity Laplacian 17

Thus, u — has a local maximum at y. Since u is a viscosity subsolution, we
have A" Ji(y) > F(y, u(y), DY (y)) = F(y, iy), DI (). If i(y) = ¢, (v), we can see that
u(y) < ¢, (v). According to (3-7)(4), we have y € Bs}/”"“'”(xO)- Then note that ¢,, < @
and for any x € Bs{““(’”‘” (x0) N Bs(y),

Ge, () = P(x) < 1(x) — P(x) < @(y) = PO = he, ) = P().

Thus, ¢., — has a local maximum at y. This implies that A% ¢, (v) < AL d(y).
Together with (3-7)(1), one has A% Ji(y) > F(y, ¢¢, (), Doe, () = F(y, ii(y), Df(y)). In
any case, we show that & is a viscosity subsolution, that is, &z € T. By (3-7)(3), we
see that &t = ¢, > u in By, (xo), which contradicts the definition of u. Therefore, u is a
viscosity supersolution.

We have completed the proof that u is a viscosity solution to Problem (1-8)
in Q. ]

4. Singular boundary value problem in a bounded domain

In this section, we are devoted to the existence of the viscosity solution of the
singular boundary value problem. The key is to deal with the singularity of the term
F(x,u, Du). We choose an appropriate cut-off function and combine the truncation,
compactness method and Theorem 1.2 to deal with the difficulty. We consider the
following problem:

4-1
u=g on 0Q), -1

{A{;u = F(x,u,Du) inQ,
where QCR", F:QxXR*xXR" - R is a continuous function and ¢ € C(9Q) is
nonnegative. Note that ¢ = 0 is possible and that F(x, ¢, p) may exhibit singularity at
t = 0. The corresponding theorem is as follows.

THEOREM 4.1. Let Q CR" be a bounded domain, F : Q X R" XxR" — R be a con-
tinuous function and ¢ € C(0QQ) be nonnegative. If u € C(Q) and u € C(Q) are a
viscosity subsolution and a viscosity supersolution of (4-1) in Q, respectively, such that
O<u<uinQandu= ¢ =uon dQ, then Problem (4-1) admits a viscosity solution

u € C(Q) such that u < u < u in Q.
PROOF. Define the cut-off function F (x,t,p) : QXRXR" - R by

F(x,t, p) for t > u(x),

4-2)
F(x,u(x),p) fort < u(x).

I:“(x,t,p) = {

https://doi.org/10.1017/51446788724000041 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788724000041

18 F. Liu and H. Sun [18]

Since u > 0 in Q, we have sup IF (x,1, p)| < oo for any compact interval / C R. Let
QXIXR"
{€;} be a sequence of sub-domains of Q such that

Qe and Q= ], (=12..)
k=1

For each positive integer j, we consider the following Dirichlet problem:

{A’;,u = F(x,u,Du) in Q;, (4-3)

u=u on 0Q;.
Since u is a viscosity supersolution of (4-1) and 0 < u < u in Q,
A" < F(x,u,Du) = F(x,u,Du) inQ; and u>u ondQ

in the viscosity sense, where we use (4-2). That is, u is a viscosity supersolution of
(4-3) in Q; for each positive integer j. Similarly, u is a viscosity subsolution of (4-3)
in Q;. Since u < u in Q, according to Theorem 1.2, we can find a viscosity solution
ity € C(ﬁj) of (4-3) such that u < ii; < u in ﬁj. We extend u; to Q by defining

Ijtj in Qj,
u; = —_
7 lu onQ\Q.

Then we obtain a sequence {u;} in C(ﬁ) withu < u; <uin Q for all J. In particular, {u;}
is uniformly bounded in Q. We also note that {u;} is locally Lipschitz continuous in Q
from Lemma 2.5. Thus, {u;} is equicontinuous. Therefore, there exists a subsequence
of {u;} that converges locally uniformly to some u € C(Q). Since ¥ < u < u in Q and
u=u=uondQ, wehave u € C(ﬁ).

By (4-2) and u > u > 0 in Q, we have ff“(x, u, Du) = F(x, u, Du) in Q. If we want to
show that u is a viscosity solution of A" u = F(x,u, Du), we only need to show that u
is a viscosity solution of A% u = F(x, u, Du) in Q. First, we show A% u < F(x, u, Du) in
the viscosity sense.

Suppose that ¢ € C*(Q) and u — ¢ has a local minimum at some xo € Q. Then,

u(x) = Y(x) = u(xo) = ¥(xo),

where x € B,(xo) € ; for some small r >0 and some positive integer /. Fix £ >0
small enough and let x; € B,(xo) be a point of minimum of

uj(x) — (t//(x) - glx - Xolz), j=L
Then,

w05) = () = Sb = x0P) < wxo) = o). (44

https://doi.org/10.1017/51446788724000041 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788724000041

[19] Viscosity solutions to the infinity Laplacian 19

Since x; € B,(xg), we assume that x; — % for some % € B,(xp). Taking the limit in (4-4)
asj — oo,

u(@) - (w(fc) - Z- x0|2) < u(xo) — (o).
Therefore,
21t - w0 < uw) - Y(x0) = () ~ () < 0.

This yields & = xo. Since u; is a viscosity solution of (4-3) and x; is a point of minimum
of uj(x) — (Y(x) — &/2Ix — xoI*) in B,(x0), we take ¢.(x) := ¥(x) — &/2|x — xo|* as a test
function. Then,

ALe() < Fg, u(x), Do(xy)).
Recalling that #; — u uniformly in B,(xo) and taking the limit as j — oo,

A" e (x0) < F(xg, u(x0), Dpe(x0))-

Letting € — 0,
A" y(x0) < F(xo, u(xo), Dyr(x0)),

that is, u is a viscosity supersolution of (4-3). Thus, u is a viscosity supersolution of

4-1).
Similarly, one can prove that u satisfies A% u > F(x, u, Du) in the viscosity sense.
We leave it to the reader. ]

By Theorem 4.1, we can get the following corollary immediately.

COROLLARY 4.2. Let Q CR" be a bounded domain and A >0 be a parameter.
Suppose that f(x,t,p) : QX R* XR" — R is a continuous function and may exhibit
singularity at t =0. If u € C(Q) and u € C(Q) are a viscosity subsolution and a
viscosity supersolution of

Al u=Af(x,u,Du) inQ, (4-5)
respectively, such that O <u <u in Q and u=0=1u on 0Q, then (4-5) admits a
viscosity solution u € C (ﬁ) such thatu <u <uin Q.

If we take F(x,u, Du) = Af(x, u, Du), where A > 0 and f satisfies conditions (F-1),
(F-2), then by Corollary 4.2, the existence of a viscosity solution reduces to finding a
viscosity supersolution and subsolution.

LEMMA 4.3. Let Q CR" be a bounded domain and f:QXR*XR" >R be a
continuous function. If f satisfies Condition (F-2) and b satisfies (B-w), then there
exists a constant A, depending on Q, g« and ||walle such that Problem (1-1) admits a

viscosity supersolution vq ) € C(ﬁ)for any Awith 0 < A < A5,. Moreover, vq 5 satisfies

Al vo, < —AbX)(vg,) in Q. (4-6)
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PROOF. Define a continuous function G : R* x Rt — R*
supg(s)s™ O0<t<,
G, 1) = 1<s<t
thg(r)yr™h O<t<t.

It is easy to see that G(¢,7)t" is nonincreasing in ¢. Let

e == f ECUPRN 4-7)
2 S

Noting that I'is a C' function,

) Ges.0) , . 2(G@.n) 1620
ro=-z f/z g O ?( 2 (t)2) )
_1G@n 2600 _16(/2.0
I A r ot t /2"
1 (G(t, n G2, z))
t\ gh (t/2)
<0.

Hence, T is a nonincreasing function in R*. It is obvious that

g _ Gt G(5.1) g(s) 8(s)
— = <T@ < = sup — < sup ——. (4-8)
T G <,/z>£gz sh (l/2)££)<oo sh

Therefore,
ImI'() = geo.
t—o0
Now we suppose that 0 < g, < oo and, in this case, we define

1

o= ——. 4-9)
gOOHWQHgo
For 0 <A < 4,
1 1
Iim I'(r) = — < -
100 Blwalles  Alwalls

Consider the function

5
1
)= f ——ds, t>0.
0 Vhr(s)
We have
\Il 4
tim 2@ _ im Y0 = lim —— > VAIwalle.

t—oo t—o0 ﬂ/
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Thus, we can find 6 > 1 large enough such that

P(@) > VA wallw. (4-10)

In the other case, we suppose g, = 0. One can verify that
t
@, :=sup — < oo.

Set
h
o2
AL = (—) . (4-11)
Q ”WQ”oo

Then for 0 < A < A,

h
Vawalle < 425 lIwalle = ..

Therefore, there exists y. > 1, depending on A, such that

lwalles < L), (4-12)

(e8]

Hence, by (4-10) and (4-12), there exists 6 > 1 such that

P(9) > 0VAwall- (4-13)
Let @ be the inverse of P, that is, ® satisfies
SO
0o AT®
Define
Vo) 1= DOVawa(x)), x€Q. (4-14)

It is clear that vg ; > 0in Q and vg; = 0 on JQ.

Next we want to show that vq ; is a viscosity supersolution of Problem (1-1). Let
xo € Q and ¢ € C*(Q) such that Va1 — ¢ has a local minimum at xy € Q. Without loss
of generality, we can suppose that xg is a global minimum point of v, — ¢ in Q and

va.1(xo) = @(xp). Setting

1
= C3(Q),
n(x) o () € C(Q)

we have wq(xg) = 17(xp) and wg —n has a minimum at xy. Since wgq is a viscosity
supersolution of Problem (1-10),

A" n(x0) < —b(xo).

https://doi.org/10.1017/51446788724000041 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788724000041

22 F. Liu and H. Sun [22]

Since ¥’ (¢) > 0 and W’ (¢) > 0, one can easily check that

h
) @Y @1 D! + [ ()] AL p)

1
At = (
032
> (- )hm A!
2\ = ¥ o®
032
1\
( h ) oo(p
gV’ T(p)
Then we have the following inequalities at xg
Ale < (OVD'T(@)ALn
< —bOV)'T(p)
< —b(@\h/i)h(&,f))
14

0 h
=-1(7) sto)
< —Abg(p)
< Af(x0, ¢, Dy), (4-15)

where we use (4-8) and ¢(xp) = vo(xo) = OOVAwa(xp)) < POV Iwalle) < 6. This
shows that vg, 5 is a viscosity supersolution of Problem (1-1).
Finally, since 8 > 1, it follows from (4-15) that A" ¢ < —Ab(x)I'(¢). Therefore,

A va < =AbX)T(va ). O

REMARK 4.4. If g, = 0, then Problem (1-1) admits a positive supersolution for any
0 < A < oo, provided that the hypotheses in Lemma 4.3 hold.

Now we proceed to construct a positive viscosity subsolution to Problem (1-1).

LEMMA 4.5. Let Q CR" be a bounded domain and f:QXR"*XR" > R be a
continuous function satisfying Condition (F-1). Then for any A > A(Q)k.", Problem

(1-1) admits a positive viscosity subsolution ¢q € Cc(Q).
PROOF. Fix A such that 1 > A1(Q)k; !, First, if the constant 0 < ky < oo, where kg is
defined in (1-9), then there exists a ¢ := 8(1) with 0 < § < ¢, such that

A(Q)k;! A(Q
k(o) > (%)kot” - #th forall 0 < 1 < 6.

However, if kg = oo, then for any A > 0, there exists 0 < § < fy such that

A
k(@) > 1; ) forall0 <1 <6,
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In any case, let ¢ 4 be a positive eigenfunction of Problem (1-11) corresponding to
the principal eigenvalue A;(€2) such that 0 < ¢q ; < min{l, 5(1)} in Q. Then under the
assumption on A and condition (F-1),

Alpo = —A(Qa@)gg, , > —Aa(k(@a.) > Af(x, dar. Dba.r)
in Q. This shows that ¢, , is a viscosity subsolution of Problem (1-1). |

Now we establish the existence of a viscosity solution of Problem (1-1) by Perron’s
method.

PROOF OF THEOREM 1.3. When A > A[(Q)k;!, according to Lemma 4.5, we have a
viscosity subsolution ¢q , of Problem (1-1) and ¢ ; < 1 in Q. Then,

Aldan > Af(x, ¢, Dda)
> —Ab(x)g(¢a,1)
> —Ab(x0)p}, T ($a.)
> —Ab()I(¢a.a)

in the viscosity sense, where I is the function defined in (4-7).

When 0 < A < 4, according to Lemma 4.3, we know that v, is a viscosity

supersolution of Problem (1-1) and satisfies (4-6).
Now we claim that ¢ 1 < vo 1 in Q. Assume that ¢ < vg , is not valid. Let

D:={x € Q: ¢ai(x) > voi(x)}.
Since I' is nonincreasing,
Algan = =A@ ($a) = X (vo.0) inD.
Then in D,
Al gon > —b(T(ve,) and ALve, < —Ab(X)(vg.L).

According to the comparison principle (Theorem 1.1), we see that ¢g 4 < vq, in D,
which is a contradiction.

Furthermore, we see that 0 < ¢4 < vo, in Q and ¢ (x) = va1 = 0 on 0Q. By
Corollary 4.2, we conclude that Problem (1-1) admits a viscosity solution u € c(Q)
such that g 1 < u < vg,in Q. O

5. Singular problem in the entire Euclidean space

In this section, we consider Problem (1-12) and establish the existence of viscosity
solutions in the entire Euclidean space.

First, we show that Condition (B-w) holds when 2 = R". To prove this we recall the
following lemma in [29].
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LEMMA 5.1. For any fixed constant a # 0, the equation A".w = 2a admits a viscosity
solution

1
Vyo.8C(X) = m[2ah|x — xo| + KBV 4 ¢

in D(xg,B) = {x e R" : 2alx — xo| > —B and x # xy}, where B, C are arbitrary con-
stants.

Now, we establish the existence of the viscosity solution of Problem (1-10) when
Q=R",

LEMMA 5.2. Let b(x) € C(R") be positive and bounded. Then the problem

hoy— . n
{AOOW— b(x) inR", (5-1)

wx) — 0 as |x| — oo
admits a viscosity solution w := wga.

PROOF. Let B, := B(O, r) be the ball of radius r centred at the origin O. By [26], we
note that the problem

A" w = —b(x) inB,,
w>0 in B,, (5-2)
w=0 on dB,

admits a viscosity solution w,. Taking 2a = infg.(—b(x)) in Lemma 5.1, it is obvious
that vy, pc(x) is a viscosity supersolution of the equation A" w = —b(x) in B,. Then,

0 <w, <vypcx) inB,.

This implies that the sequence {w,} is uniformly bounded in R”. According to Lemma
2.5, we note that the sequence {w,} is locally uniformly Lipschitz. Therefore, {w,} is
equicontinuous. Then we can obtain a subsequence that converges locally uniformly
to some w and 0 < w < vy pe(x) in R”.

Then we want to show that w is a viscosity solution of A% w = —b(x) in R". We
can use the similar argument to the one in the proof of Theorem 4.1. First, we show
Al w < —b(x) in the viscosity sense.

Let ¢ € C*(R") and suppose w — ¢ has a local minimum at some x, € R”, that is,

w(x) = @(x) = wlxo) — ¢(x0),  x € Bs(xo) C By(xo)

for some small 6 > 0 and some positive integer s. We take £ > 0 small enough and let
X, € Bs(xp) be a point of minimum of

Wy ) — (go(x) - Zp- x0|2), r>s.
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Then,
£

W) = () = by = x0) < i) = 90, (5-3)

We can assume that x, — X for some X € E,(xo). As r — oo, it follows from (5-3) that
o N [N 2
W) = (6 = Z15 - x0l) < wixo) = o).

That is,

8 A A A

S =0 < W) = ¢(xo) = (W) - p() < 0.

This implies X = xq. Since w, is a viscosity solution of (5-2) and x, is a point of min-
imum of w,(x) — (¢(x) — §lx - Xol?) in B,(xo), we take a test function ¢,(x) := @(x) —
S - xo|*. Then,

A" pe(x,) < —b(x,).

Taking the limit as r — oo,

Al e(x0) < ~b(x0).
Letting £ — 0,

Ap(xo) < =b(xo),

that is, w is a viscosity supersolution of A w = —b(x) in R". Similarly, one can prove
that w is a viscosity subsolution of A" w = —b(x) in R". Clearly, w(x) — 0 as [x| — oo.
Therefore, w is a viscosity solution of (5-1). O

By the comparison principle, we have wq < wgs in Q. Furthermore, according
to Definitions (4-9) and (4-11), we see that A%, < /15. Then for 0 < A < Az, WE
have v < v, in Q according to Definition (4-14), where v, := vgn 3 1S a viscosity
supersolution of Problem (1-12) in R". Thus, we have 0 < ug j < v, in Q, where ug ;
is the viscosity solution of Problem (1-1) in Q.

Now, we give the proof of the existence result by an approximation procedure in the

entire Euclidean space.

PROOF OF THEOREM 1.4. Let 1* := /lfi&,, be the positive constant in Theorem 1.3
corresponding to Q =R" and A(B(O, 1))k, ! < 1 < A*. For each positive integer k,
let By := B(O, k) be the ball of radius k centred at the origin O. Since A(B(O,k)) <
A1(B(O, 1)) and A" < /l;(o’k), we have A (B(O, k))kal <A< /1;(0’,(). Since f satisfies
Conditions (F-1), (F-2) and b satisfies (B-w) in Q = B(O, k), by Theorem 1.3, we
obtain a viscosity solution u := ug, 4 € C(Ek)(k =1,2,...) of the singular boundary

value problem
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{A’;ou = Af(x,u,Du) in By, (5-4)

u(x) =0 on aBk

Letting v, be a viscosity supersolution of Problem (1-12) given by the method in
Lemma 4.3 in Q = R”,

O0O<ur<vy, 1inBy. (5-5)

Equation (5-5) shows that the sequence {u;} is uniformly bounded in R". According to
Lemma 2.5, we see that the sequence {u;} is locally uniformly Lipschitz. Thus, {u;} is
equicontinuous. Then we can obtain a subsequence that converges locally uniformly
to some u; € C(R") and 0 < uy < v, in R".

Next, for a given positive integer /, let ¢; := ¢p, be an eigenfunction of Problem
(1-11) corresponding to the principal eigenvalue A;(B(O,)) on the ball B; := B(O, ).
For any viscosity solution u; of (5-4), we want to show that

uy > ¢ in B(O,1) for all k > 1. (5-6)
For each (x,1, p) € R" x R* X R”, let

N _ flx, e, e'p)
Tt = ey

For convenience, we set A; := A;(B(0, 1)) and A; := A1(B(0O,])). Note that
> Akt
where ky is defined in (1-9) and k; !'is interpreted to be zero if ky = co. Fix 7 such that
A < T < koA. (5-7)

Then by the definition of kg, there exists 0 < ¢* := ¢*(1) < fy such that k() > (%)th for
0 <t < t*. Thus,

fx,t, p) < —a(x)k(t) < —%a(x)lﬁ, (x, 1, p) e R" x (0,1") x R".
Therefore,
fontp) <=2, (ntp) R X (oo, Int’) x . (5-8)

Suppose that ¢; has been normalized so that 0 < ¢; < ¢* in B;. Suppose that Inequality
(5-6) is not true. Since u; > ¢; on dBy, it follows that “f—k’ attains its maximum in B;.
Since u; and ¢; are positive in B;, we see that

In (ﬂ) =1Ing — Inu
Uy
attains its positive maximum at some point xy € B;. Set

a(x) =Ing)(x) and B(x) = Inu(x).
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By direct calculations,

1 1
Ao = —— D@ + = Al = ~IDal"™! - Aa,
+1 h
901 901
1 1 Af(x,éP, e D,
N = — D+ N = —ppf 4 L DD
uy u; (ef)
Therefore,
Af(x, b, D
ALa +|Dal"*! = —ah; and AL+ DA = —f(x< By =
e
Note that
a—fF=1In (ﬂ)
U

has a positive maximum in E;, that is, M := maXEI(a/ — ) > 0. Define

1 _ _
O(x,y) = a(x) = B(y) — 2—8|x -y, (x,y)€B/XB,.
Let

M, = Qg(xe, y:) = max P(x,y) for some (xg, y:) € El X El'
B;xB;

(5-9)

(5-10)

Without loss of generality, we can assume that the sequence {(x.,y.)} converges to
(z,2) € By x B; as &€ — 0, where M = (a — 8)(z). Since M > 0, we must have z € B;.
Then we can suppose that (x.,y.) € B; for sufficiently small £ > 0. According to the
maximum principle in [18, 23], there are n X n symmetric matrices X, Y, € S such

that
e X) €T (), Yo €T P)

(10N (X 0 \_3(1 -I
e\o 1)\ 0o -v.)7e\-1 1)

and

(5-11)

where 77, 1= é(xg — y.). Following from Inequality (5-11), we have X, < Y,. Applying
the definitions of the viscosity subsolution and viscosity supersolution to (5-9) and

(5-10), respectively,

- Naxs) < (Xene, el + Ine/"*" and
) Af (g, P, éPn,)
Yentes ne)lnel"= + o™ < e

Since X, < Y,

Af (e, €8, )

(h) > —Aja(x,).
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As & — 0, we get the inequality

Af(z, éP(2), € (2)n.)
(€A ))

> —Aja(z).

Therefore,
Af(z, @), (D) = -1 > -A,.

By the assumption ¢;(z) > u(z) and since f (x, ¢, p) is nondecreasing in t, we conclude
that

Af(z,e"(2).€"@1e)) = =Ar.
Together with Inequality (5-8),
T <AL (5-12)

Inequality (5-12) is an obvious contradiction to (5-7). Thus, the claim that u; > ¢; in
B(0,!) for all k > [ holds.
Then,

0<¢; <ur inB(O,l) forall k > 1.
As a consequence of this inequality, we have 0 < ¢; < u, in B(O, [). Thus,
0<uy<v, inB(O,lI).

Since [ is arbitrary, we conclude that 0 < u, < v, in R". By a similar argument to the
one used in the proof of Theorem 4.1, we can show that u, is a viscosity solution of
Problem (1-12). Clearly, u(x) — 0 as |x|] — oo. O

Acknowledgements

The authors would like to thank the anonymous referee for their careful reading of
the manuscript and useful suggestions and comments.

References

[1] S. Armstrong and C. Smart, ‘An easy proof of Jensen’s theorem on the uniqueness of infinity
harmonic functions’, Calc. Var. Partial Differential Equations 37 (2010), 381-384.

[2] G. Aronsson, ‘Minimization problems for the functional sup, F (x, f(x), ' (x))’, Ark. Mat. 6 (1965),
33-53.

[3] G. Aronsson, ‘Minimization problems for the functional sup .F (x, f(x), f'(x)) II, Ark. Mat. 6
(1966), 409-431.

[4] G. Aronsson, ‘Extension of functions satisfying Lipschitz conditions’, Ark. Mat. 6 (1967), 551-561.

[5] G. Aronsson, ‘Minimization problems for the functional sup, F (x, f(x), f'(x)) III’, Ark. Mat. 7
(1969), 509-512.

[6] G. Aronsson, M. Crandall and P. Juutinen, ‘A tour of the theory of absolutely minimizing
functions’, Bull. Amer. Math. Soc. (N.S.) 41 (2004), 439-505.

[71 T. Bhattacharya and A. Mohammed, ‘On solutions to Dirichlet problems involving the
infinity-Laplacian’, Adv. Calc. Var. 4 (2011), 445-487.

https://doi.org/10.1017/51446788724000041 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788724000041

[29]

(8]
[9]

[10]
[11]
[12]
[13]
[14]
[15]
[16]
[17]
[18]
[19]
[20]
[21]
[22]
(23]
[24]
[25]
[26]
[27]
(28]
[29]
[30]

(31]
(32]

[33]

[34]

Viscosity solutions to the infinity Laplacian 29

T. Bhattacharya and A. Mohammed, ‘Inhomogeneous Dirichlet problems involving the
infinity-Laplacian’, Adv. Differential Equations 17(3) (2012), 225-266.

T. Biset, B. Mebrate and A. Mohammed, ‘A boundary-value problem for normalized Finsler
infinity-Laplacian equations with singular nonhomogeneous terms’, Nonlinear Anal. 190 (2020),
111588.

T. Biset and A. Mohammed, ‘A singular boundary value problem for a degenerate elliptic PDE’,
Nonlinear Anal. 119 (2015), 222-234.

F. Cirstea and V. Radulescu, ‘Uniqueness of the blow-up boundary solution of logistic equations
with absorption’, C. R. Math. Acad. Sci. Paris 335 (2002), 447-452.

F. Cirstea and V. Radulescu, ‘Asymptotics for the blow-up boundary solution of the logistic
equation with absorption’, C. R. Math. Acad. Sci. Paris 336 (2003), 231-236.

F. Cirstea and V. Rddulescu, ‘Nonlinear problems with boundary blow-up: a Karamata regular
variation theory approach’, Asymptot. Anal. 46 (2006), 275-298.

M. Crandall, ‘A visit with the co-Laplacian equation’, Calc. Var. Partial Differential Equations
1927 (2008), 75-122.

M. Crandall and L. Evans, ‘A remark on infinity harmonic functions’, Electron. J. Differ. Equ.
Conf. 6 (2001), 123-129.

M. Crandall, L. Evans and R. Gariepy, ‘Optimal Lipschitz extensions and the infinity Laplacian’,
Calc. Var. Partial Differential Equations 13 (2001), 123-139.

M. Crandall, G. Gunnarsson and P. Wang, ‘Uniqueness of co-harmonic functions and the eikonal
equation’, Comm. Partial Differential Equations 32 (2007), 1587-1615.

M. Crandall, H. Ishii and P. Lions, ‘User’s guide to viscosity solutions of second order partial
differential equations’, Bull. Amer. Math. Soc. (N.S.) 27 (1992), 1-67.

J. Diaz, J. Morel and L. Oswald, ‘An elliptic equation with singular nonlinearity’, Comm. Partial
Differential Equations 12 (1987), 1333-1344.

R. Esteban and J. Vdsquez, ‘On the equation of turbulent filtration in one-dimensional porous
media’, Nonlinear Anal. 10(11) (1986), 1303-1325.

W. Fulks and J. Maybee, ‘A singular nonlinear equation’, Osaka J. Math. 12 (1960), 1-9.

S. Gomes, ‘On a singular nonlinear elliptic problem’, SIAM J. Math. Anal. 17 (1986), 1359—1369.
H. Ishii, ‘“Viscosity solutions of nonlinear partial differential equations’, Sugaku Expositions 9(2)
(1996), 135-152.

R. Jensen, ‘Uniqueness of Lipschitz extensions minimizing the sup-norm of the gradient’, Arch.
Ration. Mech. Anal. 123 (1993), 51-74.

C. Li and F. Liu, ‘Large solutions of a class of degenerate equations associated with infinity
Laplacian’, Adv. Nonlinear Stud. 22 (2022), 67-87.

C.Liand F. Liu, ‘Viscosity solutions to the infinity Laplacian equation with lower terms’, Electron.
J. Differ. Equ. 42 (2023), 1-23.

F. Liu, ‘The eigenvalue problem for a class of degenerate operators related to the normalized
p-Laplacian’, Discrete Contin. Dyn. Syst. Ser. B 27(5) (2022), 2701-2720.

F. Liu, L. Tian and P. Zhao, ‘A weighted eigenvalue problem of the degenerate operator associated
with infinity Laplacian’, Nonlinear Anal. 200 (2020), 112001.

F. Liu and X. Yang, ‘Solutions to an inhomogeneous equation involving infinity-Laplacian’,
Nonlinear Anal. 75 (2012), 5693-5701.

R. Lépez-Soriano, J. Navarro-Climent and J. Rossi, “The infinity Laplacian with a transport term’,
J. Math. Anal. Appl. 398 (2013), 752-765.

G. Lu and P. Wang, ‘Inhomogeneous infinity Laplace equation’, Adv. Math. 217 (2008), 1838—1868.
G. Lu and P. Wang, ‘A PDE perspective of the normalized infinity Laplacian’, Comm. Partial
Differential Equations 33(10) (2008), 1788-1817.

B. Mebrate and A. Mohammed, ‘Infinity-Laplacian type equations and their associated Dirichlet
problems’, Complex Var. Elliptic Equ. 65(7) (2020), 1139-1169.

B. Mebrate and A. Mohammed, ‘Comparison principles for infinity-Laplace equations in Finsler
metrics’, Nonlinear Anal. 190 (2020), 111605.

https://doi.org/10.1017/51446788724000041 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788724000041

[35]
[36]

(371

(38]

[39]

F. Liu and H. Sun [30]

A. Mohammed, ‘Ground state solutions for singular semi-linear elliptic equations’, Nonlinear
Anal. 71(3-4) (2009), 1276-1280.

A. Mohammed, ‘Positive solutions of the p-Laplace equation with singular nonlinearity’, J. Math.
Anal. Appl. 352(1) (2009), 234-245.

Y. Peres, G. Pete and S. Somersille, ‘Biased tug-of-war, the biased infinity Laplacian, and
comparison with exponential cones’, Calc. Var. Partial Differential Equations 38(3—4) (2010),
541-564.

Y. Peres, O. Schramm, S. Sheffield and D. Wilson, ‘Tug-of-war and the infinity Laplacian’, J. Amer.
Math. Soc. 22(1) (2009), 167-210.

C. Santos, ‘On ground state solutions for singular and semi-linear problems including super-linear
terms at infinity’, Nonlinear Anal. 71(12) (2009), 6038-6043.

FANG LIU, Department of Mathematics, School of Mathematics and Statistics,
Nanjing University of Science and Technology,

Nanjing 210094, Jiangsu, PR China

e-mail: sdqdIf78 @ 126.com, liufang78 @njust.edu.cn

HONG SUN, Department of Mathematics, School of Mathematics and Statistics,
Nanjing University of Science and Technology,

Nanjing 210094, Jiangsu, PR China

e-mail: sunhong3721 @163.com

https://doi.org/10.1017/51446788724000041 Published online by Cambridge University Press


mailto:sdqdlf78@126.com
mailto:liufang78@njust.edu.cn
mailto:sunhong3721@163.com
https://doi.org/10.1017/S1446788724000041

	1 Introduction
	2 Comparison principle
	3 Existence when nonlinear term sup10IRn|F(x,t,p)|<∞
	4 Singular boundary value problem in a bounded domain
	5 Singular problem in the entire Euclidean space

