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S-MAXIMAL SUBGROUPS OF r,(M*)

C. D. FEUSTEL

Let M be a compact, connected, irreducible 3-manifold. Let S be a closed,
connected, 2-manifold other than the 2-sphere or projective plane. Let f be a
map of S into M such that

farm1(S) — w1 (M)

is an injection. Suppose for every closed, connected surface S; and every map
g:S1 — M such that

(1) gg:m1(S1) — 71(M) is an injection,

(2) gam1(S1) D fami(S),
2xm1(S1) = fem1(S). Then we shall say that the subgroup fym1(S) is a surface
maximal or S-maximal subgroup of wi (M ). We may also say that the map f is
S-maximal.

Let M be an irreducible 3-manifold which does not admit any embedding
of the projective plane. Then we shall say that M is p2-irreducible. Throughout
this paper all spaces will be simplicial complexes and all maps will be piecewise
linear.

It is the purpose of this paper to prove the following:

TaEOREM 1. Let M be a compact, connected, p*-irreducible 3-manifold. Let S
be a closed, connected 2-manifold, not the 2-sphere or projective plane. Let
f:1(S,x0) = (M, x) be an embedding such that fe:71(S) — w1(M) is an injection
but fy is not S-maximal. Then M has a 3-submanifold N, bounded by f(S), which
is homeomorphic to a twisted line bundle. Furthermore, if gx:m1(S1,x1) = w1 (M, x)
1s an imjection and

71'I(Jlly x) D g*"rl(Slv xl) if*ﬂ-l(sy xo)y

then N may be chosen so that
1r1(N, x) = g*vrl(Sl, x1) C 71'1(-7My x)

COROLLARY. Let f:S — M be an embedding such that fs is 1 — 1. If f(S) does
not separate a regular neighborhood of itself in M, fy is S-maximal.

Proof. A surface which does not separate a regular neighborhood of itself
in M cannot bound a 3-submanifold in M.

We shall denote the boundary, closure, and interior of a subspace X of a
space Y by bd(X), cl(X), and int(X), respectively. When X is a subset of a
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space Y, we shall denote the natural inclusion map from X into ¥ by p and
the induced homomorphism from 7;(X) into m1(Y) by ps.

We give below an outline for the proof of Theorem 1. Let (M*, P) be the
covering space of M associated with gem:(S1, x1) C m:(M, x). Let f1:S — M*
be a map such that pf; = f. Then we will show that:

I. There is an embedding g:S1 — M* such that

(pg1)s (m1(S1, x1)) = gam1(S1, %1) C w1 (M, x).

II. There is a compact, connected 3-submanifold Ni* of M* containing
21(S1) and f1(S) such that pg:my (N1*) — w1 (M*) is an isomorphism and N* is
is homeomorphic to a twisted line bundle except perhaps for a fake cell.

I1I. There is a compact 3-submanifold N* of N* such that

(1) bd(N*) = p~'f(S) N N¥;

(2) p|bd (N*) is a homeomorphism;

(3) pg:mi(N*) — 7, (N1*) is an isomorphism;

(4) p|N* is a homeomorphism;

(5) N* is a twisted line bundle over .S;.

The desired result follows as p (N*) will be the 3-submanifold of M* which
Theorem 1 requires.

We digress to prove a number of lemmas useful in the proof of Theorem 1.

Definition. Let F be a closed 2-sided surface embedded in a 3-manifold M.
Suppose that no component of F is a 2-sphere or projective plane. If for each
component Fy of F, py:m(Fo) — 71 (M) is an injection, we shall say that F is
incompressible in M.

LeEmMMA 1. Let M be a pi-irreducible 3-manifold. Then (M) = 0.

Proof. If w(M) £ 0, it follows from [3, Theorem 1.1] that there is an
embedding in M either of the projective plane or of a 2-sphere which fails to
bound a 3-ball. Either of the above contradicts our assumption that 3 is
p2-irreducible.

LeEMMA 2. Let My be a connected 3-submanifold of the 3-manifold M. Assume
that M is a closed subset of M and that c1(M — M) M M, is incompressible in
M. Let | be a loop contained in My. If | is homotopic to o point in M, then [ is
homotopic to a point in M;.

Proof. This is [4, Lemma 1.2].
Throughout the remainder of this paper I will denote [0, 1].

LEMMA 3. Let Sy and S, be closed, connected surfaces other than the 2-sphere or
projective plane. Let f:S1—S2 X I be an embedding such that fx:w1(S1) —
m1(Se X I) 2s 1 — 1. Then fy is an isomorphism.

Proof. This is [4, Lemma 1.3] except that .S, is not required to be orientable
forj = 1, 2. The proof is identical to that of 1.3 in [4].
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By a fake cell we shall mean a homotopy cell which may not be a cell. Let S
be a closed surface. We shall say that a 3-manifold M is a fake S X I if one
can obtain an .S X I from M by replacing a fake cell in M with a 3-ball. We
define a fake twisted line bundle similarly.

Observation 1. If M is a compact connected 3-manifold and 72 (M) = 0, one
can replace a single fake cell with a 3-ball to obtain an irreducible 3-manifold.

If M is orientable, it follows from [6, Generalization 1] that there are only
finitely many disjoint, prime homotopy cells which are not 3-balls.

We can find a fake cell in M which contains all of these homotopy 3-cells
and remove this fake cell from M.

If M is non-orientable, there can again only be finitely many disjoint
homotopy cells which are not 3-balls since otherwise the orientable double
cover of M would contain more than finitely many of these homotopy cells.
The observation follows.

LeEMMA 4. Let N be a compact, connected 3-manifold with connected, incom-
pressible, non-vacuous boundary. Let Sy be a closed, connected surface not the
2-sphere or projective plane. Suppose w1 (N) = 71(S1). Then N is a fake twisted
line bundle and pyw1(bd(N)) is of index two in 7w (N).

Proof. There are no embeddings of the projective plane in IV since there are
no elements of order 2 in 71 (N). It follows from [3, 1.1] that 72 (V) = 0. We
have observed that one can obtain an irreducible 3-manifold N; from N by
replacing a fake cell with a ball. Thus we may assume that Vy is p2-irreducible.

Since there is a continuous map from N; into Sy X {0} C.S1 X I which
induces an isomorphism from 1 (M) to 71 (S1 X I), it follows from [5, Theorem
A Corollary] that N; is a twisted line bundle. If one splits N; along its zero
section, one sees that bd (V;) is a double cover of the zero section.

The desired result follows immediately.

LemMMA 5. Let M be a p*irreducible 3-manifold. Let N be a compact 3-
submanifold of M such that bd (N) C int(M) and bd (N) is incompressible in M.
Then N is p2-irreducible.

Proof. Since M contains no embedded projective planes, N will not contain
any embedded projective planes. Suppose there is a 2-sphere S? embedded in
N and that S? does not bound a ball in N. But we have assumed that .S?
bounds a ball C in M; and C will contain a component of bd(N). This is
impossible since bd (V) was assumed to be incompressible in M.

LemMMA 6 (Kneser's Lemma). Let M be a 3-manifold. Let F be a closed two-
sided surface embedded in M. Suppose there is a component S of F such that
px:m1(S) — w1 (M) s not an injection. Then there exists a disk D embedded in
M such that D M F = bd (D) and bd (D) is not nullhomotopic in F.

Proof. Case 1. Suppose S separates M into 3-submanifolds M; and M. It is
a consequence of [2, 4.2] that py:m:(S) — 71 (M) is not an injection for j = 1
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or 2. We assume that pg:m1(S) — 71 (M) is not 1—1. Then the loop theorem
in [7] guarantees the existence of a disk D; embedded in M; such that D; N\ S=
bd (D;) and bd(D,) is not nullhomotopic in S. We may assume that D; N\ F
is a collection of disjoint loops and pick D; so that the number of loops in
D; M F is a minimum. Suppose there is a loop ! C DM (£ — S) which is
nullhomotopic in F. Then ! bounds a disk Dy C F. We can choose a disk
D C Dy so that Dy M\ D = bd (D). But now it is easy to reduce the number
of loops in D; M F by a simple cutting argument. Thus every loop in D; M F
may be taken to be nontrivial in F. It is now easy to choose a disk D C D,
such that DM F = bd (D) and bd (D) is not nullhomotopic on F.

Case 2. Suppose S does not separate M. Let M, be the 3-manifold obtained
by cutting M along S. Let Sy and S, be the two boundary components of M,
which come from S.

We define a covering space (M, ¢q) of M as follows: Let M / be homeomorphic
to M, for 7 an integer. Let .S be the embedding of S, in M/ for 7 an integer
and j = 1, 2. Let M be the space formed by pasting Si’ to Sy"*! via the natural
homeomorphism. Let ¢: M — M be the map which is the natural homeomor-
phismon M/ — (Si¥ U Sy) and which identifies S;* and Sy in the natural way.

Now ps:71(S1°) — 71 (M) is not 1—1. Furthermore, .5, separates M into
submanifolds M and M,. As was shown above, we can find a disk D; embedded
in M, such that Dy M 81 = bd (D) and bd (D,) is nontrivial in .S;°.

It is easy to use a general position argument and then a cutting argument
to find a disk D; which meets \U%_.S:% only in essential loops. One can then
find a subdisk D of D; which meets (J%_xS1?in a single loop. Now ¢(D) is
a disk embedded in M such that ¢(D) NS = bd(g(D)) and bd(g(D)) is
nontrivial in S. The remainder of the proof of Case 2 is the same as that of
Case 1.

LemMMA 7. Let M be a 3-manifold and S a closed, two sided surface embedded in
M. Let (M*, p) be a covering space of M (not necessarily compact). Let R be a
connected, compact 3-submanifold of M* such that

(1) RN p71(S) = bd(R);

(2) The number of components in bd(R) is the same as the number of com-
ponents in S.

Then (R, p|R) is a finite covering space of p (R).

Proof. 1t follows from the definition of covering space that p|R is a local
homeomorphism. Since the number of components in bd (R) is the same as the
number of components in .S, and R is compact, each component of bd(R)
is a finite covering of one component of S. Since S is two sided and
p1(S) Nint(R) is empty, S = bd(p(R)). Let y, be a point in bd (R) and zpa
point in R but not in ™ (v,). Letaobe a path from y, to zo. Then for each point
21 in p~1p (20) there is a unique path a; such that p(ep) = p(e1) and «; has one
endpoint in p~1p(2,) and one endpoint in p~'p(y,). It follows that p=1p (2¢)
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and p~1p(y,) are of the same cardinality and thus (R, p|R) is a finite covering
of p(R).

LeMMA 8. In the lemma above, if p|bd(R) is a homeomorphism, p|R is a
homeomorphism.

Proof. This is an immediate consequence of Lemma 7.

LemMA 9. Let M be a 3-manifold. Suppose wo(M) = 0. Then every 2-sphere
embedded in M bounds a homotopy cell in M.

Proof. Let S be a sphere embedded in M. Let (M, p) be the universal cover
of M. Let S be a sphere embedded in M such that pS = S. Since S is homotopic
to a point in M, it bounds a finite chain in C3(, Z,). Thus .S bounds a compact
3-submanifold B of M. It is a consequence of Van Kampen’s theorem that B
is simply connected. It is well known that this implies that B is a homotopy
3-cell.

Now B M p~1(S) is a finite collection of 2-spheres. By the argument above
each of these 2-spheres bounds a homotopy cell in B. It is possible to
choose a sphere in p~1(S) M B which bounds a homotopy cell B; such that
p71(S) M By = bd(By). It now follows from Lemma 8 that p|B; is a homeo-
morphism, and p(B;) is a homotopy cell bounded by .S.

LemMA 10. Let M be o 3-manifold with nonvacuous disconnected boundary.
Let Fy be a component of bd(M). Let F be a closed, connected surface, not the
2-sphere or projective plane. Let (M, q) be a covering space of M such that M
isafake F X 1. Then M is a fake Fy X I.

Proof. Since bd (M) is compact, the covering is of finite index. Since bd (/)
is disconnected, the components of bd (37) are mapped to distinct components
of bd (M) by q. Let Fo = g~ '(F1). Then (Fy, q|Fo) is a k-fold covering of F;
and g1 (F,) is of index & in 7y (F1) C m1(M). Since bd (M) is incompressible
in M, bd (M) is incompressible in M. But now pgmi (F1) — 71 (M) is an isomor-
phism since pgmi(Fo) = m1(M). It follows from Observation 1 that one can
replace a fake cell in M with a 3-ball and obtain an irreducible 3-manifold.
The lemma follows from 3.1 in [1].

LeEMMA 11. Let F be a closed, connected surface not the 2-sphere or projective
plane. Let M be a 3-manifold such that wi(M) = 71(F) and wo(M) = 0. Let
Fy1 and Fy be disjoint, closed, connected, two sided surfaces, other than the 2-sphere
or projective plane, embedded 1n M. Suppose F1 and Fy are incompressible in M.
Then Fi1\J Fs bounds a fake F1 X I embedded in M.

Proof. Since pgmi(F1) — 71(M) = 71 (F) is an injection, it follows from [5,
Theorem 1] that F; is the cover of F associated with pgmi(Fy) C m (M) =
m1(F). Since F; is compact, this cover is of finite index and = (F;) is of finite
index in w1 (M). Let A be the subgroup of w1 (M) associated with the orientable
double cover of M if M is not orientable and m; (M), otherwise. Now 4, =
px(m1(F1)) M A is of finite index in 71 (M) since pg (r1(F1)) and A are each of
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finite index in w1 (M). Let (M, g) be the cover of M associated with 4,. Let
(F1, 1) be the cover of F; associated with ps=1(pgm1(F1) M Ag) = ps~1(Ay).

F1 ___________ '+ M

1 lq

Fy P -~ M
Figure 1

It is easily shown that there is an embedding p; making the diagram in
Figure 1 commutative. Note pyyg:my (1) — w1 (M) is an isomorphism. Let [,
be a component of ¢~!(Fy). Since p,/'; and F, are two-sided closed surfaces
embedded in an orientable 3-manifold, they are orientable. We claim that
both p; /'y and F; separate M. We see this as follows: Let \ be a simple loop
meeting either p; /'; or /%, in a single point and crossing py /'y or F, at that point.
Since pig:m1 (F1) — w1 (M) is an isomorphism, \ is homotopic to a loop \; which
lies in a regular neighborhood of p;/; so that \; does not meet p;/; or F,.
This is impossible as the intersection number of X and p1 /7y or Iy is one while
that of A\; and pi /'y or F is zero. We observe that p;Fy \U Fy bounds a 3-
submanifold R of M. It is an easy consequence of Lemma 2 that pg:m (R) —
w1 (M) is an isomorphism since R contains py Fy. Also pig:mi(F1) — w1 (R) is an
isomorphism. It follows that every loop in F, C R is homotopic in R to a
loop in p; /1. Consider the proof of 5.1 in [8]. In this proof Waldhausen produces
a 2-sphere and concludes that since his 3-manifold is irreducible the 2-sphere
bounds a ball. We observe that the construction of this 2-sphere was inde-
pendent of his assumption of irreducibility. Thus we can construct the same
2-sphere in R.

It follows from Lemma 9 that a 2-sphere in M bounds a fake cell and thus
by Waldhausen’s proof that R is a fake Fy X I.

We observe that our proof was independent of the components of ¢g=1(F;)
and ¢~'(F.) which we chose. Thus if L = int(R) M ¢~'(F:) is non-empty,
we can reduce the number of components in L by picking a different 7.
Similarly, one can reduce the number of components in ¢~ 1(F;) M int(R). It
follows that we may assume that ¢~!(F;) U F;) N R = bd(R). Thus by
Lemma 8, (R, ¢|R) covers q(R). It follows from Lemma 10 that ¢(R) is a
fake F; X I.

THEOREM 2. Let M be a compact, connected, p2-irreducible 3-manifold. Let S
be a closed, conmected 2-manifold, not the 2-sphere or projective plane. Let
£:(S, x0) — (M, x) be a map such that ge:m1(S, x0) — m1 (M, x) is 1—1. Then
there exists a covering space (M*, p) of M and an embedding g,:S — M* such that

(Pg1)4m1(S, %0) = gam1 (S, x0) C m1(M, x).
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Proof. Let (M* p) be the covering space of M associated with
2em1(Sx0) C m1(M, x). Let g4:S — M* be a map such that pgy = g:S — M.
Let g5:5 — M* be a map homotopic to g4 such that cl{z:{z} = g5 g3(2)} is a
1-complex. Let R, be a regular neighborhood of g;(S). We propose to modify
R, to obtain a compact connected 3-submanifold R* of M* such that

(a) bd (R*) is incompressible in M*;

(b) pg:mi(R*) — 71 (M*) is an isomorphism. Given Ry, for k an integer,
such that

cl(bd (Rx) — (bd(Re) M bd(Ro)))

is a collection of disjoint disks (possibly empty), we define Ry, as follows:

(1) If for every component F of bd (Ry) ps:71(F) — 71 (My) is an injection,
Ryy1 = Ry.

(2) Otherwise, we let D;;1 be a disk embedded in M* such that
Div1 N bd(R;) = bd(Dyy1) and bd (Dyy1) is not nullhomotopic in bd (Ry). It
follows immediately from Lemma 6 that such a disk exists. We may assume that
bd (D;41) C int(bd(Ry) M bd(Ry)) since cl(bd (R;) — bd(Ry)) is a collection
of disjoint disks in bd (R;). We may also assume that Dy is in general position
with respect to g;(S1) and the portion of bd(R,) not contained in bd(Ry).
Then if D1 C Ry, we remove a regular neighborhood of D;,; from R; to
obtain Ryy1. Otherwise we add a regular neighborhood of D;; to R; to obtain
Ryy1. Thus if there is a component F of bd (R;) such that pg:m;(F) — 1 (M*)
is not an injection, the total genus of bd (Ry+1) is less than the total genus of
bd (Ry).

Since the total genus of bd(R,) is finite, there exists a positive integer n
such that Ry = Ryy1 for & = n.

Since m(M*) = 0, it follows from Lemma 4 that every sphere in bd(R,)
bounds a homotopy cell in M*. We define R,* to be the union of R, with the
collection of homotopy cells bounded by 2-spheres in bd(R,). We observe
that bd (R,*) is incompressible in M*. By construction, g;71(g;(S) M Uz=1"Dy)
is a collection of disjoint simple loops in S. Since gag:m1(S) — 71 (M*) is an
injection, each of these simple loops is nullhomotopic in S. It follows that we
can find a disk D C .S such that

D D g5 (gs(S) M Ug=1"Dy).

We let R* be the component of R,* which contains g;(S — D). We note that
g:bd (D) is nullhomotopic in M*; and thus by Lemma 2, gsbd (D) is nullhomo-
topic in R* since bd (R*) is incompressible. We define a map g,:S — R*

(1) by go|S — D = g3|S — D, and

(2) by using the nullhomotopy of gsbd(D) in R* to extend g. to D. Since
o (M*) = 0, go and g; are homotopic. Thus gag:m1(S) — 71 (M*) is an isomor-
phism. It is an easy consequence of Lemma 2 that gag:m1(S) — 71 (R*) is an
isomorphism.

Now we claim that R* is a fake line bundle over S. This can be seen as
follows: If bd (R*) is not connected, it follows from Lemma 11 that two com-

https://doi.org/10.4153/CJM-1972-037-0 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1972-037-0

446 C. D. FEUSTEL

ponents of bd(R*) bound a fake S X I in R*. Thus R* is a fake S X I. If
bd (R*) is connected, it follows from Lemma 4 that R* is a fake twisted line
bundle over S. We may assume that R* contains a point y in p~1(x). Now we
can find an embedding g; of .S in R such that y is in g:(S) and gis:m:(S) —
w1 (M*) is an isomorphism. This completes the proof of the theorem since
(pg1)s:m1(S, x0) — 71 (M, x) is an isomorphism onto gem1 (S, x¢) C 71(}M, x).

Proof of Theorem 1. Let g:(S1, x1) — (M,x) be a map such that
g4:11(S1, x1) — 71 (M, x) is an injection and

gs: m1(S1, x1) :#) f*Tl(Sy X0).

Let (M*, p) be the covering space of M associated with gem; (S1, x1) C m1 (I, x).
It follows from Theorem 2 that there is an embedding g::51 — M* such that
(pg1)sm1(S1, x1) = gem1(S1, x1) C 71 (M, x). Let f1:S — M* be an embedding
such that pfi = f. It follows from a general position argument that we can
find a small motion of g; so that L = g;(S1) M f1(S) will be a 1-manifold, i.e.,
a collection of simple loops. Suppose some loop A C L is nullhomotopic in M*.
Since gi4 and f14 are injections, /1 = gr~*(\) and I, = fi~!(\) are nullhomotopic
on S; and .S, respectively. Let D, be the disk contained in S; bounded by /.
It is easy to choose M\ so that D; M g7 1(L) = l;. Let Dy C .S be the disk
bounded by l,. It follows from Lemma 1 that 7o(M) = 0 and thus from Lemma
9 that g1(D:1) \J f1(D2) bounds a homotopy cell C in M*. We notice that
f1(S) meets a regular neighborhood of C in a disk D,. Since every loop in
211 (g1(S1) M Dy) bounds a disk on .Sy, it is not hard to define an embedding
2281 — M such that

(1) g2 = g1 except on a collection of disks on Sy;

(2) gog:m1(S1) — m1(M*) is an isomorphism;

(3) 22(S1) N Dy is empty;

(4) g2(51) N f1(S) C L.

Since w3 (M*) = 0, g1 and g, are homotopic and gu is an isomorphism. It
follows that we may choose g; so that every loop in L = g:(S1) M f1(S) is
nontrivial in M*. Note that we do not require that pg;(x;) = x. The proof of
the theorem breaks into two cases.

Case 1. f1(S) M g1(S1) is empty.
Case 2. f1(S) M g1(S1) is non-empty.

Case 1. If f1(S) and g:(S1) are two sided in M*, it follows from Lemma 11
that f1(S) and g1(S1) bound a fake .S X I embedded in M*. This is impossible

since

frem1(S) C grem1(Sh).
=

If g1(S1) is two sided in M* and f1(S) is not, we let R be a regular neighborhood
of f1(S). Now bd (R) is two sided in M*. Since bd (R) is incompressible in M*,
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bd (R) and g:(S1) bound a fake S; X I which we denote by R;. Now R; \U R
is a fake twisted line bundle over .S bounded by g:(S1). It is a consequence of
Lemma 4 that gi4m:1(S1) is of index two in w1 (R; \U R). This is impossible
since by Lemma 2, py:mi(Ry \J R) — 71 (M*) is an isomorphism. If neither
f1(S) nor g1(S1) separates a regular neighborhood of itself, we let R; and R, be
regular neighborhoods of f;(S) and g1 (S1), respectively. Now bd (R,) \U bd (R,)
bounds a fake product line bundle R; in M* by Lemma 11. Thus M* =
R;\U R, \U R;. This is easily seen to be impossible as m1(M*) would not be
isomorphic to the group of a closed surface.

If £1(S) is two sided and g;(S) fails to separate a regular neighborhood R of
itself, Lemma 11 implies that f1(S) \U bd(R) bounds a fake .S X I in M*. We
denote this fake S X I by R;. Consider N* = R;\U R. Suppose that
P~ (S) M Ni* contains a component F 5 f1(S). We claim F is two sided
in M*.

This can be seen as follows. Let z, be the point in p=1(x) M f1(S). Let R be
a regular neighborhood of f(S). Since pemi(R, x) C pami(M, 20), p: (R, x) —
(M, x) lifts to an embedding p1: (R, x) — (M*, ). Since f1(S) is two sided
in p1(R), f(S) is two sided in R and thus in M. It follows that F is two sided
in M*.

By Lemma 11, F\U f1(S) bounds a fake S X I embedded in N;* which
we denote by R,. Now cl(N* — R») is a deformation retract of N,*. Thus
pe:mi(cl(Vi* — Ry)) — m1(V1*) is an isomorphism. Thus

pami(cl(Ny* — R,)) = m (M*).

Since N;* is compact, there can only be a finite number of components in
p7If(S) M Ny*. Thus by an appropriate choice of F above we have that if
N* = Cl(Nl* — R2),

N*N p~1f(S) = bd(N*) = F.

It follows from Lemma 7 that (N*, p|N*) is a finite covering space of p (IV*).

We wish to show that (p|F)s:mi(F) — 71 (f(S)) is an isomorphism so that
p|F will be a homeomorphism. If p|F is a homeomorphism, it will follow from
Lemma 8 that p|N* is a homeomorphism. Since p (N*) is a 3-submanifold of
M whose boundary is incompressible in A, it will follow from Lemma 5 that
p(IN*) is pi-irreducible and thus that N* is p2-irreducible. But then by Lemma
4, N* will be a twisted line bundle. Of course, this implies that N = p (N*) is
a twisted line bundle which would complete the proof of Case 1. It remains
to show that pemi(F) = 71 (f(S)). Let (M™**, ¢) be the covering space of M
associated with femi(S, %) C m1(M,x). Let R, be as above. Since
Fam1(S) C gem1(S1), we can find a covering map ¢1 to complete the diagram
in Figure 2.

We observe that there is an embedding H: R, — M** such that (¢1.H)s = px.
Note that both components of bd(R:) carry the homotopy of R, and that
g '(x) meets both components of  bd(R;) in at least one point. Let F; be
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the component of H bd(R;) which is contained in ¢;~!(F) and x; a point in
Fisuch that ¢(x3) = x. We choose x3 as the basepoint for M**.

Since py:mi(F1, x3) — w1 (M**, x3) is an isomorphism, we have that
gxos:m1(F1, x3) = 71 (f(S), x) is onto and thus pg:mi(F) — 7 (f(S)) is an
isomorphism as was to be shown

Case 2. We assume that L = f1(S) M g1(S1) is a non-empty collection of
disjoint simple loops and that if / is any loop in L, / is not nullhomotopic in
M*. Let R, be a regular neighborhood of f1(S) \U g1(S1). We will modify R, in
this proof in much the same way that we modified R, in the proof of Theorem 2.

We propose to modify R, to obtain a compact, connected 3-submanifold
N1* of M* such that

(a) bd (V,*) is incompressible in M*;

(b) pem1(N1*) — 71 (M*) is an isomorphism;

(c) f1(S) Y g1(S1) C No*.

Given Ry, for k an integer, we define Ry, as follows:

(1) If for every component F of bd(Ry) psm1(F) — m1(M*) is an injection
-Rk+l = Rk-

(2) Otherwise, we let D;y; be a disk embedded in M* such that
D1 N bd(Ry) = bd(Dyy1) and bd(Dyy1) is not nullhomotopic in bd (Ry).
The existence of such a disk follows from Lemma 6. We may also assume that
D;y1 is in general position with respect to f1(S). It follows from a cutting
argument that we may assume that Dy;1 does not meet f1(S) since fi4 is an
injection and every loop in f1(S) M D41 bounds a disk on f1(S). Using another
general position argument we may assume that Dy, meets g;(S1) in a collection
of simple closed loops. Since g4 is an isomorphism, each of the simple closed
loops bounds a disk D on g;(S1). We observe that D does not meet
L = g1(S1) N f1(S) since every loop in L is nontrivial in M*. It follows by a
cutting argument that Dyy1 M (f1(S) U g1(S1)) is empty. If Dyyy C Ry, we
define R;i1 to be R, with a regular neighborhood of Dj,; removed. If
Dyi1 M Ry = bd(Dy41), we define R,y to be the union of R, with a regular
neighborhood of Dy, 1. In either case the total genus of the boundary of R;y;
is less than the total genus of the boundary of R;. Since the total genus of
bd (R,) is finite, there is an integer # such that R, = Ryy; for £ = n. Let N,
be the component of R, which contains g;(S1) U f1(S). By Lemma 9, every
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2-sphere in bd (V;) bounds a homotopy 3-cell in *. We add all such homotopy
cells to V; to obtain Ny*. It is a consequence of Lemma 2 that pg:m; (N*) —
71 (M*) is an isomorphism since bd(V;*) is incompressible in M*.

Suppose bd (NV*) is disconnected. Then by Lemma 11, Ni* is a fake S X I.
It is a consequence of Lemma 3 that fis:m1(S) — 71 (N:*) is an isomorphism.
This is impossible.

Suppose f1(S) is one sided in N;*. Let R be a regular neighborhood of f;(S).
Then bd(R) U bd (N*) bounds a fake bd(R) X I by Lemma 11. It follows
that R is a deformation retract of NV* and fi4:71(S) — 71 (V¥) is an isomor-
phism. This is impossible since

fremi(S) C mi(M*).
=

Now f1(S) is two sided in N;*. Thus by Lemma 11, fi(S) and bd (N;*)
bound a fake .S X I embedded in NV;*. We denote this fake .S X I by N. Now
cl(N* — N) = Ni** is a deformation retract of Ny*. Thus pgr;(N**) —
w1 (M*) is an isomorphism.

Suppose p7If(S) M N** = f1(S). Let F be a component of p~1f(S) M N **
other than f;(S). As was shown earlier, F is two sided in M*. By Lemma 11,
F\U f1(S) bounds a fake .S X I embedded in N**. We denote this fake S X I
by N;. If we are careful in our choice of F, we can have that

cl(N** — Ny) N p~if(S) = F.
Let N* = cl(N* — N;). As was shown earlier p|F is a homeomorphism.
Thus p|N* is a homeomorphism. As in the proof of Case 1, we see that N* is a
twisted line bundle and the theorem follows.

Note added in proof. William Jaco has obtained a result similar to our
Theorem 1 in his paper Finitely presented subgroups of 3-manifold groups,
Invent. Math. 13 (1971), 335-346.
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