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Abstract We axiomatise the algebraic properties of toroidal compactifications of (mixed) Shimura
varieties and their automorphic vector bundles. A notion of generalised automorphic sheaf is proposed
which includes sheaves of (meromorphic) sections of automorphic vector bundles with prescribed
vanishing and pole orders along strata in the compactification, and their quotients. These include, for
instance, sheaves of Jacobi forms and weakly holomorphic modular forms. Using this machinery, we give
a short and purely algebraic proof of the proportionality theorem of Hirzebruch and Mumford.
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1. Introduction

For a (connected) Shimura variety M associated with a reductive group G, Hermitian
symmetric domain D*, and neat arithmetic subgroup I' c G(Q)*, there is a huge
supply of (so-called automorphic) vector bundles on M coming from its structure of
locally symmetric variety M =T'\D*. Each such vector bundle Z*& is obtained from a
G(C)-equivariant vector bundle £ on MY, where M is the compact dual of the Hermitian
symmetric domain D*. The recipe is as follows: There are morphisms of analytic manifolds

M=T\D" « D" > M"Y,

where M < D* is the defining I'-torsor and the (Borel) embedding D* < M"Y is G(R)*-
equivariant. Z*& is obtained by restricting £ to D* and then taking the quotient by I'.

In his seminal work (Hir58), Hirzebruch observed that, if M is compact, all Chern
numbers' of £ and Z*E are proportional by a universal rational factor which may be
interpreted as the volume of M with respect to a natural volume form. Using the theory
of toroidal compactifications, Mumford (Mum77) extended this result to noncompact M.

The proofs of Hirzebruch and Mumford rely heavily on analytic methods. Since M
(respectively, its compactification M) and M" are both algebraic, it is reasonable to
expect a purely algebraic proof of the proportionality principle. The theory developed
in this article provides such a proof. First, observe that the construction of automorphic
vector bundles is purely algebraic. Consider the right G(C)-torsor (the so-called standard
principal bundle) M « B obtained by extension from the I'-torsor M < D* (considered
as right I-torsor). It turns out to be algebraic as well, inducing a diagram

M~<"—B—2s MY (1)

of algebraic varieties, where 7: B — M is a right-torsor under G and M" is now interpreted
as a component of the moduli space of parabolics of G (a flag variety). The morphism p
is G-equivariant. The diagram may be seen as a morphism of Artin stacks

E:M—)[MV/G].

LAl polynomials in the Chern classes of highest degree considered as numbers.
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Generalised automorphic sheaves 3

If M is noncompact, M has an algebraic toroidal compactification M and the morphism
= (or equivalently the diagram (1)) extends

=M - [MY/G].

The algebraically defined automorphic vector bundles are precisely the pullbacks of locally
free sheaves on [MV/G] (i.e. G-equivariant vector bundles on M") along this morphism.

In this article, we axiomatise the situation, extracting a few simple axioms that
ultimately imply the proportionality principle of Hirzebruch and Mumford. These axioms
are well-known for Shimura varieties, and they have purely algebraic proofs themselves in
cases in which M naturally represents a moduli problem of Abelian varieties with extra
structure.

Along the lines, we generalise the notion of automorphic vector bundle in the
noncompact case introducing generalised automorphic sheaves that include for
instance:

— sheaves of sections of automorphic vector bundles with certain vanishing conditions
along the boundary (e.g. bundles of cusp forms, subcanonical extensions, etc.),

— the (pushforward of the) structure sheaf Op of the boundary or the structure sheaf
Os of a closed stratum thereof,

— line bundles of Jacobi-forms,

— the vector bundles Q¢(M) and jet bundles of automorphic vector bundles,

— line bundles of ‘weakly holomorphic’ modular forms (i.e. meromorphic with poles
only along at the cusps).

We now describe the axiomatisation more in detail. All varieties and formal schemes
are understood over a field k of characteristic zero. We define a toroidal formal scheme
(Definition 2.1.3) to be a formal scheme together with an action of M, where M, is the
multiplicative monoid on the affine line, which looks like the completion of a (partially)
compactified GJ, -torsor on a variety along a boundary stratum. In other words, they
are completions of a sum of line bundles at the zero section with the action of My,
remembered. An abstract toroidal compactification (Definition 2.3.2) is defined as a
smooth variety M with a divisor of strict normal crossings D together with the structure
of a toroidal formal scheme on the completions along all strata (of the stratification
defined by D) in a compatible way with respect to the partial ordering of the strata. In
Section 2.4, we explain that toroidal compactifications of mixed Shimura varieties in the
sense of Pink (Pin90) indeed give rise to such objects.

Moreover, we introduce the notion of automorphic data (Definition 3.1.1) on an
abstract toroidal compactification. If D = @, this is just the datum of a ‘compact dual’ MY
and a ‘standard principal bundle’ B forming a diagram as (1). As mentioned above, this
situation is well-known in the theory of Shimura varieties. In this case, B is the standard
principal bundle and is (philosophically) the bundle of trivialisations of the de Rham
realisation of the universal motive (associated with a representation p of the defining
group () together with its natural G-structure. The morphism p, in this case, is induced
by the variation of the Hodge filtration. If MY contains a k-rational point, then the
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quotient stack is isomorphic to the classifying stack [-/@Q] of a parabolic @ c G. Therefore,
the datum is essentially the same as a @-torsor over M.

This situation generalises to the case of nontrivial boundary divisors D. In this case,
automorphic data consist of the following: for any stratum Y a diagram

Cy(ﬂ) L By . M;} ,

where (5 means formal completion along Y, and 7: By — Cy(ﬂ) is again a right-torsor
under a — now not necessarily reductive — linear algebraic group Gy and My is a
component of the moduli space of quasi-parabolics of Gj;. The morphism p is, again,
Gy-equivariant. Furthermore, the action of M"Y lifts to By (the lifted action being part
of the datum), such that p becomes invariant. These data have to be functorial with
respect to the partial ordering of the strata (cf. Definition 3.1.1 for the details).

Such a datum is present on toroidal compactifications of Shimura varieties. This is prob-
ably less well-known (see e.g. (Hor10) and (Horl4, Section 2.5). It exists (philosophically)
because the G-structure of the de Rham realisation of the universal motive becomes a
Gy-structure near the boundary stratum Y (in the formal sense) because of a natural
weight filtration on the realisation there, leading to a family of mixed Hodge structures.
The more general situation of an (abstract) toroidal compactification equipped with
automorphic data allows one to define generalised automorphic sheaves (Defini-
tion 3.4.3) on M. For this purpose, the category of G-equivariant vector bundles on M
is not sufficient as an input category. Instead, we define a larger Abelian category, the
Fourier-Jacobi category (Definition 3.4.1). The objects are specified by a collection of
functors

Fy :Z" - [[My |Gy ]-coh]

for each stratum Y, where ny = codim(Y) and where [[M,./Gy]-coh] denotes the
category of (finite dimensional) Gy-equivariant vector bundles on My . These functors
are supposed to fulfil a finiteness condition, namely, they have to be left Kan extensions of
functors defined on some bounded subregion of Z™¥ . In particular, the sheaves Fy (v+ Ae;)
become (essentially) constant for sufficiently large A, and we require that they are
isomorphic to Fyy (pr(v)) restricted to My, where W is a larger stratum. It is explained
in Section 3.4.3 that such a datum {Fy} defines a coherent sheaf ‘=*({Fy })’ on M. The
essential tool to define those sheaves is the theory of descent on formal/open coverings
developed by the author in (Hor20). This theory enables to glue Z* ({Fy }) from sheaves
on the various completions. The latter are, by definition, toroidal formal schemes, and
the functor Fy describes the parts of Cy-(Z*({Fy})) of varying weight under G .

Example 1. Let M be the compactification of a (fine) moduli space of elliptic curves
with level structure. There are only two types of strata: Y = M is the open stratum or
Y is a point (a cusp). In the first case, Gps = GLy and MY =P! = G/ /Qxs, while in the

second case, Gy = >%) and My, = A! =Gy /G,,. The bundle of (weakly holomorphic)

1
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modular forms of weight & (with order vy € Z at the cusp Y) is given by the following
input datum:

FM = £®k

for the open stratum, where £ is the standard one-dimensional representation of weight
1 of Qps, and

LBy if v2vy,
0 otherwise

for the cusps.

Example 2. Let M’ be the universal elliptic curve over a (fine) moduli space of
elliptic curves with level structure. Let M over M’ be the pullback of the Poincaré
line bundle using the standard polarisation. It is the partial compactification of a G,-
torsor M over M'. The variety M is a mixed Shimura variety associated with the group
G = GLaxW, where W is a Heisenberg group, that is a central extension of G2:

0—=U2G, ——=W —V=z2G2——=0

(here, GLo acts on V via the natural 2-dimensional representation and on U via the
determinant). In this case, there is only one boundary stratum Y = M’ apart from M.
Consider the following input datum:

F]V[ =0

and

L ifv=i
Py v if v z,'
0 otherwise

for L as before, extended (as a representation) to the present @, in the only possible
way. The associated generalised automorphic sheaf is then the bundle of Jacobi forms of
weight & and index ¢ (it has support on Y = M’). Here, for simplicity, we ignored the
behaviour along the boundary of M’ which can be taken into consideration by using a
full compactification of M instead.

We finally consider the notion of (logarithmic) connection on automorphic data, and
certain (purely algebraic) axioms:

(F) flatness of the logarithmic connection (Section 3.1.3),

(T) infinitesimal Torelli (Section 3.1.9),

(M) unipotent monodromy condition (Section 3.1.6),

(B) boundary vanishing condition (Section 3.1.10).
For example, (F) and (T) imply that — on the open stratum — the formation of

automorphic vector bundles commutes with the formation of sheaves of differential forms
and jet bundles (Section 3.3). If (M) holds, even the sheaves of differential forms and the

https://doi.org/10.1017/51474748023000300 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748023000300

6 F. Hormann

jet bundles — now on the compactification — can be defined as generalised automorphic
sheaves (Section 3.5), as opposed to their logarithmic variants which are always usual
automorphic vector bundles. Finally, if in addition (B) is satisfied, Hirzebruch-Mumford
proportionality holds for the compactification (Section 4.2). In the compact case, (M) and
(B) are vacuous, and everything becomes much easier. The reason for the validity of the
axioms for automorphic data on toroidal compactifications of (mixed) Shimura varieties
is sketched in Section 3.6.

Finally, we prove the proportionality theorem of Hirzebruch and Mumford, Theo-
rem 4.2.1, in Section 4. Using the fact that the axioms (F,T,M,B) hold for toroidal
compactifications of Shimura varieties, we get the theorem in its classical form:

Theorem. Let (G,D) be a Shimura datum and M be a smooth toroidal compactification
of the associated complex (connected) Shimura variety of dimension n with respect to
some neat arithmetic subgroup of G*(Q). There is a constant c € Q, such that for all
homogeneous polynomials p of degree n in the graded polynomial ring Q[cy,ca,...,¢,] and
all Ge-equivariant vector bundles € on MY (the compact dual of D), the proportionality

p(c1(E*E),....cn(E*E)) =c-p(c1(E),...,cn(E))

holds true”. Here, Z*E is the canonical extension of the associated automorphic vector

bundle on M.

The idea of the proof is as follows. Following Atiyah (Ati57), the polynomials in
the Chern classes of vector bundles can be computed as an element in H"(M,w) =k,
respectively, H"(M",w) = k by a construction (purely in terms of homological algebra)
starting from the extension

0—=Qles Jie £ 0 (2)

for £ and for a similar extension for Z*& (see Section 4.1.1 for details). This construction
works in every Q-linear exact closed monoidal category. It suffices therefore to find a
Q-linear exact closed monoidal category A which maps via an exact tensor functor to the
categories of coherent sheaves

[M-coh] and [M"-coh],

respectively, such that an extension like (2) exists in A and maps to the extensions
JYE, and J1(Z*E), respectively. Furthermore, this exact category (or some intermediate
Abelian category through which both functors factor) has to satisfy the property that
Ext’4(O,w") is one-dimensional, where w’ is the preimage of both wy; and wayv.

In the compact case, the category [[MY/Gps]-coh] of Gpr-equivariant vector bundles
on MV can be taken as A. This does not work in general because Z*wasv = wy7(log) and
mostly H™(M,w(log)) =0.

2Identifying H™ (M,w) (or, equivalently, H>" (M,C)) with C using the trace map of Serre duality
(respectively, integration).
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In the noncompact case, the Fourier-Jacobi categories can be taken as .A. Here, the
boundary vanishing condition comes into play which, by an easy homological algebra
argument, implies that Ext’; (O,w’) is indeed one-dimensional (strictly speaking, we only
construct the tensor product on a subcategory of ‘torsion-free’ objects in the Fourier-
Jacobi categories and show that Z* respects it. For the reasoning above, this is, however,
sufficient.)

After the first version of the present article was made available, several articles appeared
discussing the functor Z* and, in particular, the properties of the induced maps between
Chow groups (EH18; EH19; WZ23). Wedhorn and Ziegler present a purely algebraic proof
of the proportionality theorem in characteristic 0 as well (cf. (WZ23, Corollary 7.21)),
however, by using results in positive characteristic, thus relying on the rather deep theory
of integral models of toroidal compactifications of Shimura varieties. For this reason, it is
also restricted to Hodge-type. This article does not make any assumption on the Shimura
datum. The apparent greater generality is, however, rather illusory, for the author does
not know of any purely algebraic construction of the objects involved and the verification
of the axioms in this generality.

Notation

We write [n] for the unordered set {1,...,n} and A, for the poset {1 <2---<n} also
regarded as a category. For a scheme, formal scheme, or stack X, we write [ X-coh] (or
sometimes [Ox-cohl]) for the category of coherent sheaves on X and [X-qcoh] for the
category of quasi-coherent sheaves.

2. Toroidal compactifications

2.1. Toroidal formal schemes

2.1.1. Let k be a field of characteristic 0, fixed for the whole article. Let M, be A with
its unital multiplicative monoid structure over k£ and, as usual, let G,,, = M,,, be the open
subscheme of the multiplicative group. Denote by € the unit of M, or G,,, and by p the
multiplication.

Let n be a positive integer, and let X be a formal scheme over k& with an action of M, ,
that is with a given morphism

M™ x X —> X |

such that the diagram

M2 x M2 x X —— 22 M7 x X
lyxid ip
M™ x X P X
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is commutative and such that the composition
exid n P
X——M] xX — X

is the identity. By restriction along Gj,, = M}, , there is, in particular, also a G} -action
on X.

We have the following lemma, whose proof we leave to the reader.

Lemma 2.1.2. Let X =Spf R be an affine formal scheme over k. It is equivalent to give an
action of M., on X or a (topological) Z3,-grading on R, that is collection of k-subvector
spaces R, € R for each v eZ%,, such that

(i) For all v,weZ%,, we have
Ry, Ry € Rysw-

(ii) Fach z € R has a unique expression as a converging sum

z= ) @

n
veLY,

with x, € R,.
We denote by ey,...,e, the standard basis of Z".

Definition 2.1.3. A formal k-scheme X with an action of M}, is called toroidal if there
is an affine covering by Spf R’s, such that the action restricts to M7, x Spf R — Spf R and
such that

(i) All R, have the discrete topology.
(ii) The induced map
Ro[Re,---sRe, | > R

has dense image and induces an isomorphism between the completion of
Ro[Reys. .-, Re, ] at the ideal (R.,,...,R.,) and R.

(iii) The R., (and hence by 2. all R,) are locally free Ryp-modules of rank 1.

It follows that, up to restricting to a finer open cover, we have
Rz Ro[x1,...,2n]
with its natural topological Z%,-grading. The z;, however, are only determined up to R;.

2.1.4. On a toroidal formal scheme X, we also have a ring-sheaf Oy, which locally gives
the Ry’s and the Ox , which are coherent Ox,-submodules of Ox. The topological space
X together with Ox o is a scheme, and it is isomorphic to the categorical quotient (in
the category of formal schemes) of X with respect to the action of M. It is denoted by
Xo. Furthermore, there is an obvious section (a closed embedding) Xy < X.
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Example 2.1.5. The standard example is as follows. Take a GJ, -bundle on a variety,
partially compactified by glueing in the partial compactification G}}, > M}, (i.e. forming
the associated vector bundle) followed by subsequent completion at the section given by
the origin of M.

2.2. Modules and differentials

In the following, we consider the integers Z as a category via the natural inclusion of
posets into categories. In other words, there is a morphism (and a unique one) n - n’ if
and only if n <n'.

Proposition 2.2.1. Let X with an action of M, be a Noetherian toroidal formal scheme.
It is equivalent to give

(i) a coherent sheaf of Ox-modules M with an extension of the G}, -action (not
necessarily the M, -action);

(i1) a collection of coherent sheaves of Ox,-modules M,, for weZ"™ together with an
associative system of multiplication morphisms for v e ZL,:

OX,U ®Ox0 Mw - Mv+w

giving for v=0 just the module-structure, and such that there are N',N € Z with
the property that for all w, such that for all i, if w; > N and v =e;, the morphism
is an isomorphism and for all w, such that some w; < N', the module M,, is zero;

(iii) a functor with values in coherent sheaves of Ox,-modules
M:7Z" - [Ox,-coh]
v M(v),
such that there are N,N' € Z with the property that for all i and for all v with v; > N,
the morphism M (v —v+e;) is an isomorphism and for all v, such that v; < N' for
some i, the module M (v) is zero. In other words, the functor is isomorphic to the

left Kan extension of a functor A%_y. — [Ox,-coh], where An_n+ is considered
as an interval [N',N]cZ.

Proof (sketch). 1« 2: Given a module M, the associated M, is just the Ox,-submodule
of elements transforming with weight v under G,. Conversely, the module M is given as
the product of the modules M,,.

2 < 3: A collection M, is associated with the functor v~ M (v) := M, ® Ox _,. Here,
for arbitrary v e Z", we set

— ®U;
OX;'U T ®0X,ei'

(3

A morphism v - w in Z" is mapped to the morphism
M, ®0X,0 OX,—U - M, ®Oxyo OX,—w
induced by

OX,w—v ®(9Xyg Mv - Mw~
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The functoriality of the functor M is equivalent to the associativity of the multiplication
on the module M. O

Definition 2.2.2. Let X with an action of M, be a Noetherian toroidal formal scheme.
Coherent O x-modules with compatible G}, -action as in Proposition 2.2.1 form an Abelian
category, which we denote by [Ox-tcoh].

Lemma 2.2.3. Under the correspondence above, the following conditions are equivalent:
(i) M(v) are torsion-free Ox o-modules for all v, and the M (v - w) are monomor-
phisms for all v<w;

(ii) M is torsion-free.
Proof. Left to the reader. O

Remark 2.2.4. We define the full subcategory Fun(Z",[Ox,-coh])/9- of Fun(Z",
[Ox,-coh]) as those functors M which have the property stated in Proposition 2.2.1
(iii). Hence, we have an equivalence

[Ox-tcoh] = Fun(Z"™,[Ox,-coh])’¢".

2.2.5. Let M be a coherent sheaf on X with a compatible action of Gj;,. We have its
associated functor M :Z" — [Ox,-coh]. As said, there is an N, such that M (3 ase;)
is (essentially) constant in «; if a; > N. We denote this sheaf by lim,-_.co M (v + ae;).
Note that also expressions like limg, co....,a ;00 M(v+are;, +~~~+ajei].) do make sense
(up to isomorphism). Given an injection §:[j] = [n], we will regard this construction
with respect to the missing indices in the image of 8 as a functor

1ién : Fun(Z",[Ox,-coh])?9" - Fun(Z’,[Ox,-coh])’¢".
We just write ‘lim’ for this construction with respect to all indices.

2.2.6. For coherent, torsion-free sheaves M and N, we can describe the tensor product
M ® N with its natural M, action by the functor

(M®N)(v)= >, M(vi)®N(v),

V1+U2=v

where the sum is formed in (lim M) ® (lim V).

2.2.7. For any injection 3:[j] < [n], define a sheaf Ox[B7!] as the sheafification of the
presheaf defined (for small enough U) by

U Ox(U) [y 525, ]

where {ki,...,k,_;} is the complement of im(3) and the x; are generators of Ox ;.
To a coherent (in the sense of modules on ringed spaces) Ox[#7!]-module with G” -
action, we may still associate (in the same way as in Proposition 2.2.1) a functor in
Fun(Z",[Ox,-coh]). This yields a fully-faithful functor

[Ox[B']-tcoh] - Fun(Z",[Ox,-coh])
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which has the property that the functors in the image are essentially constant in the
direction of theey,.

The corresponding localisation for modules is given by the lim-construction of
Section 2.2.5. More precisely, the diagram

[Ox-tcoh] [Ox[B7"]-tcoh]

|

i

Fun(Z",[Ox,-coh])/9: N Fun(Z?,[Ox,-coh])/9: LN Fun(Z",[Ox,-coh])

is 2-commutative. Here, p/’g is the pullback induced by the projection pg: Z™ - Z’ induced
by 3. The sheaf Ox[B7!] can be completed afterwards with respect to any of the ideals
generated by Ox , for i eim(f3) (for i ¢ im(3) the completion would be zero). This process
of inverting elements and completion might be repeated. Any sheaf R of O x-algebras so
obtained (which still carries an action of G},) still yields a fully-faithful functor

[R-tcoh] - Fun(Z",[Ox,-coh])

whose image consists of functors that are constant in the direction of the eg;) for those
i, such that (locally) a generator x; has been inverted. An inverse functor on the essential
image might be quite complicated to describe. Its values are given as a subset of the
infinite product that was considered in Proposition 2.2.1, but the sequences might be for
instance bounded below in some direction, point-wise with respect to another direction.
Since we will not need it, we will not elaborate on this.

A G -equivariant coherent Ox[@~!]-module M (where @:[0] - [n] is the inclusion of
the empty set) is equivalent to just an O x,-module via M ~ M (0). Each Ox,-module M,
in turn has a canonical extension to an Ox-Module with M, -action, given by means
of the functor

M, ifveZn,

0 otherwise,

My(v) = {

or equivalently by M = My®o, ,Ox with its natural My, -action. We denote the full
subcategory of [Ox-tcoh] consisting of canonical extensions by [Ox-tcoh-can].

2.2.8. There is the following exact sequence (equivariant with respect to the action of
M) of coherent sheaves on X:

0 — Qx, ®0yx, Ox — Ox —=3,0x., ®0yx, Ox —>0,

where 35, Ox e, ®0,, Ox is isomorphic to the bundle QX/XO. The bundle Oy is not a
canonical extension. There is the larger bundle Qx (log) which is locally generated by Qx

and by the rational differentials dffi. The latter are invariant under the action of MJ,.

L

We proceed to describe the associated functors of the M -equivariant vector bundles Ox
and Qx (log).
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Consider the Atiyah extensions on X associated with the line bundles Ox .,

0 Ox

Ox, 0

0

and their amalgamated sum

0 QXO E ®pi

®i OXO —0. (3)
Then Qx (log) is just the canonical extension of F, that is, it is given by the functor

E ifv>0,

0 otherwise.

ﬁx(log)(v) = {

In local coordinates, one checks the following;:

Proposition 2.2.9. The functor associated with Qx is given by

QX(,U):{{GEE | Vi: v;=0=p;(e)=0} ifv=Yv;e;>0,

0 otherwise,

as a subfunctor of ﬁx(log),

2.3. Abstract toroidal compactifications

2.3.1. Let M be a smooth k-variety. Consider an open embedding M < M into a smooth
k-variety (mostly assumed to be proper), such that D := M \ M is a divisor with strict
normal crossings. Consider the coarsest statification M = Uy.gY into locally closed
subsets, such that all components of D are closures of a stratum in the finite set S.
The variety M itself will be the unique open stratum. Denote by ny the codimension
of Y. Consider, furthermore, a toroidal action py of M on the formal completion
My = Cy(ﬁ) of M along Y which hence establishes Y as the invariant subscheme My .
For a pair of strata Y,Z, we write Z<Y if ZcY.

Definition 2.3.2. The embedding M < M together with the collection {py }y is called
a (partial, if M is not proper) toroidal compactification if for each pair Z <Y of
strata, we have an injective map Bzy :[ny] < [nz], such that the natural morphism of
formal schemes

MZ E—— My
is equivariant with respect to the action of M"Y, where M"Y acts via 8zy and pz on M.

Remark 2.3.3. The map Bzy is uniquely determined by the condition in the definition,
and hence for strata W < Z <Y, we have Bwz8zy = Bwy-

We will regard objects on M, such as coherent sheaves etc., always with a compatible
action of the GY (not necessarily M) on their completion on My for all strata Y in
a compatible way.
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Definition 2.3.4. In particular, let [O57-tcoh] be the category of coherent sheaves with
compatible GJ¥ -actions on the various completions. Denote by [O-tcoh-can] the full
subcategory of those sheaves with compatible G].¥-actions whose completions are all
canonical extensions (cf. Section 2.2.7).

For example, Q'(M), T(M) and O57 are naturally objects in [Oj-tcoh]. The former
two are not canonical extensions, however.

2.3.5. Each cloied stratum Y is itself a (partial) toroidai compactification. The
completion C(Y') is the following formal subscheme of C(M). Its affine pieces are
given (with the notation from Definition 2.1.3) by Ro[R,,...,R., ] modulo the ideal

generated by Re ;... Reyq, (where = fzy). The formal scheme 07(?) carries an

action of G727 . Here, the missing indices not in the image of 5 can be numbered in
any way. We denote the corresponding injective map by 5%y : [nz —ny] = [nz]. With
the restriction By, : [nz —ny] < [nw —ny] of the transition maps Sz for W< Z<Y,
the scheme Y becomes a toroidal compactification. The following commutative diagram
shows the compatibility of the chosen numberings:

6,
[TLZ —le]Cﬂ) [le—ny] .

Byy Bivy
B
[nZ]CL) [nw]

Lemma 2.3.6. Let E be a coherent sheaf on M with compatible GI'Y -actions on the
respective completions Ey on My . Then for any stratum Z <Y andveZ™ , we have that

Ey(’l})

is the coherent sheaf on Y which (with respect to the restricted structure of toroidal
compactification of Section 2.3.5) corresponds to the functor with respect to Z:

2z Ez(Bzy (v)+Bzy(2)).

Proof. Left to the reader. O

2.3.7. For the following, we will work on the topological space underlying M itself and
consider coherent sheaves F on My as coherent Cy-(Og7)-modules (in the sense of ringed
spaces) on M. Note that we have

(Cy(O3))(U) = Or, (UNY).

Note that this is not quasi-coherent as O3;-module, except for the open stratum M itself.
We write Cy-(O57)]y for the sheaf

UHOMY(YQU)

and similarly for a sheaf of Oy, —mo@les F on My, we will write Fly for the so-defined
restriction considered as a sheaf on M.
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Lemma 2.3.8 (Glueing lemma). Let the following data be given:
(i) For each stratum Y a functor
Fy :Z" - [Y -tcoh-can]

which satisfies the conditions of Proposition 2.2.1, iii, where [Y -tcoh-can] is the
category of toroidal coherent sheaves on Y which are canonical extensions (see
Definition 2.3.4)°.

(ii) For all Z <Y, an isomorphism of functors

HZY:L*ZYFY;)thEFZ (4)

which are compatible with respect to Y < Z <W in the obvious way. Here, 17y 1 Z =Y
1s the natural closed embedding.

Then there exists a coherent sheaf E on M with compatible actions of GY on Cy(E) for
all Y, with natural isomorphisms

Ay 1 OBy 2 Fy (5)ly

which for each Z <Y are compatible with the functors kzy in the sense that for allve Z™
the diagram

Ay

Cy(B)ly [Fy]ly

i i~ (5)

CHCHEBA Dz =2 (Co[p3,, limp,y, F2]))|z

is commutative. Here, [Fy] is the coherent sheaf of Cy(Ogp)-modules determined by
the functor Fy, and similarly, [p}, limg,, Fz] is the coherent sheaf of C7(O3p)[B7y -
modules determined by the functor p;‘gzy limg,, Fz. The morphism kzy is the composition

[Fylly = CHCZ(Iy DBz ]) — C[ph,y oy Fr 1) — C5lpp,, lim Fz],

where the second isomorphism is induced by the fact that all Fy(v) are canonical
extensions along Z (cf. also Section 2.2.7). In particular, E is isomorphic to Fyr on
the open stratum M. The sheaf E is uniquely determined (up to unique isomorphism) by
this property and the isomorphisms k.

Proof. We apply (Hor20, Main Theorem 7.6). The sheaves of Ogj-algebras Ry of
(Hé@, 7.2) are isomorphic to the restriction of the sheaf Cy(O57) to any open subset
U c M, such that UnY =Y, the sheaf that we denote by Cy-(O37)ly-

3In fact, only the restriction to Y of these sheaves matter. For technical reasons — to be able
to describe the glueing — we consider their canonical extensions here.
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For any pair of strata Z <Y, the sheaf of Op-algebras Ry z of (Hor20, 7.2) is,
by definition, equal to Cy(Rz ®o._ Ov), where U is any open subset, such that
UnY =Y and where the tensor product is formed in the category of ring sheaves. The sheaf
of Oj7-algebras Cy-(Rz ®0++ Op) is also isomorphic to a completion of the localisation
C#(Ox)[By's] since Y \Y is given in formal local coordinates in C(Y') by the zero locus
of 2p,,...,xy,, where {ki,...,k;} is the complement of im(3).

By the nature of toroidal compactification of M, we have an action of G™* on Ry and
an action of G!# on Ry z which are compatible (via Szy) with the inclusion

Ry > Ry7z.
The category of Ry-coherent sheaves with G],¥-action is equivalent to the category
Fun(Z" ,[Oy-tcoh])9-.

Hence, the given collection of functors { Fy }y gives such objects by restricting Fy to Y.
From the category of Ry z-coherent sheaves with GJ.Z-action, we have still a fully
faithful embedding into the subcategory of

Fun(Z"?,[Oz-tcoh])

consisting of the functors which are constant in the directions e; for i ¢ im(8zy ). The
glueing datum required by (Hor20, Lemma 7.5) can therefore be given by diagram (5).
Hence, (H6r20, Main Theorem 7.6) provides the requested sheaf of O57-modules, which
is by construction an object in [O3;-tcoh]. O

2.4. Toroidal compactifications of (mixed) Shimura varieties

2.4.1. The standard examples of abstract toroidal compactifications in the sense of
Definition 2.3.2 are toroidal compactifications of Shimura varieties (AMRT10). Since we
are interested only in the situation over a field, we can use the theory of canonical models
of toroidal compactifications of mixed Shimura varieties due to Pink (Pin90, 2.1). We will
use the language of (Hor10) (cf. also (Horl4, 2.5)), which is concerned with extensions of
the theory over the integers (in the case of good reduction of Hodge type mixed Shimura
varieties). For the automorphic data referred to in the next section, we rely on (Hor14, 2.5)
also for the rational case. In that case, the ideas for the proofs of the theorems in (Horl4,
2.5.) (which are given in (Hor10)) are essentially due to Harris (Har85; Har86; HZ94).

2.4.2. For each pure (or mixed) rational Shimura datum X = (Gx,Dx,hx) in the sense
of (Horl4, 2.2.3)* or (Pin90, 2.1), and for each sufficiently small compact open subgroup
K c Gx (A(®)), there is an associated Shimura variety M(%X) which is a smooth quasi-
projective variety defined over the reflex field F(X).

Furthermore, for each smooth K-admissible rational polyhedral cone decomposition A
for X (cf. (Horl4, 2.2.23)), there is a (partial) toroidal compactification M(X X) which
contains M(¥X) as an open subvariety whose complement is a divisor with strict normal

4(Where the integrality property has to be ignored)
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crossings, if K is sufficiently small. This and the following is a summary of (Horl4,
Main Theorem 2.5.9). If A is chosen (and this is always possible) to be projective and
complete, then M(X X) is a smooth projective variety defined over the reflex field F(X).
This situation thus gives rise to a stratification of M(X X) as considered in Section 2.3.1.
Each stratum corresponds, furthermore, to an orbit of rational polyhedral cones in A. For
each stratum Y in this stratification, there is a mixed Shimura datum Y = (Gy,Dy,hy),
such that Gy is a subgroup of Gx (if X is pure, this is a certain normal subgroup of the
Q-parabolic of Gx describing the corresponding boundary component in the Baily-Borel
compactification). The boundary component Y is determined only up to conjugation.
Furthermore, A restricts to a rational polyhedral cone decomposition Ay for Y. The
partial toroidal compactification of the mixed Shimura variety M(IA(":Y) has a matching

stratum Y and there is an isomorphism of formal schemes (assuming that K is small
enough)

CyM(AX) 2 CoM(AYY).

Furthermore, the mixed Shimura variety M(¥vY) is a torus torsor over another mixed
Shimura variety M(KQY/U ), where U is a subgroup of Uy (a subgroup of the centre
of the unipotent radical of Gy determined by the mixed Shimura datum) and the
action of the torus extends to M(giY) (cf. (Horl4, Paragraph 2.5.8)). The acting torus
gets canonically identified with G (up to numbering of the coordinates) by means
of the integral basis of the ny-dimensional rational polyhedral cone describing Y. By
construction of the toroidal compactification, this action extends to MY in such a way
that C’?M(IA{SY,Y) becomes a toroidal formal scheme in the sense of Definition 2.1.3.
The functoriality of the theory implies that the actions of the tori match for pairs of
strata Z <Y. Thus, M := M(X X) is an abstract toroidal compactification in the sense of
Definition 2.3.2.

3. Automorphic data

3.1. Automorphic data on an abstract toroidal compactification
Let M be an abstract toroidal compactification (Definition 2.3.2).

Definition 3.1.1. Automorphic data on the abstract toroidal compactification M
consist of a collection {Gy, My, By,... }y indexed by the strata Y of M with
(i) a linear algebraic group Gy (not necessarily reductive);

(ii) an open and closed subscheme My of the moduli space of quasi-parabolic
subschemes of Gy. We will call these spaces generalised flag varieties. If Gy is
reductive, then they are projective. We consider the right action of Gy on My by
conjugation;

(iii) a diagram of formal schemes
My <"— By —2> MY

in which 7 is a right Gy-torsor and p is a G'y-equivariant morphism;
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(iv) a lift of the MY -action to By in a Gy-equivariant way, and such that p is MY -
invariant. We assume that By is a canonical extension, that is isomorphic to H’1B7
for some bundle on Y with its induced M"Y -action, where II: My — Y is the
projection (if a k-rational point of M"Y exists, corresponding to a quasi-parabolic

Qy, such a datum is equivalent to a Qy-principal bundle on Y);
together with

5. for strata Z <Y closed embeddings of algebraic groups azy : Gz < Gy which induce
open embeddings M}, - My, and Gz- and M"Y -equivariant morphisms pzy : Bz —
By, such that the diagram of formal schemes

MZ<LBZ$-M§

L

My <Z— By —> MY

commutes. The morphisms have to be functorial with respect to three strata W <
Z<Y.

In other words, if MY contains a k-rational point @/, automorphic data are roughly
given by a Qps-torsor on M, such that the structure group restricts to Qy on the formal
completion along Y in an MY -equivariant way. Here, Qy is the quasi-parabolic in My (k)
mapping to Q.

3.1.2. The diagram in Definition 3.1.1, iii. for Y = M can be equivalently described by a
morphism of Artin stacks (omitting the subscripts V)

=: M~ [G\M"].

Let &€ be a vector bundle on [G\MV], that is, a G-equivariant vector bundle on M.
The pullback =Z*& is called the automorphic vector bundle associated with £. It can be
explicitly described as follows: Note that there is an equivalence of categories between
G-equivariant vector bundles on B and vector bundles on M. The vector bundle Z*&
is the vector bundle on M corresponding to the G-equivariant vector bundle p*&. This
construction will be generalised in Section 3.4 (cf. Example 3.4.4 for the special case).

3.1.3. Consider the following sequence of vector bundles on By (which are all M]Y-
equivariant and canonical extensions). We assume given a logarithmic Ehresmann
connection on By, that is a section sy which is Gy-equivariant and MY -equivariant:

e

0 — Op, ®Lie(Gy) =T5 " — T, (log) — 7* T, (log) — 0.

Note that Gy acts on Op, by translation and on Lie(Gy) via Ad. Since everything is
MY -equivariant and a canonical extension, this is equivalent to giving a G'y-equivariant
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section of the sequence

—
0 —— 0, __y®Lie(Gy) —= O, 1+ ®Tp, (log) — 7" (O3 ® Ty, (log)) — 0.
(6)
Furthermore, these sections are supposed to be compatible with respect to the relation
Z <Y on strata. Such a datum will be called automorphic data with logarithmic
connection on the toroidal compactification M.

3.1.4. We define the Gy-subvector bundle T]g(;fz as the image of sy, and get a Gy-
equivariant decomposition:
Tp, (log) = Tg;"m eangfZ.
The connection is called flat, if
(F) T]gf,rz is closed under the Lie bracket®.

We denote the corresponding projection operators by PYe'* and P,};O‘Z. If sy is flat, it
induces a homomorphism of ring-sheaves

1/:7r’1DMY (log) — D, (log). (7)

Remark 3.1.5. Let Y be a stratum of positive codimension and D; the components
of the divisor with Y c D;. We have a Gy-equivariant commutative diagram with exact
rows and columns

D0, .y ——————®,0,..y

18y s 1=y

P
0 ——Lie(Gy)®0, .y —= T, (log)® O__,yy — 1* (O3 ® T}, (log)) —0,

0—— LiE(Gy) ® wal?

Tﬂ_,1? W*T?—> 0

0 0

where we denote by &; vy, respectively, ££’Y the restriction of xi% for z; a local equation

for D;, respectively, 7 1D;, to Y, respectively, 7-'Y. Those are independent of the choice
of the parametrex;. We have

Resp, (sy) =& y =5y (&i.v) =P/ (& y)

®Note that the Lie bracket on T, restricts to Tz, (log).
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which is a Gy-invariant Lie(G)-valued function on 77'Y. This may be taken as the
definition of the residue. If it is trivial, the datum can be given by a flat connection on
the restriction of By to Y. For strata Z <Y, we have

pZy (Resp, (sy)) =Resp, (sz). (8)

3.1.6. Note that, by the structure of toroidal compactification, we have a sequence dual
to sequence (3)

0—— @Zyl OMY scan; py —— TMy (log) H*T? 0 5

where can; ar, are the fundamental vector fields for the Gy -action on My, and Il is the
projection to Y. Similarly for By.
Since can; gy |13 =&y, We have therefore
Resp, (sy) = Py (can; )| 13-
The following axiom will be called the unipotent monodromy condition:
(M) For any 4, we have PY(can; g, ) € Lie(U)® Op,, where Lie(U®) is a Lie

subalgebra of Lie(Gy) given by a one-dimensional normal unipotent subgroup
G, 2UW cGy.

Since everything is M,-equivariant, we could state the condition equivalently as
Resp,(sy) € ugf) 0 .y

Remark 3.1.7. Axioms (F) and (M) are only concerned with the bundles My « By.
For k = C, suppose that II and the local equations x; of weight e; converge on M (C) in a
neighbourhood U oY Then for each base point be B lying over a point in U, the bundle B
with flat connection corresponds to a homomorphism 71 (M) — P(C) (monodromy at b).
Let M; be the image in G(C) of a loop around D;. We have then

M; = exp(-2mv/~1- PY*"(can,, g, ) (b))

(the choice of v/-1 corresponds to the orientation of the loop). The compatibility (8)
shows that M; lies in the unipotent subgroup U < Gy (C) c G(C) for any Y c D;. This
explains the name of the axiom (M).

Axiom (M) has the following immediate consequence:

Lemma 3.1.8. We have p(Py**(can; g, )) Ep*Tﬁ)v (or, equivalently, p( P2°™(can; g, )) €
p*T]E;)V), where T]E/Z[V is the subbundle of Ty induced by a Lie subalgebra ug,z) c Lie(Gy)
given by a one-dimensional normal unipotent subgroup G, =U® c Gy .

Note that because of the normality of U, the bundle T ](v;)v is Gy-equivariant itself.

3.1.9. The automorphic data satisfy Torelli®, if we have in addition

6This rather corresponds to classical infinitesimal Torelli theorems.
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(T) a direct sum decomposition

Tg, (log) = T, """ (log) @ T}

vy ?

where Tg;vert(log) is the intersection of Tg;vert with T's, (log) in T, .

Since the morphism 77 'Y — My is a submersion (because P maps 7 'Y into itself)
Tp, (log) » p*TM‘; is still surjective, and we have again an exact sequence with section

s
D
p—vert,

0——=Tg, (log) —— T, (log) p*TMSv/ 0,

whose image is T]gi’fz.
Hence, Torelli (T) induces an isomorphism

p*TMv = W*TM(log)

and in the same way as before, if sy is in addition flat, it induces a homomorphism of
ring-sheaves

p:p~'Dyy > D, (log). (9)

3.1.10. We also consider the following axiom (called the boundary wvanishing
condition):

(B) For all strata Y # M, we have: Hi([M¥/Gy],wNI¥) =0 for i > dim(Y")

(cf. Section 3.2 for the notation). Here, wary = Q% is the highest power of the Gy-
Y
equivariant sheaf of differential forms on My .

3.2. Generalised flag varieties and representations of quasi-parabolic
subgroups

3.2.1. For a linear algebraic group G and a quasi-parabolic subgroup @, we have
several functors between @Q-representations, G-representations and (equivariant) coherent
sheaves on the quasi-projective variety MY = Q\G (generalized flag variety)”. These
functors are best understood in the language of Artin stacks. We will not use this theory
explicitly but mention it as a guiding principle because it so much clarifies the relations.
All representations are, of course, understood to be algebraic. We have the following
diagram of morphisms of Artin stacks, where all stacks are quotient stacks (even schemes
in the right-most column):

[/Q] —— [M"|G] <—— M"

J/b , id (10)

[-/G] e spec(k).

7Hence, in contrast to the last section, we explicitly assume for simplicity that M has a
k-rational point with corresponding quasi-parabolic Q.
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We denote the categories of (quasi-)coherent sheaves on a stack X by [X-(q)coh] or
sometimes by [Ox-(q)coh]. For the particular stacks above, we get

[[/Q]-coh] category of finite-dimensional algebraic Q-representations in k-vector
spaces;
[[/G]-coh] category of finite-dimensional algebraic G-representations in k-vector
spaces;
[[MY/G]-coh] category of G-equivariant finite dimensional vector bundles on MY;
[MVY-coh] category of coherent sheaves on MY;
[spec(k)-coh] category of finite-dimensional k-vector spaces,

and similarly for the categories of quasi-coherent sheaves.
The corresponding pullback and (derived) pushforward functors between the categories
of (quasi-)coherent sheaves are given as follows.

a associates with a Q-representation V, a locally free G-equivariant sheaf on M. The
total space can be described as (V x G)/Q, where @ acts on V and G. It defines
an equivalence of the category of finite-dimensional Q-representations and coherent
G-equivariant sheaves on M".

a* is the inverse of a,, evaluation at the chosen base point of M.

b, global sections on MY, remembering the induced G-action. The right derived functors
give the cohomology on M"Y equipped with the induced G-action.

b* associates with a G-representation V, the coherent sheaf V ® Oy, with the natural
G-action.

c* forgets the G-action.

d, global sections on MVY. The right derived functors are the cohomology on M".

d* associates with a vector space V the coherent sheaf V ® Oy;v.

e, induction Ind?e}(—)7 associates with a vector space V, the G-representation V ®
O(G).

e* forgets the G-action.

f+ associates with a G-representation, the vector space of G-invariants. This functor is
exact if G is reductive. Otherwise, the right derived functors are the (Hochschild)
group cohomology of G' with values in the respective representation.

f* equips a vector space V with the trivial G-representation.

The composed functor a*b* is the forgetful functor considering a G-representation as a
@-representation. Its right adjoint, the composed functor b.a., is therefore also called
Indg(—)7 but it is not exact in general.

For a stack X over k, we denote by H'(X,£) the higher derived functors of m,
evaluated at the (quasi-)coherent sheaf £, where 7 is the structural morphism. For
example, H*([-/G],€) denotes the (Hochschild) cohomology of G with values in the
representation £.
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We will use the following lemma and its obvious consequences when one of the functors
is exact, without further mentioning.

Lemma 3.2.2. For all compositions of pushforward functors along morphisms of Artin
stacks, we have corresponding Grothendieck spectral sequences of composed functors.

Proof. See, for example (Theld, Tag 070A). Cf. also (Jan03) for more elementary
statements regarding the stacks appearing in this section. O

3.3. Jet bundles on generalised flag varieties

3.3.1. We start with a general discussion of jet bundles and differential operators. Let X
be a smooth k-variety and X (™) the n-th diagonal, that is

XM o XX

is the subscheme defined by J", where J is the ideal sheaf of the diagonal. Let £ be a
vector bundle on X.
We have the two projections:

x ()

X X
One defines the n-th jet bundle J"& by

J"E=pry ,pr5&
which is always equipped with a surjective map
JE > E,

induced by the unit & - A,A*E, where A: X - X is the diagonal. Since Oxm) =
pri Ox =prs Ox, there is also a splitting of this map in the case £ = Ox:

OX —>JnOX,

3.3.2. For two vector bundles £ and F, the sheaf of differential operators (of degree <n)
is defined as

DS(E,F) = HOMo, (J"E,F).

The bundle J"E has a second O x-module structure coming from pry, which we denote
as an action on the right. We have

J"Ox &= J"E,
where the tensor-product is formed with respect to this second O x-module structure.

3.3.3. There is an inclusion

D" (E,F) > HOM(E,F)
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into the sheaf of k-linear (not O x-linear) morphisms of sheaves. For an open subset U c X
a section s € H(U,€) here is considered to be a morphism

OU - EU
and the composition
Ov = pry . pr; Oy =pry , prs Oy = pry  pryéy = J"Ey

yields a section in H(U,J"&) and then, via application of an element of H°(U,HOM
(J"E,F)), a section in H°(U,F). The second Ox-module structure on J"E here dualises
to precomposition with a section of Ox. We write D" := D="(Ox,0x ). The ring sheaf
Dx := colim,, DY is generated by Ox and Tx with the only relations coming from the
Lie bracket of vector fields and differentiation of functions.

Similarly to the case of jet bundles, we have
D"(£,0)=DY{' ®E&",
where the tensor product is formed with respect to the right-O x-module structure.

3.3.4. In the special case X =G, where G is an algebraic group, we have a natural
isomorphism (compatible with the filtration by degree):

Dp = colim, DE" = O @ U (Lie(G)),

where U(Lie(G)) is the universal enveloping algebra of the Lie algebra Lie(G). Elements
of Lie(G) are considered to be vector fields using the action by left-translation. They
are invariant under the action of G on G by right-translation. The isomorphism is hence
G-equivariant under right-translation, where G acts on the right-hand side only on Og.
It is G-equivariant under left-translation if G on the right-hand side acts on Og by
left-translation and via Ad on Lie(G).

3.3.5. The construction in Section 3.3.4 is a special case of the following. Let G be an
algebraic group and X = Q\G, where @ is a quasi-parabolic subgroup of G. These are the
generalised flag varieties, denoted My, in the last section, thus assuming here that they
have a k-rational point [@Q] in the sequel. Denote by 7 : G - Q\G the projection.

Proposition 3.3.6. Let F be a Q-representation and
£-Q\(GxE)
the corresponding G-equivariant vector bundle on Q\G. Then we have
D(&7,0) 2 Q\(Gx (U(Lie(G)) ®u(vLie(@)) ),

where @ acts on U(Lie(G)) via Ad and on E wvia the given representation. This
isomorphism is compatible with the filtration by degree.

Proof. Sections on U c Q\G of the bundle Q\(G x (U(Lie(G)) ®y(rie(0)) E)) can be
considered as Q-invariant sections on 77U of the constant bundle U (Lie(G)) ®y (vie(0))
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FE, and similarly, sections on U in £* are @-invariant sections of the constant bundle E*
on 7 1U. The action

H°(n7'U,U(Lie(@)) ®u(Lieo)y E) xH (n7'U,E*) - H*(7"'U,E")
given by

g(Xev)-frg(Xu(f)),

where X acts as differential operator on the function v(f) € Og(7~1U), is Q-invariant
and therefore induces a morphism

H° (7 'U,U(Lie(G)) ®u (Lie(@)) E)? = D(E*,0)(U).

Using local coordinates, one checks that it is an isomorphism. O

Definition 3.3.7. We define
J'E = ((U(LIG(G)) ®U(Lie(Q)) E*)Sn)*.

Corollary 3.3.8 (to Proposition 3.3.6). The Gy -equivariant sheaf on My associated
with the representation J'E is J"E.

3.3.9. There is a logarithmic version of the sheaves of differential operators defined in
the last section. Let X = M be a smooth k-variety equipped with a divisor with normal
crossings. We define

’Dsn(OX,Ox)(log) C'DSn(Ox,OX)

as the subsheaf of differential operators generated by Ox and the vector fields in Tx (log),
and define D="(&,F)(log) similarly. We set

Jiog€ =D"(€,0x)(log)".
The following theorem was shown in (Har86) for the case of Shimura varieties.

Theorem 3.3.10. Let M be a toroidal compactification equipped with automorphic data
with logarithmic connection satisfying the axioms (F,T). Let V be a representation of Qur,
andV:=Z*V the corresponding automorphic vector bundle on M (cf. Section 3.1.2). Then

the automorphic vector bundle associated with J™V is precisely JfggV.

Proof. Let V denote the bundle Q\(G x V) on Q\G. It suffices to show, dually, that the
automorphic vector bundle associated with the G-equivariant vector bundle DS"(‘N/*,O)
on Q\G is D="(log)(V*,0).

Let Y be a stratum. For the proof, it suffices to take Y = M, however, we will need the
more refined discussion later. There are Gy-equivariant homomorphisms of ring sheaves
(which respect the filtrations by degree), cf. Sections 3.1.3-3.1.9:

p:7 ' Dagy (log) = D, (log)
v: p_l’DM}v, - Dp, (log)
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given by the flat connection sy (and the Torelli axiom). They are compatible with the
left- and right-module structures under 71Oy, respectively, p’lOMSv/. Furthermore,
we have

Op, v(p™' D3}y ) = DE* = Op, - u(n ' D3, (log)),
where D%"er is the silbring sheaf of Dp, (log) generated by Op, and Tg‘grz.
The bundle D="(V,0) on My is isomorphic to
<n I7*
DM‘;V/ ®0M¥/ v
where the tensor product has been formed with respect to the O M¥—right-module
structure on D37, .
Y

Furthermore, we have a Gy-equivariant isomorphism:
* < 7\ ~ —18< P~ *T7
" (Dify ®0,y V) 2 (Opy - p(n D3y, (l0g))) 80, p*V

Lemma 3.3.11 below). Now, Gy acts on Op, -u(7 D5? (log)) exclusively on the first
Y My
factor, that is

(Op, -u(n™'Dij, (10g)))“” = Dij, (log)

using the identification of Gy-invariant sections of a Gy-bundle on By with the sections
of a vector bundle on My . Conclusion:

(r" (D3l ®0,y V)4 2 D7, (log)®o,,, (0" V). O
Lemma 3.3.11. The subsheaf Op, ~V(p’1D§/ZV/) of Dp, (log) is also a right-Op,, -
submodule sheaf, and we have:
* <n 7\ ~ -1pm<n = *T7
P (,D]<\4§ﬁ ®0M¥/ V)= (OBY -v(p 'D;[‘v/ ))®oByp vV,
where the tensor product in both cases is formed with respect to the right-module structure.

Proof. This follows by induction on the degree from the fact that v is compatible with
the right-p~' Oy -module structure. O

3.4. Fourier-Jacobi categories

Definition 3.4.1. Let M be a toroidal corﬂ)actiﬁcatign equipped with automorphic
data. We define the Fourier-Jacobi category [M-FJ] of M. The objects are collections of
functors

Fy :Z"™ - [[My |Gy ]-qcoh]

for each stratum Y, and natural transformations pzy for each pair Y < Z of strata,
satisfying the following conditions:

(i) For each j, there is an N €Z, such that for all v with v; > N, the objects
Fy(U)
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do not depend on v; and for all v <v" with v;,v} > N, the morphisms
Fy(v—v")

do not depend on v; and v and are identities if v; = v; for all i # j. In other words, the
Fy are isomorphic to a left Kan extension of a functor Z7}, — [[ My /Gy ]-qcoh]®.
We denote the respective constant value by limy_,. Fy (v+ Ae;). Note that also
expressions like limy, x,-o0 Fy (v+A1€;+A2e) etc. make sense.
(ii) For all Z <Y with corresponding map Bzy : [ny ] = [nz] and morphism azy : Gz —
Gy, there are isomorphisms
ﬂZY(U):a*ZYFY(U)_N’X lim FZ(ﬁZY('U)"')\klekl+"'+>\klekl)
Ky Aky >0
for all v e Z"¥ . Here, {ki,...,k;} is the complement of im(Szy ). These isomorphisms

are supposed to be natural transformations of functors in v and to be functorial
with respect to three strata W <Z<Y.

The morphisms in the category [M-FJ] are collections of natural transformations {Fy —
Fy }y for all strata which are compatible with the isomorphisms pzy (v).

In the same way, we define categories [Y-FJ], where the objects only consist of functors
Fz for Z<Y. We also define [Y-FJ], whose objects are just functors Fy satisfying
property 1. All Fourier-Jacobi categories are Abelian categories.

Definition 3.4.2. We define the following full subcategories of the Fourier-Jacobi
categories:

(i) [M-FJ-2]: We ask in addition that for each stratum Y, there is an N €Z, such
that

Fy(’U) =0

if some v; < N. Such elements shall be called bounded below. It means that Fy
is actually a left Kan extension from a functor Al'Y — [[ My, /Gy ]-qcoh] for some
neN, where A, is considered as an interval [N,N +n]cZ.

(ii) [M-FJ-coh]: As before, but with the additional condition that Fy (v) is finite
dimensional for all ¥ and v. Such elements shall be called coherent.

(iii) [M-FJ-> N], [M-FJ-> N-coh]: As before but with fixed N.

(iv) [M-FJ-tf]: All bounded-below objects, such that in addition for all v < w, the

morphism Fy (v) - Fy(w) is a monomorphism. Such elements shall be called
torsion-free.

(v) [M-FJ-1f]: All torsions-free objects, such that for any Y and any diagram in Z"¥
of the form

8This would rather only say that the Fy become constant up to isomorphism, but there is no
harm in requiring that they are actually constant.
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vV —————>V+e;

_—

vte; —>=vte;te;

9

the corresponding diagram

Fy(v) ——— Fy(v+e;)

l |

Fy(v+ej) — Fy(v+e;+ej)

is Cartesian. Such elements shall be called locally free.
(vi) [M-FJ-1f-coh]: All locally free and coherent objects.

3.4.3. Obviously the definition of Fourier-Jacobi category mimics the situation for vector
bundles on toroidal compactifications, and we now proceed to define an exact functor

Z*:[M-FJ-coh] - [M-tcoh]

as follows: For each Fy (v) € [[My./Gy ]-coh], we form p*(Fy (v))“ |5 which is a vector
bundle on Y. It carries an action of M2~ on

C7(py (Fy () [5) 2 (07 (afy Fy () %) 5

which is a canonical extension (cf. Section 2.2.7).
The so-defined functors

Fy, :Z" - [Y-tcoh-can]

(where Y is equipped with its structure as restricted toroidal compactification) together

with the maps induced by the uzy satisfy the requirements of Lemma 2.3.8. Hence, we

get a coherent sheaf =*({Fy}) on M which carries a G} action on C5-(Z*({Fy })).
We call the sheaves in the image of Z* generalised automorphic sheaves.

Example 3.4.4. The easiest case is
=V = (ph, V)M,

where V is a bundle on [M-FJ-coh] = [[M"/Gs]-coh]. It is a vector bundle which is a
canonical extension itself and can be described by the collection of functors

* ny
Fyive {aYMV for v e Z3}

0 otherwise.

Sheaves of this form are locally free and are called automorphic vector bundles.

Remark 3.4.5. The Fourier-Jacobi categories are related to the classical Fourier-Jacobi
expansions as follows. For each F € [M-FJ] and stratum Y, there is a morphism Fourier-
Jacobi expansion:
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H'(M,=*F)~ [] H'(M,Z*F,),

VeZ™Y

where F, is the following element of [M-FJ]. On Y, it is defined by

Fy(v) for w=v,

Fvyy(w) = {

0 otherwise

and is a similar restriction of F' on strata Z <Y and 0 on all others. Note that Z* F, has
support on Y.

Definition 3.4.6. For the category [M-FJ-tf-coh], we define a tensor product,
mimicking the tensor product of Section 2.2.6. Let F and G be objects of [M-FJ-tf-coh].
We define

(F®G)YIU'—> Z F‘y(’l)l)®G'y(’Ug)7

V1 +v2=v

where the sum is formed in (lim,_e Fy (v)) ® (limye Gy (v)).

Lemma 3.4.7. The exact functor (cf. Section 3.4.3)
E*:[M-FJ-coh] - [M-tcoh]

preserves the tensor product when restricted to [M-FJ-tf-coh].

Proof. It suffices to see this on the open parts My |y of the My . The verification is left
to the reader. O

3.4.8. For each pair (Y,v), where Y is a stratum and v € Z™ | there exist restriction
functors:

(v)}: [M-FJ->N-coh] - [[My./Gy]-coh]

(v)y: _ [M-FJ] - [[M{/Gy]-qcoh]

(v)y: [M-FJ->N] - [[My/Gy]-qcoh]

given by F — Fy (v). Those are exact and have each an ezact right-adjoint (v)y ., which
is given as follows. The functor ((v)y,.V')y is given by the right Kan-extension v,, where
v:{-} = Z"¥, respectively, v: {-} = ZJ); also denotes the inclusion of v. In other words,
we have

V ifw<wv (and w; > N for all 4 in the > N-cases)

0 otherwise.

((V)y,«V)y(w) = {

Note that v < w means that v; <w; for all . For any stratum Z <Y, we define

((0)y.«V)z(v) = azy (v)y«V)y (pr(v)),

where pr:Z"% - Z" is the projection induced by 8zy. In the bounded case, it is set
identically zero if v; < N for some 4. For all other strata Z, the functor ((v)y .V)z
is set identically zero. The so-defined object (v)y .V, together with the obvious
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isomorphisms, satisfies conditions i and ii of the definition of the Fourier-Jacobi category
(Definition 3.4.1).

3.4.9. For each stratum Y and each N €Z, there are exact restriction functors
ty : [Y-FJ-coh] » [Y-FJ->N-coh]

which have an ezact left-adjoint
N1 [Y-FJ->N-coh] = [Y-FJ-coh]

which is given by the natural inclusion (or, in other words, by extension by zero or left
Kan extension for the individual F).

Corollary 3.4.10. For each stratum Y, integer N, and v € ZJY;, there are fully faithful
functors of categories

(v)y .« : D¥([[My-/Gy]-coh]) = D*([M-FJ-> N-coh])
and
i1 : D¥([M-FJ-> N-coh]) - D*([M-FJ-coh])
for e e {b,+,-,2}.

Proof. We have in each case a pair of adjoint functors in which the unit, respectively,
the counit, is an isomorphism. Since all four functors are exact, they induce functors
on the derived categories without modification, and form again pairs of adjoint functors
(because the counit/unit-equations still hold). Since also the unit, respectively, the counit,
is still an isomorphism, we get the requested fully faithfulness of the left- (respectively,
right-) adjoint. O

In particular, for Y = M and N =0, we get that the canonical extension functor
0,1 (0)ps,+ (cf. Example 3.4.4) is fully faithful on the level of derived categories.

Remark 3.4.11. The statement of Corollary 3.4.10 is also true for the functors
(v)y,« : D*([[My /Gy ]-qeoh]) = D* ([(M-FI-2 N])
and
vt D¥([M-FJ-> N]) - D*([M-FJ))
for ¥ e {b,+,—,@}.

We also have the following two lemmas, which, however, will not be needed in the
sequel.

Lemma 3.4.12. The categories [M-FJ-> N] and [M-FJ] do have enough injectives

(while [M-FJ->] does not in general).
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Proof. For any object F' = {Fy}, we define an injective resolution by

[[ @y I(W7F)
(Y,v),v;<Ny
where I((v)}F') is an injective resolution of (v)3F' in the category [[ My /Gy ]-qcoh].
Note that right-adjoints of exact functors and [] preserve injective objects. Here, Ny is
some appropriate upper bound for the stratum Y. Note that because of the bound, the
product exists (as opposed to general products in [M-FJ-> N] and [M-FJ]). O

Lemma 3.4.13. The functors
D* ([M-FJ-> N-coh]) = D*([M-FJ-> N])

D*([M-FJ-coh]) < D*([M-FJ->])
are fully faithful for ¥ € {b,-}.
Proof. Follows from (the dual of) (KS06, Theorem 13.2.8). O

These two lemmas imply, in particular, that D®([M-FJ-> N-cohl]) is locally small and
therefore also Db([M-FJ-coh]l because all of its objects lie in the image of one of the
fully faithful embeddings D°([M-FJ-> N-coh]) < D’([M-FJ-coh]).

3.5. Jet bundles in Fourier-Jacobi categories

3.5.1. We write as usual My := C(M) and Myly for the formal open subscheme
on Y. Recall the definition of the vector bundle Q5;(log) on a variety with a normal
crossings divisor. Locally, the bundle C3-(9257(log))|y is the bundle 0 My |y (log) (defined
in Section 2.2.8) on the toroidal formal scheme My |y, but not on My! Recall from
Section 2.2.8 the description of the associated functor of ﬁMyly (log) on My |y

By Theorem 3.3.10, the vector bundle Q5;(log) on M can therefore be obtained by
glueing and is associated with the following element in [M-FJ-1f-coh]:

Fy'vn—> QM;ﬁ lf’UZO,
0

otherwise.

Note that for Z <Y, the restriction a7y 2 My is canonically isomorphic to (2 My because
azy is an open embedding by definition.

If the given automorphic data with flat logarithmic connection satisfy the unipotent
monodromy condition (M) (cf. Section 3.1.6), then the subbundle Q57 can be described
by the following functor

FY:UH{{&QM% | Viiv;=0=p;i(£) =0} ifv>0,
0

. (11)
otherwise.

Here, p; is given as follows: By the unipotent monodromy axiom, there are Gy-

equivariant subbundles TJE;)V cT MY, given by the Lie algebras u; of one-dimensional normal
Y
unipotent subgroups U; ¢ Gy. The morphism p; is then defined as the projection dual to
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this inclusion. By the unipotent monodromy axiom (M), we have Op, -7 ! (can; ar, ) &
p*(TJg)V) under the natural Gy-equivariant isomorphism
Y

7 Tary (log) = p" Tary -

It follows therefore from the proof of Theorem 3.3.10 that €1 is associated with this
subfunctor.

3.5.2. Assume for the rest of the section that there exists a k-valued point in MY, and let
Q@ be the corresponding quasi-parabolic subgroup of G ;. The discussion in Section 3.5.1
enables us to refine Theorem 3.3.10. Given a Q) ps-representation V or equivalently a G ;-
equivariant vector bundle V on MY, we define the object (J"V)" in [M-FJ-If-coh] by

(J"V)y v JY(V)Y,
where we define a Z"¥ -indexed filtration on J™(V) induced by the dual of the following
7" -indexed filtration on (U(Lie(Gy)) ®u(Lie(Qy)) V*)=": It is given by the tensor
product of the trivial filtration on V* and the filtration on U(Lie(Gy)) which is

the quotient of the induced filtration on T'(Lie(Gy)) (tensor algebra) of the following
filtration on Lie(Gy):

Lie(Gy) ©v>0
Lie(Gy)(v) = u; vi=-land v; >0 Vj#i

0 otherwise
(this is essentially the dual of (11)).

Theorem 3.5.3. Let V be a representation of Qar, and let V:=Z*V be the corresponding
automorphic vector bundle on M. Then the generalised automorphic sheaf associated with

the element (J"V)' in [M-FJ-1f-coh] is precisely J"V.

3.5.4. Define wy;(log) := A" (Q57(log)), where n = dim(M). By Proposition 3.3.10, this
is an automorphic line bundle associated with wysv, and by the above discussion the
subbundle w7 c wyz(log) is a generalised automorphic sheaf on M given by w = {wy}
with

wpy  if vy >1 Vi,
Wy U+ Y .
0 otherwise.

In other words, it is given by ¢1,1 (0)as,« warv, where (0)ar,« is considered as a functor
with values in [M-FJ-> 1-coh]. Note that w My 1s associated with the Qy-representation
A" (Lie(Gy)/Lie(Qy))*. We also define the following generalised automorphic sheaves
wy associated with the functor in [Y-FJ-coh]:

Wy ifv=0,

0 otherwise.

(wY)yZUH{
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It extends (as canonical extension along smaller strata) to an element wy- in [Y-FJ-coh]

(cf. Section 3.4.8). In other words, wy is given by to (0)y,» wary, where (0)y . is

considered as a functor with values in [M-FJ-> 0-coh].

Lemma 3.5.5. There is an ezact sequence in [M-FJ-coh]

0 w wWnpv @Y codim 1 strataWy > @Y codim 2 strata Wy >,

where the sums go over certain multi-sets of strata, which we will not specify because we
do not need them explicitly.

Proof. By induction. O

3.6. Automorphic data on toroidal compactifications of (mixed) Shimura
varieties

3.6.1. The toroidal compactifications of (mixed) Shimura varieties are naturally equipped
with automorphic data with logarithmic connection in the sense of Definition 3.1.1.
We sketch the relation with the theory of mixed Shimura varieties and their toroidal
compactifications in this section, hinting at the reasons for the axioms to be satisfied.
The boundary vanishing axiom, will be investigated more in detail.

Firstly, we may fix the particular boundary components Y (in the sense of mixed
Shimura data) in its conjugacy class, such that for Z <Y, we get a boundary map
Z — Y, that is a closed embedding Gz < Gy together with a compatible open embedding
Dy < Dz. By (Horl4, Main Theorem 2.5.12), for each of these boundary components Y,
there exists a ‘compact’ dual MY(Y) (which is only proper for Y =X, i.e. Y = M, if X is
itself pure) defined over the reflex field F(X). It is of the form My as in the definition
of automorphic data, that is, it is a Gy-equivariant component in the classifying space
of quasi-parabolics for Gy . For the definition of automorphic data, we will consider all
varieties and groups as schemes over the reflex field E(X).

3.6.2. The following is a summary of (Hor14, Main Theorem 2.5.14). For each stratum Y,
there is a Gy, p(x)-principal bundle B(g;Y) over the mixed Shimura variety M(f}‘fY)
together with an equivariant map to the ‘compact’ dual:

MR Y) <"—BEY) = MY(Y).

Because of the functoriality (the torus action comes from a morphism of mixed Shimura
data), the morphism p is M"Y -equivariant and the morphism 7 is M"Y -invariant. These
data are compatible in the sense that if we have strata Z <Y, then there is a commutative
diagram
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P

CpM(KX) —— CxM(R2Z) <—— C 3 (R2z2) —— MY (2)

B A
CyM(£X) —> CeM(XY) <~ C_gB()Y) —= M"(Y),

where the maps are functorial with respect to relations W < Z <Y of strata.
The flat logarithmic connection can be defined analytically by means of the flat section
& on the universal cover given as follows:

Gy (Q)\Dy x Gy (AC)) /Ky <—— Gy (Q)\Dy x Gy (C) x Gy (A)) /Ky —— Gv(C)/Qv (C).

It has logarithmic singularities along the extension of B(f;’Y) to M(KX) and by
Géometrie Algébrique et Géométrie Analytique (GAGA) is therefore algebraic. The fact
that the corresponding algebraic connection is defined over E(X) can be deduced from
(Har85, Section 3.4). In purely algebraic constructions of Shimura varieties as moduli
spaces, it comes from the Gauss-Manin connection on the cohomology bundle and thus
can be constructed in a purely algebraic way.

3.6.3. The Torelli axiom (T) follows analytically because the composition
Dy x Gy (A®)) /Ky - Gy(C)/Qv (C)

is an open embedding after projection to the first factor (the Borel embedding). In purely
algebraic constructions of Shimura varieties, the axiom corresponds to infinitesimal Torelli
theorems of the parametrised objects, which can be proven purely algebraically.

3.6.4. The unipotent monodromy axiom (M) is satisfied because the cone o describing a
boundary component sits per definition in Uy r(-1) and Uy = G¥ is a normal subgroup
of Gy (cf. e.g. (HOrl4, Section 2.2) for its definition). By construction, the fundamental
vector fields can; of the action of GY on M(IA(‘Y,Y) lifted to the universal cover correspond
to the basis-vectors of (Uy N Ky )(-1) spanning o. In cases in which the mixed Shimura
variety is constructed using a moduli problem of 1-motives, as in (Horl4, Section 2.7),
the unipotent monodromy axiom can be read off from the construction.

Proposition 3.6.5 (Boundary vanishing condition (B)). Let Y be a mized Shimura
datum (e.g. one of the boundary components Y ), let n be the dimension of M"(Y), let
Q be one of the quasi-parabolics parametrised by M"(Y), let w be the Q-representation
corresponding to the Gy -equivariant bundle wyv (yy = Q”MV(Y) on MY(Y), and let u be
the dimension of Uy. Then we have:

H'([/Q].w)=0

for all i >n—wu provided that u+v #0.
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Note that all boundary strata Y which come from rational polyhedral cones in the
unipotent cone of Y satisfy dim(Y") >n—u.

Proof. Without loss of generality, we may assume that the base field of the category of
@-representations is C and that all algebraic groups involved are defined over C. We have
the following zoo of connected linear algebraic groups (cf. (Horl4, 2.2) or (Pin90)):

S = G2, the Deligne torus
G=Gy = Go-V-U, where
Go=Go,xy is a maximal reductive subgroup
V=W =z GY
U=Uy =z Gy
h:S->G any homomorphism in hy (Dy ), which without loss of generality can be

assumed to factor via Gg
R = K-R"'=GonQ
is the parabolic in Gy (with its Levi decomposition) associated with h
R*'R™ = G°

vV o= Vv
vVt = QnV
Q = R-V7 is the quasi-parabolic in G associated with h and defining M" (Y)

By definition of a mixed Shimura datum, the Lie algebras of these groups have the
following weights under S (acting via Adoh):

Lie(R*) | (-1,1)
Lie(K) | (0,0)
Lie(R™) | (1,-1).

Lie(V*) | (~1,0)

Lie(U) | (-1,-1) Lie(V™) | (0,-1)

We have the following sequence of affine morphisms
MY(Y)=G/(R-V*)>Gy-V/(R- V') > Gy/R

of relative dimensions u = dim(U), and v = dim(V ™), respectively. Go/R is a projective
flag variety of dimension ng =dim(R™). Note that w is isomorphic to the representation
(with @ acting via Ad on the Lie algebras)

(A™ Lie(R")® A’Lie(V™)® A“Lie(U))". (12)
Step 1: We have
H'([/Q)w) =H'([/(V*-R")] )"

because K is reductive. Furthermore, since w is one-dimensional and hence trivial as a
V* and R* representation, we have as K-representations

H'([/(V*-R")]w) = H'([/(V*-R")],C) ®w.

Step 2: The subgroups V* and R* commute (because there is no part of the
Lie algebra of weight (-2,1)). Hence, H'([-/(V*-R")],C) is just the cohomology
of G™*” with respect to the trivial representation. Hence, H'([-/V*-R*],C) =
A (Lie(V*)* @ Lie(R*)*) as natural Aut(V*-R*)-modules (Jan03, p.64, Remark 2).
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Therefore, H([-/(V*-R")],C) =0 for i >ng+v and
H™™([-/(V*-R")],C) = A"""(Lie(V")* @ Lie(R")") = C.

Step 3: Since the last isomorphism is compatible with respect to the natural Aut(V™-
R*)-actions, we see that H™*([-/(V*-R*)],C) is one-dimensional of weight

(v+mng, —ng)
under S. The representation w is isomorphic to (12) and hence one-dimensional of weight
(u—ng,u+v+ng).
Therefore
H™™([-/(V*-R")],C)®w has weight (u+v,u+v)

and thus cannot have any K-invariants as long as u+v # 0. O

4. Hirzebruch-Mumford proportionality

4.1. Chern classes

4.1.1. Let X be a complex smooth projective variety of dimension n. There are several
equivalent ways of constructing Chern classes of vector bundles on X. We follow (Ati57)
and start by discussing the abstract homological algebra behind this construction.

Let C be a closed monoidal Q-linear exact category with exact tensor product ® and
unit O. Tts derived category DY(C) can be constructed as for Abelian categories and is a
tensor triangulated category. An extension of the form

0—=0'e®f JE £ 0 (13)

in which & is dualisable and where, for the moment, Q! is just any fixed object, induces
a morphism

O-E®ERN1]
in D®(C) and thus an alternating” morphism
O (E*0E00)®"[n].

A homogenous polynomial p of degree n in Q[cy,ca,... ], in which ¢; has degree i, gives
rise to a symmetric morphism

P (E*E)®" 0.
For example, if C is a category of vector spaces, we have &(M®") =o;(ay,...,a,), where

o; is the i-th elementary symmetric function and the «; are the eigenvalues of M. Note
that p is a Q-linear combination of compositions of various trace maps contracting one

9Keep in mind that the isomorphism (F[1])®" = F®"[n] anticommutes with any odd
permutation of the factors, hence the morphism in question is alternating with respect to
the obvious action of S, on Hom(O,(£* ®£®Q')®"[n]).
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of the £*-factors against one of the £-factors and is thus feasible in any closed monoidal
category. Together with the alternating morphism (where Q" := A"Q!)

(Ql)®n N Qn’
this induces an alternating morphism
(@0 5 qn.

Putting everything together, we obtain a ‘Chern-Weil’ homomorphism of graded commu-
tative algebras

Q[ey,ca,--- 1= @Home(c)(OaQi[i])-

4.1.2. Let £ be a vector bundle on X. To get the usual Chern classes of £, we start with
the Atiyah extension (where J' is the first jet bundle (cf. Section 3.3))

0—=0QLef JIE £ 0

and perform the construction in Section 4.1.1 in the category of locally free sheaves on
X. This gives a morphism of graded commutative rings

Q[Cla' "7Cn] - @HomDh([Ox-coh])(OX7Q§([i]) = @HZ(ngz)

By (Ati57, Theorem 6), this agrees with other constructions of the Chern-Weil homomor-
phism. To get a numerical statement, we consider a homogenous polynomial p of degree
n=dim X. It yields an element

PEE") e H'(X,w) 2k,

where w:=Q" (the canonical isomorphism being the trace map of Serre duality).

4.2. Proportionality

Theorem 4.2.1 (Hirzebruch-Mumford proportionality). Let M be an abstract toroidal
compactification of dimension n equipped with automorphic data with logarithmic con-
nection satisfying the axioms (F, T, M, B) (cf. Section 3.1) and such that G = Gy is
reductive. There is a constant c€Q, such that for all homogeneous polynomials p of degree
n in the graded polynomial ring Q[cy,c2,...,c,] and all G-equivariant vector bundles £ in
[[MY/G]-coh], the proportionality

p(c1(Z7E),...,cn(27E)) =c-p(c1(E),...,cn(E))

holds true.

Proof. Let p be a homogenous polynomial of degree n in Q[cy,¢a,...,¢,], and let € be a
G-equivariant vector bundle in [[M"/G]-coh]. Starting from the sequence

00— ()98 ——=JH(E) —=E—>0
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in [M-FJ-If-coh] (cf. Section 3.5.2), by the procedure described in Section 4.1.1 applied
to the exact category [M-FJ-1f-coh], we can construct an element

PE™) €Bxtlr o o (Ow).

Note that in the construction only the tensor product of locally free objects is involved

and its exactness on sequences involving those.
Consider the following two (compositions of) functors

’’’’’ —> DP([O57-coh]) .

e

o

D®([M-FJ-coh])

0)*
X forget

D*([M-FJ-coh]) = D([[M"/G]-coh]) —— D’([Oxrv-coh])

They induce linear maps (composing further with tr)

EXtFM_FJ_coh] (O,w)—>k

which map p(E®™) to
p(c1(E*E),...,cn(E*E)), and p(ci(E),...,cn(E)),

*

respectively. Here, it is used that =* is an exact functor which is compatible with the
tensor product when restricted to locally free (or even torsion-free) objects — hence, with
all of the operations performed in Section 4.1.1 — that by Theorem 3.5.3, the image of
JY(E)" under Z* is precisely J!(2*£), and that the image under the second functor is
JY(&), where the G p-action on £ is forgotten (by definition of J'(&)").
Since there are nonzero Chern polynomials on MV, it therefore suffices to show that
n
Ext [M-FJ-coh] (O’w)

is one-dimensional. This is Proposition 4.2.2 below. The compact case, that is M = M, is
easier and Lemma 4.2.3 can be applied directly. O

Proposition 4.2.2. In the setup of Theorem /.2.1 (in particular, G is reductive), we

have

dim(EXtFﬁ-FJ-coh] (Ow))=1.

Proof. By Proposition 3.5.5, we have an exact sequence

0 w wnrv D 0

and a finite resolution of the form

0——D > Dy codim 1 strata Wy~ > Dy codim 2 strata Wy~ > (14)
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We get the long exact sequence
Ext" ' (0,D) —— Ext"(O,w) — Ext"(O,wpv) — Ext"(0,D)

(all Ext-groups are computed in the category [M-FJ-coh]). By Lemma 4.2.3 below,
the dimension of Ext™(O,wyv) is one. Hence, it suffices to show that Ext" *(O,D) =
Ext"(0O,D) = 0. Splitting up the exact sequence (14) into short exact sequences, we see
that this follows from Ext’(O,wys) =0 for i >dim(Y") and for Y # M. We have fully faithful
embeddings (cf. Corollary 3.4.10)
b (O)Y,* biraT Lo,! b

D*([[-/Gy]-coh])—————= D°([M-FJ->0-coh]))*———— D°([M-FJ-coh]) ,
such that the image of wyry = (A" (Lie(Gy)/Lie(Qy)))" under the composition is wy-.

Furthermore, we have

O=1,10.
Hence .
Hom py, (37.3-con]) (t0,15O,10,1(0)y,« wary [i])
= Hom , (37-FJ-30-con]) (5 0,(0)y,« wary [i]) (fully faithfulness) .
= Hompu(([ay /6y J-con)) (Onry wny [i]) (adjunction)

Therefore, the proposition follows from the boundary vanishing condition (axiom B):
HY([My./Gy],wary ) =0 for i > dim(Y). O
Lemma 4.2.3. In the setting of Theorem 4.2.1, we have

dim(EXtFM—FJ-coh] (O,va )) =1.

Proof. We have a fully faithful embedding (cf. Corollary 3.4.10)
DY([[M" |G r]-coh]) = D°([M-FJ-coh]).
The functor RHom(O,-) is the same as the composition
DY([[M"[Gar]-coh]) — D¥([[-/Gar]-coh]) — D¥([spec(k)-coh]),

where the first functor is the right derived functor of taking global sections and the
second is the functor of G ys-invariants. However, the last functor is exact (because Gy
is reductive) and therefore we have

EXtFM—FJ-COh] (O,WMV) = Hn(MV,UJMv )GM .

Since H™(M"Y,wpsv) is one-dimensional by Serre duality, and thus G acts trivially
because its centre does act trivially on M"Y, the lemma follows. Note that axiom (T),
cf. Section 3.1.9, implies that n =dim(M) = dim(M"). O
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