POSTULATES FOR DISTRIBUTIVE LATTICES
MARLOW SHOLANDER

MaNy sets of postulates have been given for distributive lattices and for
Boolean algebra. For a description of some of the most interesting and for
references to others the reader is referred to Birkhoff’s ‘‘Lattice Theory’'[1].
In this paper we give sets of postulates which have some intrinsic interest
because of their simplicity. In the first two sections binary operations are
used to describe a distributive lattice by 2 identities in 3 variables and a Boolean
algebra by 3 identities in 3 variables. In the third section a ternary operation
is used to describe distributive lattices with O and I by 2 identities in 5 vari-

ables.

1. Distributive lattices. Let & be a set of elements @, b, ¢, . . . closed under
the operations U and M and satisfying, for all a, b, ¢ in &, these postulates:
P1. ea=aMN (a\JUb),

P2. aN®Ye)=(cNa)J(dNa).

We wish to prove & is a distributive lattice. In identities (1.1), (1.2), and
(1.3) below, 4 denotes a N a.

(1.1) e=aN(@Ya) =44, by P1 and P2.
(1.2) a=alNa.
Proof. A=4ANAY4)=4Na, by P1 and (1.1).
Hence aNa =aNA\UA)
=ANa)JAdNa)
=A4AUA4 =a, by (1.1), P2, and (1.1).
(1.3) a=AUA4 =aVa, by (1.1) and (1.2).
(1.4) aeNb=>bNa.
Proof. aMNb=(@NbdJeNbd) by (1.3), P2, and (1.3).
=bN(aYa) =bNa,
(1.5) a=bNa)\Ja.
Proof. a=aMN (a\Jb)
=BNa)Ja, by P1, P2, and (1.2).
(1.6) a=a\J[(dbNa)Nal
Proof. a=aNa=aN[bdNa)Jad]

=aUJ[(dNa) Nal, by (1.2), (1.5), P2, and (1.2).
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(1.7) aUb=[\YU @GN Ua.

Proof. aJUb=(@@JUd)N (@b
=bN@YUDdIUlaN (a\Yb)]
=bBU@@NdlYa, by (1.2), P2, P2, (1.2) and P1.

(1.8) b=5b\U(@Nb).
Proof. b=(@Nd\IJbd
={bU[(aNd) N} U (@Nb)
=b\U (aNb), by (1.5), (1.7), and (1.6).
(1.9) a\Ub=>0Ua, by (1.7) and (1.8).

Since the remainder of the exposition has a pattern common to several pre-
vious expositions [1, pp. 135, 136.], we proceed giving somewhat less detail.
We have proved the so-called idempotent, commutative, and absorption laws.
The associative laws remain to be proved.

We denote (¢ \U b) \Ucby Pand a\U (b U ¢) by Q. It is routine to show
thata "YP =a,bN\ P =b,and cN\ P = ¢. Hence,

Q=(E@NP)YJV[OGNP)J(cNP])
=@NP)U[GUI)NPl=QNP.
By left-right symmetry, Q N\ P = P. Thus we have \U associativity and it

is now easy to deduce the dual of the distributive law. By duals of proofs
previously given, we may prove (M associativity. We then have

(1.10) & is a distributive lattice.

2. Distributive lattices with O and I. In this section we note some immedi-
ate extensions of the postulate system P1, P2. Consider the postulates:

P3. a\JO0 =a, for some O.

P3’. aNI=a, for some I.

P3”. oV (aN1I) =a, for some O and some 1.
P3*. To each b there corresponds some b’ such that

aN BUY) =alU (BN

Using (1.10) it is easy to prove the following statements. An algebraic
system which satisfies P1, P2 and

@) P3, is a distributive lattice with O,

(i1) P3’, is a distributive lattice with I,

(iii) P3”, is a distributive lattice with O and I,
@iv) P3*, is a Boolean algebra.
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In case (i), we have a MO = (a\J 0) N O = 0. Moreover O is unique
for if an element O’ shares the properties of O, then O = 0’ U O = 0’. Case
(ii) is the dual of case (i).

In case (iii), we have O U e =0 U [0V (N D] =0 (eNI) = aand
hencea = O\J (e I) = a M I. Thus P3" implies P3 and P3’.

In case (iv), denote 5\J ¥ by I and b\ b by O. FromaNI=a\UO,
oOU@NI)=0U @J0)=aU0=aU@J0) =aJ(@NI) = a.
Hence P3* implies P3”’. It is a routine matter to show that the complement,
b’, of b is unique.

3. Postulates with a ternary operation. The ternary operation used here
is the one introduced by Grau [3]. Kiss and Birkhoff [4] have described dis-
tributive lattices with O and I in terms of the operation. Croisot [2], using
this operation and 5 variables, defines a Boolean algebra by means of 2 iden-
tities and a distributive lattice with O and I by means of 3 identities (see
Problem 64 in [1]). In the latter case also, it happens that 2 identities are
sufficient. We give the result without proof.

Let € be an algebraic system with a ternary operation (a, b, ¢) and with
elements O and I such that, identically,

01. ©,a, (1,5, 1)) = a,

Q2. (a,(b,¢c,d),e) = ((a,¢,¢),4d, (b, a,6)).

If we define e \Ub = (e,1,b) and a Nb = (a, 0, b), then S is a distributive
lattice with O and I. Moreover,

(a,b,¢) =(@Nd)J ONc)J(cMNa).
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