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This paper deals with the following quasilinear chemotaxis system with consumption
of chemoattractant

ug = Au"™ =V - (uVv), z€Q, t>0,
ve = Av — uw, reQ, t>0

in a bounded domain Q C RV (N = 3, 4, 5) with smooth boundary 9. Tt is shown
that if m > max{1, %}, for any reasonably smooth nonnegative initial data, the
corresponding no-flux type initial-boundary value problem possesses a globally
bounded weak solution. Furthermore, we prove that the solution converges to the
spatially homogeneous equilibrium (%o, 0) in an appropriate sense as t — oo, where
ug = ﬁ fQ up. This result not only partly extends the previous global boundedness

result in Fan and Jin (J. Math. Phys. 58 (2017), 011503) and Wang and Xiang (Z.
Angew. Math. Phys. 66 (2015), 3159-3179) to m > 35=2 in the case N > 3, but
also partly improves the global existence result in Zheng and Wang ( Discrete

Contin. Dyn. Syst. Ser. B 22 (2017), 669-686) to m > % when N > 2.
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1. Introduction

Chemotaxis is one of the most important components in the process of reproduction
and migration, it describes the biased movement of biological species or cells towards
chemotaxis substances. In this paper, we study the following quasilinear chemotaxis
(© The Author(s), 2024. Published by Cambridge University Press on behalf
of The Royal Society of Edinburgh
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system with consumption of chemoattractant

up = Au™ =V - (uVv), xeNt>0,
vy = Av — uv, r e t>0, (1.1)
(Vu™ —uVv)-v=Vuv-v =0, x € 0Q,t >0, ’

u(z,0) =wup(x), v(x,0)=uve(x), €l

in a bounded domain Q C RY with smooth boundary 952, where m > 1 is a con-
stant, v denotes the outer normal derivative on 02, u(z, t) and v(x, t) denote the
density of cells population and the concentration of oxygen, respectively. And the
initial data (ug, vg) satisfies

{uo € WhHee(Q) with uy >0 and ug # 0, (1.2)

vg € WhH(Q) with vg >0 in Q.

To better understand the chemotaxis model (1.1), we recall several previous
works. Firstly, we recall the following system that has been studied for more than
ten years,

ug =V - (D(u)Vu) — V- (uVv), x€Q,t>0, (1.3)
vy = Av — uv, zeQt>0, '

where the function D(u) denotes the diffusive function of cells, and the effect of
D(u) on the global solvability of solutions has attracted widespread attention. Note
that for the corresponding no-flux type initial-boundary value problem (1.3), for
the case of D(u) =1 and N > 2, Tao [12] proved that system (1.3) possesses a
unique global bounded classical solution under the assumption that |[vgl () is
small. Especially, the domain is convex when N = 3, Tao and Winkler [14] removed
the smallness condition of initial data and proved that the system admits at least
one global weak solution for arbitrarily large initial data; moreover, they showed
that this solution is eventually smooth and converges to the constant equilibria in
the large time limit.

Considering the quasilinear diffusion function D(u) > Do(u + 1)™~! with some
constant Dy > 0, if N > 2 and the domain is convex, Wang et al. [20] established
the globally bounded classical solution when m > 2 — % Subsequently, Wang et
al. [19] removed the convexity assumption and showed that the global solution is

locally bounded if m > 2 — %5 with N > 3. In addition, Zheng and Wang [41]
3N

improved the global existence result for the case m > 7375.

Furthermore, taking account of the degenerate diffusion function D(u) > Dou™*
with some constant Dy > 0, under the assumption m > 3]2\/ ~ 2 N > 3, the globally
bounded weak solution was obtained in [5, 24], and the asymptotic behaviour of
solution was obtained in [5]. And for the convex domain case, the global existence
result of the weak solution was further raised to the case m > 2]%,]12 (N > 2)in [41].
Since then, no further research was conducted.

Besides, chemotaxis processes with signal absorption coupling to the fluid motion
are often considered, such as the following chemotaxis system which describes the
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movement of bacterial cells to oxygen in incompressible fluids [18]

u+V-Vu=V-(Dw)Vu) — V- (uSVv), z e t>0,
v+ V- Vv =Av—uv, xeQt>0, (1.4)
Vi+r(V-V)V=AV-VP+uVep, V-V=0, xeNt>0,

where S is a given chemotactic sensitivity function, x € R is a constant, P is the
pressure, ¢ is the gravitational force, and V is the velocity of the fluid. Note that
if the effect of fluids is absent (i.e. V = 0), system (1.4) is reduced to system (1.3).
Readers who are interested in the study of (1.4) could refer to [1-3, 6, 10, 15,
16, 21-23, 26-33, 36-40]. Particularly, we point out that when D(u) = mu™"!,
there is a long process of how far m can ensure the solvability of system (1.4) with
k=0 in Q C R3 When S is a scalar function, Francesco et al. [3] proved global

bounded weak solutions for m € (”17@, 2], Tao and Winkler [16] established the
existence of global weak solutions for m > £, Winkler [31] and Jin [6] enhanced the
boundedness result to m > % and m > 1, respectively. When S is a given parameter
matrix, Winkler [28] presented the boundedness of solutions in convex domains for
m > . Additionally, this result was extended to the case m > 2 [37], m > 35 [17],
and m > LI — /3 [39]. Recently, Winkler [34, corollary 1.4] has shown that the
system admits a globally bounded weak solution for m > 1 in the convex domain.

Comparing the results of systems (1.3) and (1.4) in three dimensions, we see that
the conditions of parameter m > ¥ [5, 24] and m > 2 [41] are worse than m > 1
[6, 34] from the point of ensuring the solvability of the solution. Therefore, it is
a natural question whether the range of m of system (1.1) in higher dimensions is
wider than that in [5, 24, 41]. If the range of m can be extended, what is the large
time behaviour of the corresponding solution? Indeed, those questions are partially
answered by the main results of this paper.

Main idea: As aforementioned, under the assumption m > 3]2\6;2, the global
boundedness weak solution of system (1.1) has been obtained in [5, 24], thus we
focus on the case m < 2¥=2_ Without loss of generality, we shall assume that 2 >
m > 1 in the sequel. Note that the term [, (ue 4 )P~ |Vu,|*> was decoupled into
two parts in [5, 24], namely the integrals containing only u. and Vv, separately.
In this paper, inspired by [34], we choose p = m + 1 to be the dissipative part of
the inequality describing the evolution of [,(us + £)|Vu.|?. Unfortunately, there
are additional bad terms that must be addressed. Therefore, we construct a new
functional

y(t) :C’l/(ug+€)m+1+0~2/(u5+5)3_m+/(us+6)|VU€|2+C~'3/ | Ve[
Q Q Q Q

to obtain the boundedness of |ju. 4 ¢||pm+1(q) for 2 >m > 1, which is the most
critical step. Next, under the assumption of 2 > m > max{l, g%;g (where N =
3, 4, 5), the boundedness of functional [, (us +€)? + [, [Vv:[* for large p and large
g can be obtained. And then by the iteration procedure in [13, theorem A.1], we
get the uniform bounds for |[|luc| ) and [[Vv.| L (q)-

At first, we introduce the following definition of weak solutions.
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DEFINITION 1.1. For a global weak solution of (1.1), we mean a pair of nonnegative
functions (u, v) satisfying
u € L=((0,00); L¥(Q)),  Vu™ € Li,.((0,00); L*(), v € L>((0,00); L*(Q)),

loc

and for any ¢ € C§°(Q x [0, 00)),

—/ /ugot—/uoga(~70):—/ /Vum~Vg0+/ /qu-Vgo,
o Ja Q o Ja o Ja
—/ /wt—/vow(-,O):—/ Vv-Vw—/ /vu-so-

0o Ja Q o Ja o Ja

The main results are stated as follows.

THEOREM 1.2. Let Q C RN (N =3,4,5) be a bounded domain with smooth

boundary, assume that
- 1 3N —2
m > ma —_—
N avt2(

then system (1.1) with (1.2) at least has one globally bounded weak solution.

REMARK 1.3. For the case 3 < N < 5, our theorem 1.2 extends the previous results
in [5, 24, 41]. In addition, our result is consistent with the associated fluid-free
system [6, 34| for N = 3.

REMARK 1.4. In this paper, our method is motivated by Winkler [34], but we can
only solve the case for N = 3, 4, 5, whether it can be further solved for the case
N > 5 is uncertain. Fortunately, we have removed the convexity assumption on the
domain in [34].

REMARK 1.5. In the case N = 3, 4, we can find that if m =1 the system must
be imposed on the smallness condition of the initial data [12]. As we all know, the
condition m > 1 means that the diffusion is stronger than m = 1. From these points
of view, our result is optimal. But in the case N =5, it is not clear whether the
assumptions of m > % is optimal to ensure global boundedness of the solution.

As a byproduct of theorem 1.2, large time behaviour of the solution to system
(1.1) can be achieved.

THEOREM 1.6. Under the assumptions of theorem 1.2, the global weak solution
constructed in theorem 1.2 satisfies

u(-t) = g in L(Q), wv(-t) — 0 in L>=(Q) (1.5)
as t — oo, where ug 1= %Q‘ fQ ug.

The rest of this paper is organized as follows. In § 2, we introduce the approx-
imated system (2.1) and provide the local existence of the approximated solution
and some crucial properties. In § 3, we present some important estimates, and
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obtain the global bounded classical solution to the approximate system (2.1). In
§ 4, we deduce some convergence properties and complete the proof of theorem 1.2
by an approximation procedure. Finally, in § 5, we establish the convergence of the
solution.

2. Approximate problems and crucial properties

In this section, in order to comnstruct a weak solution of (1.1), we consider the
following approximate problems

(ue)r = Aus + )™ — V- (u Vo), r e t>0,

(ve)r = Ave — ueve, reQ,t>0,
2.1
Que _ e _ x € ot >0, 1)
ov v
ue(x,0) = ug(xz), wve(x,0)=vp(x), x€Q
for e € (0, 1).
For each € € (0, 1), the regularized problem (2.1) is locally solvable in the classical
sense.

LEMMA 2.1. Suppose that Q C RN (N > 3) is a bounded domain with smooth bound-
ary. Assume that the initial data (ug, vo) fulfils (1.2). Then problem (2.1) has a
unique classical solution

{ug € C%Q x [0, Tmax.c)) N C?H(Q x (0, Timax.)) N L5S.([0, Tinax.c ); WH=(2)),

— o loc
Ve € COQ % [0, Thnax.e)) N C21(Q X (0, Tonase.e)) N L3Z ([0, T2 ); W (),
(2.2)

loc

where Tinax,e denotes the mazimal existence time. Moreover, if Tiax,e < 00, then
||u€(~,t)||Loo(Q) =+ ||UE(',t)le,oo(Q) — 00 as t— Tmax,€~ (23)

Proof. The local existence, extensibility criterion, and regularity of (2.1) are well-
established (see [20]), the uniqueness can be achieved by the same procedure as in
[7, 25], so we omit the details of the proof for the sake of brevity. O

LEMMA 2.2. The solution (u., ve) of (2.1) satisfies

lue (- )| 21 () = lJuollLr () for all t € (0, Tmax,e), (2.4)
e (-, t) | oo () < NvollLoe () for all t € (0, Thax,e)- (2.5)

Proof. A direct integration in the first equation in (2.1) yields (2.4). Equation (2.5)
follows from an application of the maximum principle to the second equation in
(2.1). O

In order to prove the main result, we state two basic lemmas which will be used
later. The first is Gagliardo—Nirenberg inequality.
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LEMMA 2.3. Let Q C RN(N >

3) be a bounded smooth domain

N(p+m—1)
I<r<g< —C " 2.6
r<gq N3 (2.6)
then there exists C' > 0 such that
M3, (2 Wii%%*% = lif ;
[or<ed ([omswer) 1o T8 ol
Q Q
(2.7)
for all p € CH(Q) N L"().
Particularly, ifg=p+m —1+ ?V—r, then there exists C' > 0 such that
m— I+t-1
[er<ed ([ emwer) EE T el | 08
for all p € CH(Q) N L"().
Proof. Condition (2.6) entails that
ptm—1 _ pt+m-—1
2r 2q
O=Zrm—1 .1 1 ¢ (0,1),
ST
and hence the Gagliardo—Nirenberg inequality provides C7 > 0 satisfying
p+m—1 T
[ ot ==
Q L =T (@)
p+m 1 W p+m 1 p+m 1 p+m 1 p+m <
<OV T ISR o
m— Pt (1—a
= 02{ </Q ‘Pp+ 3|V90|2> ”‘P”qr(g)) + ||80||qr(9)}

for all o € C1(Q) N L"(Q) with Cy

= C} max{1, M}. Note that

a _ 1 ptm—1 4, a _ g
qa _ 2r _ 2 and ¢(1 —a) = —2 tN—3
prm—1  pEm=l 11 AR el -
2r N 2 2r N 2
4 _1
Thus, (2.7) is proved. Moreover, since pﬁg T = srma +21 =1 with the addi-
2r N

. . _ 2
tional assumption ¢ =p+m — 1+ Wr

The next is interpolation inequality.
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LEMMA 2.4 (Lemma 3.3 of [24]). Suppose that ¢ > max{l, 32} and
QCRN(N = 3) is a bounded domain with smooth boundary. Moreover, assume
that

N(2¢g+1)—2(qg+1)
N —2 ’

A€ |2g+2, (2.9)

then there exists C > 0 such that for all ¢ € C*(Q) fulfilling o - g—f =0 on 09, we
have

2(A—=N) 2gN —(N—2)X

IVelrg < ClIVel ™ Dol gy ™ el iy ™" + Cligllie).  (2.10)

3. Uniform estimates for (u., v.) and global boundedness of
approximate solutions

In this section, we establish some priori estimates for solutions and get the global
boundedness of approximate solutions (2.1). Firstly, we apply standard testing
procedures to establish a differential inequality for the first equation in (2.1).

LEMMA 3.1. Let p > 1 and Q C RN be a bounded domain with smooth boundary.
Assume (ue, ve) s a classical solution to system (2.1) on [0, Tiax.e). Then for all
t € (0, Thax,e) and € € (0, 1), we can see that

1d —1
,7/Q(u6_|_5)17+ m’(p2)‘/ﬂ(ue+€)p+m—3|vua|2

_]_ m
< an (e 1|V, 2. (3.1)

Proof. We multiply the first equation of (2.1) by (ue +¢)P~! integrating by parts
and together with Young’s inequality to obtain

1d N

;&H@hs"’_g”ip(g) +m(p—1)A(u5+€) P 3|Vu5|2

<(p-1) / (e + )P 2u Vo, - Vue (3.2)
Q

m(p—1 -1
< (p ) /(Us + E)m+p73|vu5|2 + p /(Ue 4 g)p*erl‘vvs‘Q
2 Q 2m Q

for all ¢ € (0, Tinax,c), which results in (3.1). O

LEMMA 3.2. Let Q C RY(N = 3, 4, 5) be a bounded domain with smooth boundary.
Assume 2 > m > 1, then for alle € (0, 1), there exists C > 0 independent of € such
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that the solution of (2.1) satisfies

/(ug +e)" <O for all t € (0, Trax.c), (3.3)
Q
t+7
/ /(us + )2\ Vu 2 < C for all t € (0, Tnax.c — 7), (3.4)
t Q
t+7
/ / Vuel? < C for all t € (0, Tase —7) (3.5)
t Q
. . Tinas,e
with T ;= min{1, —=5*=}.

Proof. The proof is divided into five steps.
Step 1. Using (3.1) to u. with p:=m+ 1, for all ¢ € (0, Tipax.c) We get

1 4d
m+1dt

2 1
/(u5+€)m+l+ m—/(u5+e)2m—2|vug|2 < f/(u5+€)2|Vv5|2.
(3.6)

Step 2. For any 7; > 0, one can find four positive constants C7, Co(n), C3, and
C such that

d
—/(uE—Fe)\VvE\Q+/(ug+E)2|VUE|2+2/(u8+5)|D2v8|2
dt O o) Q
<771/(u5+5)2m_2|Vu5|2+01/ |V |?
Q Q

+ 02(771)/ |V 2| D?v.|? + 03/ Vv +C forall t € (0, Tnax.c). (3.7)
Q Q

Indeed, on the basis of (2.5) and the identities Vv, - VAv, = 1A|Vo.[> — | D%, |?
and V|Vv.|? = 2D?v, - Vu,, upon integrating by parts, for all ¢t € (0, Thhax.c), We
compute

d )
a Q(“a + )| V|
= /Q(ue)t Vo |* 4+ 2/9(11E + &)V - V(ve)y
= /Q Vo2 {A(ue + €)™ — V - (u:Voe)}

+2 [ (1 + )70, (90~ Tluers)
Q

= —Zm/(uE + &)™ 'Vu, - D*v, - Vo, + 2/ wVue - D?>v. - Vo,
Q Q
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+ / (us + €)A|Vv|? — 2/(u5 +¢)|D?v.|?
Q Q

-2 / (ue + €)veVue - Vo — 2/ (ue + €)ue| Vo |?
Q Q

= —2m/ (ue + s;‘)m_1VuE - D%, - Vo, + 2/ uVue - D*v. - Vo,
Q Q

2
*2/ Vu.(D*v, - Vv.) + / O A / (ue + &) D?ve|?
Q o0 v Q
—2/(u5—|—6)vEVUE-VUE—Q/(U5+€)U8|VUE|2. (3.9)
Q Q

Now, we will estimate the right-hand side of (3.8). To this end, given any 7, > 0,
utilize Young’s inequality to see that for all ¢ € (0, Tinax,c) satisfies

— Qm/ (ue + €)™ 'Vu, - D*v, - V.
Q

m— m2
<m / (e + )2 2| 4 T / V. D02, (3.9)
Q Uit Q

2/ uVo, - D*v, - Vu,
Q

1

< f/ug|Vv5|2—|—2/ Vv, 2| D20, 2
2 Jo Q
1

< f/(u5+5)2\Vv€\2+2/ |V 2| D0, |2, (3.10)
2 Jo Q

and
—2/Vu6(D2v5-Vv€) </ |Vu5|2+/ |V || D?v|?. (3.11)
Q Q Q

Next, we will estimate the boundary integral in (3.8). According to [11], there exists
c2 > 0 such that 9,|V|? < e2|Vp|? on 9Q for all ¢ € C?(Q) with 9, ¢|sn = 0. And
notice the equivalent trace inequality [35, P.1186]: for all € > 0, one has

wllz200) < €l Vwllz2@) + Cle)|wllri@), YV w e H(Q).

Now, for any € > 0, it follows that for all ¢ € (0, Tiax,c),

0|Vu.|? c
/ Ug - V| <62/ uE|Vv5|2 <02/ |Vv€|4+—2/ ug
a0 ov a0 a0 4 Joa

2
< 02/ |Vv5|4+e/ |Vu€2+0(e)</ u5> . (3.12)
[2}9] Q Q

Moreover, let c3 denote the embedding constant for trace embedding W11 () —
L1(09) [4]. Using lemma 2.4 for v, with ¢ :=2, A\:=6, 3 < N <5, and (2.5), one
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has

/ Vo |® < C/ |V |?|D?*v.|? + C for all t € (0, Tinax.c)- (3.13)
Q Q
This combined with Young’s inequality yields
02/ Vo)t <20203/ |Vvs|2V\Vv€\2+0203/ |V |*
19) Q Q
1
< —/ VIV 2> + (cac3 +32c§c§)/ | Ve[
32 Jo 0
1
= 7/ \Vv€\2|D2v5|2—|—(0203+32050§,)/ |V |*
8 Ja Q
1
< Z/ Vo PID?0.2 +es forall t € (0, Tomee).  (3.14)
Q

Therefore, combining (3.12), (3.14) and (2.4) by letting e = 1, the boundary integral
in (3.8) can be simplified to

21
/ u, AVl <f/\vve\2|D2vs|2+/lvu€\2+c for all ¢ € (0, Trnax.).
o9 v 4o “ |

Next, using (2.5) and Young’s inequality, it is obvious that for all ¢ € (0, Tiax.c),

1
—2/(ug+€)vEVu€-VvE < f/(u€+5)2|Vv5|2+4/ V2|V |?
Q 4 Ja Q

(3.15)

<1 21V |? + 4| gl Vu.|?

<7 (ue +&)°|Ve|” +4flvo | Toe () [ [Vuel”
Q Q

Since € € (0, 1), and using Young’s inequality, it follows that for all ¢ € (0, Tmax,e),
—2/ (ue + €)us| Vo |? < —2/(u6 +&)(ue + ¢ —1)|Vu.|?
Q Q

_ —2/(u5+6)2|Vv5|2+2/(u5+6)|Vv8|2 (3.16)
Q Q

7
< —f/(ug+s)2|wg|2+4/ VoL 2.
4‘ Q Q

From (3.9)-(3.16), we obtain (3.7) upon letting C1 := 2 + 4||lvg]| o (), Co(m) :=
%f + 143 and C3 = 4.

Step 3. In order to absorb the third term on the right-hand side of (3.7), our
goal is to show that the integral [, [Vu.|* satisfies

d
CT/ |vvg|4+/ V. [2[ D2, |2 <c4/ Va2 +C5 for all ¢ € (0, Tra.)-
t Jo Q Q

(3.17)

In fact, using the second equation in (2.1) along with the pointwise identities
Vo, - VAv, = %A‘V’UEP —|D?v.|? and V|Vou.|? =2D?v. - Vu., we differentiate
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fﬂ |[Vo.|* directly and integrate by parts to yield

4dt/ |V |t = /|va| Ve - V(Ave — ucve)
:f/ |VUE|QA\VUE\27/ |Vue|?| D%, |?
2 Ja Q
/U8|v1}8| VUEVuE—/uE|VUE|
|V, |?
=3 [wvep 5 [ wupPRE - [ guppi
Ve [¢)
—/U5|VU5|QVUEVUE—/UE|V’UE|4
Q Q
1 O|Vu.|?
_ 212, 12, © 2 e
/Q|vu5| D% +2/m|wg| -

€

7/v5|Vfu5|2Vv€Vu5 7/u5|Vv€|4 for all t € (0, Timax,e)-
Q Q

(3.18)
Applying Young’s inequality, for all § > 0, we obtain

013
—/ v5|Vv5\2Vv€Vu5 < w/ |Vu5|2 +6/ |va|6 for all t € (0, Tmax,e)-
Q 46 Q Q
(3.19)

In light of (3.13), we can choose a suitable ¢ such that exists a constant ¢; > 0
satisfying

1
5/ |V |8 < 5/ |V |*|D?*v.|? +¢1 forall t € (0, Trnax.c)- (3.20)
Q Q

Similar to (3.14), the boundary integral in (3.18) fulfils

J|Vu,
/ |8 | |v s|2 / ‘v05‘4
LY) v l}9)

) (3.21)
< Z/ |Vo.|?|D*ve|? + ¢y for all t € (0, Tiax.c)-
Q

From (3.18)—(3.21), we obtain (3.17) upon an obvious choice of Cy := HUOHL% and
Cs := 4cq + 4ey.

Step 4. Let the term [, [Vuc|? of both (3.7) and (3.17) appears on the left-hand
side of an inequality. Namely, for all ¢t € (0, Tinax,c) and for any 7o > 0, there exists
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Co(n2) :==my" " '(2_m)ﬁ such that

2m
1 d g (2—m)m/ 9
o 14 € m - a8 v €
3—mdt/9(u +e) + 5 Q| U |
2—m —om
S g [ (e F ) TV (3.22)

< / (ue + )|V 0 + Co(m2) / V..
Q Q

Actually, due to 2 > m > 1, using (3.1) to u. with p:=3 —m, and upon Young’s
inequality the result is obtained.

Step 5. Subtly combining (3.6), (3.7), (3.17) and (3.22), let

— 1 m—+1 4C +80 (77 )C —m
y(t) := 2m2(m + 1) /Q(us T m(; - m)2(3 i m4) /Q(UE ey

+ / (ue + €)|Voe|* + 202(771)/ |Vo|* for all t € (0, Tax.c)-
Q Q

(3.23)

Due to 2 > m > 1, we can see that

1
YO +u)+ 7 [ et Vel + (G + 20am)C) [ [Tl
Q Q

3
+Z/(’LL€+E)2|VUE|2+CQ(771)/ |V 2| D?v.|?
Q Q

401 +802(7’]1)C4/(u +E)2|V’U |2
2 —m o g €

. ((401 +8C5(m1)C4) Cs(12) +Cg> / V. |? (3.24)
Q

m(2 —m)

X N2

+m / (UE + 5)2m_2|Vu6\2 + 202(771)O5
Q

1

401 + 802(7]1)04
4+
2m?2(m + 1)

u m—+1 U 3—m
I e e JACSE

+/(u5+5)|Vv5|2+202(771)/ Vo' + G forall ¢ € (0, Ty ).
Q Q

1

Choose suitable 7, and 72 such that 9, = 75 and T]QW =1 In view of

5
lemma 2.3, Young’s inequality, and (2.4), there exists ¢; > 0 such that

1 4
/(Us +€)m+1 + & +802(771)C4 /(Us +€)37m
Q Q

2m?(m + 1) m(2 —m)(3 —m) .
1 .
<3 / (ue + €)™ 2|Vue|* + ¢ for all t € (0, Thnax.c)-
Q
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Using Young’s inequality, we have

1
[+l < [ et Vo [ [V for all € (0, Tomsc).
Q Q Q
(3.26)

Upon Young’s inequality and (3.20), there exist ¢ and c¢3 > 0 such that

AC, + 8C5(11)C4)C,
/|w5|2+ <( 1 +8C2(m)C4) 6(”2)+03>/|w5|2+2c4/ V. [*
Q Q Q

m(2 —m)

g 2602(771)/ |V’Ug|6 +02
Q

< 02(771)/ Vo PID%0. 2 + 5 for all £ € (0, Thax.s)-
Q

(3.27)
Tt follows from (3.24)—(3.27) that

Y (t) +y(t) + h(t) < C forall t € (0, Tnax.c), (3.28)

where h(t) == & [, (ue +€)*" 72| Vue|? + (C1 4 2C2(m)Cy) [ |Vue|* and C =
2C5(m)C5s + ¢1 + ¢3 + C. By an ordinary differential equations (ODE) comparison
argument, it yields

y(t) < max{a,y(O)} for all t € (0, Timax,e)
which implies (3.3). Finally, integration of (3.28) shows that (3.4)—(3.5) hold. O

According to lemma 3.2, the boundedness of ||u. + €[[m+1(q) can be obtained
without any restriction on m except for the condition 2 > m > 1. Next, we use the
boundedness of |[uc + €[ m+1(q) to establish a further estimate for solutions to the
approximated system (2.1). As in [13], we provide an estimate on Vuv.. The proof
of the following lemma is the same as that in lemma 3.2 of [24], so we omit it.

LEMMA 3.3. Let ¢ > 1, then for all € € (0, 1), we have

i |V’U |2q 4 2((] — 1)
q

VIVeLft? g [ VoD Do
dt Jo Q Q

(3.29)
< a2 =2+ VIl o) [ 020 4 O
Q

for allt € (0, Tiax,e) with a positive constant C7.

Next, we will estimate the combination of [, (us +¢€)? + [, |[Vv.|*?.
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LEMMA 3.4. Assume that 2 > m > 1, then for all p > 2 and any q¢ > 1, one can
find three constants Cg, Cg, C19 > 0 such that

R0+ )+ P2 [ sy

(p—m+1)(2q+2)

< Cs / (ue +€)~ 22 +Cy / (ue + )7t (3.30)
Q Q
+ / (ue + )P +Cho for allt € (0, Tmax.e),
Q
where the function F.(t) is defined as
E.(t) = / (ue +¢)? +/ |Voe|?? for all t € (0, Timaxe) and e € (0,1).  (3.31)
Q Q
Proof. Combining lemma 3.1 with lemma 3.3 and using m > 1, we obtain
P+ P + P2 [ et ey v
Q
2(g—1 _
+ 202D 0ot 4 g [ [Tue0D D%
q Q Q
plp—1) p—mt1 2 VA2l 12 2 2g—2
<= — Q(us +e) [Vvel” +q(2¢ — 2+ VN)*|lvo| 7o () o ug | Ve |

2m

+C7+ / (ue +¢)P +/ |Vve|? for all ¢t € (0, Tmax.c)-
JQ Q

(3.32)
Next, by Young’s inequality for any 13 > 0, we have

(p—m+1)(29+2)

-1
M/(us—ke)p*m“stF <773/ |VUe|2q+2+C(773)/(u6+5)27q’
Q @ e

2m

and
920 = 2+ VN)?|vo)| 7 (0 /g : uZ|Voe 72 < g /Q |V0e 272 + C () /S (e + e)*tt.

Using interpolation inequality (2.10) and Young’s inequality, we can choose a
suitably 73 such that

2773/ |Vee 2712 + / |Ve|? < q/ Ve |20 VD% 2 4 ¢ for all £ € (0, Trmax.c).
Q JQ Q

It follows from (3.32) that (3.30) holds. O

Therefore, we obtain the boundedness of [, (ue +&)? + [, [Vve[*? with p > 2 and
q>1.
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LEMMA 3.5. Let Q C RN(N =3, 4, 5) be a bounded domain with smooth boundary.

Assume 2 > m > max{1, g%;g}, whenever p > 2 and q > 1 are such that

p—m—+1 4(m+1)
—_— <2 2 2m —4 4+ ———= .
m—1+m§'1< q<2p+2m + N (3.33)
then for all e € (0, 1), we can find a constant C = C(p, q) > 0 satisfying
/(ug + )P +/ Vo |?2 < C for all t € (0, Tinax.c)- (3.34)
Q Q

Proof. Using the boundedness of |[uc + €[ m+1(q) to (2.8) with 7 :=m + 1, there
exists C11 > 0 such that for all € € (0, 1) satisfies

2(m+1) _
/ (ue + )P IR T <oy / (ue + )P 3| Vue|* + C11 for all ¢ € (0, Tmax,c)-
Q Q

(3.35)
Moreover, m > max{1, g%;;} ensures that hypothesis (3.33) holds. (3.33) asserts
that ¢ +1 < p+m — 1+ 207 ang
— 1)(2 2 2(p — 1
0o Pomt D+ 2pmmt])
2q 2q
m+1 2(m + 1)
— 142 14+ —-] = -1+ —-.
<p—-m-+1+ ( + N ) p+m + 7

Consequently, utilizing Young’s inequality, we obtain

(p—m+1)(2q+2) —1 20m41)
/ (ue +¢) 2q < I{;(C]'D - ) / (ue +e)PTm=IT=F— ¢ forall t € (0, Tmax,c ),
Jo sC11 Jo
(3.36)

and

-1 m
/(u8 +e)7t! < pp—1) /( +g)Ptm= A it co forall t € (0, Thax,e)-
Q

6CyC11
(3.37)
Since p<p+m—1+ Q(mH) , it is similar to deduce
- 1 m
/(ug +e)lf < M/( )Pt L for all £ € (0, Tnae)-
(3.38)
Collecting (3.35)—(3.38) and (3.30), it follows that
Fl(t)+ F.(t) < ¢y forall t € (0, Timax.c)
with ¢4 > 0. It is obvious to obtain (3.34) by a comparison argument. O

By means of Moser—Alikakos iteration procedure, an application of the above to
suitably large but fixed p and ¢ yields bounds in L>(Q) x W1°(Q).
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LEMMA 3.6. Let Q C RN(N =3, 4, 5) be a bounded domain with smooth boundary.

Assume that 2 > m > max{1, g%;g} Then there exists C > 0 such that for all

e € (0, 1) the solution of (2.1) satisfies

uel|poe () < € for all t >0, (3.39)

and

lvellwroey < C forallt > 0. (3.40)

Proof. In light of using the result of lemma 3.5, lemma A.1 in [13], and (2.5), we
derive

||u5||Loo(Q) + H1)5||W1,oc(g) < C forallte (O,Tmax’e)
where C' > 0 is independent of € € (0, 1). From this and the extensibility criterion
(2.3), it is evident that Tiyax,e = 00, which finishes the proof. O
4. Global bounded weak solutions to system (1.1)

In order to finish the proof of theorem 1.2, we will give some regularity properties
with (ue, v.) in this section.

LEMMA 4.1. Let Q C RN(N =3, 4, 5) be a bounded domain with smooth boundary.

Assume that m > max{1, g%;g}, then we get

/ / UVe < / vg for alle € (0,1), (4.1)
0o Jao Q

o 1
/ / Vo | < f/ vg  for all e € (0,1). (4.2)
o Ja 2 Ja

Proof. Multiplying the second equation of (2.1) by 1 and wv. separately, upon
integrating by parts, and integrating with respect to t, we obtain

t
/UE('vt)+//uave:/UO
Q 0 Ja Q
1 t ¢ 1
f/v§+//|Vv€|2+//ugv‘f:f/vg
2 Jo 0 Jo 0 JQ 2 Jo

for all € € (0, 1). As a result, we immediately obtain (4.1) and (4.2). O

and

and

LEMMA 4.2. Let Q C RN(N =3, 4, 5) be a bounded domain with smooth boundary.

Assume that 2 > m > max{l, ;%;g}, then for any T > 0 there exists C(T) >0
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such that

T
/0 191 (te + &) (Ol vy dt < CT) forallz€ (0,1),  (4.3)

and
T
/ / IV(u: +&)™*> < C(T) foralle € (0,1). (4.4)
o Ja
Proof. Due to lemma 3.2, for any 7' > 0, we have
T
[ [ wup <cm) (45)
o Ja
and
T
[ [ orm2vup < ca), (46)
0o Jo

which indicates (4.4) is valid. Due to lemma 3.6, there exists a positive constant

¢1 > 0 such that 0 < ue < ¢1 in Q x (0, co0) for all € € (0, 1). Multiplying the first

equation of (2.1) by (u. + &)™~ !, one has

m—1
2m

1d m(m —1) 3 9
- m B m <
mdt/ﬂ(uﬂua) + /Q(ua—i—s) Vi 2 <

(01—1-1)/ |Vv€|27
Q

integrating with respect to ¢ and using (4.2), which indicates

t
/0 /Q(us +e)?m 3| Vu 2 < C. (4.7)

Next, multiplying the first equation of (2.1) by (u. 4+ )™y with ¢ € C§°(12), and
integrating over €, for all € € (0, 1), we obtain

l/ O(ue +)" - = —m/(ua +e)"" Ve -V
mJqo Q

—m(m—1) /Q(u6 + )23 | Vu |2y

(4.8)

+ / e (ue 4 €)™ Vo, - Vi

Q
+ (m— 1)/ e (ue + €)™ 2V, - Vo,
Q
Using the boundedness of ||uc|| (o) and Young’s inequality, it yields
—m/ (ue + €)™ 2V, - Vip < m(er + 1) 72|V Lo () - / |Vue|
Q Q

(4.9)

< C(/Z |V, |? +4IQ|> AVYllL= @),
€
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and
- m/ (ue +€)2m73|vus|21/) < m”'Lp”L‘X’(Q) ’ (/ (ue +€)2m3|vus|2>' (4.10)
Q Q
Moreover, by the boundedness of |uc ||z () and [[Vu.|[ 1~ (), we get

[ et 42" 190 V0 < O, (4.11)
Q

and
m/ e (ue 4+ €)™ ?Vu, - Voah < CllYlLe= (o) (/ (ue + 5)2m_3|Vu5|2>. (4.12)
Q Q

According to (4.6)-(4.12) and the continuity of the embedding W(fv’z(Q) —
W1ee(Q), there exists C(T) > 0 such that

T
/0 ||8tu5(.7t)M||(Wé\,,2(Q))* < C(T) forallee (0,1).

The proof of this lemma is completed. O
LEMMA 4.3. Let 2 > m > max{1, %}, then for any T > 0 there exists C(T) >0
such that
v
H EHL 2(0,T;(WH2(Q))*) S < C(T) fO?” all e € (0,1) (413)

Proof. Multiplying 1 (z) on both sides of the second equation with 1(z) € W12(Q),
and integrating over 2 and using the Holder inequality, we have

" 61}5
o Ot

=- /QVva -Vip — /Q ucvet) < || Vel L2 VYl L2 () + lueve| L2 ) ¥l L2 @)

By the boundedness of ||uc|| (o) and [[v:|[z(q), it shows that

|| ||(W1 2(0))* < [Vve|lp2o) + [JuevellL2) < C + [[Voe| L2 () (4.14)

Combining (4.2) and (4.14), it follows that

0ve |9 2, T 5
|| HL?(O TW12(Q))) S |Vv€| 0 [ucve|” < C(T).

The proof of throrem 1.2. Lemma 3.6 shows that there exists (g;);en C
(0, 1) such that ¢; — 0 as j — oo and that w.; Swoin L®(Q x (0, 00)) and
V., = Vo in L®(Q x (0, 00)) hold. Lemma 4.2 implies that (u?).c(,1) is
bounded in L2([0,T]; WH2(Q)). Hence, Vu! = Vu™ in L2 ([0, 00); L2(2)).
Furthermore, using the Aubin-Lions lemma and (d;ul*).c(o,1) is bounded in

O
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LY([0,T]; (Wév’Q(Q))*), it yields uf? — w™ in L2([0,T]; L*(9)). By the Riesz lemma
and m > 1, we have u.; — u a.e. in  x (0, 00). Likewise, by lemmas 3.6 and 4.3,
it follows that v., — v in L2([0,T]; L?(2)) and a.e. in  x (0, o). Because of these
convergence properties, one may readily prove that (u, v) is a global weak solution
of (1.1) in the sense of definition 1.1. Consequently, (u, v) is a global bounded weak
solution of (1.1) by lemma 3.6. The proof is completed. [J

5. Large time behaviour

This section discusses the asymptotic behaviour of the system for large time.
Motivated by [5, 28], the required properties of the solutions are first presented.

LEMMA 5.1. Let m > max{1, ‘;’]Nvijrg}, then there exists 6 € (0, 1) such that for some
C > 0, we obtain

||v6(.,t)||cevg(ﬁx[t7t+1]) <C forallt>0, (5.1)

and for all T > 0, we can find C(7) > 0 such that

[Voe(-,t) <C forallt>T. (5.2)

”Ce’%(ﬁx[t,tJrl])
Proof. In view of lemma 3.6, —u.v. is bounded in L>=(£2 x (0, c0)) for all e € (0, 1).

Therefore, applying the standard parabolic regularity theory [8, Chapter III], both
estimates (5.1) and (5.2) are obtained. O

LEMMA 5.2. Let Q@ C RN(N =3, 4, 5) be a bounded domain with smooth boundary.
Assume that m > max{1, 3%;3} and p > max{1l, m — 1}, then there exists C > 0
such that

/Ooo/ﬂ|v<u8+s>”*

Proof. By virtue of lemma 3.6, there exists a positive constant ¢; > 0 such that 0 <
ue < c¢1 in 2 x (0, 0o) for all € € (0, 1). From lemma 3.1 and p > max{1, m — 1},
it follows that

(0,1). (5.3)

/(us + )P~ Vo < (e + 1)?*’”“/ |Vo.|? for all t > 0 and ¢ € (0,1).
Q Q

Therefore, an integration of (3.1) shows that

p+m—1 //'V“€+5p+rgl\

1 p—1 —m+1 ! 2
<= [ (uwo+e)f + (1 +1)P |V |
P Ja m 0 JQ

for all € € (0, 1), which together with (4.2) indicate that (5.3) is valid. O
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LEMMA 5.3. Let Q C RN(N =3, 4, 5) be a bounded domain with smooth boundary.

Assume that m > max{1, g%;g}, then there exist C > 0 such that

||8t“£('7t)||(wj>2(ﬂ))* <C, forallt>0 ande € (0,1). (5.4)
Particularly,
lue(-,t) — u€(~,s)||(W02,z(Q))* <Clt—s|, forallt>0,s>0ande € (0,1). (5.5)

Proof. Multiplying the first equation of (2.1) by ¢ with ¢ € C§°(€2), and integrating
over (), one has

/Qatug.w:—/Qv(uﬁs)m'vw/gugws‘w (5.6)

= / (ue + &)™ AY +/ u:Vue - Vi for all t > 0.
Q Q

According to lemma 3.6, there exist two positive constants ¢y, co > 0 such that
0 < ue < ¢ and Vo] < ¢g in Q x (0, 00) for all € € (0, 1). Then (5.6) implies

/ Opuc (1) -] < (1 + 1)’”/ |Ay| + 01C2/ V| forall ¢t >0 and e € (0,1),
Q Q Q

and
2
||3tu5(-,t)|\?wo2,2(m)* = va, SUD Opuc(-,t) -] <C.
PYEW, (Q),Hw\lwg,z(mzl Q
This indicates that (5.4) and (5.5) are valid. O

With the above information on solutions, the convergence of u is shown as follows.

LEMMA 5.4. Let m > max{l, g%;g} (where N =3, 4,5) and (u, v) as given by

theorem 1.2, we can see that
u(-,t) = g in L>=(Q) as t — oo. (5.7)

Proof. Similar to lemma 5.1 of [28] and lemma 3.16 of [5], the proof of this lemma
can be completed. In fact, assuming the lemma is false, then there exists a sequence
(t;)jen C (0, 00) such that ¢; — co as j — oo, and such that for some ¢ € L' ()
one has

/ u(z, t)(z)de — / Y (x)da > ¢; forall j C N (5.8)
Q Q

with ¢; > 0. Note that theorem 1.2 implies that there exists a positive constant
co > 0 such that 0 < u < ¢o for a.e. (z, t) € Q x (0, 00). And then using the density
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of C§°(€) in L'(Q) in choosing ¢ € C§°(Q) such that ¢ — 4[|z ) < £, (5.8)
yields

/Qu(x,tj)z/)(x)dx—/gﬂoz/)(x)dx2/Qu(ar,tj)l/;(x)dm—/gﬂoﬁ(x)dx

— {llu( )l (@ + @Y — Pllrre (59

2% for all 7 C N.

Due to L () < (W;*(€))* is compact, using Arzela-Ascoli theorem, the equicon-
tinuity properties (5.5) and the boundedness of (uc)-c(,1) in C°([0,00); L>(£2))
ensure that u. — u in C2 ([0, co); (W3*(2))*) holds. According to (5.5), there
exists a positive constant c3 > 0 such that

e (-, t) — ue(-, S)H(WOQ’Q(Q))* <cglt—s|, forallt>0,s>0andece€(0,1).
Then, taking limits to get
lu(- t) — u("s)||(W02’2(Q))* eslt—s|, forallt>0,s>0.

If let 7€ (0,1) such that 7 < , then for all j CN and each

C1
4esl|]l,, 2,2
Tl

t € (t;, t; + 7) one has

/ﬂu(m,tj)ﬂﬁ(x)das—/u(x’tw(x)dx

Q

< e, ty) — ulz, Ol w22 ) 1Yz o

< sty — - ”ﬂ’”wgﬂ(g)
<<
4
which together with (5.9) implies that
/ u(z, t)(x)de — / ot (z)de > % for all t € (¢j,t; + 7) and each j C N.
Q Q
(5.10)

Next, we will prove (5.10) contradicts lemma 5.2. Taking the Poincaré constant
¢4 > 0 such that

Aww—ﬁéﬂ@

Fix any p > 1 such that p > max{1, m — 1, 3 —m}, and using lemma 5.2, it is
obvious that

2
dz < 04/ |Vp|? for all p € WH2(Q).
Q

S ptm—1 ptm—1 2 ptm—1
/ / ue 2 (x,t) —ae 2 () dzdt§04/ Vue ?
0 Q Q
2
ptm— 5.11
<c4/ V(ue +¢) e (5.11)
Q
< s
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ptm—1
foralle € (0, 1), where ac(t) = (g o ue *

gence property u. — u a.e. in € x (0, c0) as € — 0, the boundedness of (u.).¢c(o,1)
in L>(2 x (0, c0)) and the dominated convergence theorem, one obtains

2
)P*m=1 and ¢5 > 0. Using the conver-

as(t) — a(t) forae.t >0, ase — 0, (5.12)

where a(t) := (Wll Jo up+"§71)10+3z*1. Again using u. — w a.e. in  x (0, 00) as e —

0 and Fatou’s lemma, (5.11) and (5.12) imply that

> ptm—1 ptm—1
/ |lue 2 (x,t) —a 2 (t)\zdxdt < cs. (5.13)
o Ja

Review the following inequality: If ;1 > 1, then 52:2“ > L for all ¢, 7 <0 with
¢ # 1. And since by the Holder inequality, and the L'() conservation of u means

that
2
ptm—1 pFm—1 pt+m—3
Uy = / (/ w2 ) . |Q|p+7n71 — a(t).
9] ]

Thus, on the left-hand side of (5.13) indicates
[ 15 ) a5 P > a0 [ u(et) - alt)Pda
Q
> qrtmes. / lulz, £) — a(t)|2dz,
Q

and

/ / lu(x,t) — a(t)Pdedt < 7p+m73. (5.14)

Now, we introduce
uj(z,s) ==u(z,t; +s), (x,5) € Qx(0,7)forall j CN,
and
aj(s) :==a(t;j+s), se(0,7), forall j CN.
Therefore, (5.14) implies that

T ti+7
/ / luj(z,s) — aj(s)\dedt = / / |u(z,t) — a(t)]*dzdt — 0 as j — oo,
0 Q t; Q

which means
uj(w,s) —a;(s) — 0in L*(Q x (0,7)) as j — oc. (5.15)

By the definition of a(t) and the boundedness of u(z, t), (a;)jcn is bounded in
L2((0, 7)). Then, for some nonnegative a, € L*((0, 7)) satisfying

aj — ao in L*((0,7)) as j — oo. (5.16)

https://doi.org/10.1017/prm.2024.54 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2024.54

Global boundedness and large time behaviour 23

By utilizing the L(£2) conservation of u, we have
/ /(uj(a:, 5) — a;(s))dads = || - |Q|/ a;(s)ds
0o Ja 0
— TUo|Q| — |Q\/ a0 (8)ds as j — oo,
0

which combined with (5.15), one has

/T Goo(8)ds = Tg. (5.17)
0

On the other hand, (5.10) and (5.17) show that

% g/OT/Quj(x,s)w(x)dxds/OT/QfLow(x)dxds
:/OT/Q<uj(x,S)_aj(s))dxds—l—/OT/Qaj(s)w(x)dxds—Tuo/ﬂz/)(x)dx

= /OT /Q(uj(x,s) —a;(s))dzds + /OT a;(s)ds - /Qw(x)dx
- /0 oo (5)ds - /Qw(x)dx - Tﬂo/gw(x)dx —0as j — oc.

This is a contradiction and then the proof of this lemma is completed. O

Finally, the convergence of v can be obtained.

LEMMA 5.5. Let m > max{1, g%;g (where N =3,4,5) and (u, v) as given by
theorem 1.2, we obtain

v(-,t) = 0 in L>(Q) ast — oo. (5.18)

Proof. Similar to lemma 5.2 of [28] and lemma 3.17 of [5], the proof of this
lemma can be completed. Similarly, assume the lemma is false, then there exist two
sequences (x;)jcny C Q and (¢5)cn C (0, 0o) such that ¢; — oo as j — oo satisfies

v(zj,t;) > ¢ forall jCN (5.19)

with ¢; > 0, where passing to subsequences we may assume that there exists zq €
such that z; — z¢ as j — oo. Due to lemma 5.1, v is uniformly continuous in
Ujen(Q2 X [tj, t; +1]), which entails that there exist 6 >0, 7€ (0, 1) and B :=
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Bs () N such that

v(z,t) = %1 for all z € B,t € (t;,t; +7) and j € N. (5.20)

Now, let u;(z, s) :=u(z, t; +s) and v;(z, s) :==v(z, t; +s) forx € Q, s € (0, 7)
and j € N, then from (4.1), we noticed that

/OT/Buj(m’s)vj(iﬂ,S)dxds— /tt+ /B u(z, t)v(z, t)dedt
S /:’ /B u(z, t)o(z, t)dedt (5.21)

— 0 as j — oo.

On the other hand, let ¢ (z) := xp(z) for x € Q, then in light of lemma 5.4, it
follows that
tj-‘rT
/ / u(z, t)xp(x)dedt — ugr|B|

/tjtﬁr{/Qu(x,t)XB(x)dx—/QuOXB(x)dx}dt
{/Qu(m7t)XB(m)dxdt_/QUOXB(CC)CICC}‘

— 0 as j — oo,

<7  sup
te(tj,tj-‘rT)

and that hence
/ / uj(z, s)deds — aoT|B| as j — oo. (5.22)

In summary, the combination of (5.20) and (5.21) indicates that

C511207'|B| = hmlnf{ / / u(z, s dxds}
S/ /uj(x,s)vj(x,s)dxds,
0o JB

which contradicts (5.21), then the proof of this lemma is completed. O

The proof of theorem 1.6. The claimed convergence properties are precisely
asserted by lemmas 5.4 and 5.5. [
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