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CONVERGENCE PROPERTIES IN CERTAIN
OCCUPANCY PROBLEMS INCLUDING
THE KARLIN-ROUAULT LAW
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Abstract

Let x denote a vector of length g consisting of Os and 1s. It can be interpreted as an
‘opinion’ comprised of a particular set of responses to a questionnaire consisting of ¢
questions, each having {0, 1}-valued answers. Suppose that the questionnaire is answered
by n individuals, thus providing n ‘opinions’. Probabilities of the answer 1 to each
question can be, basically, arbitrary and different for different questions. Out of the 29
different opinions, what number, u,, would one expect to see in the sample? How many
of these opinions, i, (k), will occur exactly k times? In this paper we give an asymptotic
expression for w,, /24 and the limit for the ratios ,, (k)/ i, , when the number of questions
q increases along with the sample size n so that n = A29, where A is a constant. Let p(x)
denote the probability of opinion x. The key step in proving the asymptotic results as
indicated is the asymptotic analysis of the joint behaviour of the intensities np(x). For
example, one of our results states that, under certain natural conditions, for any z > 0,
Z 1{np(x)>z} =dyz7", dy = 0(29).

Keywords: Number of unique outcomes; sparse tables; Karlin—Rouault law; Zipf’s law;
Good-Turing index; large deviations; contiguity
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1. Introduction

Consider the multinomial vector v, = (Viu, V24, ..., Vnn) Of frequencies of N disjoint
events, with sample size n and vector of probabilities p = (p1, p2,..., py). Consider the
statistics, sometimes called ‘spectral statistics’, based on these frequencies:

N
k) =Y Loty k=12,
x=1

and
N
Hn = ZI{V.WZI} °
x=1

Here and elsewhere, 14 is the indicator function of an event A and, therefore, w, (k) is the number
of events occurring exactly k times and u,, is the number of different events observed in the
sample. These statistics have been central to classical occupancy problems. The bibliography
is large; for a review and recent developments, we refer the reader to [3], [8], and [20]. Earlier
references can be found in, e.g. [9].

Received 6 January 2011; revision received 10 August 2011.
* Postal address: School of Mathematics, Statistics and Operations Research, Victoria University of Wellington,
PO Box 600, Wellington, 2052, New Zealand. Email address: estate.khmaladze @msor.vuw.ac.nz

1095

https://doi.org/10.1239/jap/1324046021 Published online by Cambridge University Press


https://doi.org/10.1239/jap/1324046021

1096 E. V. KHMALADZE

There are two main groups of problems associated with the spectral statistics, namely, various
forms of the central limit theorem (CLT) and law of large numbers (LLNs). Papers [3] and [8]
cited above established relatively difficult (local) forms for the CLT by extending the method
called Poissonization. For this, the multinomial frequencies vy, are replaced by independent
Poisson random variables with the same expected values np,, x = 1,2, ..., N. For example,
Lemma 2.1 of [3] states general conditions under which this replacement is valid. Integral
CLT, but for the generalized occupancy problem, with several types of allocated particle, was
recently presented in [20].

In this paper, however, we are interested in statements of the LLNs type, namely, in limits
of the quotients

Pen (K)
tn

and the asymptotic behaviour of the ratio u, /n for the case that the vector p becomes ‘essen-
tially” dependent on n and changes as n increases. Specifically, we consider triangular arrays
of multinomial distributions as n, N, and p change simultaneously.

For fixed p, the range of possibilities for the LLNs is narrow: for example, Lemma 3.2 of [12]
shows that a positive limit for u, (k)/u, exists if and only if the probabilities p,, arranged in
decreasing order, form a regularly varying function of x. In this case the limits of w, (k)/w,
form a discrete version of the Karlin—Rouault law, derived in [14].

Prior to analysis of any particular triangular array, it would be convenient to have some
classification of such arrays. In [12] two main classes have been defined and investigated: the
class of multinomial distributions, called (d1), such that

1
fim inf *2

n— 00 n

k=1,2,...,

> 0,
and another class, called (d2), such that

> 0.

|
lim g, = oo and liminf “2 D
n—oo n—oo Mn

These definitions are not equivalent, with (d1) C (d2); very interesting cases are found in
(d2) \ (d1). Indeed, no other arrays can lead to such well-known laws as Zipf’s law (see,
e.g. [1] and [13]), or the Karlin—Rouault law (see, e.g. [24] or Theorem 2 below). In both of
these cases u,/n — 0 and, hence, they cannot be obtained within the simpler class (d1). Note
that the earlier classifications, which we know about, do not reflect the class (d2) \ (d1). For
example, in the frequently cited classification given in [17] there are three ‘zones’: a ‘central
zone’, where, for n and N — oo and some constants C, Cq, and C»,

n
nmax py < C, Ci < — <(Cy
x N
a ‘left m-zone’ for m > 2, where, for a constant A,
nmax py — 0, Euw,(m) — C;
X
and a ‘right m-zone’ for m > 0, where

nmin py — 00, Eu,(m) — C.
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The latter ‘right’ zones are irrelevant here as then E u,(k)/ E u,, — 0 for all k£ and, there-
fore, even (d2) is not possible, while in the case of Zipf’s law or Karlin—Rouault’s law only
E w, (1)/ E py, is half or close to half (see Section 5). In the first two zones above only (d1) is
possible and in the left m-zone only the degenerate limit lim,_» E £, (1)/n = 1 is possible
(see the functional limit theorems for this case in [21]). In the situation we study in this
paper nmaxy p, — oo while nmin, p, — 0. Moreover, for overwhelmingly many x,
npy — 0, while although np, — oo for increasingly many x, the number of such x is
o(N); see Corollary 4.

Below we focus on one particular form of probabilities given not on positive integers but on
the set 8, of all vectors x of length g consisting of Os and Is, as, for example, (0, 1,0, ..., DT,
Let & = (&1, &, ...,Eq)T denote a g-dimensional random vector with Bernoulli random
variables as coordinates. Heuristically, & can be interpreted in many ways: as arandom response
to a questionnaire with g questions with binary-valued answers, as a randomly changing state
of a system with g ‘on/off” components, or as a result of, say, taxonomic evaluation with ¢
‘present/absent’ classifiers, and so on. In the latter case observation often leads to the so-called
g-dimensional ‘sparse tables’. The sparse tables are also commonly found in classifications of
industrial companies or financial institutions. Usual practice consists of reducing such high-
dimensional tables to lower-dimensional tables, say, 2 x 2 or 3 x 3 tables. In this paper, however,
the approach is to take high-dimensional sparse tables as they are, in order not to lose diversity
in the underlying sample. Below we use the first example of questionnaires when needed.

Let p,(x) = P{§ = x} denote the distribution of § on &, and let &, ..., &, denote an
independent and identically distributed (i.i.d.) sequence of n vectors with this distribution. In
this setting our N = 29 and, for each of the 27 possible vectors x, we denote the frequency in
this sample by

n
v,,(x) = Z 1{&'_/=x} .

j=1

From now on we consider spectral statistics based on these frequencies v, (x) and study their
asymptotic behaviour as n and N — oo (hence, ¢ — 00) in such a way thatn = AN, where A
is a constant.

Instead of trying to arrange the probabilities p(x) in decreasing order, as is commonly done
for scalar x but would not seem natural in this case, we study the tail of their distribution
function

1
Hy(2) = > wpyyza - (1)

X€EE,

Itis easy to see that H,, provides a complete symmetric characteristic of the probabilities p, (x):
any symmetric function of these probabilities is a functional from H,. We will also see that it
is fruitful to shift our attention from np(x), usually perceived as an expected value, to Np, (x),
which differs from it under our asymptotics only by a constant. The latter quantity, however,
can be viewed as a likelihood ratio of p, and the uniform distribution on E,, given by the
probabilities po(x) = 1/29. Then H, is the distribution of this likelihood ratio under this
uniform measure. Hence, in its asymptotic analysis we can use asymptotic methods developed
for likelihood ratios, as we indicate in Sections 2 and 3.

To be precise, we show in Section 3 that if the coordinates of & are independent, that is, if the
p(x) are given by (4) below with, basically, arbitrary probabilities ay, ..., a4 for the answer
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‘yes’ to each question, then

Ho(2) ~ a0, with ¢, = —Hn/N g )
'l —u)
In the limit, the parameter u is the only trace of the probabilities p,(x), x € E,4; numerically, it
is surprisingly stable: its typical values lie between 0.4 and 0.5. According to (2), it is not true
that the majority of frequencies v, (x), x € &y, have asymptotically any nondegenerate Poisson
distribution. Rather, the contrary holds in that the intensities np(x) for the overwhelming
majority converge to 0.

Although one does not have to insist on any sort of randomness of the probabilities p(x), it
may help to gain some insight if we use familiar terminology and say that the intensities np (x)
overall behave as ‘asymptotically small random variables’ and that ‘their distribution belongs
to the domain of attraction’ of the u-stable law, of which R(z) = z7" is the Lévy—Khinchine
measure.

For the triangular arrays, we consider it is possible that H,, may behave differently from (2)
and actually converge to a nondegenerate limit distribution. Conditions for this, in terms of the
contiguity of the distributions p, (x) and po(x), are given in Section 2.

In principle, one might expect that if in a sample of size n an event x occurs v, (x) times
then its probability would be estimated best by the maximum likelihood estimator (MLE)
DPg(x) = v,(x)/n. As a corollary of Theorem 2, we conclude that these MLEs would be
unsatisfactory estimators: the asymptotic behaviour of the function

H,(z) = — Z 1, )=z 3)

xeBy

as n — oo is different from that of H,,; the two are similar only for large values of z. There are
other corollaries which we give in Section 4. One of them shows the asymptotic expressions
for the so-called Good-Turing indices (see [6]) and, in particular, for the overall probability
of the outcomes not seen in the sample. The other corollary shows how u, increases with n,
which is an important question in studying the diversity of biological species for example.

As a final aside, we recall that the case where all the a; are equal but different from % was
studied in [14]. The proofs in that paper are quite different from what we give below.

2. The approach and the case of contiguity

To begin with, let us assume that the coordinates &1, ..., &, of each & are independent with
P{&; = 1} = a;. Then the probability of an outcome x equals

q
pqx) =[]a" (1 —an'~. )
i=1

As g — oo, these probabilities tend to 0; we shall see that the expectations np, (x), mostly,
remain bounded or may even be small. Therefore, an assumption of asymptotically Poisson
behaviour of the frequencies v, (x) looks natural; in the expressions below we assume that
the v, (x), x € &y, are independent Poisson random variables with means np, (x). Although,
for triangular arrays, this Poissonization can essentially change the CLT statement for spectral
statistics, more so for the functional CLT (see, e.g. [11]); for the LLNs, it makes no difference.
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The key step in our asymptotic analysis of the ratio u, /N and w,(k)/u, consists of the
analysis of E u,, /N and E u, (k)/ E w,, because it is possible to prove that the ratios wu,/ E u,
and w, (k)/ E u, (k) converge to 1 almost surely. We therefore concern ourselves with the
following expressions for the expected values:

Eun(k) = ) wlk,npg) and Epy = Y [1=7(0.np,(x))].

x€Ey x€Ey

Here 7 (k, z) = zXe ™%/ k! denotes the Poisson probability of k with mean z.
In some cases we can study these expected values as they are. For example, if all the a;
equal % i.e.if all the p, (x) equal 1/29, we immediately deduce that

E pn (k) w(k, A)

Etn 1 0.0 and = . (5)
24 E u, 1—m(0, A1)

In particular, this implies that we should expect the number of different opinions in a sample
to be of the same order as the number of all possible opinions.

In the general situation, where all the a; can be different, or even simply not equal to %, the
asymptotic analysis of the sums E 1, and E u,, (k) may not appear to be that simple. However,
we can turn it into a purely probabilistic problem, using general and simple tools to study it,
which otherwise would seem irrelevant and distant to the problem. Specifically, let P, and Py
denote the distributions on E, defined by p,(x) and po(x) = 1/29, respectively. Then

Pq(x)
po(x)

M, (x) :=27p,(x) =

is the likelihood ratio of P, and Py, and we can write
E py (k)

249
E Mn

= /Oon(k, Az2)dH, (z) = Egm(k, AMq(‘;‘)), k=1,2,...,
0 (6)
/ [1—m(0, X 2)]dH,(z) = Eg[1 — (0, AM &)1,

where E( denotes the expectation calculated with respect to the uniform distribution Pg of &.
As we have just seen in (5), if the questionnaire is ‘symmetric’, or ‘balanced’, that is, if each
a; is equal to 2, the ratio w, /29 has a positive limit. The same should be true then for ‘nearly
symmetric’ or ‘nearly balanced’ questionnaires, when the a;s are close enough to 5 2 Using M,
we immediately obtain the tool to describe this situation in a relatively complete form.
Specifically, if the sequence of distributions P, is contiguous with respect to the sequence
of uniform distributions Py, then, under Py, M, typically converges in distribution to a random
variable e, where L is normal N(—c2/2, ¢?), and the expected values in (6) converge to the
corresponding limits. In Theorem 1 below we formally state the conditions and specify the

constant ¢2. In this theorem and everywhere below, ® u.02(2) and ¢, ;2(z) denote the normal

2

distribution function and normal density with mean p and variance o “, respectively.

Theorem 1. Suppose that the probabilities aiy, . . . , ayq form a triangular array in q such that

q

aig — =| = 0 and hmsupZ[l —/2aiq] < 0.

q—)OOll

max
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Then E
liminf —= > 0.
q—> 00
If the finite limit
q 2
qli“éo Z Za,q B

exists then E
. /(1 — 7(0,269))P_p2 ) 2(d2)

and
E 1, (k) N [ 7k, e )P_ 2y 2(dz)

E Mn f(l - JT(O, )\,CZ))CD_CZ/z 2 (dZ) .

Proof. The condition on the limit supremum of Z _1[1 —/2ai4] guarantees contiguity of
the sequence of distributions P, to the sequence of uniform distributions Py. In its turn, the
contiguity implies that the sequence of distributions of the log-likelihood ratio In M, is weakly
compact. Hence, the result on Eq u,, follows.

Existence of the limit, together with the condition on max; |a;; — 51, 1|, guarantees asymptotic
normahty of In M, (see, e.g. [22]) with parameters, under the null distribution, equal to —c%/2
and ¢2. This asymptotic normality implies convergence of the expected values as the integrands
are continuous and bounded functions of In M.

(7

Remark. Note that the result extends to a very general class of distributions. Namely, whether
the coordinates &1, . . ., &, are independent and p, (x) is a product of Bernoulli distributions or
matters little. For any distribution on &, the quantity M, still remains a likelihood ratio and,
hence, a martingale in ¢. The conditions of asymptotic normality of In M, if M, is a positive
martingale, are well known: if now a;, is random and denotes the conditional probability of
& = 1given &1, ..., &_ then, notationally, the same conditions, with convergence replaced
by convergence in probability, imply asymptotic normality for L, (see [7]). Therefore, the
statement of Theorem 1 remains true.

Note also that, under the conditions of Theorem 1, the array of distributions P, withn = A29
belongs to the class (d1). Under the conditions of Theorem 2 below, it belongs to the class

(d2) \ ).

3. The case of arbitrary a;s

Suppose now that the probabilities ay, ..., a, are arbitrary, i.e. they form some sequence
in g. In this case the behaviour of the likelihood ratio M, becomes somewhat erratic: under Py,
we have M, — 0in probability, but Eg M, = 1, and, therefore, increasingly large values of M,
are unavoidable. Consequently, in the asymptotic analysis of the expectation Eo[1—7 (0, AM,;)]
we can no longer rely, say, on Taylor series approximations like

1—e M~ M,

Indeed, in the mean the asymptotic behaviour as just indicated is not correct: we show shortly
that
Eo[l — 7 (0,AMy)] — 0, while EoAM,; =A.
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The size of the quantity Eo[1 —7 (0, AM,;)]is notimmediately obvious: for large ¢, while the
random variable M, is small with large probability, the integrand 1 — 7 (0, AM,) also becomes
small, and although M, is large with only a small probability, the integrand is close to 1, i.e. it
is not small. We did not find it fruitful to try and locate a part where the main contribution to
the integral Eo[1 — 7 (0, AM,;)] is made directly. Instead, we express it as a certain probability
which, as we shall see, is connected in a natural way with the theory of large deviations.

Let 77 be an exponential random variable with scale parameter 1, independent of M,, and
let n1 = InT;. The distribution function of n; is 1 — 7(0,e¥) =1 — e~¢". As above, let
L, = In M, denote the log-likelihood. Then we can write

Eoll — (0, AM,)] = Po{L, > ni — InA}.

Similarly, if 7} is a gamma-distributed random variable with shape parameter %, i.e. if Ty is a
sum of k independent copies of 77, independent of M, and if n; = In T}, then

oo
Eo Zn(j, AM,) = Po{L, > nx — InA}.
=k

With some abuse of notation, in the last two displayed formulae (and within some proofs later
on) we use Py for the joint distribution of L, under the uniform distribution on &, and n;
with the appropriate k.

It is clear that

q
p&)
=In—— = [EiIn2a; + (1 — &) In2(1 — a;)],
T po® ; o ’ l
where &1, ..., &;, under Py, are independent symmetric Bernoulli random variables: Po{&; =

1} = % Let v; (u) denote the logarithm of the moment generating function of each summand

Vi(u) = In(Eg expu[§; In2a; + (1 — &) In2(1 —a;)])
=1In[2"(a/ + (1 —a;)")] —In2.

Now ; (1) is a convex, infinitely differentiable function of u and v; (0) = v;(1) = 0 (see,
e.g. [10]). Then so too is the sum Z?: | Vi (u), which is the logarithm of the moment generating
function of L.

Consider the sequence ay, az, .. ., a4, and let

1 q
Fq(a) = 5 Zl{ﬂi<d}
i=1

denote the empirical distribution function of this sequence. Again, by using the term ‘empirical
distribution function’ we do not imply that ay, az, .. ., a4 are to be considered as independent
random variables. We assume only a certain ergodic property, namely, that there is a continuous
distribution function F on the interval [0, 1] such that, as ¢ — oo,

INCE

Fy(a) — F(a) foralla €0, 1],

a \* ! a \? (®)
) dF,(a) — / <ln ) dF(a) < o0.
—a 0 1—a
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In the second condition we assume that, asymptotically, we do not have too many a; too close
to 0 or 1. For example, F can be any beta distribution.
Let ¥/ (u) and ¥ (u) denote the first and second derivatives of ; (u).

Lemma 1. Suppose that the conditions in (8) are satisfied. Let u = u, be such that

q
> Vi) =0.
i=1

Define

q "
2 W,» (uq)
O'q = E 4 .
i=1

Then limy o g and limg_, oo %2 exist, with

0< lim u; <1 and 0 < lim aqz<oo.
g— 00 q— 00

Proof. 1t is easy to see that the conditions in (8) imply the convergence

q . 1
3 1/”;“) N / In[2*(@" + (1 — a)*)]dF(a) — In2
i=1 0

for all u € [0, 1] together with the convergence for the first two derivatives. In particular,
q / 1
(0 1
5 :M N —/ (Inda(l — a))dF(a) > —o0
i1 4 2 Jo

and
q

¥ (1) !
Z T — [ lalna+ 1 —a)In(l —a)]dF(a) + In2 < co.
. 0
i=1
Therefore, both limits in the lemma exist, and since the limit of 2?21 Yi(u)/q is also a convex
function, equal to 0 at u = 0 and 1, the limit of u, cannot equal O or 1.
An essential step in Theorem 2 below is given by the following lemma.

Lemma 2. Suppose that the conditions in (8) are satisfied. Then, with u as in Lemma 1,

q
1 Z
Po{L, > z} ~ exp[ i (u) — uz:|—¢ 2(—>[1 +rq(2)], 9
q ; 1 M\/a 0,0‘q \/a q
where, for any fixed > 0,
sup lrg (@)l =o0(1) asq — oo.

—BJVa<z<Bq
Remark. Since

Eo L,

1
— l/ [In4a(l —a)]dF(a) <O,
q 2 Jo

https://doi.org/10.1239/jap/1324046021 Published online by Cambridge University Press


https://doi.org/10.1239/jap/1324046021

Convergence in certain occupancy problems 1103

and, therefore, L, — —o0, the probability Po{L, > z} for any given z is a large deviation
probability for L,. Lemma 2 exhibits the asymptotic expression for this probability and not its
logarithm, as is more often stated in the literature. For the i.i.d. case, the idea can already be
seen in [2], and, for the general case, it was carried through, with the aid of some assumptions,
in [4]. Lemma 2 also states that the asymptotic expression is correct uniformly in z in increasing
intervals of length ,/g. We could have extended its length to 0(g>'*), but do not need this—the
rate ,/q is sufficient for the application of (9) in Theorem 2 below.

Proof of Lemma 2. Consider the distribution Q that is adjoint to Py. It is defined by

q %)
Po{L, >z}=eXP[Z wu)} / e dQ(). (10)
i=1 <

Then the moment generating function of Q is given by
q
/ e dQ(1) = exp[Z[wi (u+r)— ¥ (u)]},
i=1

and, therefore, with the choice of u as in the lemma, the expected value of Q is 0 and its variance
is qaqz. Denote the distribution of L, /,/q under the distribution Q by Q L,/ V7 Then (10) can
be rewritten as

PolL, >z}—exp[Z wmu)] / » eV QL ) 7(3)

_ ) — N ( +i>. 11
exp[gww) uz} et aQ, (s v (an

Since Q. N is the distribution of a normahzed sum of independent and bounded random

variables with mean 0 and variance aq, it can be approximated by a normal distribution with
the same moments. First we replace Q; NS by @ o2 (x) and then justify this replacement.

We obtain
o o0 z
uﬁ/ e*“ﬁyqﬁo’gz(y) dy = e*“Zu\/E/ e*“ﬁxqbo’az (x + —> dx
2/ Jq K 0 ¢ Va

= ey, <%> [1+ry(2)], (12)

where
sup |ry(2)] > 0 asg — oo.

lzI<BVq

Note that, to obtain nonzero asymptotics, we have normalized the integral above by ,/g.
Therefore, we must consider the normalized difference

* —u/qy —
u Q/ e [Q (dy) — @g 52(dy)],
va o Ly/ 7 0.02

https://doi.org/10.1239/jap/1324046021 Published online by Cambridge University Press


https://doi.org/10.1239/jap/1324046021

1104 E. V. KHMALADZE

in which the difference /g [QLq / ﬁ(y) — <I>0,qu ()] need not be small; we need a better
approximation for Q.7 vz, which we can obtain in the form of an Edgeworth expansion
(see the next lemma). According to this expansion,

1
Sup | Q,/7() = Ca0)] = o(ﬁ) (13)
where
P (30,02 ()

Cq(V) = Pg2(0) +

NG}

with P(y) = y3 — 3y, the third Hermite polynomial. The asymptotics in (12) are not affected
by the term P(y)qﬁo,ng (¥)//q, while using integration by parts leads to

\/;]/Ooo e UV d[QLq/ﬁ<x + %) — G (x + %)]
~— ol 75) -5 )]
e el 3) o )

— 0,

uniformly in z.

The next lemma shows that the Edgeworth expansion (13) for the distribution Q L,/ ﬁ(z)
does indeed exist.

Lemma 3. If the conditions in (8) are satisfied then there exists an Edgeworth expansion for
the distribution function Q Ly/ ﬁ(z).

Proof. Use the notation g(a;) = q; = Q(& = 1) and w(a;) = w; = In[a; /(1 — a;)]. Note
that g(a) = a"/[a"* 4+ (1 — a)*]. Then

Ei(1) = e 9% [g; (e — 1) + 1]

is the characteristic function of the ith summand of L, in the measure Q. For the proof, we
need to show (14) below, while the rest basically follows the lines of the proof for the i.i.d. case
given in [5, Chapter XVI.2—4]. We give only a sketch. If G,(z) is as in Lemma 2 and y, (¢) is
its Fourier transform, then, for arbitrarily small ¢, there exists a large enough constant b such

that
PV TTZ 6/ VD = v @) e
Q1,50 - Gl = [ 1A (Ol £
6{/\/(? —bﬁ t ﬁ

and we can split the domain of integration into [¢| < 6,/q and 8,/q < |t| < b,/q. For
|t| < 8./q, the expansion of the characteristic function ]_[?:1 & (t//q) of Ly/\/q, just as in
the case of i.i.d. random variables, shows that the corresponding integral is o(1/,/q). For
intervals §,/q < |t| < b,/q, itis sufficient to show that

sup <c? forsome0 <c < 1. (14)

1 t
&‘(—)
5<ltl//7<a 11] Nz
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However, for the norm of this characteristic function, we have

gln]"[ & ()] = Zln 1+24i(1 - gi)(cos sw; — 1)]

i=1 11

1
= f In[1 + 2g(a)(1 — g(a))(cossw(a) — 1)]dFy(a)
0
1
< 2/ q(a)(1 — g(a))(cossw(a) — 1) dFy(a).
0

Now we need to show that this integral becomes less than some negative number —¢, uniformly
for s € [§, b]. If H,; and H are respectively the empirical and limit distribution functions of
the w;s, then

1 [}
/ [1 —cossw(a)][dFy(a) —dF(a)] = / (1 — cossw)[dHy(w) — dH (w)],
0

—00

and integration by parts leads to

N

/00 sinsw[Hy(w) — H(w)]dow

< S/OO |Hy(w) — H(w)| do.

The conditions in (8) imply that the last integral converges to 0, because they guarantee both
that H, (w) — H(w) uniformly in w and that the second moment (hence, also the first absolute
moment) converges. Obviously, this is true uniformly in s € [§, b]. On the other hand, for any
continuous distribution,

o0
/ cosswdH (w) < 1—2¢

—00

for s > § and, therefore, (14) is true withc = 1 — ¢.

Note that the form of condition (14) varies in the literature. Often, it may seem simpler
to require this inequality to hold uniformly for ¢t > § (see, e.g. [16, p. 34]). However, this
requirement would be restrictive for us: under (8), it will not be true generally. To see this,
consider Fy, which attaches equal weight 1/g to regularly spaced points j/q, j = 1,...,q.
However, if ay, ..., a; were assumed to be independent random variables then (14) would be
true for ¢t > §.

Now we are ready to formulate the following theorem. The expression Ry, (k) is known in
the literature as the Karlin—Rouault law.

Theorem 2. If, with N = 29, n = AN, and g — 00, the conditions in (8) are satisfied and
u =limugy, then
ZHn exp[z i (uq)} i $0.52OT (1 — ),

E w, (k) . ul'(k — u)
RO = F TR

15)

forevery fixedk = 1,2, . ...
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Proof. We start with the asymptotic expression for

(0.¢]
Eo ) ma(j) =Pofly >m—In2}, k=1
Jj=k

Let Fj denote the gamma distribution function with shape parameter k£ and scale parameter 1.
Then Fy(e¥) is the distribution function of ;. We have

o0
Po{L, > mk —In 2} :/ Po{L, > z — In A} dFy(e9), (16)
—00

where f f +f +fﬁ[ Using (11), for the integral over (—oo, —B./q1, we
have

-BVa
Po{L, > z — InA} dFy(e%)

= Fie PV Py{Ly > —B /g —In})

a BVa
+ exp[Z Z (u)] / Fi(eV99e V12 dQ,,  /7(2).
i=1

—0o0

k

Since Fi(e) < %8 < %e for all sufficiently small e, we obtain

-BVq
/ Po{L, > z —InA}dFi(e%) < e PVIPy{L, > —B /g —In)}

+exp[2wl<u)] / TeVi=024Q, ) (o).

o0

The last integral on the right-hand side is O (e™¢ (I=wBY where u stays strictly inside [0, 1] for
all large enough ¢. Similarly, for the interval [S f , 00), we have

o
/ PO{Lq >Z— ln)\} dFk(CZ) < PO{Lq > ﬁﬂ_ lnk}e’eﬁﬁ.
Bva

For the integral on |z| < B./q, we use Lemma 2:

BVa
/ Pof{L; > z —InA}dFi(e?)
-BJ4

[ 1 av [AVE “Ini
~ €Xp Zl/fi(u) i /ﬁfe”z%,aqz(Z an )dFk(eZ)
j— - q
—InA
~ exp Zwi(u) f e, gz( )dFk(ez)
1 ”\/_ Va

<lns ln)h>dF(s)
NG e

q
= exp Zx/f,(u) W_
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Thus, we can rewrite (16) as

Tk — u)

¢0(r() F(k) s

Po{Lq —Ina} ~ [ Iﬂz()}
0 > nr —In exp; u u/a

and, hence,
PolLg > m} Tk —u)
PofL, >m} TA—-wIk)’

a7)

Taking the difference in k completes the proof.

Since the average Z?:] ¥i(u)/q converges to a negative number, the first statement of
Theorem 2 implies that the number of different outcomes in a sample is asymptotically o(N)
as N — oo: only a negligible portion of possible different opinions will be seen in a sample.
The second statement implies that, no matter how large is the ‘rate per cell’ A, as soon as it is
fixed, the limit of the ratios u, (k)/u, does not depend on it.

In the next section we present further corollaries and discussion of Theorems 1 and 2.

4. Some corollaries, an inverse problem, and Good-Turing indices

We start by noting how the statements of Theorems 1 and 2 are inter-related. It is, of course,
the case that in studying the asymptotic behaviour of the tail of the distribution of L, when z
and ¢ increase simultaneously we cannot use the sequential limit, first for ¢ — oo and then
7z — 00. However, as the corollary below shows, if we consider the limit of the ratio in (7) then
as the distributions P become ‘less and less’ contiguous to Py, the sequential limit does agree
with (15) in a very natural way.

Corollary 1. Ifc — oo then

[rle )P apedd  ulk—w
S =7(0,2e)1®_2p 2(dz2) Tk + DI —u)

u=1/2

Proof. In (16) replace Po{L, > z — InA} directly by the tail of the normal distribution
function and use its asymptotics for ¢ — oo:

z—InA 1 _ 1
1—¢>_Cz/262(z—lnk)=l—d>01 +=c) ~xe7¥1-Dy1|=c)|.
’ ’ c 2 A\ 2

Taking the integral produces the result.

Next we consider the following question. If in a sample of size ng there are w,, different
opinions in a sample, how many more will we expect to see if the sample size is increased to n?
The following corollary supplies the answer.

Corollary 2. For sample sizes ngo = AN andn = AN, as N — oo,

Mn < n > !
Mnyg no ’

Proof. The assertion follows from the first display in (15).
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To carry this question further, consider a testing problem for a system of loosely independent
‘on/off’ components. In real systems of this type there will be a large number of states of overall
small probability when the system will fail, while in other states it will continue to function.
If the composition of the system is unknown or complex, it is important, during trials of the
system, that we see as many different states as possible, or, at least, a ‘significant proportion’
of all possible states. Under the conditions of Theorem 2, this will not happen. Therefore, it
is necessary to either design a testing procedure with probabilities a; close to %, and then the
number of trials of order 29 will be sufficient (cf. Theorem 1), or use some appropriately large
rate A for large g. The statement below specifies the rate of such A when the probabilities of
the ‘on’-position of the components are arbitrary, apart from satisfying the conditions in (8).

Corollary 3. Suppose that the conditions in (8) are satisfied. If
A=y 2 emdthVa

where

1 1
my = ——/ In[4a(l — a)]dF(a)
2 Jo
and b is a constant, then

E = :
R~ 1= g p(=b) and, for every fixed k = 1, —& M( :

— 0. (18)

Proof. Again, we can rewrite Po{L; > z —InA,} in (16) as

L
{M - L —b} -1 —@0,%2(—19).

va NG
Therefore, Po{Ly > 71 —InA} — 1 — @O’Ug(—b) and

Po{Ly > ngx — A}

— 1,
Po{Ly > n1 — A}

which proves both statements in (18).

We now consider a converse to the question considered in the previous section: given that
statistics w,(k), k = 1,2, ..., and u, agree with the Karlin—Rouault law, what can be said
about the overall behaviour of the underlying probabilities p(x), x € E,?

In a sense, a complete answer can be formulated as follows.

Theorem 3. [f, for any fixedk = 1,2, ..., u,(k)/u, — Ry (k) then, for every z > 0,

N —u
EL, Hy(z) — (A2)™".

We omit proof of this statement, noting however that assumption (4) is not needed here.
Klaassen and Mnatsakanov [15] studied the problem of convergence of the normalized H,, as
part of a general inverse problem.

Given the tradition of how this inverse question has been studied in the literature, we consider
it in more detail from a somewhat different angle. Recall first (cf. the introduction) that it may
seem reasonable to think that the best we can do is to rely on the vector of relative frequencies
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vy (x)/n, x € Ey, as an estimator of the vector of probabilities p, (x), x € E;. However, this
would not be satisfactory: first, this would imply the estimate O for the overall probability of
a very large number of outcomes that did not occur in the sample; and second, as highlighted
in the next corollary, the two vectors v,(x)/n and p,(x) differ in their overall asymptotic
behaviours.

Corollary 4. For the functions ﬁn (z) and H,(z) defined in (1) and (3), with k = [z] + 1,
E pn U'(k —u)/ T (k)

E ) ~ N  Td—u
and
Hy () ~ Eun (A2)™"
" N I'(l—u)
Proof. Note that
o0

Zl{vnu)zz}: Z Pn ()
xeE, j=lzl+1

Then the proof of the first relation is included around (17) in the proof of Theorem 2. For the
second, since H,(z) = Po{L, > e* — A}, its proof follows from Lemma 2.

A well-known way of making inferences about probabilities p, is to consider the so-called
Good-Turing indices. Good [6], referring to A. Turing, introduced the quantities

Gu(k) =Y p() Ly, 0=h)
X€EE,
and
G, (k)

fn (k)

The intuitive meaning of these quantities is both appealing and transparent: G, (k) is the total
probability of outcomes (in our case, ‘opinions’) that happen to appear k times in a sample,
while p, (k) is an ‘average’ or ‘typical’ probability of each of these outcomes. The definitions
extend to k = 0, in which case G, (0) is the total probability of outcomes that do not appear in
the sample, while p,(0) is an ‘average’ probability of any such outcome.

Based on the simple equality

Pn (k) =

k+1
EG,(k) = TEﬂn(k + 1),

Good [6] proposed the estimation of G, (k) and p,, (k) by

~ k+1
Gulk) = — —pn(k + 1)

and
k+1u,(k+1)

tn (k)

respectively. Since then, several authors have investigated the statistical properties of these
estimators (e.g. their rate of convergence was studied recently in [19]).

pn(k) =

’
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Notwithstanding the importance of this work, note that Theorems 1 and 2 imply that, for a
sample which agrees either with (7) or with the Karlin—Rouault law, there is no need to use any
estimator. In particular, for the latter case, we have the following statement.

Corollary 5. If u,(k)/u, — Ry (k) fork =1,2,... then
ul'tk+1—u) Eu, k—u

EG, (k) ~ d k) ~ , 19
R Vs Ty S (1
and, for k =0,
EG,(0) ~ ~E d Ep,0)~ " _Ebn 20
n(0) ; MUn an Pq() ;m (20)
Orlitzky et al. [23] recalled that Laplace [18] suggested the use of the quantities
~ k+1
P = —— . k=1,2,...,
n+ pu, + 1
which leads to the value
Gn(0) = ———
n(0) Pa——

for the total probability of unseen outcomes. Corollary 5 shows that if the sample agrees with
the Karlin—Rouault law then the estimation of the total probability of unseen outcomes is more
optimistic (small but infinitely larger) than the value G, (0) suggested by Laplace.

In conclusion, we remark that the approach used in this paper depends not so much on
the form of the probabilities p,(x) or where they are defined, but rather on the asymptotic
properties of likelihood ratios. It may, therefore, be applicable to occupancy problems in other
situations.

5. Numerical behaviour of the asymptotic formulae for moderate ¢

As mentioned in the introduction, for the systems of ¢ ‘on/off” components, it is possible
that g will be of the order of several hundreds. However, in the context of questionnaires or
classifications, the number of questions or the number of classifying parameters g will rarely
be larger than several tens. For this reason, we would prefer to stay within the case of not very
large ¢ and consider how good the asymptotic expressions above work for g between only 10
and 20.

Stability of ug. The arg min, defined in Lemma 1, is surprisingly stable numerically—not
only for the sum Z?:] ¥ (u), but even for one single summand v; (u). For a; changing in
the interval [0.55, 0.90], and by symmetry, in the interval [0.1, 0.45], the value of u, where
¥ (u) attains its minimum, changes only in the interval [0.46, 0.50]. If we choose a; uniformly
distributed on [0, 1] and g = 10, when values considerably larger than 0.9 (or smaller than 0.1)
can easily occur, the mean value of u, turned out to be 0.442 with the standard deviation of
only 0.024. For values of a; closer to 0.5, v; (u), as a function in u, becomes quite ‘flat’ and,
therefore, its arg min will be more volatile. However, in this case its exact value will not matter

much.
Convergence of iy (k)/i1g. The plotsin Figures 1 and 2 show that this convergence, although
not too quick, is reasonable. The bundle of plots of the ratio u,(k)/1g, k = 1,..., 10, for

q = 10 uniformly distributed probabilities a; along with the limiting expression is given in
Figure 1. For ¢ = 20, Figure 2 shows closer approximations and much smaller spread in the
bundle of trajectories of g, (k) /g
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FIGURE 1: The bundle of trajectories of 14 (k) /114 fork =1, ..., 10. The number of questions ¢ = 10 and
probabilities ay, . . ., ajo are uniformly distributed on [0,1]. Open circles indicate the limits of 114 (k) /4.

0.5

0.4
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0.2

0.1+

0.0 R

FIGURE 2: The bundle of trajectories of 4 (k)/py fork =1, ..., 10. The number of questions ¢ = 20
and probabilities ay, . .., axo are uniformly distributed on [0,1].

Transition from the contiguity case to the Karlin—Rouault law. 1t is interesting to see which
limiting values ¢ of the Hellinger distance correspond to the contiguity case, and which ones
would already correspond to the large deviations. The plots in Figure 3 show the ratio of
integrals (7) for three values ¢ = 1,3, 6. For ¢ = 1, the distance (uniform and in the total
variation) between ¢ _ > /2,62 and ¢ > /2,62 is equal to only 0.3829, while, for ¢ = 6, itis equal to
0.9973, so the latter case can be thought of as the case of ‘large deviations’. The corresponding,
uppermost at k = 1, graph in Figure 3 is quite close to the limit, while the graph for ¢ = 1 is
very far from it.
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FIGURE 3: Plots of the ratio (7) in k forc = 1, 3, 6. Here A = 5.
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