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NONLINEAR FILTERING FOR
JUMP DIFFUSION OBSERVATIONS

CLAUDIA CECI* ** AND
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Abstract

We deal with the filtering problem of a general jump diffusion process, X, when the
observation process, Y, is a correlated jump diffusion process having common jump
times with X. In this setting, at any time ¢ the o -algebra fﬂY provides all the available
information about X,, and the central goal is to characterize the filter, 7z;, which is
the conditional distribution of X, given observations ?,Y. To this end, we prove that
7; solves the Kushner—Stratonovich equation and, by applying the filtered martingale
problem approach (see Kurtz and Ocone (1988)), that it is the unique weak solution to
this equation. Under an additional hypothesis, we also provide a pathwise uniqueness
result.
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1. Introduction

In this paper we consider a partially observed system (or filtering model), (X, Y), defined on
some filtered probability space (2, ¥, {F;}:e[0,77. P), with T € (0, 00), where the dynamics
of the signal X = (X;);¢[0,7] form a general jump diffusion process and the observation
Y = (Y)te[0,17 is a correlated jump diffusion process having common jump times with X.
As usual in a filtering model, the signal X cannot be observed directly, but we can observe a
stochastic process Y, related to X. At any time ¢, the o -algebra ?}Y = o{Y, s <t} generated
by Y supplies all the available information about X,. The central goal of solving a filtering
problem is to characterize the conditional distribution of X; given the observation J’L',Y, which
provides the most detailed description of our knowledge of X;.

The two major approaches to nonlinear filtering are the innovation method and the reference
probability method. The latter is usually employed when it is possible to find an equivalent
probability measure that makes the state X and the observations Y independent and, in such a
case, this approach is better suited for approximation results. In the partially observed model
considered in this paper, X and Y are correlated processes that may also have common jump
times, so here such a probability measure does not exist. Hence, we choose the innovation
approach as it is more appropriate to take into account these two features. This method consists
of characterizing the filter as the unique solution (in some sense) to a stochastic differential
equation, the so-called Kushner—Stratonovich equation (KS equation). The innovation approach
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has been developed by several authors in many works. For example, Lipster and Shiryaev [20,
pp. 297-380] treated the diffusive case and Bremdud [2, pp. 83-107] derived the theory in
the purely discontinuous observations setting. We also refer the reader to [8] for an extensive
analysis of the topic.

Since its origins, filtering theory has been successfully used in a great variety of engineering
problems, informational sciences, and, more recently, mathematical finance. Among all the
possible applications, we mention the application that concerns the study of partially observable
stochastic control problems, where, in particular, the KS equation plays a key role. Usually,
in these situations it is convenient to introduce an equivalent control problem with complete
observations, the so-called separated problem, in order to avoid a direct approach. In this new
problem the state is represented by the pair filter observation, whose first component satisfies the
controlled KS equation. Uniqueness for the solutions of this evolution equation is an essential
tool to prove the equivalence between the original problem and the separated problem. For a
more detailed survey on this subject, we refer the reader to [9] and [10] for the diffusive case
and [5] and [21] for counting observations.

Filtering problems have been widely investigated in the literature, mainly in the cases when
Y gives observations of X in additional Gaussian noise (see, for example, [16], [17], and [20,
pp- 297-380]) and when Y is a counting process or a marked point process (see [2, pp. 83—
1071, [31, [6], [7]1, [11], [19], and the references therein). The case of mixed-type observations
(marked point processes and diffusions) has been studied in [4], [12], and [13]. All the papers
cited above analyze the situation in which the information flow has the structure 7™ v ;"
where m (dt, dx) is a marked point process whose dynamics are influenced by a stochastic factor
X and n gives observations of X in additional Gaussian noise. This particular structure to the
information flow has a financial motivation; nevertheless, in a general framework, it may be
meaningful to consider the case where the observation flow is generated by a jump diffusion
process as in the model developed in this paper that, to the authors’ knowledge, has not been
investigated yet in the existing filtering literature.

In [12], by assuming that the additional Gaussian noise is independent from X, the authors
applied the reference probability approach even in the case of joint jumps between the state and
observations. Moreover, the above assumption and the particular structure of the information
flow allowed them to reduce the filtering problem with mixed observations to that with pure
jump observations. This technique fails in the general model of correlated jump diffusion
processes, as the one studied in this paper. Using the innovation method together with an
J’L',y—martingale representation theorem, we characterize the filter in terms of the KS equation.
Frey and Schmidt [13] studied the case where the state process X is modeled as a finite-state
Markov chain without common jump times with m(d¢, dx) and Ceci [4] studied the case where
the state process X is a jump diffusion process that allows common jump times with m (dz, dx)—
as mentioned above, in both of these papers the structure of the information flow is different
from that considered herein. However, the filtering equation we obtain is quite similar to that
in [4], but we prove weak uniqueness for the solutions under weaker conditions and we also
give a pathwise uniqueness result. This kind of uniqueness was not investigated in [4].

The paper is organized as follows. The filtering model is described in Section 2. The
main result, which establishes a characterization of the filter as the unique solution to the KS
equation, is given in Section 3. The proofs of weak and strong uniqueness for this equation
are postponed to Appendix B, where we deduce these results from uniqueness for the filtered
martingale problem (see [17] and [18]).
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2. The filtering model

A partially observed system (X, Y), where X is the unobservable component (state process)
and Y the observable component, on a stochastic basis (2, ', (¥7):¢[0,7], P), is described by
the following system of stochastic differential equations:

de = bO(t» Xl) dt +00(t1 Xf) dW[O +/ KO(I’ Xt77 g)N(dta dé‘)a XO = X0,

z (2.1

dY; = by (t, X, Y;) dt + o1 (¢, Y;) dW,! +[ Ki(t, X,-, Y-, O)N(dt, dg), Yo = yo.
Z

Here xg, yo € R, N(dz, d¢) is a Poisson random measure on R™ x Z, and v(d¢) h('it represents
its intensity. We denote by N(df, d¢) the compound Poisson measure, i.e. N(df,d¢) =
N(dt,d¢) — v(d¢) dr. Note that v(d¢) is a o-finite measure on a measurable space (Z, Z).
The processes W9 and W! are correlated (P, %;)-standard Brownian motions with correla-
tion coefficient p € [—1, 1]. The R-valued functions bg(z, x), bi(t, x, y), oo(t, x) > 0,
o1(t,y) > 0, Ko(t, x,¢),and K| (¢, x, y, {) are measurable functions of their arguments. Let
us remark that in the dynamics of the observation process Y, the diffusive coefficient does not
depend on the state process X, although the drift does.

From now on we will write b;(t), o;(¢), K;(¢t,¢), i = 0,1, for bo(t, X;), b1 (¢, X;, Yy),
oo(t, Xy),01(¢, Yr), Ko(t, X,-,¢), and K (¢, X,-, Y;-, ), respectively, unless it is necessary
to underline the dependence on the processes involved.

We assume some requirements for (2.1) to be well defined: fori = 0, 1,

T T T
E/ / |K;(t, &)|v(dg) dr < oo, E/ |bi (1) dt < o0, E/ cr,-z(t)dt < 0. (2.2)
0Jz 0 0

Under these constraints, both the processes X and Y have finite first moments.

We also assume strong existence and uniqueness for the system (2.1). Sufficient conditions
are summarized in Appendix A. In particular, these assumptions imply that the pair (X, Y) is
a (P, #;)-Markov process.

Denote by (¥, Y)te[O 71 the filtration generated by the observation process Y until time 7. In
the partially observed system considered in this paper, at any time ¢, the o -algebra F, pr0v1des
all the available information about the signal X.

By defining 2 (R) to be the space of the probability measures over R, it is known that there
exists a 2 (R)-valued F, ¥ -adapted process, 7;, such that

m(f) =ELf(t, X)) | FY] (23)

for any measurable function f (¢, x) on [0, T] x R such that f (¢, X) is integrable. Since X is
a cadlag process, there exists a version of  with cadlag paths (see, for instance, [17]).

Throughout the rest of the paper, we will write R for the (P, F,Y)-optional projection of
a progressively measurable process R, satisfying E |R;| < oo for all t € [0, T], defined as
the unique optional process such that, for any F, Y—stoppmg time T, R =E[R, | FY = ] almost
surely (a.s.) on {tr < oo}. With this notation we can write the F, Y—optlonal prOJeCtIOI’l of a
process f(t, X;) as

6. X)) =m(f).

In this case fm) has cadlag trajectories (we will use both the notation fm) and 7, (f)
in the following).
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Remark 2.1. In the sequel we will use two well-known facts: for every (P, ¥;)-martingale m,
the projection m is a (P, ﬂy)—martingale, and, for any progressively measurable process ¥
with E [/ [W,]dr < oo,

T T
/ W, dr — / W, dr
0 0
is a (P, F,¥)-martingale. Note that this implies that E i W, dt = E | ¥, dr.
We will also need the following result.

Proposition 2.1. Let (m;);>0 be a (P, ¥;)-local martingale. If there exists a localizing
sequence (Ty)neN Of Ey—stopping times for m, then m is a (P, j’iy)—local martingale.

Proof. By a standard calculation we obtain, forall0 <s <t < T < oo,

Elitiing, | FX1=ElEming, | Fh. 11 FF

ATy
=E[Elmiar, | Frollin>s) | F'1+EEMmiag, | Flo 1l | F']
=E[E[min, | Fo1| F 115,55 +Elmy, | F 11, <)

—~
= Mgsat,-

Hence, m; Az, 18 a (P, J’t'ly)—martingale and this proves the statement.

The integer-valued random measure associated to the jumps of the process Y is given by

m(dt,dx) = Y 8(sav,)(dr, dx),
{s: AY;#0}

where &, denotes the Dirac measure at point a. Note that the equality

' !
/ /xm(ds,dx) :/ / Ki(s,¢)N(ds,d¢)
o JR 0 Jz

holds, and, in general, for any measurable function g: R — R,

t t
/ / g(x)m(ds, dx) = / / Lk, (s.0)20y (K1 (s, )N (ds, d¢). (2.4)
0 JR 0 Jz
Forallt € [0, T] and all A € B(R), we define

d°(t,x) :=1{c € Z: Ko(t, x, ) # 0},
d'(t,x,y):=1{¢t € Z: Ki(t,x,y,¢) # 0},
dAt,x,y)i={¢ € Z: Ki(t,x,y,§) € A\{0}) S d'(t, x,y), (2.5)

and, finally,
DA =d*(t, X,-,Y,-) S D; =d'(t, X,-., Y,-), DY =d%, X,-).

Normally, D? N D; # &, P-a.s. and this models the fact that the state process and the observa-
tion may have common jump times.
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Under the assumption that
T
E/ v(Ds)ds < o0, (2.6)
0

in [3, Proposition 2.2] it was proved that the (P, #;)-predictable projection (see [2] and [15]),
mP (dt, dx), of the integer-valued measure m (dz, dx) can be written as

mP (dt, dx) = A (dx) dt, (2.7)
where, for all A € B(R),
mP(dt, A) = A, (A) dt = v(D)dr.

This means that v (DtA) provides the (P, #;)-intensity of the point process N;(A) = m((0, t]x A)
that counts the jumps of the process Y until time #, whose widths belong to A. In particular,
A = v(Dy) is the (P, #;)-predictable intensity of the point process N; = m((0, ] x R) which
counts the jumps of the process Y until time ¢.

Remark 2.2. Equation (2.7) can also be written as
m?(dt, dx) = Ay (dx) dr = / Sk, ¢t,0)(dx)v(dg) de. (2.8)
Dy

We finally denote by v”(dt, dx) the (P, 57,Y )-predictable projection of the integer-valued
measure m(dz, dx). The following proposition, proved in [3], gives a representation of v/ (dt,
dx) in terms of the filter.

Proposition 2.2. The (P, ?—',Y )-predictable projection of the integer-valued measure m(dt, dx)
is given by
vP(dt, dx) = Ay (dx)|,—4— dt = 7,- (A (dx)) dt,

that is, for any A € B(R),

t 1
v2((0, 11, A) =/ Ty~ (As s (A)) ds =/ - ((d* (-, Ys-))) ds,
0 0

where 7,— denotes the left version of the process ;.

The last part of this section focuses on finding a martingale representation theorem for
(P, #¥)-martingales which is an essential tool to derive the filtering equation. To this end, we
introduce the F," -compensated martingale random measure

m” (dt, dx) = m(dt, dx) — v (dt, dx) = m(dt, dx) — 71~ (e py (dx)) dt,

and, assuming that

T bi()
E / 5 dt < oo, (2.9)
0 04 )

we define the innovation process
Th b
L=w +/ [ 1(5) —ns(—l)i| ds. (2.10)
o Loi(s) o1

https://doi.org/10.1239/aap/1346955260 Published online by Cambridge University Press



https://doi.org/10.1239/aap/1346955260

Nonlinear filtering 683
Note that, by Remark 2.1 and assumption (2.9),
T
g/
0

By extending classical results from filtering theory (see [20]) to our setting we obtain the
following result.

1

b T p
n,(—)‘dthf b 2
o 0

o1

T
b
dtzEf |1(t)|dt<oo
o o1()

Proposition 2.3. The random process {I;};c[0,1] is a (P, J’L‘,Y)—Wiener process.

We write #" for the filtration generated by the random measure m(dz¢, dx). Since the
innovation process / and the random measure m(dt, dx) are }‘,Y-adapted, then F" v
.’Ft’ - }”ly . In general, the inclusion is strict; however, we will prove a representation
theorem for (P, ﬁy)-martingales in terms of the J‘-‘lY—compensated random martingale measure
m”™ (dt, dx) and the innovation process /.

For this purpose, let us now consider the positive local martingale defined by

'b "b 1 [t b}
L, = 8(—/ 1(s) dW;) = exp{—/ 1(s) dw! — —/ lz(s) ds},
o o1(s) 0 o1(s) 2Jo of(s)
where & denotes the Doléans-Dade exponential and we will make the following usual standing
assumption.

Assumption A. L is a (P, ¥;)-martingale, that is, E[LT] = 1.

Under Assumption A, we define a probability measure Q on 7 equivalent to P such that

dQ

=Lr7. 2.11
P T (2.11)

Fr

By Girsanov’s theorem, the process

~ " by(s)
Wl = w! +/ 17 ds
! ! 0o o1(s)

is a (Q, ¥;)-Wiener process and, by (2.10),

~ ! b1
Wi=1+ | — ) ds; (2.12)
0 o1

hence, W!is a Q, }',Y)—Wiener process, which in turn implies that

t
Q| _ g(_ / ns(ﬁ) dls). (2.13)
7 0 g1

T Y
L; =E[L; | ]:d_P

Note that, by Jensen’s inequality, ntz (br/o1) < my (b% / 012) and, by Remark 2.1, the following
integrability condition holds:

T b} T bi(r)
E | — dt = E 5 dt < o0
0 o; 0o o)
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Before giving the claimed result, we want to underline the (P, ﬂy)—semimartingale repre-
sentation of Y:

dy, = o1 (1) dI, + (n,(bl)—i-/ x@(dx)) dt—i—/ xm™ (dt, dx).
R R

We can observe that, again by Remark 2.1 and the assumptions in (2.2),

T T T
E/ |7Tt(bl)|dt§E/ 7Tt|bl|dt=E/ |b1(t)|dr < oo;
0 0 0

furthermore, taking into account (2.8),

T T T
E/ / x| Ay (dox) dt :E/ / x| A (dx) dt :Ef / |K1(t, ©)|v(de) df < oo.
0 R 0 R 0 Z

Proposition 2.4. Under (2.2), (2.6), (2.9), and Assumption A, every (P, J’L‘;Y)-local martingale
M admits the decomposition

t t
M = My + / f w(s, x)m”™ (ds, dx) + / h(s)dlI,
0 JR 0

where w(t, x) is an ﬁY—predictable process and h(t) is an ?}Y -adapted process such that

T T
/ / lw(t, x)|m- (A (dx)) dt < o0 and / h(t)2 dt <oo P-as.
0 R 0

Proof. Let Q be the probability measure defined in (2.11). Then Wlisa Q, ﬁy)-Brownian
motion. Note that the following equality of o -algebras holds:

VA (2.14)

As a matter of fact, recalling (2.12), we obtain the inclusion J‘ZY DF"V ?}VT]I, while the
other inclusion follows from the fact that Y solves the stochastic differential equation driven
by m(d¢, dx) and W given by

dy, = / xm(dt, dx) + o1 (1, Y;) AW/,
R

Let us note that the Q-distribution of the pair (m, W ) is uniquely determined by its (Q, ;" Vv
F, w! )-predictable characteristics (see Remark 3.2 of [1]), and, therefore, by the (Q, 3-' Yy.
predlctable characteristics because of equality (2.14).
By applying Corollary 111.4.31 of [15] every (Q, F,¥)-local martingale, M, has the repre-
sentatlon property with respect to (m, w! ), which means that there exist two processes, h(t),
F,¥ -adapted, and W (t, x), ;Y -predictable, satisfying

T T
f Ez(t) dt < oo and / / |[w(t, x)|m- (A (dx))dt <00 Q-as.
0 0 R

such that , .
M, =M0+/ h(s)dw, +/ fw(s,x)m”(ds,dx). (2.15)
0 0 JR
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Let M bea (P, ¥, ¥y local martingale. By the Kallianpur—Striebel formula, Mt MZZ; Visa
Q, # ¥)-local martmgale where L is defined in (2.13). Thus, M, = M,L, can be computed
by the product formula:

dM, = i, 4T, + T, diF, + d(87, 7, +d(z Ama).
s<t

Note that dZ; = —L,; (b1 /o1) dI;. Then

- by - e
dM, = —M,L,rr,( ) drl; + Llf (/ w(t, x)m™ (dt, dx) + h(z) dW,l)
o R

+d</ h(s)dWSI,—/ Lsns( 1)dl>
0 0 O] t
bi b b
Z—Mtﬂt dIt+Lh(t) d1t+7Tt dt —h(t)LtT[[ — | dt
(o5 a1 o1

+/ L,-(t, x)m™ (dt, dx)
R

b ~ o
< M,rr,( ) +1 h(t)) dI, +/ L,-w(t, x)m™ (dt, dx).
R
Finally, we need to only define

w(t,x) = L,-w(t,x) and h(t) = —M,nt<b ) + Lh(2).

3. The filtering equation

Our purpose in this section is to characterize the filter that is the conditional distribution of
the signal X given the observation F,", which provides, as already stated, the most detailed
description of our knowledge of X;.

The literature concerning the filtering problem in the case of diffusion observations is quite
rich: for textbook treatments, see, for instance, [16] and [20]. More recently, results for pure
jump observations have been obtained (see [2], [3], [7], [11], and the references therein), while
few results can be found for mixed-type information which involves pure jump processes and
diffusions (see [4], [12], and [13]). To the authors’ knowledge, this is the first time that the
filtering problem is studied for the general jump diffusion system defined in (2.1).

First we want to recall aresult proved in [7, Corollary 2.2].

Let us denote by Gb ([0 T] xR) and G; 2 2([0 T] x R x R) the sets of functions f
respectively defined on [0, T] x R and [0, T] x R x R such that £, 3f /3¢, 3f /dx, and 3> f /9x>
and f, df/0t, and all the first and second derivatives with respect to (x, y), respectively, are
bounded continuous functions.

Lemma 3.1. Under the assumptions in (2.2) fori = 0 and
T
E/ v(DY)dr < oo, (3.1
0

X is a (P, #1)-Markov process with generator

9 1 92
LXf(t,x) = —f+bo(t x) f +5 2(t,x)#;+/Z{f(t,x+l<o(t,x,§))—f(t,x)}v(ds“).
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More precisely, for any function f (t, x) € @;’2([0, T] x R), the semimartingale decomposition

1
f(@, X)) = f(0, x0) +/ LY f(s. X;) ds +m]
0
holds, where m/ is the (P, F;)-martingale given by

f tof 0
m; = a—(s, Xs)oo(s, Xs) dW;
0 X

t ~
+fo /Z{f(s, Xy 4 Ko(s, Xg-, 8)) — f(s, X;-)}N(ds, d7). (3.2

The next theorem establishes the main result of this paper.

Theorem 3.1. Under the assumptions of Proposition 2.4 and (3.1), the filter (2.3) is a solution
of the KS equation, which is given for any function f(t,x) € G‘;’z([O, T] x R) by

t t t
7 (f) = f(0, x0)+f ﬂx(LXf)dS+/ /wf(f,X)m”(dS’dX)+/ hy (f)dls, (3.3)
0 0o Jr 0

where
e dTeGef) dm,- (Lf)
wy (f, x) = ar— () ) —m-(f) + - () (x), 3.4
0
hi (f) = Gfl O (b1 f) — 7w (D)7 ()] + p72 (00%). (3.5)
Here, by B
dm,- (Ao f) dm,- (L f)
-0 " Gy

we mean the Radon—Nikodym derivatives of the measures 7t,- (A$ f) and 7~ (L f) with respect
to ;- (L), and the operator L f is defined as

Zf = I:f(? Yt’? dZ),

I:f(t, x,y,A) = / {f@t, x4+ Ko(t,x,8)) — f(t,x)}v(d¢) forall A e B(R).

dA(t,x,y)

Remark 3.1. Recallthatd4 (s, x, y) isdefined in (2.5); hence, the operator L takes into account
common jump times between the state X and the observations Y.

Remark 3.2. Letus observe that (3.3) is similar to the filtering equation derived in [4], even if a
different partially observed system was considered there. More precisely, in [4], the information
flow has the structure 7™ v F;", where m(dt, dx) is a marked point process with dynamics
affected by a stochastic factor X (whose dynamics are described by the first equation of (2.1)),
and n, = f(; y(Xs)ds + th for any bounded measurable function y (x). Nevertheless, let us
point out that in [4] the derivation of the filtering equation required boundness on A; = v(D;)
and og(t, x).

Before giving the proof of Theorem 3.1, we ought to check that all the terms in (3.3) are
well defined.
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Remark 3.3. Since

/lef (f )17 Cesps (Ax)) < [70- )| + |7~ M7= (O] + |75- (L )R]
< 4 flimg=[Al

assumption (2.6) and Remark 2.1 imply that
T T
E./o /Rwa(f,X)Iﬂr(?»scbs(dX))ds =41l E/o |Aglds < oo. (3.6)

Moreover, since, for any f (¢, x) € G;’z([O, T] x R),

(hT(F)* < Byl(o] ' (1)) 72 (b1) + 72 (00)}

with By a suitable positive constant, by Jensen’s inequality and again by Remark 2.1, we obtain

Ly T(hw |,
E/ (hf(f))~dt < BfE/ ( 7~ 105 (l)) dr < oo. 3.7
0 0 \0j ()

Thus, taking into account (3.6) and (3.7), the integrals in (3.3) with respect to the compensated
martingale measure m” (d¢, dx) and the innovation process [ are (P, ,?;Y)—martingales. Finally,
note that

ILX £ (2, X)| < Br(1 + [bo(0)] + |oo(@)]> + v(D?))

for a suitable positive constant B f- Then

T T
E/ I (LY £)| dr < E/ ILX f(t, X,)|dt < oo.
0 0

Proof of Theorem 3.1. We will consider the semimartingale

t
Z, = f(t, X;) = £(0, Xo) +f LY f(s, X,)ds +m)
0

where m,f is given in (3.2). To keep the formulae simple, we will leave out the dependence

from the process X unless it is necessary, that is, f; = f(f, X;), LXf, = LXf(t, X;), and
af (1)/ox = af (r, X;)/dx.

Now we project the semimartingale Z onto J’7IY:

— —

1 o~ r_— t
zt=20+/ LXdes+n7tf:zo+f LXdes—/ fosds—l—/ fosds+n7tf.
0 0 0 0

By Remark 2.1, Z — Zo — fé LX f;ds is an F,Y-martingale. Proposition 2.4 ensures the
existence of two processes 4™ and w” such that

o~ o~

r ! t
Zt—Zo—/ fo(s,XS)ds=/ /wf(f,x)m”(ds,dx)—l—/ h7 (f)dIs
0 0 JR 0

with E [ [ w7 (f, %)|75 (Asgps (dx)) ds < o0 and E f;] (h7 ()2 ds < o0.
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Now the strategy for proving the thesis consists of two steps. We will consider the F, Y _adapted

process w! , given by
~ 'p ! b
w!=w! +/ 1(5) ds = I, +f ns(—l> ds,
o o1(s) 0 o1

and a bounded process U of the form

t
U,:/ /F(s,x)m(ds,dx),
0 JR

where T is a bounded, %, -predictable process.

Step 1. We will compute Z; W,l and Z th separately; since W,l is 5~',Y -adapted, the equality
Z, W} = Z,W/! holds.

Step 2. We will compute Z; U; and Z, U;, and, again, since U; is ¥ —adapted the equality
Z[Ut = Z;Ut holds.

The two equalities in steps 1 and 2 will give us the structure of the processes A and w”.
Step 1. By applying the product rule,

dzZWhH = Z-dw! + Wl dz, +d(z¢, W),
by(2)
o1(t)

where m, fo Wl dmY is a (P, #;)-local martingale, and p is the correlation coefficient
between the Browman motions W! and W°. Note that we can introduce an J‘~‘ -localizing
sequence for m! as

~ 3
=Z dW! + 7, dr + W LX f,dr + —f(t)ao(t)p dr + dm/,

%, =T Ainf{r: |W'| > n}.

If we project Z; VT’} onto J‘T,Y , we will obtain, on {t < T},

bi(0) f()

o1(1)

where m! is a (P, ﬂy)—martingale and, by Proposition 2.1, mt1 AZ, isa (P, J’-‘,Y )-martingale. On
the other hand,

d(Z, W, )—{ LY f 4 oo(t),o}dt+Z,dW1+d + di!,

—

dZ, W) = {Z,n,(b ) T WXy, +h”(f)}dt+dm,,

where m? = fo W hT(f) + Zdl + fO W Jg wE(f, x)m™ (ds, dx) isa (P, F,")-local mar-
tingale. =
Since Z,W = Z, ,1, they have the same limited variation parts, which means that

bl(t) f()
o1(1)

Equivalently,

hy(f) = m(fb1> —m(f)m(b ) + (%%)p on {r < 7T,}.

Now, when n — 00, 7, goes to T, P-a.s. and so the process A” ( f) is completely defined.

o0 (p = Z, r(b ) + W 2y +h{(f) on{t <7}
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Step 2. We now choose the bounded process

t t
U, = / / I'(s, x)m(ds, dx) = / / 1p, (O (s, K1(s, £))N(ds, d¢)
0 JR 0 JZ

(see (2.4) for the last equality). Then
d(Z;Uy) = Z,- dU; + U;- dZ; +d[Z, U],

- {U,Lxﬁ +V, + z,/ r(s, x)k,¢t(dx)} dt + dm?, (3.8)
R
where V; := [, 1p, (O){f (1, X~ + Ko(1,£)) — f(1, X,)}T (¢, K1 (¢, ¢))v(d¢) and
t t

m = / / Z-T(s, x)(m(ds, dx) — Ags(dx) ds) +/ %(s)ao(s)us dw?

0 JR 0 0x

l ~
+/0 /Z{f(s, Xs- + Ko(s,8) — f(s, Xg-)H{1p, (O (s, K1 (s, ¢)) + Ug-}N(ds, d¢)

is a (P, #;)-martingale. By projecting onto %", (3.8) becomes

d(Z,U0,) = {UILXf, +V, +/ m,x)m,mx)}dt + dii (3.9)
R

with 71> a (P, #,¥)-martingale.
On the other hand,

d(Z,Uy) = Z,- dU; + U,- dZ, +d[Z, U],

- {/ (Zi 4wl (f, )T (2, x)hrpr (dx) + U,LXf,} dr + dm?, (3.10)
R
where m* is the (P, ﬂy)-mmingale given by
t [
m? = / Ush? (f) di; +/ {Z,-T (s, x) + Ug—w] (f, x)}m™ (ds, dx).
0 0
As in step 1, the finite-variation parts in (3.9) and (3.10) must be equal, so
fR w (f, )T (t, X)Ar ¢y (dx) = /Rl"(l, 0 Zh$i(dx) + V; — /RZF(I’ X)Arpr(dx). (3.11)

Now we look for w”™ (f, x) having the following structure:

wf(f’x) = U)](t, f’x) - wZ(tv f9x)+w3(t7 f’x)-

-~

We can always choose wy (¢, f, x) = Z,-, and, by equality (3.11), wi and w3 need to satisfy
/ wit, £, T (1, )hih (dx) = / L(t, X)Z- ki (dx),
R R

/R w3t, £, 2T, )k (dx) = T
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Denoting by {7, } the sequence of jump times of Y (i.e. of N; = m([0, 1) x R)), we select
I'(¢, x) of theform I' (¢, x) = C; 14(x) 1y; <7, AT} With C any bounded, J’ZY-predictable, positive
process and A € B(R).

With this choice, the process U; := fot fRF(s,x)m(ds,dx) is bounded since |U;| <

fOTAT" |Cs|dNs < Dn, where D is a suitable positive constant. Then, on {t < T, A T},

Vi= /ZCz Lpa(OUf @, Xi- 4 Ko7, X;-, £)) = f(t, X;-)}v(dE)
=G /DA{f(f, X+ Ko(t, X4-, ¢)) — f(t, X;-)}v(dD).

If we let fdA([’x’y){f(t,x + Ko(t,x,¢)) — f(t,x)}v(d¢) =: l_,f(t,x, y, A) then we obtain,
forallA e B(R)on{r <T, AT},

/A w3, f, )k (dx) = /A Lf (X, Y, dx),

/A wi(t, f, x) ki (dx) = /A Zr M (dx).
Thus,on {t < T, AT},

dm- (& dm,— (L
Wi, £,xX) = walt, £, 3) + watt, fox) = ZECO) (g oy 4 ST L)

- (h) an )

Now, since the counting process N; = m((0, ¢t] x R) is nonexplosive, T,, goes to oo with n and
this concludes the proof.

It can be observed that the KS equation (3.3) can also be written as
t
7 = 030+ [ L D+ m(m ) = m(FA) s

t t
—l—f / wf(f,x)m(ds,dx)+/ h (f)dlI;,
0 JR 0

where
LY ft,x,y)=L*ft,x) = Lf(t,x,y,R)
af af 1 3% f
= (6,2) +bo(t, 1) + anz(t,x)ﬁ
+/ C {fex Kol x. ©) — £t 00(dd)
dlc(t,x,y)

and dlc(t, x,y) ={¢ € Z: K1(t, x,y,¢) = 0}, and it has a natural recursive structure. It is
easier to see it by writing the equation at jump times and between two consecutive jump times
of Y. Indeed, if 7, is a jump time for the process Y that occurs before time 7,

d?’[Tn— (A1, 91, f) (Zn) + d”T,; (iTn )

ﬂTn(f) = dnTH_()"Tn(an) W

(Zn),  Zn=TYr, = Y1,

Hence, 77, (f) is completely determined by the observed data (7},, Z,,) and by the knowledge
of m;(f) forall ¢t € [T,—1, Ty), since ”T,;(f) = limt%Tni 7w (f).
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Then, fort € [T, Ty41 A T),

t t
m(f) =m0+ [ @D+ pom —mrords + [ Kl
Ty Ty
To show uniqueness for the solution to the KS equation, we want to proceed as in [17], but
we need to know exactly the shape of the generator of the pair (X, Y). To this end, we give the
following lemma.

Lemma 3.2. Under (2.2), (2.6), and (3.1), (X, Y) is a (P, F;)-Markov process with generator
LXY defined by, for all f € @;’2’2([0, T] x R x R),

3 d 3 32
LY f,x,y) = o + bo(t, X)—f +bi(t, x, y)—f + poo(t, x)o1(t, y)
ot ox ay dxady
1, 3f 1, 3 f
+ 590 (1, x)ﬁ + 51 (1, Y)a—yz

+/Z{f(l,x + Ko(t,x,8), y + Ki(t, x, ¥, ) = f(z, x, y)}v(dd).

Proof. By the assumptions of existence and uniqueness for the solution of system (2.1),
the martingale problem for the operator LX-Y is well posed and this implies that the pair
(X,7Y) is a (P, ¥;)-Markov process. Then the proof consists of applying Itd’s formula to a
e 220, T] x R x R) function f(t, x, y):

8f(ta Xta Yt)

)af(tvxlvyt)d
dax

dy

4 /Z L Xoe + Kot ), Yo + K6, 0) — £t Xo s Y WN (1, dg)

df @ Xe, Yo = LY f(t, X, ¥) di + o0(1) AW, + o1 (1 w/!

=LY £(t, X, Y,) dt +dM] . (3.12)

Finally, by (2.2), (2.6), and (3.1), since
T
E/o /Z (6 X+ Kot ©), Yo + K16, ©) = F(5 Xo ) Yo ) v(dg) dt

T
<2UUE [ (D) + oD
< 00,

M7 isa (P, F1)-martingale.

Remark 3.4. By projecting (3.12) onto 57,Y we can state that

t
7 (f (- Yp) — /O o (LXY £ (-, 1) ds

isa (P, ﬂy)-martingale for each f € e;*“([o, T] x R x R).

We want to use this martingale property to characterize the distribution of the pair (7, Y) by
exploiting the idea given in [17]; therefore, we introduce the notion of the filtered martingale
problem.
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Definition 3.1. A process (u, U) defined on a probability space (EZ, 37‘,,13), with cadlag
trajectories and taking values in & (R) x R, is a solution of the filtered martingale problem
FMP(LXY, x, yo) if 1t is F,U-adapted and, for all f € €,>*([0, T] x R x R),

t
e (f G, Up) — fo ws (LY £, Uy)) ds

is a (P, 7,V)-martingale and EP[110 £ (-, Uo)] = £/(0, xo, y0)-
Now we are ready to give the definition of a weak solution of the filtering equation.

Definition 3.2. A weak solution to the KS equation (3.3) is a process (u, ?) defined on
a probablhty space (Q f,, P) with cadlag trajectories, takmg values on P (R) x R, such

that Yo = Yo, P-a. S., Ep[uo(f)] = f(0, xo) for all f € Gh ([0 T1 x R), and the following
statements hold.

@{1) wis ?f-adapted.

(ii) The (ﬁ, J‘Z}?) -predictable projection of the counting measure associated to the jumps of
Y, m(dt, dx), is given by u;- (A;¢(dx)) dr.

i) T = [1(1/01())(d¥s — [ xi(ds, dx)) is a (B, 7)-Brownian motion.

(iv) The pair (u, Y) solves the KS equation (3.3), with m”™ (dt, dx), I;, wf (f,tx), and hT (f)
replaced by m#(dr, dx) = m(dr, dx) — - (¢ (dx)) de, I = I; — [ ps(br/o1) ds,
w! (f, x), and k¥ (f), respectively.

) foT (b2, Y,)) dt < oo, P-a.s., with

b%(t,x,y)

ba(t, x, y) = A(t, x, y) + [bo(t, X)| + 05 (1, x) + v(do(t, X)) + —= :
oy, y)

Remark 3.5. In Definition 3.2(ii) we mean that, for all A € B(R),
- ey (A)) = - (@A ¥))
is the (ﬁ, ,?'t?)—intensity of the counting process m((0, t] x A). In particular,
- ey (R) = - 0(d' (-, T1))) = - (L Vo)) = - ()

is the (ﬁ, J‘Z}?)-intensity of the point process m((0, 1] x R), where we have used the notation
At x,y) =vd (@, x, ).
1,2,2

Remark 3.6. Taking into account Definition 3.2(v) we can prove that, forall f € C,’
R x R),

([0, T]x

T T
/0 /lez“(f, X) iy~ (A (dx)) de §4||f||/0 me (A) dt

T
§4IIfII/0 i (b2) dt

< oo P-as.,
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T T 2
n 2 2 Mt(b( Yt))}
/O hy (f) dtSBf/O {IM(U()) —2(t A

T
< Bf/O e (b2) dt

< oo P-as.,

T T
/0 I (LX)l de < Bf/O {14 1140 ()| + 1:(00)* + 14 (v(do))} dt

T
< Bf/O e (b2) dt
< 00 ﬁ-a.s.,

with B and B r suitable positive constants. Thus, all the stochastic integrals in the KS equation
considered in Definition 3.2(iv) are well defined, and those driven by /* and by m* (dz, dx) =
m(dt, dx) — ;- (Ar¢;(dx)) dr are (P, J’L;Y)-local martingales.

Remark 3.7. Note that the pair filter observation, (r, Y), is a weak solution to (3.3). As a
matter of fact, Definition 3.2(i), (ii), (iv), and (v) are trivially verified. For Definition 3.2(iii),
consider the probability measure Q defined in (2.11); then, by Girsanov’s theorem, the process

W= w! "bi(s) ds — ! by 1
; =W + s=1+ sl — )ds = dY; — | xm(ds, dx)
0o o1(s) 0 o1 o o1(s) R

is a (Q, TF,Y )-Wiener process.

Now we can state a weak uniqueness result for the solution of the KS equation whose proof
is postponed to Appendix B.

Theorem 3.2. Under the hypotheses of Theorem 3.1, uniqueness for the solutions to FMP(L%Y,
X0, yo) implies that all weak solutions (i1, Y) of the KS equation have the same law. In particular,
W and 1y have the same law.

In Appendix B we give a class of sufficient conditions that ensures uniqueness for the solution
to the filtered martingale problem for LX:¥ (see Proposition B.1).

In the remaining part of this section we discuss pathwise uniqueness for the solution of the
KS equation. We start by giving the definition of the strong solution.

Definition 3.3. A strong solution for the KS equation is a (P, ,")-adapted, cadlag, £ (R)-
valued process {1t }s¢[0,7] such that fo s (bz) ds < 00, P-a.s. (b; is defined in Definition 3.2(v))
solves the KS equation, that is, for all f € @b ([0 T]xRxR)andallt <T,

t t t
() = mo(f) + / ps(LX F)ds + / / Wi (f xym (ds, dx) + / RECFY IR, (3.13)
0 0 JR 0

where

o1(t) o1

and w* (f, x) and h*(f) are defined respectively in (3.4) and (3.5), replacing 7= with w.

P 0 by .
dl;" =dW, +{——= — ;| — ) ¢ dt, m*(dt, dx) = m(dt, dx) — u,- (9 (dx)) dt,
Note that the condition fOT s (b)) ds < oo, P-a.s. makes the integrals in (3.13) well defined.
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Theorem 3.3. Let (X, Y) be defined as in (2.1), and assume that uniqueness holds for the
FMP(L*Y | x, yo). Let {s}ieo,r) be a strong solution of the KS equation such that
Wi- Ay (dx)) dt and 7w, (M ¢y (dx)) dt are equivalent measures over [0, T1xR. Then pu, = m,
P-a.s. forallt <T.

Proof. See Appendix B.

We conclude this section by considering a simplified model and giving a sufficient condition
which implies that the additional hypothesis in Theorem 3.3 is satisfied.

Example 3.1. (Observation dynamics driven by independent point processes.) Suppose that
there exists a finite set of measurable functions K{(z, y) # O forall (¢, y) € [0, T] xR, i =
1,...,n, such that

d'(t,x,y) =€ Z: Ki(t, x,y,0) #0y = Jd! (. x, )
i=1

and
dl(t,x,y)Ndj(t,x,y) =2 foralli # j,
where d!(t,x,y) :={¢ € Z: Ki\(t,x,y,¢{) = Ki(t,y)}. This implies that K'(z, X,-, ¥,-,

0) =Y K Y-) 1, (¢) with D! =d!(t, X,-,Y,-). Itis not difficult to see that the
observation process Y has the following dynamics:

n
dY, = bi(t, X, Yo) di + o1(, Y) AW, + > K{(t, ¥;-) dN/. (3.14)
i=1

Here Nli = N((0, t] x D;) fori =1, ..., n are independent counting processes with (P, %;)-
intensities given by Al = v(D?!). Let us point out that the signal X influences the drift and the
intensities of the point process driving the observation dynamics but not the jump coefficients
Kti (t,Y,-) fori = 1,...,n, which are observable. In such a model the counting measure
m(dr, dx) can be written as

n
m(dt,dx) = Y 8(sav,)(dr, dx) = Z(SKf(t’Yt_)(dx) dN?,
{s: AY;#£0} i=1

and the (P, ¥#;)-dual predictable projection of m(dt, dx) becomes

A (dx) dt = / Sk, (t.0)(dx)v(dg) dr

t

n
:ZaK{(lyy_)(dx)/_v(dC)dt
i=1 ' D;

n
=D Sxiqy,)@0)A;dr.

i=1
Of course, A, = v(D;) = Y I, Al provides the (P, ;)-intensity of N; = m((0, 1] x R). We
want to verify that, under the assumption that

A, x,y) =v(d (t,x,9) >0 forall (£, x,y) € [0, TIxR xR, i=1,....n, (3.15)
for any J‘Z',Y—adapted, cadlag, P(R)-valued process u, the measures u,-(A;¢;(dx))ds and
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7,- (A (dx)) dt are equivalent. Note that we can write

T Oue () dr = " Sgr, (@07, () dr,

n
- G (@) di = D" 8,y (@A)~ (W) di,
i=1

because 5K;'(1,Y,)(dx) fori = 1,...,n are F,Y-measurable. Hypothesis (3.15) implies

that ;- (A') > 0 and = (A) > 0,i = 1,...,n, and the Radon—-Nikodym derivative of
Wi— (A (dx)) dt with respect to - (A;¢;(dx)) df becomes

er*(Mb)( ) i SkiGy, ) (M ™ i: - (A1)

X) = — = i —_—

drm,- (Ag) i1 8k, )m= (M) (K{ @ YD=x}) 70 " (30

On the other hand, there also exists the Radon—-Nikodym derivative of m,- (A;¢;(dx)) df with
respect to pu,— (¢, (dx)) dt given by

dr-(Ap) - (1)
an o) T Zl”‘ HEI0= ()

i=1

and this means that these two measures are equivalent.
We now give the KS equation satisfied by the filter for this simplified model:

t
0 (f) = £(0. x0) + /0 7y (LX f) ds

! d
+ /0 {01(5)_1[7Tx(b1f) — (b)) ()] + prs (%%)}dls

+ Z/ T~ W) T -V f) — - (f) + 71— (R HIAN; — 7~ (M) dr). (3.16)
i=170
Here at := (1/a) 1{4>0) and by R’ we mean the operator
R f(t,x,Y,-) =/ (£, x + Ko(t, x, 2)) — f(t, x)}v(d?).
dltx,Y,-)
Now we are in the position to state the following result

Proposition 3.1. Letthe state X be defined by the first equation of (2.1), and let the observations
Y be defined by (3.14). Assume that (3.15) and uniqueness for FMP(L%-Y | xo, yo) hold. Let
{1t }ie(o0, 11 be a strong solution of the KS equation given by (3.16), replacing mw by . Then
ur = m;, P-a.s. forallt <T.

Appendix A

In this appendix we give sufficient conditions (see, for instance, [7] and [14]) that ensure
strong existence and strong uniqueness for solutions to system (2.1).

Assumption B. (i) Let bo(t, x), b1(t, x,y), oo(t,x), and o1(t,y) be jointly continuous
functions of their arguments, and let Ko(t,x,¢) and Ki(t,x,y,) be R-valued, jointly
continuous functions in (t, x, y).
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(ii) Suppose that there exists a constant C > 0 such that, for all t € [0, T,

lbo(t, x)|* + |oo(r,x)|2+/ |Ko(t, x, O)I*v(d¢) < €1 + |x[%),

z (A1)

|b1(r,x,y)|2+|al(t,y>|2+f IK1(t, x, y, O)Pv(de) < C(+ [x* + |y).
Z

(iii) For all r > 0O, there exists a constant L = L(r) > 0 such that, for all x,x',y,y" €
B-(0) :={zeR:|z| =1},

lbo(, x) — bo(t, x')| + |oo(t, x) — ap(t, x)| < Llx — x|, (A.2a)
b1(t, x,y) — bi(t,x', )| + loi(t, ) —o1(t, Y| < L(x — x| + 1y —¥'D,  (A:2b)
/ |Ko(t, x,£) — Ko(t, X', ©)*v(d¢) < Lix — x|, (A.2¢)
Z
/Z IKi(t,x,y,8) — Ki(t, X', ¥/, O1Pv(de) < Llx — 2P + |y — y'1D). (A.2d)

We respectively refer to (A.1) and (A.2) as the growth conditions and local Lipschitz condi-
tions.

Other classes of conditions which imply strong existence and weak uniqueness of solutions
to system (2.1) without requiring continuity of K;, i = 0, 1, can be found in [7, Appendix A].

Appendix B

Proof of Theorem 3.2. Let (i, Y ) be a weak solution to the KS equation. We will prove that
(i, Y) solves the stopped FMP(LX-Y | x, yo). More precisely, we will show that there exists a
sequence 1, of F,Y -stopping times, where 1, tends to oo with n, and probability measures Q,,
equivalent to P such that

~ tANy -
Minn, (F Gy Yian,)) — /O s (LYY F (-, Yinp,)) ds (B.1)

isa (én, }‘t?)-maningale foreach F € 02’2’2([0, T] x R x R).
It is sufficient to prove (B.1) for functions of the type F (¢, x, y) = f(t, x)g(y). Recall that

dY, = o1 (t) dI, + /sz%(dt, dx).
By applying It6’s formula we obtain
dg(¥) = ¢'(¥,-)dY; + %g”(i)af(r) dr + /ﬂ; [~ +x) — g(V,-) — g'(¥Y,-)xIi(dr, dx)
=g'(Y,-)o1(1) d; + %g’/(i)o?(r) dr + /}é [g(¥;- +x) — g(Y,-))i(dr, dx).

Since (u, Y ) is a weak solution to the KS equation, then

t t t
we (f) =f(0,xo)+f M‘Y(fo)ds+/ fwﬁ‘(f,x)m“(ds,dX)+f hi(f)dIf,
0 0o Jr 0
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and, by the product rule,
d( (/)8 (¥)
~ ~ 1  ~ ~ ~
= - (f) (8/(Yt)51(l)dlt + zg”(Yz)Glz(t) dr + /R[g(Yr +x) — g(¥,-)Im(dt, dX)>

+g(17t)<uz(LXf) dr +/ wy' (f, x)ym* (dt, dx) +h§‘(f)d11“)
R

+ o R (g T di + /R W' (£ ) (5T + x) — g(Fo)ii(dr, d)
= [e (Y0 (LX ) + &' X e (FHpae (b1) + o1 (DR () + S (Hg" Vo)) dr

/(Mt(f) +wl (fo)g (T~ +x) — gV )l gy (dx)) dr +dM®, (B2)

where we used the equalities

~ od n bl

m(dt, dx) = m* (dt, dx) + p,- (A (dx)) dt, dl; =diIf" + p, | — ) de,

o1
and by dM,f ¢ we mean
dMf¥ = / (= () + wf (F )8 (V- +x) — g(¥-)] + g (Y- )wl (f, x)}mH (dt, dx)
+ i (No1(Dg' T + g XDhf' () dIf",

Now we want to introduce a probablhty measure equivalent to P such that M/ is a local martin-

gale. To thlS end, define L, = 8(f0 us(b1/o1)dl;). Since by (t)/o1(t) may be unbounded, L
isonly a P, 7, Y) local martingale. Hence, we need to introduce the sequence of 57 -stopping

t b t
nnzTAinf{t: / MS(—I) dszn}/\inf{t: / ,u,s|b2|dszn},
0 o1 0

where b (¢, x, y) is given in Definition 3.2(v).
For any n, we build a new probability measure equivalent to P, Q,,, on (2, ¥ Y) as

f= g = e[ () ) =onl [ () om -5 () oo}
= ~ = — = €eX - = S
n dP 0 Ms o1 s p 0 s o 2 0 H’ ol

By Girsanov’s theorem,
~ AR b]
=1 - f u(—) ds
0 o1

is a (Q,. F)-Brownian motion, and M{in is a (Q,, F)-martingale since the following
estimations hold (see Remark 3.6):

~ TN?;: TAﬂn
EQ”/O / lwy (fs )| ite e pr (dx)) dr < 4] £ EanO wi(ba)dt < 4| flln < oo,

~ T Anp ~ T Anp
EQ"/ hY(f)*dt < By EQ"/ pe(ba)dt < Byn < oo,
0 0
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Finally, from the expressions of w* and /*, and the generator L*Y | (B.2) implies that

dieea, (fg(?t/\nn)) = Kinn, (LX’Yfg(?t/\nn)) dr + dM{in,,,

with M,ffnn a(Q,. F,¥)-martingale, that s to say, the pair (12, ¥) solves the stopped FMP(LX-Y ,
X0, Y0)-

By Corollary 3.4 of [17], if uniqueness holds for the FMP(LX’Y, X0, yo) then there exists a
measurable functlon H;: Dg[0, T] — P (R) such that m; = H;(Y), P-a.s. and p; 1j;<p,) =

Ht(Y) 1 {t<mn}> Qn a.S.

Since Q,, is equivalent to P, the equality above becomes u; 1{1<y,} = H,(Y) L <n,)s P-as.,
and taking n — oo we obtain u; = H;(Y), P-as.

Finally, since

Ay, = o1(1, Y;) dW/! +f xm(dt, dx)
R

and

a7, = o1, ) dT, + / xAi(dt, dx)
R

under ﬁ, the process Y has the same law as the process Y under P. Thus, (u;, 17,) and (7, Yy)
have the same law; in particular, u; and m; have the same law.

Proof of Theorem 3.3. With the same arguments used to prove equality (B.2), it can be
shown that

d(,ut(f)g(Yt))
= [g(YD e (LX f) + (01O () + me (b)) g (V) + S (Hg" (Yot (D)1 dt
+ / (i (F) + wl (. N[ (Y- + x) — g(Y,)1ts (e (dx)) dt + dmrl®,

where by m/® we mean

dmf® = (o1 (g (V) + g (Yol ()} dI*
+ fR (e () + W (f, )Yy +x) — (V)] + gV )w! (f, x)ym* (dt, dx).

We need to define a new probability measure equivalent to P under which m/¢ is a local
martingale.

From the hypothesis of equivalence of the measures m,- (A;¢; (dx)) dt and u,- (A;¢;(dx)) dz,
there exists an ?}Y -predictable process W (¢, x) > —1, 7;(A; ¢, (dx)) dz-almost everywhere such
that

(1 + W@, x)m,- (e (dx)) df = py- (A1 (dx)) dr.

Recalling that I,” =1 — f(;{,us(bl/a]) — mg(b1/o1)}ds, we define

(b bi\|?
Ty = inf{t >0: / ux<—]) — m(—])
0 o1 o1

t
/\inf{zzo: / /|xp(s,x)|2ns(,\s¢s(dx))dszn}AT
0 JR

t
ds > n} /\inf{t >0: / |s(b2)| ds zn}
0
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and the change of measure
dQ,
dP |gv

= A[/\Tn )

where

INT, bl bl ATy
Atar, = 8(/ {Ms<—> - JTs<—> } dr; + f / W (s, x)m™ (dt, dx)).
0 (e} [ea]

Girsanov’s theorem implies that I; — fo {us(b1/o1) — ms(b1/01)} Ljs<q,) dsisa(Q,, F ’”Y)
Brownian motion and that the (Q,,, ?—’ )-predictable projection of the measure m(dx, df) on

{r < T} is - (A ¢ (dx)) dr.

By performing similar computations as in the proof of Theorem 3.2 we find that m];gm i
a (Q,, F¥)-martingale and so the pair (i, Y) solves the stopped FMP(LX-Y | xq, yo). Finally,
by Corollary 3.4 of [17], there exists a functional H such that

7 =H (Y) P-as. and plycr,y = H ) 1<,y Qp-as.
Nevertheless, Q,, and P are equivalent measures; therefore,
e Yp<g,y = Hi (Y) 1{t<1’n} P-as.

with 7, an increasing sequence, so there exists, P-a.s., n(w) such that, for all n > n(w),
7, (w) = T. Taking n — oo, we obtain u; = m;, P-a.s.

In the next proposition we provide sufficient conditions for the uniqueness of the solutions
to EMP(L%Y | xq, yo).

Proposition B.1. Under Assumption B and either

sup v(d (t,x)) + sup v(d (t,x,y)) <o (B.3)
t,x,y
or
sup /Z{|Ko(t,x,§)| + K1, x, y, §)[}v(dg) < oo, (B.4)
X,y

uniqueness holds for FMP(L*-Y xq, yo).

Proof. 1t is sufficient to apply Theorem 3.3 of [17] after having checked that the
hypotheses are satisfied. By Assumption B, the martingale problem for L%¥ is well posed.
Furthermore we have to prove that we can choose as a domain for L*-Y, a set of functions
Dy ce 2([0, T] x R x R) such that, for f € Dz, LXY f € @y ([0, T] x R x R). We
choose as Dy the set of functions in @b 1.2, 2([O, T] x R x R) having compact support with
respect to (x, y) uniformly in 7; then there exists Ry > 0 such that, for [x| > Ry and |y| > Ry,
f,x,y)=0forallr € [0, T].

Recalling the structure of the operator L% i.e.

0 0 0
LY fxy) = 2 bott 0 o 4 byt L
at ax dy
I 5 > f *f 0> f
+ EI:UO (t,x)ﬁ +2poo(t, x)o1(z, y)m +oit, ) —5 9y?

+ /Z<f<t, x4 Kot x, 00y + Kt x, 3. 0) — £t y))(dD),
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since

/Z(f(t,x + Ko(t,x,8), y+ Ki(t, x,,8) — f(t, x, y)v(ds)

<2 fIv@ ., x, ) Ud' @ x, ),
under (B.3) and (A.1), we find that, for all f € Dy, there exists a constant C s > 0 such that
al
ot

ILXY 7 < +Cp(1+ R} + 21 £l sup v(do(t, x, y) Udi (1, x, y)).

1,x,y

Hence, LX-Y f is bounded.
The same result can be obtained under (B.4). In fact,

’L(f(t,x—i—KMz,x,,g“),y+K1(t,x,y,g“)) — f @t x, y)v(dE)
H
a )

Finally, in both cases, the continuity of LX:Y f(¢, x, y) can be obtained by the dominated
convergence theorem.

< max{

)
8_fH}f{'KO(f’x’f)'+|K1<Lx,y, O (do).
y z

Acknowledgement

We wish to thank an anonymous referee for his/her comments and questions which helped
to improve the paper.

References

[1] BIORK, T., KABANOV, Y. AND RUNGGALDIER, W. (1997). Bond market structure in the presence of marked point
processes. Math. Finance 7, 211-239.
[2] BREMAUD, P. (1980). Point Processes and Queues. Springer, New York.
[3] Ckcy, C. (2006). Risk minimizing hedging for a partially observed high frequency data model. Stochastics 78,
13-31.
[4] Ckcy, C. (2012). Utility maximization with intermediate consumption under restricted information for jump
market models. To appear in Internat. J. Theoret. Appl. Finance.
[5] Ceci, C. AND GERARDI, A. (1998). Partially observed control of a Markov jump process with counting
observations: equivalence with the separated problem. Stoch. Process. Appl. 78, 245-260.
[6] CEci, C. AND GERARDI, A. (2000). Filtering of a Markov jump process with counting observations. Appl. Math.
Optimization 42, 1-18.
[7]1 CEeci, C. AND GERARDI, A. (2006). A mode for high frequency data under partial information: a filtering approach.
Internat. J. Theoret. Appl. Finance 9, 555-576.
[8] CrisaN, D. AND Rozovskll, B. (eds) (2011). The Oxford Handbook of Nonlinear Filtering. Oxford University
Press.
[9] EL Karoul, N., HU NGUYEN, D. AND JEANBLANC-PIQUE, M. (1989). Existence of an optimal Markovian filter
for the control under partial observations. SIAM J. Control Optimization 26, 1025-1061.
[10] FLEMING, W. H. AND PARrDOUX, E. (1982). Optimal control for partially observed diffusions. SIAM J. Control
Optimization 20, 261-285.
[11] FrEY, R. AND RUNGGALDIER, W. J. (2001). A nonlinear filtering approach to volatility estimation with a view
towards high frequency data. Internat. J. Theoret. Appl. Finance 4, 199-210.
[12] FrEY, R. AND RUNGGALDIER, W. (2010). Pricing credit derivatives under incomplete information: a nonlinear-
filtering approach. Finance Stoch. 14, 495-526.
[13] FrEY, R. AND ScHIMDT, T. (2012). Pricing and hedging of credit derivatives via the innovation approach to
nonlinear filtering. Finance Stoch. 16, 105-133.
[14] GIHMAN, I. I. AND SKOROHOD, A. V. (1972). Stochastic Differential Equations. Springer, New York.

https://doi.org/10.1239/aap/1346955260 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1346955260

Nonlinear filtering 701

[15]
[16]
(17]
[18]
[19]

[20]
[21]

JAcoD, J. AND SHIRYAEV, A. N. (2003). Limit Theorems for Stochastic Processes, 2nd edn. Springer, Berlin.
KALLIANPUR, G. (1980). Stochastic Filtering Theory. Springer, New York.

Kurtz, T. G. AND OCONE, D. L. (1988). Unique characterization of conditional distributions in nonlinear
filtering. Ann. Prob. 16, 80-107.

Kurtz, T. G. AND NaPPO, G. (2010). The filtered martingale problem. In The Oxford Handbook of Nonlinear
Filtering, eds D. Crisan and B. Rozovskii, Oxford University Press, pp. 129-168.

KLIEMANN, W. H., KocH, G. AND MARCHETTI, F. (1990). On the unnormalized solution of the filtering problem
with counting process observations. [EEE Trans. Inf. Theory 36, 1415-1425.

LIPSTER, R. S. AND SHIRYAEV, A. (1977). Statistics of Random Processes I. Springer, Berlin.

MAzLIAK, L. (1993). Mixed control problem under partial observation. Appl. Math. Optimization 27, 57-84.

https://doi.org/10.1239/aap/1346955260 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1346955260

	1 Introduction
	2 The filtering model
	3 The filtering equation
	A 
	B 
	Acknowledgement
	References

