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Abstract

In this note it is shown that a result of Champion and De Pascale [‘Asymptotic behavior of nonlinear
eigenvalue problems involving p-Laplacian type operators’, Proc. Roy. Soc. Edinburgh Sect. A 137
(2007), 1179-1195] implies that the variational eigenvalues of the p-Laplacian are continuous with
respect to p.
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1. Introduction

Let @ C R" be a bounded domain with Lipschitz boundary. We consider the following
boundary value problem:

—Apu=MulP~?u inQ,
u=~0 on 02,
where 1 < p <400, L€R and Aju:= div(|Vu|P~2Vu) is the p-Laplacian. A

number A € R is called an eigenvalue if there exists a function u € W(} P\ {0}
(called an eigenfunction) such that

/|Vu|l’2vuvu:)\f lulP~2uv
Q Q

for every v € Wol "P(©). One can prove (see [3]) the existence of a sequence of
eigenvalues {A(p; Q)}f;xf such that
0<Ai(p; 2) <Aa(p; Q) <+ < hi(p; Q) > +00

as k — +oo. These eigenvalues are characterized by (2.1) below and are often referred
to as variational eigenvalues. In the literature one can find investigations of the
behaviour of the variational eigenvalues for varying p; the asymptotic behaviour for
p — 1 was studied in [7, 9], while the case p — 400 was considered in [5, 6].
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In this note we consider the issue of the continuity of the variational eigenvalues
with respect to p. In [4] it was shown that 1 (p; 2) and A (p; €2) depend continuously
on p, but the continuity of the remaining eigenvalues was stated as an open problem.
As we will see in Section 3, this can actually be shown by means of the more general
results of [2].

2. Definitions and preliminary results

2.1. Variational eigenvalues. Let A C WOl 'P(Q). The Krasnoselskii genus of A is
defined as

y(A) :=min{m e N| 3¢ : A - R™ \ {0}, ¢ continuous and odd}.
For k € N we define
Ty :={A C W, P(2) N {l|vll, = 1} | A symmetric, compact in W, (),
nonempty, y (A) > k}.
Then, the numbers
M(p; Q) = 1nf sup / |Vou|P 2.1

A€lk yea
are eigenvalues of the p-Laplacian satisfying
0 <ri(p; ) <ta(p; Q) =+ < h(p; Q) = +00

as k — +oo (see for instance [8, Corollary 3.1]). It is not known whether other
eigenvalues exist, unless p =2 or n = 1 where the answer is negative; in any case,
there does not exist any eigenvalue between A1 (p; 2) and A2 (p; Q) (see [1]).

2.2. T'-convergence. Let X be a metric space. We say that a sequence of functionals
Fj: X — [—o00, +00] I'-converges to Fo : X — [—00, +00] for j — oo if for every
x € X we have the following.

(1)  (liminf inequality) For every sequence {x j}?il converging to x we have

Foo(x) < l_im inf Fj(x;).
] “+00

(i) (limsup inequality) There exists a sequence {x J}oo | converging to x (called a
recovery sequence) such that

Foo(x) > lim sup Fj(x;).

Jj—>+o0
The function F is called the I'-limit of {F;}, and we write

Foo=T— lim F;.

Jj—>+oo
A family {F;}.~o of functionals I"-converges to a functional Fy for ¢ — 0 if

Fo=T— 1lim Fe_

j—>—4o0

for every subsequence &; — 0.
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2.3. A convergence result. For the sake of completeness, we recall here the main
results of [2]. Let { F¢}c~0 be a family of functionals F : L1(€) — [0, +00] such that
the following hold.

(i) Forevery ¢ > 0, F is convex and 1-homogeneous.
(i) There exist 8 > o > 0 such that for every & > O there exists p, € [1, +o0] for
which

. 1,pe
al|Vollp, < Fe(v) < BlIVullp, ifve Wy (),
F.(v) =400 otherwise.

@iii)) The family {p.}c~0 converges to some pg € [1, +o0], and the family {F;}c~0
["-converges in LP0(£2) to some functional Fj.

Under these hypotheses, one has from [2, Theorem 3.3, Corollary 3.6] that the numbers

AK:= inf sup F, v),
€ Aerkveg e(v)

defined for ¢ > 0, satisfy
AK -k

as e — 0.
We define now for g > 1

IVull, forue Wy (),

F, =
(=000 forue L@\ Wl (@),

2.2)

It is clear that the family {F;} satisfies conditions (i) and (ii) above, and that

3= inf sup F,(v) = Ar(q: ).
q AeTy UGE q 1

If we manage to prove that the functionals F, I'-converge in L”(S2) to F), for g — p,
which means that also condition (iii) is satisfied, then it would follow that A (p; €2)
is continuous with respect to p because )\’; — )J; as ¢ — p (see Theorem 3.2). The
I"-convergence of F, to F), for ¢ — p is in fact the content of Proposition 3.1.

3. Main results
PROPOSITION 3.1. Let Q C R" be a bounded domain with Lipschitz boundary. Let
P, q € (1, +00). Define

L,
IVully forue Wy (Q),

Fa@li=1 1 0 forue L @)\ whi(Q).

Then the functionals F, I'-converge in LP (2) to the functional F, for ¢ — p.

PROOF. We distinguish two cases: the case ¢ — p™ and the case ¢ — p~.
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The case ¢ — p*. liminf inequality. Let ugz — u in LP(Q) for ¢ — p™; if
lim inf,, _, ,+ Fy(ugy) = 400 there is nothing to prove. If liminf,_, ,+ F;(uy) =c <
+oo then the u, are uniformly bounded in Wol’p (£2) by Holder’s inequality; hence
there exists a sequence ug, such that gy — p* as k — +00, limy_, 100 Fy (1g,) =c

and ug, — u weakly in W(: "P(Q). From the weak lower semicontinuity of the norm it
follows that

/ [Vul? fliminf/ Vg, |P
Q k—+o00 Jo

p/ak
< lim inf(/ Iququ’<) |Q|ak—P)/ 9k
Q

k—+o00

P/ax
< lim inf(/ |quk|‘1k) - lim sup |Q|(qk—p)/qk
Q

k—+o00 k—+00
p/ak
=liminf( [ |Vug, |%
k—+o00\ Jo

Fp(u) < }(im inf Fy, (ug,) =liminf F (ug).
—+00 q—pt

so that

limsup inequality. Let {qk}k be an arbitrary sequence such that gy — p* as

k— 4oo. Ifu ¢ Wo1 (), there is nothing to prove. Let us suppose u € WO P(Q); if
u =0, simply take uy = 0. If u # 0, we can find a sequence of functions uy in CZ°(2)
(and hence in W(;’OO(Q)) such that uy — u in the W!-P-norm. It follows that

1/p 1/p
(/ |Vu|p> = lim (/ |Vuk|p>
Q k—+o00
, Vel </ |Vug|? )1/1’
= lim Ui e
k—>-+o0 e IViull%

Vg% \ 1P
> im sup ||Vuk||oo( / —)
Q

k—+o00 ||Vuk||g]<3
1/p
> lim sup(|| Vg [|oo) P~/ P ( / |wk|‘ﬂ<)
k——+00 Q

1/p
>11m1nf(||Vuk||oo)(p /P . lim sup(/ |Vuk|q"> .
—+0o0 Q

k— 400

If liminfy o0 || Vitg |0 = ¢ > 0, we obtain

1/p 1/p 1/qk
(/ |Vu|p> > lim sup(/ |Vuk|q"> = lim sup(/ |Vuk|q">
Q k—>+00 \JQ k—+o00 \JQ
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which is the claim. If liminfi_, ~ ||[Vug|lco =0, we would have, by the liminf
inequality,

1/p 1/qx
</ |Vu|p> §liminf<[ |Vuk|q"> <liminf || Vuglloo - [22]Y% =0
Q k— 400 Q k——400

and thus u = 0, a case which we ruled out.
The case q — p~. liminf inequality. Let ugz — u in LP(Q) for g — p~
and fix &>0; if liminf,_, ,- F,;(uy) =+o0c there is nothing to prove. If

g—p- Fq(ug) = c < +o0 then the u, are uniformly bounded in Wol’p_s (2) by
Holder’s inequality; hence there exists a sequence u,, such that gy — p~ as k — +o00,

lim inf|

limg s oo Fy, (tg,) =c and ugy — u weakly in Wol’p_s(Q). From the weak lower
semicontinuity of the norm it follows that

/ |Vu|P~¢ sliminf/ Iquklp_s
Q k—+o00 Jo

(p—¢)/qx
< lim inf(/ |quk|qk) |Q| @k —P+e)/ak
Q

k—+o00

(p—¢)/qx
< lim inf(/ |quk|‘1’<) - lim sup | Q| —P+e)/ak
Q

k—+o00 k—+00

(p—8)/qx
— |Q|$/P EE;EE(\/;Z |quk|Qk>

Fp_e(u) < QPP liminf Fy, (ug,) = |Q1¥/PP~) lim inf F, (u,).
k—~400 q—>p~

so that

Notice that the value liminf,_, ,- F;(uy) depends neither on the choice of the

particular subsequence, nor on the choice of €. Letting ¢ tend to 0, we obtain

Fp(u) < liminf Fy(ug).
q—p-

limsup inequality. Set gy — p~. Ifu ¢ WO1 'P(Q), there is nothing to prove. If

ue WO1 P (), then it belongs in particular to WO1 Ik (Q) for every k and so we can
simply consider the constant sequence uy := u for every k; then of course

F = lim F, .
p(u) jmheo (ur)
This concludes the proof. O

THEOREM 3.2. The variational eigenvalues i (p; S2) are continuous functions with
respect to p.
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PROOF. By Proposition 3.1 the functionals F; defined in (2.2) satisfy conditions (i),
(i1) and (iii) in Section 2.3 withe = |g — p|,a = B =1, p, = ¢ and pg = p. Define

A’; := inf sup F,(v).

Aely yeA

It is clear that A’; = M (q; Q)Y/4. From [2, Theorem 3.3] we obtain

k k
Aq—>kp

as ¢ — p, and hence the claim. o

References

[11 A. Anane and N. Tsouli, ‘On the second eigenvalue of the p-Laplacian’, in: Nonlinear Partial
Differential Equations (Fés, 1994), Pitman Research Notes in Mathematics Series 343 (1996), pp.
1-9.

[2] T. Champion and L. De Pascale, ‘Asymptotic behavior of nonlinear eigenvalue problems involving
p-Laplacian type operators’, Proc. Roy. Soc. Edinburgh Sect. A 137 (2007), 1179-1195.

[3] J. P. Garcia Azorero and I. Peral, ‘Existence and nonuniqueness for the p-Laplacian: nonlinear
eigenvalues’, Comm. Partial Differential Equations 12 (1987), 1389-1430.

[4] Y. X. Huang, ‘On the eigenvalues of the p-Laplacian with varying p’, Proc. Amer. Math. Soc. 125
(1997), 3347-3354.

[5] P.Juutinen and P. Lindqvist, ‘On the higher eigenvalues for the co-eigenvalue problem’, Calc. Var.
Partial Differential Equations 23 (2005), 169-192.

[6] P.Juutinen, P. Lindqvist and J. J. Manfredi, ‘The co-eigenvalue problem’, Arch. Ration. Mech. Anal.
148 (1999), 89-105.

[71 B. Kawohl and V. Fridman, ‘Isoperimetric estimates for the first eigenvalue of the p-Laplace
operator and the Cheeger constant’, Comment. Math. Univ. Carolin. 44 (2003), 659-667.

[8] A.Lgand K. Schmitt, ‘Variational eigenvalues of degenerate eigenvalue problems for the weighted
p-Laplacian’, Adv. Nonlinear Stud. 5 (2005), 573-585.

[9] E. Parini, ‘The second eigenvalue of the p-Laplacian as p goes to 1’, Int. J. Differ. Equ. (2010),
Article ID 984671.

ENEA PARINI, Mathematisches Institut, Universitit zu Koln, Weyertal 86-90,
D-50931 Koln, Germany
e-mail: eparini@math.uni-koeln.de

https://doi.org/10.1017/5S000497271100205X Published online by Cambridge University Press


https://doi.org/10.1017/S000497271100205X

