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POSITIVE FINITE ENERGY SOLUTIONS
OF CRITICAL SEMILINEAR ELLIPTIC PROBLEMS

EZZAT S. NOUSSAIR, CHARLES A. SWANSON AND YANG JIANFU

1. Introduction. Existence theorems and asymptotic properties will be obtained
for boundary value problems of the form
(1.1 { —Au = p()u” +f(x,u), x€Q

: u(x) >0, x€Q,u€ D)

in an unbounded domain Q C RY(N > 3) with smooth boundary, where A denotes the
N-dimensional Laplacian, 7 = (N + 2)/(N — 2) is the critical Sobolev exponent, and
D(l)'Z(Q) is the completion of C°() in the L?(€2) norm of |Vu|. Detailed hypotheses on
the functions p: Q — R, and f: (K—l\ {0}) x R — R, will be listed in §2, where R, =
[0, 00) and Q = QUIQ; 9Q is understood to be void if Q = RV In particular, f(x, u) will
be assumed to be a more slowly growing nonlinearity than u7, i.e., lim,_oou "f(x,u) = 0
uniformly in Q.

Critical semilinear elliptic equations arise from widely diverse problems in differen-
tial geometry, quantum physics, astrophysics, and other scientific areas. Many of these
problems are set in unbounded domains €2, causing mathematical difficulties from the
lack of compactness of associated functionals and embeddings. Some examples are the
Yamabe problem for prescribed scalar curvature [18, pp. 171-185 and references
therein], the Yang-Mills equation in nonlinear field theory [23], the Eddington-Matukuma
model in astrophysics [15, 20], and many variational problems related to Sobolev, isoperi-
metric, and trace inequalities [18].

If the perturbation term f(x, u) is deleted, problem (1.1) generally has no solution;
for example, Proposition 6.1 shows that no solution exists if p(x) is nonconstant with
x - (Vp)(x) either nonnegative or nonpositive in RY. If the perturbation is linear of type
Ag(x)u, solutions exist only for A in some finite positive interval; such problems in var-
ious geometric structures were treated in depth by Benci and Cerami [2], Brezis and
Nirenberg [5], Egnell [8, 9], Escobar [12], Guedda and Veron [14]; accordingly we do
not consider them here. Our objectives and methods also are not of the type in [4, 7, 13,
15, 20, 21, 24], mostly concerning bounded domains and/or radial coefficients.

One of our primary goals is to obtain solutions with the asymptotic behaviour u(x) =
0(|x|>~) as |x| — oo. This sharp asymptotic decay law is important for various appli-
cations, e.g., to obtain a solution of Matukuma’s equation corresponding to finite total
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mass of a globular star structure. We note that the classical one-instanton solution of the
Yang-Mills equation has this asymptotic decay at 0o, as indicated in (7.7).
In particular, our results apply to the prototype problem

(1.2) {’Mrp@f+ﬂm& xEQ

u>0inQ, u € D*(Q)

under the following conditions:

ADI<TY<TIIN>4,3<Y<S5ifN=3.

(A) p(x) is nonnegative and bounded in Q.

(A3) g(x) is nonnegative and locally bounded in Q \ {0}, g(x) = o(|x|*) as |x| — 0,
and g(x) = o(|x]") as |x] — oo for constants u and v satisfying —2 < v < g < 0,
¥ < (N+2)/(N —2), and

N+2v+2 N+2u+2

1.3 SISy <
(13 N—2 ~'STN-=2

(A4) There exists a bounded domain G C Q and xy € G such that g(x) > 0 on G and
(1.4) 0 < p(x0) = supp(x) = sup p(x) = ||p||oo»
xeG x€Q
(15) p() = p(x0) +0(|x — xo|?) near xo.

THEOREM 1.1.  Conditions (Ay)—(As) imply that problem (1.2) has a weak solution
u(x) in Q such that u(x) = 0(|x|*~) as |x| — oo uniformly in Q. If in additioninf,cc q(x)
is sufficiently large, the same conclusion extends to ally € (1,5), N = 3.

Theorem 1.1 is a specialization of our main Theorem 5.1 to the prototype (1.2). The
necessity of conditions (A)—(Ay) is indicated in §3 and §6.

§7 contains an extension of Theorem 1.1 to a critical problem (7.1) with a singularity
in both the critical term and the subcritical perturbation.

The Referee has suggested the interesting problem of obtaining an analogue of The-
orem 1.1 under alternatives to hypothesis (A4) for which supg, p is not attained in 2. We
note that additional structure conditions on p would be necessary, as demonstrated by
Ding and Ni [7, Theorem 5.13] in the radial case; in particular, no positive solution of
(1.1) exists in RY if p is radial and increasing for large |x| and g is identically zero. For a
bounded domain Q, however, Escobar [12, Theorem 3.1, Conditions (3.2), (4.2)'] allows
p to have a maximum at a boundary point xy provided all partial derivatives of p up to
appropriate order (depending on N) vanish at xp.

Our procedure is to first establish local solutions #;(x) in bounded subdomains €
of Q via the mountain pass theorem of Ambrosetti and Rabinowitz [1], and then show
convergence of {u(x)} in a suitable topology to a positive solution of (1.1) in Q. §2
contains preliminary material including the hypotheses for 1.1, some known theorems to
be applied later, and a sketch of our method. §3 contains a crucial estimate needed for the
mountain pass theorem and some consequences of this estimate. §4 is a verification that
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the functional used in the mountain pass theorem satisfies a Palais-Smale compactness
condition. The main existence theorem for (1.1) is proved in §5.

It would be desirable to carry out the proof directly in €2, thereby removing the need
to consider the sequence of problems (2.3), (although (2.3), has independent interest, as
indicated by Remark 5.4). Our proof in §5 appeals to the Stampacchia maximum principle
for weak solutions u;, € W&‘Z(Qk) of —Auy > 0 in order to establish the nonnegativity of
local solutions u; in €. A direct global approach would require a suitable replacement
of this maximum principle for weak solutions u € D(‘)‘Z(Q).

We are grateful to the Referee for his interesting comments and suggestions.

2. Preliminaries. We use the notation Q, = QM B,(0) and ., = £ for conve-
nience, where B,(x) is the ball in RY of radius r centred at x. The standard norm in L?(B)
will be denoted by || ||,80 > 1,B C R". The Sobolev space E, = D(l)‘z(Q,) is defined as
the completion of C5°(€2,) in the norm ||| Vu|||2.q,, 0 < r < oo.

The hypotheses for (1.1) are as follows:

Hy) p: Q — R, is bounded and (1.4), (1.5) hold for some bounded domain G C Q
and some xp € G.

(Hp) f: (Q\ {0}) x R, — R, is nontrivial, f(x, -): R, — R, is continuous for almost
allx € Q, and

fu) < }lf_:qj(x)uw), x€EQ, u>0
j=1
for nonnegative locally bounded functions g; in Q \ {0} such that g;(x) = o(|x|") as
|x| — 0 and g;(x) = o(|x|") as |x| — 00, j = 1,...,m, for constants u € (—2,0],v, and
Y(j) satisfying (1.3).

(H3) F(x,1) < (v + 1)’ltf(x, ) forall x € Q, ¢t > 0, where ¥ = min<j<,Y(j) and
F(x, 1) = [§f(x,s5)ds.

(H4) There exists a nonnegative function 4 such that f(x, u) > h(u) for all u > 0 and
a.e. in G, where the primitive H(u) = [ h(z) dt satisfies

-1 -1 N2
@.1) time" [ H|({5) T | dr = +o0, and
M = max{N — 2,2}, N >3.

For the prototype (1.2) it is clear that (H4) holds since (Y + 1)(N — 2) > 2M under
condition (A) for (1.2), and g(x) > go > 0 in G by condition (A4).

Since only positive solutions of (1.1) are under consideration, we define f(x,u) = 0
if u < 0 and u,(x) = max{u(x),0}. Let J, be the functional on E, defined by

1 1
2.2)  Ju)= /Q [§|Vu|2 — P — Frw|dx, u€E, 0<r<oo,

for which (1.1) is the associated Euler-Jacobi equation. It is known, e.g., [10], that J,(u)
is well defined and continuously Fréchet differentiable on E,,0 < r < 0o. Our method
consists of an analysis of a sequence of problems

{ —Au = p()u” +f(x,u) x €,

(23 u>0inQuueck, k=12...,
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where we can assume that G C Q, (relabelling if necessary). A (weak) solution u; of
(2.3), is defined as a positive function u € Ej such that J;(u;) = 0 in the dual space E,
ie.,

2.4) Jo, Vi Vodr= [ [p(ué +f(x, u)d) dx
forallp € Et, k=1,2,...,00.

LEMMA 2.1 (BREZIS AND LIEB [6]). If {u,} is a sequence in L°(Q)(c > 1) such that
u, — u weakly in L°(Q) and u,(x) — u(x) a.e. in Q as n — 00, then

2.5) Jim (jun|G o = llun — ull5.0] = llullg -

(This generalizes Fatou’s lemma).
We also require the compactness of the embedding of E, into a suitable weighted
Lebesgue space L*(£2, q), with standard norm

1/p
llullp0q = UQ |u(0)|’q(x)dx| ,  p>1.
The version to be used here is essentially Egnell’s Lemma 10 [10], as follows:

LEMMA 2.2 (EGNELL). If q(x) satisfies condition (A3), then the embedding E., —
L*Y(Q, q) is compact.

3. An estimate for J, on a path in E,,. In order to apply the mountain pass the-
orem [1] to Jo,, we first construct a function ve € Eo, With J(#ove) < O for sufficiently
large #p > 0 and sufficiently small ¢ > O such that a sharp upper bound can be obtained
for J(¢) on a path in E, joining 0 to fyv.. To construct v, we note that the special
critical equation

(3.1 —Au=u"inRV
has the well known minimal decaying positive solution
€ N%Z N-2
u=ux)=K m} , K=[NN-=-2)]'%

for arbitrary xo € RY and ¢ > 0. Let G and xy € G be as in condition (H;) and choose
R > 0 small enough that Bygr(xo) C G. We shall abbreviate B,(xp) to B, since xy is fixed
in the proof below. Define

(3.2) we(x) = d@u(x), x €RY, €>0,
where ¢ is a piecewise smooth radial function with support Bz such that 0 < ¢(x) <1
on Bag, ¢(x) = 1 on Bg, and |V¢(x)| < 1/Ron By \ Bg. Let
. —1/(r+1)
3.3) Ve(x) = we(x) [/Gp(x)wf (x) dx] .
The constant S in the proposition below is defined by
S = inf{“V““%,Q ‘U € Exo, [|ullro =1}

corresponding to the best constant for the Sobolev embedding E,, = D(l)‘z(Q) —
LT+I(Q)_
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PROPOSITION 3.1. If conditions (H\)—(Hy4) hold, there exist positive numbers ¢ and
to such that J(tove) < 0 and

1 B
(3.4) 0 < sup Joo(tve) < NSN/2||p||§,§ M2,

>0

PROOF.  Since du, /dr < 0, integration by parts of (3.1) gives

2 — 2 < T+1
3.5) /BR|VWE| dx /B 7 dx_/BRuf dx.
On account of (1.4) and (1.5), it can be verified easily that
T+1 T+1 2
(3.6) po) [, dx < [ pow™ de+0),
T+1 _ N
X)) Jurg, " = 0,
and
- 2 5 o N-2
3.8) A = /Q | Vel dr =06

as € — 0. From the well known fact [22] that S is attained by u, and since

/R’V [Vu?dx = /R’V ut! dx

by (3.1), it follows that

(3.9) §={ffu deZ/N

Then (3.5)-(3.9) yield the estimate

/()‘walzdx:/BR|Vw([2dx+Ae S/Bku:”dx+A(

2/(r+1)
(.10) = S[/B ur! dx] +A,
R
2 /(r 2/(r+1)
< S“P”ooz/( H)[/BR pow™! dx] +0(e?) + 0(eV72).

Hypothesis (H;) implies that p(x) is bounded below by a positive constant if R is selected
sufficiently small, and hence also f; p(x)wT*! dx is bounded below by a positive constant,
independent of €. Therefore (3.3) and (3.10) imply the inequality

@3. 11) V. = /Q IVve2dx < S||p|ls/ T + 0(eM2) + 0(e?).

Since supp ve C G, use of (2.2), (3.3), and (3.11) gives

1 1
12 () = PV, — e ) dx.
(3.12) Joo(tve) 2t2V ! /QF(xtv)dx
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Clearly lim, o, Joo(tv.) = —oo for all ¢ > 0, and hence Sup,>q Joo(tVe) is attained at
some number ¢, > 0. We can assume that ¢, > 0 for all ¢ > 0; otherwise there would be
nothing to prove. It follows from J/ (z.v.) = 0 and the boundedness of V, that

(3.13) <V <, €>0

for some constant C,, independent of e. The fact that 32V, — (7 + 1)"!'#*! is increasing
int € [0, V'] implies from (3.11)~(3.13) that
1
SUp Joo(1ve) = Joolteve) < SV = [ Flxtv e
0 Bar
(3.14) = )
< SR = [ Feteve) e+ 0ty

where L = min(N — 2, 2). Virtually the same procedure as in [5, pp. 465-466) shows via
(3.3), (3.13), and (H;) that lim,_o, £, > 0. It is then a consequence of (3.2), (3.14), and
(H4) that a positive constant C, independent of e, exists such that

(3.15) SUp Joo (v0) < LSV &2 — / H(Cv,) dx + 0(e-)
>0 N Bor

for sufficiently small €. A change of variable yields
(3.16) lim e~ [ H(Cvo) dx = +00
By

e—0+

because of (Hy), and hence (3.15) implies the conclusion (3.4) of Proposition 3.1.

REMARK 3.2. Proposition 3.1 applies to the prototype (1.2) under the stated condi-
tions (A;)—(A4) following (1.2); it was already mentioned that (Hy) is implied by (A)
and (Ag). If g« = inf,cg q(x) is sufficiently large, we also note that (3.4) holds for the
Sfull range 1 <y < 5,N = 3. In fact, in (3.14)

1

/B Rt de> /B R g dx
'R
> Kog- [

+1
€ (v+1 )/2
R >
[ (62”2) 2 dr > K.,
for some positive constants K, and K. Thus, for any choice of € for which ¢, > 0, (3.14)
implies (3.4) if g, is large enough. It is worth noticing that
0Oy if1 <y <2
K. ={0(?log! ify=2
02 if2<y<5.
These estimates for 1 < ¥ < 3 are not sufficient for (3.16) if N = 3,L = 1, and hence

(3.4) does not follow, unless g is sufficiently large.

REMARK 3.3. Reindexing, if necessary, so that G C €, the functional J,, in Propo-
sition 3.1 can be replaced by Ji,k = 1,2.... It then follows that J;(#,v.) < 0 and

1 _
3.17) sup sup Ji(tv) < —SV/3|p| %/
k1 >0 N

for a sufficiently large choice of #, and small choice of € > 0.
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4. Verification of the Palais-Smale condition. A similar analysis to that in [5] will
now be given to verify that the functionals J; in (2.2) satisfy the Palais-Smale condition
(PS), for k > 1 and any a such that

1 _
@.1) 0<a< NSN/ZHpHE,E, M/,

PROPOSITION 4.1.  If conditions (H)—(Hs) and (4.1) hold, then Jy satisfies the (PS),-
conditionfork = 1,2,....

PROOF. For fixed k > 1, let {u,} be a sequence in E; satisfying J;(u,) — a and
i (up) — 0 in E} as n — o00. Then

1 1
@2 s = [ 51V — P0G, — Feru)|dx = a+o(1)
and
“.3) Jo [Vt V6 = po)i7).6 — e un)d] dx = o(D|8

as n — oo for arbitrary ¢ € E;. With the choice ¢ = u, and the definition b, = ||un||E,,
it follows from (4.2), (4.3), and (H3) that

“.9) (22— )8 < 1+ Dak o)) + oD,

implying the boundedness of {b, } sincey > 1.In view of condition(1.3) of (H,), Lemma
2.2 and standard embedding theorems show that {u,} has a subsequence, still denoted
by {u,}, for which

4.5) up —u  inDONQ, g)forj=1,....m

{ u, — u weakly in E;
Up — u ae.in Q.

Consider now the sequence {v, }, v, = u, —u. Using (4.3) with ¢ = u,, the boundedness
of {b,} and Lemma 2.1, we obtain

4.6 [ [IVuf+ |Vl = po ), = p0; ) — uf )] dx = o(1)

as n — oo0. It is easy to see from (4.3), with ¢ = u, by passing to the limit n — oo that

4.7 /Q [IVu|2 — ot — uf(x, u)] dx = 0.
It is a consequence of (4.6) and (4.7) that
4.8) /Q Vvl dx = I PO dx+o(1).

Use of Lemmas 2.1 and 2.2 yields, in view of (2.2 and (4.8)
= 1 2 1 T+
Iy = ) = [ [519f* = P07, ] dx

+ /Q LF G ) — Fox)] dx

—a— (% - Ti 1 ) /Qkp(x)(v;“)+dx+o(l)
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and hence
4.9) a = Jiy(u)+ 1 / PO dx + o(1)
’ N Ja, " '
A simple consequence of (2.2), (4.7), and (H3) is that J;(u) > 0; in fact
1 T+1 l _ __l_
(4.10) Jw> [ [ P + ( : ,y>uf(x, u)] dx > 0.

For a subsequence of {v,}, denoted the same way, we define
= }Lngo”vnnlz:"k = nl—lf& ”“n - u”%,,'

The embedding E;, < L™!(€)) together with (4.8) gives

s T+1

e=lim [ peIO" ) dx

< pllooS™ /2 Tim [lvallz
If £ > 0, this implies that
(4.11) ¢ > SV p| G2,
By (4.8)—(4.10), it follows that £ < Na, and hence (4.11) yields the contradiction

a>—> %S’V/zllplléﬁ‘”/z.

p—

Then ¢ = 0, proving Proposition 4.

LEMMA4.2. If(H)—(Hs) hold, for arbitrary 6 > O there exists p € (0,6) and o« > 0,
independent of k, such that Ji(¢p) > o forall ¢ € Ey with ||¢|lg, = p k=1,2,....

PROOF. Hypothesis (H3) and the continuity of the embedding E,, — L'*1(Q, g),
j=1,...,m, from Lemma 2.2, imply that

m .
JpFxorar <y ol ¢ €k
j=
for some constant C > 0 independent of ¢. The embedding E — L™(Q) then yields

m .
@) 2 501 = Il + 3 ol
=
for another positive constant C. It follows that p € (0,6) can be chosen small enough
that Joo(¢) > 3p° = a for all ¢ with [|¢]|z = p.
If ¥ € E; and ||Y||g, = p, we extend ¢ to Q by defining supp ¢ = €. For this
extension, obviously ||¢¥||[g = ||¢¥|lg, = p, and therefore Ji(¥) = Joo(¥) > a. This
completes the proof of Lemma 4.2.
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5. Existence of solutions. The results of §§3 and 4 enable us to prove the following
main theorem, generalizing Theorem 1.1 to the problem (1.1).

THEOREM 5.1.  Conditions (H )—(H4) imply that problem (1.1) has a solution u such
that u(x) = 0(|x|>~¥) as |x| — oo, uniformly in Q.

PROOFE. It will first be shown that problem (2.3), has a solution u; for every k =
1,2,.... The mountain pass theorem [1] will be applied with v = #,v, selected as in
Proposition 3.1 and «, p as in Lemma 4.2 with § = ||t,v.||z. We may assume G C € for
every k = 1,2, ... without loss of generality, as already mentioned. We define

a, = inf max Ji(¢p), k=1,2,...,
g€l ¢eg

where I" denotes the class of all continuous paths g in E joining O to #yv,, and conclude
from Proposition 3.1 and Remark 3.3 that

1 _
0<a< NSN/ZHpHg) M2 k=1,2,... .

By Proposition 4.1, J; satisfies the (PS),, -condition, and hence the mountain pass theo-
rem implies that J; has a critical point u; with corresponding critical value ay, i.e.,

1 1
5.1) 0<a = [ |51V — P, — Fxw)| d
and
(5.2) Jo, V- Vo dr= [ (P16 +f (. ui)] dx

forall ¢ € Ex,k = 1,2,.... In particular, u; is a weak solution of the equation
—Au = p)(up+ +f (% u),  x € L,

and therefore u; > 0 in £; by the Stampacchia maximum principle, from which u; is
a solution of the equation in (2.3);. Since u; is nonnegative and nontrivial by (5.1), the
strong maximum principle for —Au, > 0 implies that u;, > 0 in {4, and accordingly
u solves problem (2.3);,k = 1,2,.... By extending u; to be zero outside €;, we can
regard {u;} as a sequence in E = D(‘)’Z(Q).

The definition of a; implies that {a;} is nonincreasing, and consequently

1 _
(5.3) 0<ak§a1<NsN/2Hp|]§,i MR =12,

The proof in Proposition 4.1 can therefore be repeated to conclude that {||u||g} is a
bounded sequence, so {u;} has a subsequence converging weakly in E to a weak limit
u € E, and also [10] converging to u in L'"*Y(Q, q)),j = 1,...,m.

To show that u is nontrivial, suppose to the contrary that u = 0 in Q so yy — 0 in
L9*1(Q, g;) as k — 00. By (Hy) and (H3), the integrals fq uif (x, ) dx and fq F(x, uy) dx
also converge to 0 as k — 0o. We can then use (5.1) and (5.2), with ¢ = u, to obtain

(T~ 1) [, IVl dx = @+ Da+ o)
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as k — oo0. Since a; > o > 0 by Lemma 4.2, this implies
(5.4) /Q|Vuk|2dx+0(1):Nak > Na > 0.
Thus, if u = lim u; is identically zero we would have
(5.5) L= lilr(IlgoanukH% > Na >0,

where L is defined as the inferior limit in (5.5). To show that (5.5) is impossible, we note
that the same procedure used for (4.11) yields, in view of (5.2) (with ¢ = uy),

(5.6) L>S¥2|p| %"
On the other hand, (5.3) and (5.4) give

el + 0(1) = Nay < Nay < *2pfI 5",
and therefore L < S¥/2|| pHng)/ 2 contrary to (5.6). The contradiction (5.5) proves that
u is a nontrivial solution of the equation in problem (1.1).

The asymptotic estimate in Theorem 5.1 can be proved in exactly the same way as
Egnell’s recent a priori decay estimate for finite energy solutions in Q [11, Theorem 2].
Hence the positivity of u in Q is a consequence of the strong maximum principle for
—Au > 0.

REMARK 5.2. Theorem 1.1 is a corollary of Theorem 5.1 on account of Remark 3.2.

REMARK 5.3. If 0 € Q, aresult of Egnell [11, Corollary 4] shows that u is bounded
in a deleted neighborhood of 0. Available elliptic regularity theorems can then be used
to show that our solution u is a classical (regular) solution in Q \ {0} under suitable
regularity assumptions on p and f. If dQ is bounded, the procedure in [11] sharpens the
asymptotic decay law in Theorem 5.1 to u(x) ~ C|x|*>~" as |x| — oo for some positive
constant C = C(u).

REMARK 5.4. Our procedure applies without essential change to the Dirichlet prob-

lem
—Au = p(x)u” +f(x,u) inQ
u>0 inQ, ulga=0

in a bounded domain Q with smooth boundary dQ2. The existence of a weak solution u
follows under obvious analogues of conditions (H;)—(H4) for a bounded domain. Some
of the results in [5] are thereby extended to a more general setting.

6. Necessary conditions. The necessity of the conditions (H;) and (H;) for (1.1)
to have a solution u can be seen from the modified PohoZaev-type identity (6.1) in the
Proposition below.
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PROPOSITION 6.1. Let Q = RY in (1.2) and suppose p,q € C'(RY \ {0}). If u is
locally bounded in RV \ {0} and solves (1.2), then u satisfies the identity

N N-=-2 g N-=2 .
6.1) el (557 = =77 )aton™™ + = (O

1 . Y+1 —
+ 7T lx (Vg)(x)u ]dx =0.

This identity follows, for example from [10, Corollary A2], and can be proved by the
procedure of Berestycki and Lions (3, Proposition 1].

EXAMPLE 6.2. The necessity of condition (H;) will be indicated by (1.2) in the case
6.2) p(x) = 1,q(x) = min{|x|*, |x]"}, v <p.

If u solves (1.2), then (6.1) reduces to

6.3) /MSI(N”‘ - N—_z)(x(“u’“ dx+/

v, Y+l _
A1 2 i1 utdx=0.

G-

Therefore problem (1.2) has no solution if either

——————25\1]\]:-;) orY+1> —————2§yj g).

Suppose v is replaced by 7 = v — € and p is replaced by i = p + € in (6.2), ¢ > 0.
Then g(x) = o(|x|*) as |x| — 0, g(x) = o(|x]") as |x| — oo and (6.3) shows that (1.2)
has no solutions if (1.3) does not hold. The same argument applies if g(x)u” in (1.2) is
replaced by 7 | g;(x)u’", where each g;(x) = min{|x|?, |x|”) and no exponent Y()) is in
the interval (1.3).

T+1 <

EXAMPLE 6.3. To show the necessity of condition (1.4) of (H,), consider problem
(1.2) with Q = R¥, g(x) as in (6.2), p(x) bounded in R¥, p € C'(RY), and x- (Vp)(x) > 0
in RV, If v, p, v satisfy (1.3), then all the conditions for Theorem 1.1 hold except condi-
tion (1.4), but the left side of (6.1) is positive by a calculation as in (6.3). This contradic-
tion shows that condition (1.4) is necessary in general for (1.2) to have a solution.

7. Equations with a singular critical term. Theorem 1.1 will now be extended to
the problem
7.1) —Au = X m(u" +qu’ x € Q
’ u(x) > 0in Q, u € Dy*(Q), -2 < A <0,
with a singular critical term, where the critical Sobolev exponent is defined to be

;e N+2X+2
- ON-2 "
The hypotheses for (7.1) are as follows:

7.2) -2 <A <0.
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AD1<Y<TIEN>43<y< I ifN=3.
(A}) m is a nonnegative bounded function in Q such that

(71.3) 0 < m(0) = supm(x)
x€Q
and
(7.4) m(x) = m(0) + 0(|x|?) as |x| — 0.
(A}) Identical to (A3).

(A}) g(x) > 0 in some deleted neighborhood Bs(0) \ {0} of x = 0.

LEMMA 7.1 [10, LEMMA 9]. If -2 < X\ < 0 and N > 3 the space D(‘)'2(RN) is
continuously embedded into L*' (R, |x|*), where T is given by (7.2).

The constant S in §3 will be replaced by
S, = 1nf{”VuH%ﬂ ‘u € Ey, HuHTH‘Q,,\ = l},
where
A Ve
= p
il = | flacol e ] . o=
Then S, corresponds to the best constant for the embedding in Lemma 7.1.

THEOREM 7.2.  Conditions (A})—(A}) imply that problem (7.1) has a solution u(x) in
Q such that u(x) = 0(x|> ™) as |x| — oo. If in addition inf.cp,0)q(x) is sufficiently large,
the same conclusion extends to ally € (1,5),N = 3.

The proof of this theorem requires the following modification of the functional (2.2):

1 ‘1+1] dx,

1
,y + lq(x)u+

1
_ - 2 _ A T+
(7.5) Jr(u) = —/Q,[ZIV”I — 1|)c| m(x)u,
ucekE, 0<r<oo

It follows from Lemma 7.1 and known results (e.g., [10]) that J, is a well-defined C'-
functional on E,, 0 < r < oo.
In analogy with (3.1), the natural “simplest” critical equation associated with (7.1) is

(7.6) —Au=|x*", xeRVN, -2<)A<0.

For arbitrary € > 0, routine calculations show that (7.6) has the minimal decaying posi-
tive solution

/2 15 vz
.7 o) = K[W] LK = [(N+ NV =15,

If A\ > —2, Talenti [22] proved that S), is attained by u.(x) (and also by translations of
u (x)if A = 0, as in §3).
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Integration of (7.6) by parts yields

/R"’ |Vu|?dx = [RN u™ x| dx,

implying that

(7.8) Sy = [ S ! lx|*dx} =

We choose R > 0 small enough that Bor(0) C Q,m(x) > m, > 0 in Byg(0), and
q(x) > g« > 0in Byg() \ {0}, possible by assumptions (A}), (A}). Let we(x) and v(x)
be defined by analogues of (3.2) and (3.3), respectively, with G replaced by Bg(0) and 7
as in (7.2).

PROPOSITION 7.3. Conditions (A} )~(A}) imply that there exist positive numbers €
and ty such that Jo(tove) < 0 and

2+
(1.9) 0< SEOP Tt < T S()\NM)/(2+>\)[m(0)](2—N)/(2+)\)'
[ 24

PROOF. Integration by parts of (7.6) gives, as a replacement for (3.5),

2 T+ A
(7.10) /B | Tl dx < /B AR
Computations lead to the following analogues of (3.6)—(3.8):
T+ A < T+1 A 2
(7.11) m(0) /B o < [ mol] dr+ 0,
T+1 A _ N+
(1.12) /Q ey 4 O] dx = 0,
and
_ 2 5 N2
(7.13) A= [ o |Vl dr=0)

as ¢ — 0. We can then use (7.8) and (7.10)—(7.13) to obtain

/ |Vw|*dx = |Vu|* dx + A,
Q Bg(0)

2
+1

(7.14) <s, [/BR(O) u* x dx] LA

< SymO/ V[ [ urtmalx] dx] T+ oty

=(0)

as € — 0, where L = min(N —2, 2). The integral in (7.14) is the same as that in (3.3), with
p(x) = |x|*m(x) and G replaced by Bg(0). Since it can be verified easily that this integral
is bounded below by a positive constant, independent of ¢, (3.3) and (7.14) imply the
estimate

(1.15) V. = /Q (Vv 2 dx < Sy[m(0)] /™D + 0(eb).
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The analogue of J,(tve) in (3.12) attains its maximum at a number ¢, > 0 (and we
can assume f. > 0 without loss of generality), from which

(7.16) 0=J (tv)=t.V.— £ —1 /Q qeov*! dx.
This shows that (3.13) still holds, and therefore (3.12) and (7.15) yield the estimate

Sup,>o JOO(tvé) = oo(tevs)

T T+1)/(7—1
(7.17) < 2(r+11)V( +1) /(=D —sL t7+l fBZR(O) q(x)vwl dx
N+A) /(24X
< ZA SO B — et o i di+ OGeb).

We use the abbreviation
1
(7.18) B:E(N—2)(7+1)<N+u,

where the inequality is a consequence of assumption (1.3). It follows from (3.3), (7.7),
and the remark preceding (7.15) that there exist positive constants Cy, C, and C3, inde-
pendent of ¢, such that
2R =1 gy
Y+l B
/Q d dx < Cye /0 O 1 PRI

2R /e tll+N*1 dt

= N+p—p3
(7.19) Cie 0 (1 + P+2)28/0+2)
1 1 2R\ N+u—-28
Sc,e’“ﬂ’[ {( ) . 1}]
N+pu N +u—20

< C2€N+”-’B + C3€ .

The definitions of v, and V, imply that V. > KS) for some positive constant K, indepen-
dent of €. Then (7.16) gives

' > kS, — 1! L qGe* dx,

and (3.13) and (7.19) show that lim,_o z. = top > 0. As a consequence of this, it follows
from (7.17) that a constant C > 0 exists, independent of ¢, such that

A NN/ @D 2-N)/(2+))
)< 2(N + )\)S (m(®)]

_ Y+l L
C [B 0 4@V dx+ 0D,
Assumption (A}), (3.3), and (7.7) show, similarly to (7.19), that
7.21 —L Y+1 dx>C N—L-j3
(7.21) [ o d@V dr> Cae

sup Joo(tve
(7.20) 20

for another positive constant C4, independent of e. We note that

IN=2)(1—7) ifN>4

13-7 ifN =3,

from which N — L — 3 < 0 by assumption (A}). Therefore (7.20) and (7.21) imply that
(7.9) holds for sufficiently small e.

N—L—ﬁz{
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PROPOSITION 7.4. If (A})—(A}y) hold, then J, satisfies the Palais-Smale condition
(PS), fork = 1,2,... and any a such that

2+ SN/ @4N)

Q2—N)/(2+)\)
0<a< 5 [m(0)] -

The proof is virtually identical to that of Proposition 4.1, where now the best constant
S, for the embedding in Lemma 7.1 is given by formula (7.8). The estimate (4.4) is
still obtained using obvious analogues of (4.2) and (4.3), implying the boundedness of
by = ”un”Ek‘

Theorem 7.2 can then be proved via Propositions 7.3 and 7.4 almost exactly as in §5.

Itis interesting that a slight modification of our proof using the “uncertainty principle”
can be used to solve a linear singular problem (7.1) inthe case A = —2,7=1,¢q(x) =0.
In contrast, it is well-known that (1.2) has no solution if g(x) = 0.
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