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Uniform Convexity and the
Bishop—Phelps—Bollobas Property

Sun Kwang Kim and Han Ju Lee

Abstract. A new characterization of the uniform convexity of Banach space is obtained in the sense
of the Bishop—Phelps—Bollobas theorem. It is also proved that the couple of Banach spaces (X,Y)
has the Bishop—Phelps—Bollobés property for every Banach space Y when X is uniformly convex. As
a corollary, we show that the Bishop—Phelps—Bollobés theorem holds for bilinear forms on £, x /;
(1 <p,gq<o0).

1 Introduction

Throughout this paper, X is a Banach space over a real or complex field K and By
(resp. Sx ) is the closed unit ball (resp. unit sphere) of X. The closed ball with center
x € X and radius € > 0 is denoted by B(x, €). For Banach spaces X, Y over the same
scalar field K, £(X,Y) is the Banach space of all bounded linear operators from X
into Y and X* = L(X, K) stands for the dual space of X. We say that an operator
T € L(X,Y) attains its norm if there exists a point xo € Sx such that | T(x)| =
IT] = sup{ITx)|| = x € Bx}.

In 1961, Bishop and Phelps showed that the set of norm-attaining functionals
on a Banach space X is dense in its dual space X* (the Bishop-Phelps Theorem [6]).
There has been a great effort to extend this theorem to bounded linear operators
between Banach spaces. In general, the set of norm-attaining operators is not dense
in £(X,Y), but there are many positive answers on classical Banach spaces [18,24,25,
27]. Moreover, for a reflexive Banach space X, it is true for every Banach space Y [23],
and this result is generalized to a Banach space X with the Radon—Nikodym property
[8]. Very recently, this study has also been extended to non-linear mappings, such as
multi-linear mappings, polynomials and holomorphic mappings [1,5, 11, 14, 15, 20,
21].

Meanwhile, Bollobas sharpened the Bishop—Phelps Theorem by simultaneously
approximating both functional and point. He approximates the norm of the func-
tional with norm-attaining functionals and corresponding points at which they attain
their norms.
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Theorem 1.1 ([7]) Foran arbitrary € > 0, if x* € Sx~ satisfies |1 — x*(x)| < %for
X € By, then there are both y € Sx and y* € Sx» such that y*(y) = 1, |ly — x| < ¢
and ||y* —x*|| <e

Very recently, Acosta et al. [2] began extending this theorem to bounded linear
operators between Banach spaces and introduced the Bishop—Phelps—Bollobds prop-
erty.

Definition 1.2 ([2, Definition 1.1]) Let X and Y be Banach spaces over K. We say
that the pair (X, Y) has the Bishop—Phelps—Bollobas property for operators (BPBP)
if, given € > 0 there exist S(e) > 0 and n(e) > 0 with lim._,¢+ 5(¢) = 0 such that
if there exist both T € Sgxy) and xy € Sy satisfying || Txo|| > 1 — n(e), then there
exist an operator S € Sz (x,y) and uy € Sx such that

ISuo|| =1, |jxo — ol < Ble) and ||T —S|| <e.

In the same paper it is shown that the pair (X, Y) has the BPBP for finite dimen-
sional Banach spaces X and Y, and that the pair (¢2_,Y) has the BPBP for every n,
whenever Y is a uniformly convex space. They also gave a geometric characteriza-
tion of a Banach space Y, which is called AHSP such that (¢1,Y) has the BPBP, and
we know that uniformly convex spaces and lush spaces have this property [13]. It is
worth mentioning that some results on L; (i) were obtained in [4,12].

On the other hand, Aron et al. [3] studied this property for the case Y = Cy(L),
where L is a locally compact Hausdorff space, and showed that the pair (X, Co(L))
has the BPBP if X is Asplund. It follows from this result that the pair (X, Co(L)) has
the BPBP for every uniformly convex Banach space X.

In this paper, we study the relation between the uniform convexity and BPBP.

In Section 2, we characterize a uniformly convex Banach space from the view point
of the Bishop—Phelps—Bollobas Theorem. Notice that the James theorem [19] says
that a Banach space is reflexive if and only if every continuous linear functional is
norm-attaining. In the sense of Bishop—Phelps—Bollobés theorem, we consider the
following property for a Banach space X:

For all € > 0, there is some 7n(e) > 0 such that for all f € Sx~ and x € By
satisfying |f(x)| > 1 — n(e), there exists x, € Sx such that | f(xp)| = 1 and
lx — xo]] < e.

We show that the above property is equivalent to uniform convexity. As a corol-
lary, if a Banach space X has a uniformly strongly exposed family {x,}, C Sx with
respect to { f, }o C Sx~ and the convex hull of { f, }, is weak-*-dense in Bx~, then X
is uniformly convex.

In Section 3, we show that (X,Y) has the BPBP for every Banach space Y if X
is uniformly convex. As a corollary, the Bishop—Phelps—Bollobas theorem holds for
bilinear forms on £, x £, (1 < p,q < oo). This is an affirmative answer to one of
the questions in a forthcoming paper by Cheng and Dai [9]. We also consider the
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following property for a Banach space X:

Given € > 0, there exist positive real valued functions 7(e) and 3(e) (satisfying
lim._,o B(e) = 0) such that for every Banach space Y, if there are both T €
Scxy)and x € Sy satisfying || Tx|| > 1—n/(e), then there existboth S € Sg(xy)
and u € Sy such that

|Sul| = 1, ||x — u|| < B(e) and |T — S|| < e.

If a Banach space X has the above property, then the following hold:

(a) any face of Sx does not contain a relatively open subset of Sy;

(b) if X is isomorphic to a strictly convex Banach space, then the set of all extreme
points of By is dense in Sx;

(c) if X is isomorphic to a uniformly convex Banach space, then the set of all strongly
exposed points of By is dense in Sx.

From this result, we see that a 2-dimensional real Banach space with the aforemen-
tioned property must be uniformly convex.

2 Uniform Convexity and the Bishop—Phelps—Bollobas Theorem

The norm-attaining operators have played key roles to characterize some properties
of a Banach space. James showed that a Banach space is reflexive if and only if every
bounded linear functional attains its norm. As an another example, a Banach space
X has the Radon—Nikodym property if and only if X has the Bishop—Phelps property
[8], that is, for every nonempty closed bounded convex subset C of X and for every
Banach space Y, the set of all bounded linear operators T such that || T( - )|| attains its
maximum on C is dense in L(X,Y).

In this section, we provide new criteria for characterizations of the uniform con-
vexity and the uniform smoothness of Banach spaces in the sense of the Bishop—
Phelps—Bollobas Theorem.

For € € (0, 2], the modulus of convexity of a Banach space (X, || - ||) is defined by

5(6):inf{1— HHT}}H 1x,y € By, |lx — y|| 26},

and for 7 > 0, the modulus of smoothness of (X, || - ||) is defined by

lx+ 7h| + ||x — Th| — 2
2

p(r) = sup sl = il = 1}

A Banach space (X, || -||) is said to be uniformly convex if §(e) > 0 for all € €
(0, 2], and uniformly smooth if lim,_,¢+ /’(TT) = 0. For the geometric meaning and
basic properties of these moduli, see [17].

It is convenient to use the sequential characterization of uniform convexity.
A Banach space X is uniformly convex if and only if, whenever x,,y, € X
(n € N), lim, 00 2]|xa])* + 2[[yall* = |lxs + yul>) = 0, and {x,} is bounded,
lim,— 00 ||%: — yull = 0.
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In the proof of the theorem, we will use a well-known property of Banach spaces
having the Radon—Nikodym property. A functional f € X* is said to strongly expose
By atxif f attains its norm at x and whenever there is a sequence {x, } in Bx such that
lim,, 00 Ref(x,) = || fl, {x.} converges to x in norm. It is well known [8,26] that
if X has the Radon-Nikodym property, then the set of all functionals that strongly
expose By is dense in X*.

Theorem 2.1 A Banach space X is uniformly convex if and only if for every e > 0 there
is 0 < n(e) < 1 such that for all f € Sx~ and all x € By satisfying | f(x)| > 1 — n(e),
there exists xy € Sy satisfying | f(xo)| = 1 and ||x — xo|| < e.

Proof First, assume that X is a uniformly convex Banach space. Let d(€) be the

modulus of uniform convexity and put 7(e) = min(d(5), 5). If there exist both
x" € Sx- and x € By satisfying |x"(x)| > 1 — n(e), then [|x — % || < 5. Because
X is reflexive, there is a xp € Sy satisfying x*(x9) = 1. Choosing ¢ € Sk with

x*(cﬁ) > 1 —n(e), then

X

X
() 1< (55 21255
2 2 - 2 '

Hence, ||xo — CH;—”H < § and we get |[cxg — x|| < e.

To prove the converse, let 0 < € < 1 and suppose x, y € Sy satisfy ||x — y|| > e.
Let I be the set of all bounded linear functionals in Sy~ that strongly expose Bx.

We claim that each x* € I satisfies either

e\ €
Rex'() < 1 —min{n( ;). }
ex*(x) < min< 7 o) a
or
e\ €
Rex*(y) < 1— { (7),7}.
ex"(y) < min< 7 o) a

Otherwise, there is z* € Sx~ that strongly exposes By at z, and satisfies both

2 2

€ €
Rez' (> 1 —min{n( ). £
ez"(x) > mins< 7 o) a
and
2 2

Rez"(y) > 1 fmin{n(a) , a}

By assumption, we have that for some o, and «; in Sc,
2

€ €
lx — arz|| < o and ||y — anz|| < a

Hence, we get |z*(x) — ay| < % and |z*(y) — ap| < g—z. This implies that
2 2

Rea; > Rez*(x) ¢ > 1
a z - = - =
! 64 32
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and
2 2

Rea, > Rez*(y) A
2 YT 64 32

Finally, we have

lag — ap| < \/(Rea1 —Rey)? + (Ima; — Im )2

< V()32 +4(1 — (1 — €2/32)2) < %
and

[l =yl < llx = anzl| + [enz — ozl + [aaz — |

which is a contradiction.
It follows from the hypothesis and James theorem that X is reflexive, hence I" is
dense in Sy~ ([26]). Therefore, by the above claim, we get

xty|| () +x*(y)
H > Hfsup{Rei2 tXx GF}

. 2 2
< 2 - min{n(g). 5} :1—min{177(i) i}
- 2 2'\64/)7128)°

which completes the proof. ]

By Theorem 2.1 and Smulian’s theorem, that is, the dual space of a uniformly
convex Banach space is uniformly smooth, we can get the following characterization
of a uniformly smooth Banach space.

Corollary 2.2 A reflexive Banach space X is uniformly smooth if and only if for every
€ > 0thereis 0 < n(e) < 1 such that, for all f € By~ and all x € Sx satisfying
|f(x)] > 1 —n(e), there exists fo € Sx~ satisfying | fo(x)| = Land || f — fol < e

In the next corollary, if the set of strongly exposing functionals is weak-*-dense in
Sx+, then we can get the same result without any difficulty. We omit the details of the
proof.

Corollary 2.3 Suppose that the set I of every elements x* € Sx~ that strongly expose
By is weak-*-dense in Sx- and that for each ¢ > 0, there is n(e) > 0 such that if
there exist both x € Sy and x* € Sx. such that x* strongly exposes Bx at xy and
|x*(x)| > 1 — n(e), then ||x — axo|| < € holds for some o € Sc. Then X is a uniformly
convex Banach space with modulus of convexity

o mal () )
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Lindenstrauss [23] introduced the notion of a uniformly strongly exposed family
to study the denseness of norm-attaining operators. We say that a family {x, }, C Sx
is uniformly strongly exposed with respect to {f,}, C Sx- if for every ¢ > 0 there
is a function 6(¢) > 0 such that for every «, f.(x,) = 1, and for any x € By,
fa(x) > 1 — 6(e) implies ||x — x,|| < e. A slight modification of the proof of
Theorem 2.1 shows the following corollary.

Corollary 2.4 Let X be a Banach space with a uniformly strongly exposed family
{xa}, C Sx with respect to { f,}, C Sx». The convex hull of { f.}, is weak-*-dense in
By~ if and only if X is uniformly convex.

We note that Theorem 2.1 cannot be extended to vector-valued mappings. Indeed,
let R? be the 2-dimensional Euclidean space. For every k € N define Ty: R*? — R? by

ren=((-9)")

It is easily computed that
2 2 1
Il =sup{a?+(1-a®)(1- ) 0z},

which implies that || Tx|| = 1 and only o with o = 1 gives the norm of Ty. Hence
each Ty attains its norm only at (+1,0). However || T¢(0, 1)|| > (1 — %)1/2 for every

k€ Nand ||(£1,0) — (0, 1)]| = V2.

3 The Bishop—Phelps-Bollobas Property for a Uniformly Convex
Space

Even though the Radon-Nikodym property is equivalent to the Bishop—Phelps prop-
erty [8], there exists a Banach space Y such that (¢,,Y) fails to have the BPBP [2].
On the other hand, the uniform convexity of X implies the BPBP of (X,Y) for every
Banach space Y.

Theorem 3.1 Let0 < € < 1 and d(e) > 0 be the modulus of convexity of a uniformly
convex Banach space X. Then (X,Y) has the BPBP for every Banach space Y. More
precisely, if T € Sgx,y) and x € Sy satisfy

€ €
T >1——6(—),
17l > 1= 555( 3

then there exist S € Sgxy) and xo € Sx such that |Sxo|| = 1, ||S — T|| < € and
[lx — x0]] < e.

Proof Suppose that T € Sg(x,y) and x € Sx satisfy

€ €
el > 1- Sa(5).
x> 1 - <6 ( 2
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Choose f € Sy~ satisfying
€ (€
Re f(Tx) > 1= =-6( ).
e f(Tx) > 1 - 0| 3

Define a sequence (x;, fi, T;)72; C Sx x Sy= X Sgx,y) inductively.
First, set (x1, fi, T1) = (x, f, T). When the k-th sequence is constructed, set

€ Ty
—— (M) Texe  Tryy = ——

T}H.lx = Tkx + —_—
2k [T

and choose xi41 € Sy and fiy1 € Sy~ satisfying
~ ~ € €
Re fk+1(Tk+1xk+1) > ||Tk+1|| - W(s(ﬁ) ,

Re fi(Tixier) = | fil Texien)] -

It follows that

€
Re fer1 (TesiXkr1) > || Ten || — 2k+45( 2k+1) .

Hence, | Tk — Tinl| < [Tk — Tinll + [ Tisr — Tin|l < 55 and {Ti}x is a
Cauchy sequence. This implies that (Ty)72, converges to some T, € Sg(xy) and

IT — Too|l < e
To show that the sequence (x;){°, is a Cauchy sequence we need to check the fol-
lowing:

€ ~
1Tl = 570 (5¢) < AT

= [ AT + 57 fier (T « i)

€
< ]fkm,lxm + St (T - | AT

< ||Tk_1|| + Reﬁ( 1 Tk 1Xk),

2k+1
and
ITill > | femr(Teoce—y)|
= ’ﬂfl(kalxkfl) + %fkq(quxkq) : fkfl(kalxkfl)‘

>|(1+ zkﬂfk (Txoe) - fia(Troien)

> (1 + 2,(+1 Re feo1(Th—1xk— 1)) “Re fio1(Th—1xk—1)

€ € € € 2
2 Tl = () + g (Wl = 758 (57) ) -
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Therefore, from the monotonicity of the modulus of convexity (cf. [17]), we get

Re fio1 (Tior) > (1T - %5(2%))2 - %5(2%) - %5(5)
1= l55) - (5) - 39(5)
1)

Hence,

H X—1 + Xk

Xf—1 +xk)
2

H > Reﬁcfl(kal >
() - () ()

This implies that ||x;_; — xi|| < 5= Thus, (xi)x converges to some xo, € Sx and
lx — xo0|| < €.

From the fact that limy_, || Txxk|| = 1 and that both Ty and x; converge in norm,
it follows that || Tooxoo || = 1. [ |

>1

Theorem 2.2 in [2] implies that for Banach spaces X and Y such that Y has the
property 3 of Lindenstrauss with 0 < p < 1, for given e > 0, if T € Sy (xy) and
x € Sy satisfy |T(x)|| > 1 — €*/4, then for each real number 7 such that n >
p/(1 —p)(e+¢€*/4), thereare S € L(X,Y), z € Sy such that

2
€
ISzl =1ISll, llz ==l <& [S=Tll <n+e+ .

This means that (X, Y) has the BPBP when Y has the property 3. Moreover, the real
valued functions 7)(€) and B(e) in the definition of the BPBP do not depend on the
Banach space X. In Theorem 3.1, we can see similarly that the real valued functions
71(e) and B(e) do not depend on the target space Y. A natural question arises as to
whether or not this implies the uniform convexity of X. We could get a necessary
condition and an affirmative answer for a real 2-dimensional Banach space.

In [23], Lindenstrauss showed the following for a Banach space X such that the
set of norm attaining operators is dense in £(X,Y) for any Banach space Y:

(a) If X is isomorphic to a strictly convex space, then Sx is the closed convex hull of
its extreme points.

(b) If X is isomorphic to a locally uniformly convex space, then Sy is the closed con-
vex hull of its strongly exposed points.

In the next theorem, we get stronger results for X when (X,Y) has the BPBP with
the positive real valued functions 7(e) and S(e) that are independent of the target
space Y.
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Theorem 3.2 Let X be a Banach space. Suppose that given € > 0 there exist positive
real valued functions n(e) and [3(€) that go to 0 as € goes to 0 and satisfying the following.

e Forevery Banach space Y if || Tx|| > 1 —n(e) for T € Sp(x.y) and x € Sx, there exist
u € Sx and S € Sgxyy such that |Sul| = 1, ||x — u|| < () and |T — §|| < e.

Then

(1)  if X is a real Banach space, then there is no face of Sx that contains a nonempty
relatively open subset of Sx;

(i) if X is isomorphic to a strictly convex Banach space, then the set of all extreme
points of Bx is dense in Sx;

(iii) if X is isomorphic to a uniformly convex Banach space, then the set of all strongly
exposed points of Bx is dense in S.

Proof For the proof of (i), assume that there is x* € Sx- such that the face F(x*) =
{x € Sx | x*(x) = 1} contains a nonempty relatively open subset U of Sx.

Choose a positive number 0 < ¢’ < 1 and points xo, yo € U such that Bx(yo, €’)N
Sx C U, ||xo — yo|| < €', and xo # yo. Let p = x9 — yo. Choose y* € Sy~ such that
y*(p) = [|pll, and set

P XA
I = w L Lowl
e+ 5]
Then (), converges to x*.
For each n € N, define an equivalent norm ||| - |||, of X by

1 1
ll#lllz = Sl + S lym ol

and let X;, = (X, ||| - |||). We can see that for each x € Sx there exists unique £, > 0
such that t,x € Sx,.
Set

U, = {txx € Sx, : x € U, t, > 0}.
It is easy to see that the map x +— t,x is a homeomorphism, and so U, is relatively

open in Sx, .

Claim  There is no nonempty relatively open convex subset U in Sy that is con-
tained in U,..

If not, there exists a nonempty relatively open convex set U in S, that is contained
in U,.. Choose x € U and t > O such that x + tp € U and txx, tewp(x +1tp) € U.
Then, by the assumption

1 1,
el = S el + S1ys e = 1,

X + teyp(x + 1D)
2

=1.

n

Since

1 1,
ltcsep(x + )12 = EHtpr(X +ip)|* + §|)’n(tx+tp(x +ip))P =1,
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we get
- H EeX + gy (X +HEP) ||| 2
N 2 n

1 2 1, 2
= gﬂ tex + Leyrp (x +2p) || + g’yn (tex + tearp(x + 1)) |

1 2 1, N 2
< g Ul + llteep Ge+ep) )"+ 2y (eex) + 33 (terap (e + £p)) |

1
<3 ( [l + [tarep (x + )P + 2| x| [rp (x + £p) |

* 2 * 2 * *

Va0 4173 (g e 19) 4215300 |77 (tspe+ £9) |

1 * *
< 5 (4 20l wasp e+ 10) | + 17560 17 (trvep e+ t9)) 1) )

1 * 1/2 % 1/2
< §(4+2(||txx||2+|yn(txx)|2) P (ltwsap et t9) 2 + 175 (terap(e + £9)) [2) /)
< 1.

The equality holds only when ||t.x|| = [|txp(x+tp)|| and y; (tx) = yp (teiep(x+ED)).
It follows from ||t x|| = ||txsep(x + tp)|| that t, = tyyp. Hence, yi(x) = yi(x +tp).

This is a contradiction to the fact that y;; (p) > 0.

Now, we are ready to prove that there are no positive real valued functions 7(e)
and [(e) satisfying the assumption in Theorem 3.2.

Otherwise, choose p so that 0 < p < % and B(p) < %, and N € N such that

11+ |y,§,(}’o)|2 > 1=n(p).

Considering the identity operator I: X — Xy, we can see easily that ||I|| = 1. Hence,

1 1
ITyollly = lllyollly = \/2||y0||2 5RO > 1 =n(p).

There exist V € S;(x.y) and y1 € Bx(yo, 6%)ﬁSX C Usuchthat|[V—I|| < p < %
and |||V y1|||n = 1. Clealy, V is an isomorphism.

We will show that U, contains a nonempty relatively open convex subset in Sy,;,
which contradicts the claim.

Now Vy, is t,u for some u € U and t, > 0. Indeed, we can write Vy; in Sx,
uniquely in the form #,u for some u € Sx and ¢, > 0. From the fact that ||x|| <
2 Il xlllv < 2||x]||, it follows that 1 < ¢, < 1+ €’/4. More precisely, the fact that

U<ty = [[tu]| = [Vl < lInll +[[Vyr = 7l
!/

€
<l +2MlVyr=nlly <1+2p <1+
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. Thus ||u — yo|| < ¢’ and

implies that [[u — y1|| < |Ju — t,ul| + [[tuu — y1]] < 5

V}/l =t,uc U](]
Choose 0 < § < %’ so that Bx,, (Vy1,0) N Sy, C UY. We can see that

V(Bx(y1,8) N Sx) =V (Bx(31,8) N F(x")) C By, (Vy1,0)

and V(Bx(y1, 0)NF(x*)) C Sx,, because |||V y1 |||y = 1. Hence V(Bx(y1,0)NSx) isa
convex subset of UY;. Further, from the following we can see that V (Bx (y1, g)ﬁSX) =
V(Bx(y1, g)) N Sx,» which implies that Sx,, contains a relatively open convex subset
contained in U, . Indeed, we have checked that ||Vx|||y = 1 for any x € Bx(y1,$) N
Sx in the above, and it is easy to see that ||Vx||y < 1 for any x € Bx(y1,3) with
|[x|| < 1. Foranyx’ € Bx(y1, %) with ||x’|| > 1 we can write x’ = ax for some o > 1
and x € Bx(y1, ) N Sx. Hence, from |||Vx|||y = 1 we can get that |||Vx'||[y > 1.

For the proof of (ii), suppose that there are both xy € Sx and €, > 0 such that the
subset Bx(x9, €9) N Sx does not contain any extreme point of By. Let ||| - ||| be a norm
on X with which the Banach space (X, ||| - |||) is strictly convex and we may assume
that |[|x||| < ||x|| for all x € X. Then for each n € N, define the equivalent norm
llxlln = (llx]|* + L[| x[[|*)/? on X. Then (X, || - ||) is strictly convex. Choose 0 < p
satisfying 5(p) < €p/2 and m € N satisfying

N
VvV1i+m

Let I: (X,||-|) = (X, ]||-|lm) be the identity operator on X and let T = I/|/I].
Because 1 < ||I]| < (1+1/m)'/?,

[%0llm _ [lxollv/m
Tx = > >1— .

Hence, there exist both an operator S: (X, || -||) = (X, || - ||m) and x; € Sx such that
[lxo — x1|| < B(p) < €/2, ||Sx1]|m = 1 and ||S — T|| < p < 1/4. This implies that
x1 € Bx(xo, €9) N Sx, and it is not an extreme point of Bx. Choose a nonzero p € X
and ty > 0 such that x; + tp € By for all ¢ satisfying |t| < to. Let y* € Six |- |,.)*
such that y*(Sx;) = 1. Then for all ¢ satisfying |t| < to,

> 1—=n(p).

Re y*S(x; +tp) + Re y*S(x; — tp) <1

1 =Rey*S(x)) = 5

Hence it is clear that ||S(x+p)||,,» = 1 for all # satisfying |¢| < t,. Because (X, |- ||n) is
strictly convex, Sp = 0. Finally we show that S is invertible, and this is a contradiction
to p # 0. Indeed,

IT7'S=1| =T S=D < T -[|IT =S|

1 1
=Y || IT =8| < =1+ =) <1
N0 -l | 4( m) ,
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which implies that S is invertible.

The proof of (iii) is almost the same as that of (ii), but for the sake of completeness
we give it here.

Suppose that there are both xy € Sx and ¢y > 0 such that the subset Bx(xy, €9) N
Sx does not contain any strongly exposed point of Bx. Let ||| - ||| be @ norm on X
with which the Banach space (X, ||| - |||) is uniformly convex, and we may assume
that |||x||| < ||x|| for all x € X. Then for each n € N, define the equivalent norm
Ixll = (x> + % ||l x[||*)/? on X. Then (X,||-|[4) is uniformly convex. Choose
0 < p satisfying B(p) < €/2 and m € N satisfying

\/;/+im > 1-1(p).

Let I: (X,||- ) = (X,]||lm) be the identity operator on X and let T = I/|/I]|.
Because 1 < ||I|| < (1+1/m)"/?,

lxollm o Ixollvm

Hence, there exist both an operator S: (X, || - ||) = (X, || - ||m) and x; € Sx such that
[lxo — x1|| < B(p) < €/2, ||Sx1]|m = Land ||S — T|| < p < 1/4. This implies that
x1 € Bx(xo, €0) NSy, and it is not a strongly exposed point of By. Let y* € Six || - ||,
such that y*(Sx;) = 1. By the uniform convexity of the X, Sx; is a strongly exposed
point of B(x | - ||,.)> and this implies that for every sequence (u;)7; C Bx if y*(Su;)
converges to 1 then Su; converges to Sx;. Thus S is invertible, and u; converges to x;.
This is a contradiction. [ |

1 To]|m =

In a 2-dimensional Banach space X, a nontrivial line segment in Sy is a face of
Sx with a nonempty relatively open subset in Sx. Hence Theorem 3.2 implies the
following corollary from the fact that a finite dimensional Banach space is strictly
convex if and only if it is uniformly convex. (cf. see [17]).

Corollary 3.3 If X is a real 2-dimensional Banach space, the assumption in Theorem
3.2 is equivalent to uniform convexity.

Indeed, for given € > 0, there exist positive real valued functions 7(e) and 3(e)
that go to 0 as € goes to 0 and satisfying that for every Banach space Y if || Tx| >
1 —n(e) for T € Sy (xy) and x € Sy, then there exist u € Sy and S € Sg(xy) such
that ||Su|| = 1, ||[x—u|| < B(e) and ||T— §|| < ¢, if and only if X is uniformly convex.

We say that (X,Y) has the Bishop—Phelps—Bollobds property for bilinear forms if
given € > 0, there exist 77(e) and S(e) > 0 with lim;_,q 3(¢) = 0 such that for all
® € Spaxxy) ifx € Sx, y € Sy satisfy |¢(x, y)| > 1 — n(e), then there exist points
X € Sx, ye € Sy and a bilinear form ¢, € Sz (xy) that satisfy

‘(be(xeayen = 1, ||x—x5|| < B(E)a ||y - J’eH < /6(6)7 ||¢ - ¢EH < €.

It is known that (¢;, ¢~,) has the BPBP [2], but (¢}, ;) does not have the Bishop—
Phelps—Bollobas property for bilinear forms [10, 16]. However, Cheng and Dai [9]
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could show that (¢, £,) has the Bishop-Phelps-Bollobas property for bilinear forms
for (1 < p < o0) by obtaining Theorem 3.4, and they asked whether (¢,,¢,) has
the Bishop—Phelps—Bollobas property for bilinear forms for (1 < p,q < o0). Using
Theorems 3.2 and 3.4, we get an affirmative answer to this question.

Theorem 3.4 ([9]) Assume that a Banach space Y is uniformly convex. Then (X,Y)
has the Bishop-Phelps-Bollobds property for bilinear forms if and only if the pair (X, Y™*)
has the BPBP.

Corollary 3.5 (X,Y) has the Bishop—Phelps—Bollobds property for bilinear forms for
any uniformly convex Banach spaces X and Y .

We want to finish this paper with some open questions.

(a) Very recently, it is shown that (¢y, Y) has the BPBP when Y is uniformly convex
[22]. It would be interesting to find conditions of a Banach space Y that guaran-
tee that (¢, Y') has the BPBP.

(b) In [22], it is also shown that (cy, £,) (1 < p < 00)) has the BPBP for bilinear
forms. However, we still do not know whether (¢, ¢p) has the Bishop—Phelps—
Bollobas property for bilinear forms.

Acknowledgments The authors wish to express their thanks to Prof. Yun Sung Choi
for his valuable suggestions and fruitful conversations about the subject of this paper.
The authors also wish to express their thanks to the anonymous referee whose careful
reading and suggestions have improved the final form of the paper.

References

[1] M. D. Acosta, J. Alaminos, D. Garcia, and M. Maestre, On holomorphic functions attaining their
norms. J. Math. Anal. Appl. 297(2004), no. 2, 625-644.
http://dx.doi.org/10.1016/j.jmaa.2004.04.010

[2] M. D. Acosta, R. M. Aron, D. Garcia, and M. Maestre, The Bishop-Phelps-Bollobds theorem for
operators. J. Funct. Anal. 254(2008), no. 11, 2780-2799.  http://dx.doi.org/10.1016/j.jfa.2008.02.014

[3]  R.M. Aron, B. Cascales, and O. Kozhushkina, The Bishop-Phelps-Bollobds theorem and Asplund
operators. Proc. Amer. Math. Soc. 139(2011), no. 10, 3553-3560.
http://dx.doi.org/10.1090/50002-9939-2011-10755-X

[4] R.M. Aron, Y. S. Choi, D. Garcia, and M. Maestre, The Bishop-Phelps-Bollobds theorem for
L(L1 (), Lo [0, 1]). Adv. Math. 228(2011), no. 1, 617-628.
http://dx.doi.org/10.1016/j.aim.2011.05.023

[5]  R.M. Aron, C. Finet, and E. Werner, Some remarks on norm attaining N-linear forms. In: Functions
spaces (Edwardsville, IL, 1994), Lecture Notes in Pure and Appl. Math., 172, Dekker, New York,
1995, pp. 19-28.

[6]  E.Bishop and R. R. Phelps, A proof that every Banach space is subreflexive. Bull. Amer. Math. Soc.
67(1961), 97-98.  http://dx.doi.org/10.1090/50002-9904-1961-10514-4

[7]  B.Bollobés, An extension to the theorem of Bishop and Phelps. Bull. London. Math. Soc. 2(1970),
181-182. http://dx.doi.org/10.1112/blms/2.2.181

[8]  J. Bourgain, Dentability and the Bishop-Phelps property. Israel ]. Math. 28(1977), no. 4, 265-271.
http://dx.doi.org/10.1007/BF02760634

[9] L. Chengand D. Dai, The Bishop-Phelps-Bollobds Theorem for bilinear forms. Preprint.

[10] Y.S. Choi, Norm attaining bilinear forms on L' [0, 1]. J. Math. Anal. Appl. 211(1997), no. 1,
295-300. http://dx.doi.org/10.1006/jmaa.1997.5461

[11] Y.S.ChoiandS. G. Kim, Norm or numerical radius attaining multilinear mappings and polynomials.
J. London Math. Soc. 54(1996), no. 1, 135-147.  http://dx.doi.org/10.1112/jlms/54.1.135

https://doi.org/10.4153/CJM-2013-009-2 Published online by Cambridge University Press


http://dx.doi.org/10.1016/j.jmaa.2004.04.010
http://dx.doi.org/10.1016/j.jfa.2008.02.014
http://dx.doi.org/10.1090/S0002-9939-2011-10755-X
http://dx.doi.org/10.1016/j.aim.2011.05.023
http://dx.doi.org/10.1090/S0002-9904-1961-10514-4
http://dx.doi.org/10.1112/blms/2.2.181
http://dx.doi.org/10.1007/BF02760634
http://dx.doi.org/10.1006/jmaa.1997.5461
http://dx.doi.org/10.1112/jlms/54.1.135
https://doi.org/10.4153/CJM-2013-009-2

386

(12]

(13]
(14]
(15]
(16]
(17]
(18]
(19]

[20]

(21]
(22]
(23]
(24]
(25]

[26]

(27]

S. K. Kim and H. J. Lee

Y. S. Choi and S. K. Kim, The Bishop-Phelps-Bollobds theorem for operators from Ly (u) to Banach
spaces with the Radon-Nikodym property. . Funct. Anal. 261(2011), no. 6, 1446—1456.
http://dx.doi.org/10.1016/j.jfa.2011.05.007

, The Bishop-Phelps-Bollobds property and lush spaces. J. Math. Anal. Appl. 390(2012), no. 2,
549-555.  http://dx.doi.org/10.1016/j.jmaa.2012.01.053

Y. S. Choi, H. J. Lee, and H. G. Song, Denseness of norm-attaining mappings on Banach spaces. Publ.
Res. Inst. Math. Sci. 46(2010), no. 1, 171-182.  http://dx.doi.org/10.2977/PRIMS/4

, Bishop’s theorem and differentiability of a subspace of Cp,(K). Israel J. Math. 180(2010),
93-118.  http://dx.doi.org/10.1007/511856-010-0095-9

Y. S. Choi and H. G. Song, The Bishop-Phelps-Bollobds theorem fails for bilinear forms on Iy x I.].
Math. Anal. Appl. 360(2009), no. 2, 752-753.  http://dx.doi.org/10.1016/j.jmaa.2009.07.008

M. Fabian, P. Habala, P. Hajek, V. Montesinos, and V. Zizler, Banach space theory. The basis for
linear and nonlinear analysis. CMS Books in Mathematics, Springer, New York, 2011.

C. Finet and R. Paya, Norm attaining operators from Ly into Loo. Israel J. Math. 108(1998),
139-143.  http://dx.doi.org/10.1007/BF02783045

R. C. James, Weak compactness and reflexivity. Israel J. Math. 2(1964), 101-119.
http://dx.doi.org/10.1007/BF02759950

J. Kim and H. J. Lee, Strong peak points and strongly norm attaining points with applications to
denseness and polynomial numerical indices. J. Funct. Anal. 257(2009), no. 4, 931-947.
http://dx.doi.org/10.1016/}.jfa.2008.11.024

S. G. Kim and H. J. Lee, Numerical peak holomorphic functions on Banach spaces. J. Math. Anal.
Appl. 364(2010), no. 2, 437-452.  http://dx.doi.org/10.1016/j.jmaa.2009.10.046

S. K. Kim, The Bishop-Phelps-Bollobds theorem for operators from cy to uniformly convex spaces.
Israel. J. Math., to appear.  http:/dx.doi.org/10.1007/s11856-012-0186-x

J. Lindenstrauss, On operators which attain their norm. Israel J. Math. 1(1963), 139-148.
http://dx.doi.org/10.1007/BF02759700

R. Payéd and Y. Saleh, Norm attaining operators from L () into Loo (V). Arch. Math. 75(2000), no. 5,
380-388. http://dx.doi.org/10.1007/s000130050519

W. Schachermayer, Norm attaining operators on some classical Banach spaces. Pacific J. Math.
105(1983), no. 2, 427-438.  http:/dx.doi.org/10.2140/pjm.1983.105.427

C. Stegall, Optimization and differentiation in Banach spaces. Proceedings of the symposium on
operator theory (Athens, 1985), Linear Algebra Appl. 84(1986), 191-211.
http://dx.doi.org/10.1016/0024-3795(86)90314-9

J. J. Uhl, Jr, Norm attaining operators on Ly [0, 1] and the Radon-Nykodym property. Pacific J. Math.
63(1976), no. 1,293-300. http://dx.doi.org/10.2140/pjm.1976.63.293

School of Mathematics, Korea Institute for Advanced Study (KIAS), 85 Hoegiro, Dongdaemun-gu, Seoul 130-
722, Republic of Korea
e-mail: lineksk@gmail.com

Department of Mathematics Education, Dongguk University—Seoul, 100-715 Seoul, Republic of Korea
e-mail: hanjulee@dongguk.edu

https://doi.org/10.4153/CJM-2013-009-2 Published online by Cambridge University Press


http://dx.doi.org/10.1016/j.jfa.2011.05.007
http://dx.doi.org/10.1016/j.jmaa.2012.01.053
http://dx.doi.org/10.2977/PRIMS/4
http://dx.doi.org/10.1007/s11856-010-0095-9
http://dx.doi.org/10.1016/j.jmaa.2009.07.008
http://dx.doi.org/10.1007/BF02783045
http://dx.doi.org/10.1007/BF02759950
http://dx.doi.org/10.1016/j.jfa.2008.11.024
http://dx.doi.org/10.1016/j.jmaa.2009.10.046
http://dx.doi.org/10.1007/s11856-012-0186-x
http://dx.doi.org/10.1007/BF02759700
http://dx.doi.org/10.1007/s000130050519
http://dx.doi.org/10.2140/pjm.1983.105.427
http://dx.doi.org/10.1016/0024-3795(86)90314-9
http://dx.doi.org/10.2140/pjm.1976.63.293
https://doi.org/10.4153/CJM-2013-009-2

