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ABSTRACT. Thc framcwork of gecncral rclativity thcory (GRT) is applicd
to the problcm of rcduction of high preccision astromctric obscrvations
of thc order of onc microarcsccond. The cquations of gcomctric optics
for thc non-stationary gravitational ficld of thc Solar systcm have
becen deduced. Intcgration of the cquations of gecomctric optics results
in thc isotropic gcodcsic linc connccting thc source of cmission (a
star, a quasar) and an obscrver. This pcrmits to calculatc the cffects
of rclativistic abecrration of light duc to monopole and quadrupolc
componcnts of the gravitational ficld of thc Sun and the plancts taking
into account thcir motions and rotation. Transformations bctwcen the
rcference systems arc usced to calculate the light aberration occurring
when passing from the satcllitc system to the gcocentric system and
from thc gcocentric system to the barycentric system. The barycentric
componcnts of thc obscrved position vector reduced to the flat
spacc-timc arc corrccted, if nccessary, for parallax and propcr motion
of a cclestial objecct using the classical tcchniques of Euclidcan
gcomctry.

1. Introduction

At prcsent, the discussion of high preccision mcasurcments of light
deflcction and time dclay of radio signals in the Solar systcm
gravitational ficld has confirmed thc cffccts of thc post-Ncwtonian
approximation of GRT within thc accuracy of 1.5% and 0.1% rcspcctively
(Will, 1986). Mcanwhilc, thc prccision of mcasurcment technique applicd
in astromctric obscrvations is still fast incrcasing. In this rcspect,
somc spccific programs arc now in claboration aimed to dectcrminc the
nonlincar cffccts of thc post-post-Ncwtonian approximation of GRT. A
particular attention is paid to thc project POINTS of a spacc
interfcromcter to be placed on an  Earth artificial satcllite
(Rcascnberg and Shapiro, 1986; Rcascnberg ct al., 1988; Chandler and
Rcascnberg, 1990). Prcliminary cstimation cnablc onc to conclude that
the instrumcntal preccision of mcasurcment of angular distances between
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cclestial objects may be of the order of onc microarcsccond. This is
comparablc with thc magnitude of light dcflection duc to the
post-post-Ncwtonian solar gravitational ficld as wcll as to the
post-Ncwtonian corrcctions for oblatcness, motion and rotation of the
Sun and the plancts. Beside these cffccts, the rcduction of
obscrvations of spacc intcrfcromcter should involve the rclativistic
corrcctions for light aberration occurring in converting thc obscrved
positions of stars to thc fixed barycentric rcfcrence system of the
Solar systcm. Corrcctions for parallax and proper motion of obscrved
objccts should bc also taken into account. Somc rclativistic cffects.
for light dcflection in thc gravitational ficld of onc fixed
gravitating body havc becen determined in (Epstcin and Shapiro, 1980;
Fischbach and Frccman, 1980; Richter and Matzner, 1982, 1983;
Sarmicnto, 1982; Cowling, 1984; Brumbcrg, 1987). But thcsc papers do
not consider the rclativistic cffccts duc to the motions of the
gravitating body and an obscrver with rcspect to the barycentric
rcference system and present no algorithm for taking into account
parallax and propcr motion of obscrved objccts. The aim of thc prcscent
papcr is to dcveclop the consistent rclativistic approach for recduction
of obscrvations of a spacc interfcromcter with duc recgard to all
cffects of the order of onc microarcsccond.

2. Rcfcrence systems

Ncglecting the influcnce of the gravitational ficld of thc Galaxy
on thc light propagation and motion of thc gravitating bodics onc may
consider thc Solar system as isolated. In GRT the charactcristics of a
reference (coordinatc) system introduced in some space-time domain and
the potcntials of the gravitational ficld arc described by a single
objcct, i.c. thc mctric tcnsor shﬁ' This tcnsor is dctcrmined by solving

thc Einstcin ficld cquations with appropriatcly choscn boundary and (or)
initial valucs. It is wcll known that onc may imposc on ghﬁ four

arbitrary complcmentary conditions. We adopt harmonic conditions
('—g gge) ﬁ=0' In all formulac uscd bclow thc grcck indices run through
)

valuecs 0,1,2,3; thc small latin indices take valucs 1,2,3; cach pair of
rcpcated indicecs mcans summation; comma dcnotecs ordinary partial
derivative; raising and lowering of the latin indices arc performed with
the aid of thc unit matrix.

The gravitating bodics of the Solar system arc considered here as
sphcroids with constant spin vectors. Numcrating thc bodics by capital
latin lectters let us characterizce body A by thc quantitics as follows:
mass MA, mcan radius LA, spin vcctor §1, and thc oblatcncss paramcter
JA. Let us introduce also barycentric velocity v, of the body A,
vclocity Yy of thc body’s matter rclative to its centrc of mass, and
distancc DA between body A and the ncarcst body. The indcpendent small

paramcters of thce problem at hand include J K 8A=VA/C, EFY/C
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=GM /caL , and 6 =L /D . G and ¢ arc thc gravitational constant and
7,76, A A 7A" "

the light vclocity rcspectively. Besides, therc cxists a small paramcter
¢ charactecrizing the ratio of thc mass of the plancts and their
satcllites to thc mass of thc Sun.

Barycentric rcefercnce system (BRS) of the Solar system is used to
describe the light propagation from the obscrved cclestial object to an
obscrver and to study thc motion of thc bodics inside the Solar systcm.
BRS scrves as a global rcfcrence system. Its metric tenmsor is resulted
from thc Einstcin ficld cquations by wusing thc post-Minkovskian
approximation tcchnique in paramcter , (Damour, 1983; Blanchct and

Damour, 1986,1987). Thc BRS origin coincides with thc Solar systcm
barycentrc. Its spatial axcs arc dynamically non-rotating (Brumbcrg and
Kopcjkin, 1989a).

Geocentric refercence system (GRS) is usced to study the motion of
thc Earth satcllitc involved in spacc interfcromctry obscrvations and
to dcrive the transformation (rcduction) formulac of thc position
vector componcnts of thc obscrved cclestial objcct from GRS to BRS. GRS
is constructed in thc spacc domain restricted by the orbit of thc Moon.
In solving thc Einstcin ficld cquations onc applics thercwith the
post-Ncwtonian approximation tcchnique in paramcters £, and n,

(Kopcjkin, 1988,1989a; Brumbcrg and Kopcjkin, 1989a,b). Thc GRS origin
coincidc with thc centrc of mass of the Earth., Its spatial axcs arc
dynamically non-rotating but thcy rotatc kincmatically rclative to BRS
with thc veclocity of rclativistic precession.

Satcllitc refercence system (SRS) represents a coordinatc system
with an obscrver (a spacc intcrfcromcter) at its origin. It is designed
for the spccific description of obscrved quantitics and for the
dcrivation of thc transformation formulac for thc position vector
componcnts of thc obscrved objcct from the SRS (instrumental) axcs to
thc GRS axcs. SRS is constructed in thc spacc domain restricted by the
terrestrial surfacc. Construction of SRS is performed by solving the
Einstcin vacuum ficld cquations using thc post-Ncwtonian approximation
technique (Brumberg and Kopejkin, 1989b; Kopcjkin, 1989a). The world
linc of thc satcllitc is assumed to bc gcodesic. Thercfore, at thce SRS
origin the mectric tcnsor rcduces to the Minkovsky tcnsor and its first
dcrivative vanish idcntically. The SRS spatial axcs arc dynamically
non-rotating but arc subjccted to kincmatical rotation with respect to
GRS.

a Lct.1 us gcnotcj_thc BRS, GRS and SRS coordinatcs by xa=(ct,x}),
w=(cu,w), ¢ =(ct,{) recspectively. At thc SRS origin thc timc
rcpresents the proper timec of an obscrver and the spatial axcs €
rcalizc thc instrumental triad of thc obscrver’s cquipment (an
interferomcter). Up to constant factors the time scales u and t arc
cqual to TT and TB recspectively (Brumberg and Kopejkin,1989c).
Transformations bctwecen BRS, GRS and SRS arc given cxplicitly in
(Kopcjkin, 1988,1989a; Brumbcrg and Kopcjkin, 1989a,b).
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3. Gecometric optics in thc Solar system gravitational ficld.

In optical rcgion thc length of thc clectromagnectic waves is less
than thc Solar system spacce-time curvaturc by many orders. For this
rcason (Misncr ct al., 1973) thc light propagation is governcd by the
gcomctric optics laws implying thc motion of photons in null
(isotropic) gcodcsics of the spacc-timc.

The space-timc is split up into threc rcgions with the origin at
thce Solar systcm barycentre: 1) external region R>R0, Ro being the

radius of thc orbit of Pluto, 2) intcrnal rcgion R < R1 and 3) buffer
rcgion R1< R <Ro. Let the light be cmitted at thc moment t‘ by a sourcc

far outsidc thc %olar sy{stcm and bc rcccived by the obscrver at the
momcnt tz' Let X, and X, be the coordinatecs of thc sourcc and the

obscrver at thc moments 1:1 and t2 rcspectively. Equation of light

propagation is solved scparatcly in the cxtcrnal and intcrnal rcgions
with subscquent matching of both solutions in thc buffer region lcading
to thc intcrmediate solution (Kopejkin, 1990).

The cxternal rcgion is dominated by the monopolc componcnt of the
total gravitational ficld of thc Solar system. Thercfore, thce cquation
of thc null gcodesics may be prescented in the form

ny GM t . -2 GM L oM L2
X—-,X‘fc

2 . .
= (=xx +4(xx ) x)+ o~ =) (1)

£ F FF

The rcmainder terms arc duc to the quadrupole componcnt of the Solar

systcm total gravitational ficld. To solvc Eq. (6) onc substiitutcis into

its right-hand member the unperturbed solution x“(t) =X + ck(t—t1)

with Il{' = (kiki)”2=1. The rcsulting ordinary differcntial cquation

is solved under initial conditions: 1) xi(t‘) = x: and
2) gil_nm c'13r1(t) = k¥'. Thesc conditions mcan physically that thc light
trajcctory passcs through thc point of cmission at momcnt t1 and thc

BRS coordinatc vclocity of a photon at thc infinitc isotropic past is
cqual to thc light vclocity locally mcasurcd in SI units. Thc spcecific
form of thc cxternal solution xH(t) is given, for cxample, in

(Brumbcerg, 1972)._2 'I‘hc2 rgaindcr terms of thc obtaincd solution arc
proportional to ¢ GML /R with L = R0 and M= EM

The intcrnal rcgion is characterized by the gravitational ficlds
of the individual attracting masscs moving much slowly than a photon.
Duc to this and taking into account thc smallncss of the time intcrval
of thc light propagation through thc intcrnal rcgion onc may prescnt
thc cquations of null gcodcsics in the form

"1 1 1 1 (3 2 2
x =F +F, +F +F +0(me)+0m a)+oMme) (2)

https://doi.org/10.1017/S0074180900086885 Published online by Cambridge University Press


https://doi.org/10.1017/S0074180900086885

233

with
1 E!A -2 1
F1=£3 (-Ri+c(—xRi+4(xl_§‘)x)+
A R
A
4, _4 v) A= 2 x -
c(LYE-C(RYv-c(n)x- @
cta(xr) (v x) %),
M. M
1 _2 2 2 : 1
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2 © (5 (50X X

(6)
5TE MER (R -2xr)%)
Y S S A =2
AR
A
with R:=x1-xi , x:( t) and Vi:dx:/dt arc rcspectively the BRS

1

cl:?frdinatcs and vclocity componcnts of the centrc of mass of body A,
A is thc tracec-frcc quadrupolc moment of body A. The terms F1 and F2

cntering into Eq. (7) describe respectively the post-Newtonian and
post-post-Ncwtonian cffccts of the monopolc componcnts of the
gravitational ficlds of thc attracting bodics taking into account their
motion. In calculating thc post-post-Ncwtonian pcrturbations it is
sufficicent to copsidcr only the terms depending on the mass of the Sun
Ms' The tcrms F3 and F‘ arc duc to the rotation and thc quadrupolc

componcnts respectively of the solar and planctary gravitational
ficlds.
The internal solution xi(t) of Eq. (7) is looked up in thc form

X(t) = x(t) +c* (B(t) + () + 0(t) ) (7)

with unperturbed solution x:(t)=x:+c01(t—t2). Functions Bt, 6'1_, I

satisfy thc cquations
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] “ “ 1
E1‘=F11+F:, c":F:, Di=F‘ (8)

At thc moment 1‘,2 the trajcctory of thc intcrnal solution should
pass through thc point of obscrvation implying xi(tz) =x:. Vector 01
bcing thc arbitrary constant of intcgration is dctermined later in
matching thc intcrnal and cxtcrnal solutions. In solving the first of
Egs. (13) thc motion of thc attracting bodics is assumcd to bc uniform
and rcctilincar, i.c.

£(t) = £(t)+ V.(t-t) + 0(a (t-t )) (9)

with ai:dvi/dt bcing thce accclcration of thc centrc of mass of the body
A and t‘ being somc fixed moment of timc. In solving rcmaining two Egs.

(13) thc centrc of mass of any body A may bc rcgarded as becing at rest
at momcnt tx' The rcmainder terms in Egqs. (7) and (14) arc responsible

for thc crrors of the internal solution. By thc suitablc fixing t‘

rcgarded as thc paramctecr of thc solution onc can minimizc the
magnitude of thc crrors of thc intcrnal solution. It turns out that tA

corrcsponds to thc moments of thc closcst approach with body A provided
the latter is located between the light cmitter and the obscrver. For
this casc thc_, magnitudc of thc residuals is proportional to
c GM‘aARAln(R‘r/dA) where r is the distancc between the obscrver and

body A and dA is thc impact paramcter of the light trajcctory with

respect to body A. If thc obscrver is located between the light source
and body A then i:A is to bc coincident with thc moment of obscrvation

t:2 and thc magnitudc of thc rcsidual crrors of the internal solution is
proportional thcrewith to c“GM‘aARAIn(RA/r).

Solution of Eq. (13) is partly given in (Brumbcrg, 1987;
Klioncr,1989). In thc complctc form it should be published in our
futurc papcr. From thc mcthodological point of vicw it is of intcrest
to cstimatc thc magnitudc of the light dcflection duc to various
factors in passing through thc Solar system (sce TABLE 1). Thesc
cstimatcs dcmonstratc that within the microarcsccond accuracy onc has
to takc into account thc whole Solar system. Indced, wec have to
consider under ccrtain conditions the influcnces of three largest
astcroids Ccrcs, Pallas, Vecsta, thce Galilcan satcllites of Jupiter,
Titan, Triton and pcrhaps somc othcr satcllites of Saturn and Uranus
whosc physical propertics arc not wecll known yct. Thce valucs of 61 duc

to thesc bodics varics from 0.5 pas (Pallas) to 33 pas (Titan).
Matching of thc cxternal and intcrnal solutions is pcrformcid in
thce buffer region at somec moment t, provided that coordinatcs Xs(t*)
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and xi(t*) coincide and thc diffcrcnce between tangent vectors ii(t*)
and xi( t*) is minimal. Thecsc conditions cnable to find thc matching
radius R* for any body A. Morc spccifically, R* is dctcrmined by cither

of two cquations ‘2 0 v -3 2 9 -3

M‘alln(ﬁ* r d‘ ) =cML R, MAaAIn(R*/r) =cML'R, .
For any attracting body thc matching radius cxcceds the radius Ro of
cxternal region and may be choscen for all bodics in common cnabling the
differcnce between the tangent vectors of the coxternal and internal

solutions to bec lecss than onc microarcsccond. 41 2 » 3
The matching proccdurc implics that o =k+0(c GML R, ). This

proccdurc rcsults in somc intcrmediatc solution coinciding with the
intcrnal solution for R < R* and identical to the cxternal solution for
R> R,. Formally, onc may rcgard thc intermcdiatce solution as

coinciding with thc intcrnal solution in thc wholc spacc-timc sincc
outside thc Solar system the intcrn_.%l §o_leution diffcrs from the
cxternal solution only by the terms O(c GMLR ).

TABLE 1. Estimatcs of rclativistic cffccts duc to Solar
systcem bodics.,

Body 61 62 63 64 65 q"max
6 0
Sun 1.75-10° 2 0.1 0.8 11 180
Mcrcury 83 0.06 0.02 - - 9,
Venus 493 0.002  0.06 - - 4.5,
Earth 574 0.6 0.06 - - 180
Moon 26 0.002  0.003 - - 8
Mars 116 0.2 0.01 - - 25,
Jupiter 16300 240 0.8 0.2 0.001 90,
Saturn 5800 95 0.2 0.04 - 16.5
Uranus 2100 25 0.05 0.007 - 1.2
Ncptunc 2600 10 0.05 0.006 - 51’
Pluto 20 - - - - 0.5"

The first five columns of thc Table present the maximal valucs in pas of
rclativistic cffccts under study. These values have been cstimated as
follows: thc postsNcwtonian light dcflection duc to monopolc ficld of
thc body 61=4GM/c L; thc corrcction duc to quadrupole ficld 62=61'J H

thc influcnce of thc motion of the body 63=61'v/c ; thc cffcct of the

9
=4GS/03L“; the post-post-Newtonian decflecction duc to
2

rotation &
4 2.2 4
monopole ficld 55=15'I/4'G M®/c’L
10-3. The last column contains thc maximal angular distancc bctween a
sourcc and thc body at which thc influcnce of thc body on thc apparcnt
sourcc position is still to bec taken into account.

The abscnt valucs arc less than
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4, Abcrration of light

Let us decnotc the SRS, GRS and BRS 1spz}‘titil comp?nq?tsl of the
timg_cfnti vector to the null gcodesic by s=c dt/dt, g=c dw/du and

p=c xl/dt respectively. Dircctly mcasurable quantitics arc the

componcnts of vector —s1 dirccted oppositely to vector si.

Abcrration of thc light is causcd by thc transformations from onc
rcference system to another system, at. the point of obscrvation.
Abcrration rclations between vectors s ,q and p have the form

i_ 1 11 -0 01 i_ 1 13 0 03]
s'= @t Kiq' )/ G0 K1'), d'= (e A0/ (04 £551) (10)

K%:ﬁfa/bwﬁ and Aaﬁ=0v'za/3xﬁ bcing thc transformation matrices of the

coordinatc bascs at thc point of obscrvation. The length of vector 51
is cqual to unity sincc at thc SRS origin thc mectric is flat. Usin
this condition onc may calculate from (15) thc lengths of vectors g
a{xd p. Abcrration rclations bectween the unit vectors s, m=q/q and
n=p/p derived from (15) havc thc form

s =m +c (m A(m qu.))i-l- c_z( % (m 51') (m A(m A!T))i—

0O |

(m "51')2 o+ B a) +c( %(g »_;1,)2(:5 A(m Agl.))i-

(11)

O =

(my,) (may) o +2U/(%) (mn~(znay))+

M7 =
B (malmay)) +o(c)
o =n +c’ (n ~(n AZH))i-I' c-a( % (n ZE) (n A(n AEE))i—
% (n AZB)E n'+ (n /\(l_?ﬂf\zlﬁ))1 + Fl) +
< %(g 25)2(2 A(n Azﬂ))i—% (nv) (n av ) 0+
1 = 1 (12)
2 U(w) (nn(nnay))+ 2 U(x) (nn(nny))+

(mv,) (nA(Bpa))'+ (a, B) (nA(nay))-
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((Bpa,) (n Av)) a + F! (n An A}_’E)J +o(ct)

Here Us is the Earth potcntial, U is thc potcntial of all Solar

system bodics cxcluding thc Earth, functions F”: —F‘11 charactcriz
kincmatical rotation of GRS with rcspcct to BRS and functions = -Eﬁ
characterize kincmatical rotation of SRS with respect to GRS (Brumberg
and Kopcjkin, 1989&, Kopejkin, 1989b).

Vector n is rclated with thc unit vector k charactcrizing thc
dircction of propagation from thc sourcc to thc obscrver by mcans of
cxpression resulted from the internal solution (12)

= B 4T ((kABNK))H (K A(ONK)) (K ADNK))) -

(3 (kABF K+ (k B)(k A(BK)) ) + (13)

0(*s)+ocs)+0a)
with dot dcnoting thc diffcrentiation with respect to time t.
5. Parallax and propcr motion

For thc sakc of convenicnce lct us re-designate the moment of
cmission by 7T, thc momcnt of rccception by ¢, the coordinates of the
cmitter at thc moment T by and thc coordinatecs of thc obscrver at
thc moment t by x. Vector k is cxpressed in terms of the coordinatces
of the cmitter and the obscrver as follows (Brumberg, 1972,1987)

= ( B(T) - X (t))/ |R(T) - x(t)] + 0(c™) (14)

For a limitcd timc interval thce coordinatcs of the cmitter may be
precsented in the form

B(T) = B(T) + V(T ) a7 +-21- H(1 ) aF + o0 a)  (15)

with AT = T-To, T0 bcing thc initial cpoch of cmission. V1= dE’l/dT and

I/1 = zfﬁi/df arc BRS vclocity and accclcration of the cmitter
respectively.

The parallax may bc taken into account by cxpanding thc right-hand
ncmber of Eq. (19) in powers of thc parallactic ratio IEI_:;I/R
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B=fF-F@ar) -1 E®F -
; (16)
E°(R x) (R A(xrR)) + O(F)

The propcr motion of thce light sourcc is taken into account by
cxpanding thc right-hand mcember of (21) in powers of AT and using (20).
Finally, onc gcts

F=B (1+@p)r-36) +d'a7 (1 +% (k x) -

(17)

101, L _L
(1l x) -y

F NT) #5 MTF s0(s) +00T)
0

. ; - 1 ; 1,
with k; = R:)/RO, k; = Roj( V:—(go_l’)ko). ;).1 = (gOA(_IgOAgo)) is thc vector

of propcr motion and % = R; (gUA(y\go))i is thc vector of parallax.

BRS timc interval AT is not dircctly mcasurable quantity. It
should bc cxprecsscd in terms of the BRS timc intcrval At = t:--t0 at the

point of obscrvation (to bcing thc initial cpoch of obscrvation) by

mcans of rclation

AT = (1 + (V)" (bt + ¢ (kx)) +
" " (18)

o( 'R #) + 0 '|x] » 1t)

The term c'1(£<0§) in (23) is of thc sinusoidal form with the

maximal amplitude of thc order of 500 scconds and thc pcriod of onc
ycar. This tcrm should be taken into account for stars with large
propcr motion. For cxamplc, for thc Barnard star with p>10” per ycar
such term results to the change of the star coordinatc by the order of
200 microarcscconds per ycar. Within the accuracy of the onc
microarcsccond this term may be casily dectcected.

6. Conclusion

This paper presents an algorithm of rcduction of astromctric
obscrvations to bc performed on an Earth satcllitc with the prccision
of onc microarcsccond. To bc short, this algorithm is rcduced to
Exprcssions (16)—(181) and (22),(23) for thc tranﬁformation from the
obscrved vector -s  to the BRS unit vector ko. Two indcpcndent

componcnts of the latter yicld thc position of the sourcce on the
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cclestial spherc at cpoch to. A sct of vcctors k% rcferred to onc and
thc samc initial cpoch to for sufficicntly largc number of sources

dctermincs an incrtial rcfcrence system on the sky.

It may bc notcd that the rclativistic precessions 1;1 and ﬁfj nced
not to bc known for rcduction of obscrvations performed on a satcllite
insofar onc dcals hcrc with rclative obscrvations. The reclativistic
prccession is wanted only to provide absolutcness to the inertial
rcfecrence system  constructed with the aid of satcllite board
obscrvations.
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Discussion

Hucnues: This paper, with its complicated considerations, gives us a perfect example of the necessity
of very carefully setting up a considered nomenclature for dealing with space/time. It
becomes naive in the extreme to speak simply of some “coordinate system” or such, without
a very careful specification of the underlying theory, approximations etc. in the “reference
system” or whatever we finally call such a thing.

Bastian: Is poINTs able to detect low-frequency gravitational waves, of which the universe may be
filled?

KorrikiN: A level of 0.1 mas would be expected, according to a study by Braginsky.

Bastian: So at least some challenge remains.

TurysHEv: How do you define the region of matching of coordinate systems?

KorexmN: The region of matching is initially bounded by the distance to the nearest attracting body.
For example, for the matching of barycentric and geocentric reference frames, the region of
matching is bounded initially by the distance from the Earth to the Moon. After the
determination of the functions incorporated in the coordinate transformations, the region of
matching can be extended to a greater distance, namely to the point in space where the
determinant of the coordinate transformations is equal to zero.
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