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Fredholm index of Toeplitz pairs with H*®
symbols

Penghui Wang® and Zeyou Zhu

Abstract. In the present paper, we characterize the Fredholmness of Toeplitz pairs on Hardy space
over the bidisk with the bounded holomorphic symbols, and hence, we obtain the index formula for
such Toeplitz pairs. The key to obtain the Fredholmness of such Toeplitz pairs is the L? solution of
Corona Problem over D?.

1 Introduction

Let D? ¢ C? be the unit polydisc, H?(D?*) be the Hardy space over D?, and H> (D?)
be the space of bounded holomorphic functions. We will study the Fredholmness and
Fredholm index of Toeplitz pair (Ty,, Tf,) on H*(D?) with f; ¢ H*(D?).

The Fredholmness of Toeplitz pair (T, Tf, ) with bounded holomorphic symbols
on the Bergman space L2 (1B, ) over the unit ball B,, was studied by Putinar [10], which
was generalized to the case of strongly pseudoconvex domains with C* boundary by
Andersson and Sandberg [1]. For Toeplitz tuple (Ty,, -, Ty,, ) on the Bergman space
L%(Q) on a strongly pseudoconvex domains Q ¢ C" with symbols ¢; € C(Q), the
Fredholm index was studied by Guo [5], in which the essential commutativity shown
in [12] of the Toepliz algebra played the key role.

In [6], Guo and the first author studied the Fredholm index of Toeplitz pairs on
H?(D?) with rational inner symbols, in which the Fredholmness can be deduced
by Spectral Mapping Theorem directly. However, for Toeplitz pair (T, Ty,) with
bounded holomorphic symbols, the Spectral Mapping Theorem does not work. In
the present note, the Fredholmness will be obtained by using the idea in the proof
for existence of L? solution of Corona Problem over D? [8, 9]. In [3], Douglas and
Sarkar highlighted the relationship between the Corona Theorem and Fredholmness
of Toeplitz tuples over the ball and the disk, and this connection was also emphasized
by [1]. To state the result, for 0 < r <1, set

D, ={z|z|<r}, D =D, x--xD,, and U;=D"\D},

and we have the following result.
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Theorem 1.1 ~ For fi, > € H(D?), the Toeplitz pair (T, Ty,) on H* (D?) is Fred-
holm if and only if there is 0 < r < 1 and ¢ > 0 such that |f,(2)|? + |f2(2)|* > c on U2,
and in this case, the Fredholm index of the Toeplitz pair is given by

Ind (Tj,, Ty,) = - dim H*(D*)/(AH* (D*) + £,H*(D?)).

Such a result can be seen as a polydisc analogue to the result of Putinar [10]. The
difficulty to prove the above result is to characterize when f,H?(D?) + f, H*(D?) is
of finite codimension, which was solved by using the characteristic space theory of
polynomials in [6] for the case that f; and f, are rational inner functions.

For Toeplitz tuple (T),, -, Ty, ) with symbols in ploynomial ring C[z, -+, 2, ], the
Fredholm index was given in Kaad and Nest [7, Corollary 9.4]. If

oD" N ((n] Z(pi)) = @, then (T,,, -+, Tp, ) is Fredholm, and
i=1

(LD Ind(Tp,, -, Tp,) = —deg(0, P,,D"),
where P, = (py1,-++, pn) : D" - C" is the polynomial map.
Remark 1.2 Let f; e A(D*). Suppose that Z(fi)nZ(f,)noD?=@. Then,

(Ty,, Ty, ) is Fredholm. Moreover, for i = 1,2 we can find a sequence of polynomials
p1,» and p, 4, such that p; , converge to f; uniformly. Hence, for n large enough,

Z(p1n) N Z(p2,n) NID* = 2.

Set the map P, = (p1,n> p2,n) and F = (f1, f2). Since both the Fredholm index and
deg(0, F,D?) are topological invariants, combining with (1.1), we have

Ind(Ty,, Ty,) = — deg(0, F,D?).
The paper is arranged as follows. In Section 2, we will characterize the Fredholm-

ness of Toeplitz pairs with bounded holomorphic symbols. In Section 3, the case that
the symbols are in L> will be considered.

2 The Fredholm index of Toeplitz pairs with bounded holomorphic
symbols

The present section is devoted to the Fredholmness and the Fredholm index of
Toeplitz pairs on H*(ID?) with bounded holomorphic symbols. First, we recall the
notation of the Koszul complex for a commuting pair. Let (Tj, T;) be a commuting
pair of operators on H; the Koszul complex associated with (T, T,) was introduced
in [13],
4 dy
0-H—-H®&H-H-0,

where the boundary operators d, d, are given by

dl(f) = (—Tzf> Tlf)>d2 (fbfz) =T&+Th&, for& &, & eH.
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Obviously, d,d; = 0. The commuting pair (Tj, T) is called Fredholm [2] if
(2.1 o =ker (dy) ,H; = ker (d,)/Ran (d;) and 3, = H/Ran (d,)
are all of finite dimension, and in this case, the Fredholm index of T is defined by
Ind T = — dim Hy + dim H; — dim H,.
The following easy lemma may be well-known before, and the proof is left as an

exercise for the readers.

Lemma 2.1 Let Ty, T,---, T, be bounded operators on a Hilbert space H. Then,
T\H +---+ T, H is closed if and only if the operator Ty 1" + ---+ T, T,; has the closed
range, and in this case,

Ran (T\Ty ++-+ T,T;) = T1H + - + T,H.
To continue, we need the following lemma; the proof is inspired by the proof of

the L?-solution of the corona problem [8, 9].
Lemma 2.2 Suppose f,, f, € H (D?). Then,

dim H* (D?) /(fH? (D*) + ,H*(D?)) < 00
if and only if there is 0 < r < 1and & > 0 such that |f|* + |f2])* > 8 on U2
Proof  Necessity. Since fiH?(D?)+ f,H?*(D?) is of finite codimension, by
Lemma 2.1, we have

Ran (T, T; + Ty, T},) = fiH? (D*) + LH? (D).

Then, T Tf + T, Ty, is a positive Fredholm operator. Hence, there exists a positive
invertible operator X and a compact operator K such that

TﬁT}:+szT_;2:X+K'
For A = (A, 1)) ¢ D2, let k = VIALPVIZAOP

(1=A0 ) (1-1() z,)
kernel of H?(D*) which converges to 0 weakly as A — dD?. It follows that there is
positive constant ¢ > 0 such that

be the normalized reproducing

lim (Kky,ky) — 0, and liminf (Xkj, k) ) = c.
A—aD? A-aD?

Therefore, for Ay € 0D?,
liminf [ A(D)F + [o (V) = liminf || T3 k| + [|T
= ll}rtnanf((XkA, k)L) + (Kk,\,k,\)) > C.
Thus, there is 0 < » < 1and 8 > 0 such that |f;(A)|* + |f2(1)]* > & for A € UZ.

Sufficiency. Notice that V = Z(f;) n Z(f,) is a compact zero subvariety of D?.
Then, by [11, Theorem 14.3.1], it is a finite set. Let O be the sheaf of germs of
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analytic functions in D? and (f;, /2)O be the ideal generated by {f;, f}. Since
the support of the analytic sheaf O/ (fi, f2) O coincides with the set V, the space
O(D*)/ (f, f2) O(D?) is finite-dimensional, where O(ID?) is the space of holomor-
phic functions over D?. Let

M ={feH*(D*): f = fihy + foh, for some hy, h, € O(D*)}.

To show that the subspace fiH*(ID?*) + f,H*(D?) is closed and of finite codimension,
it suffices to show that

(2.2) M c fiH*(D?) + f,H*(D?).
In fact, (2.2) implies that

A:H(D?) Z;fin(Dz) — 0(D?) /(fi, £2) O(D?)

is injective. Fix g € M. Then, g = fih; + foh, for some hy, hy € O(D?). Let ¢ : [0,1] x
[0,1] - [0,1] be a smooth function with

1- 1-
¢(t, 1) =1for (t, ;) € [0, 7 + 3 r] x [0,7+ ?r],
and
2(1- 2(1-
$(t,t2) =0fort; >r+ ( 5 ) ort,>r+ %
Set
x(z1,22) = ¢(|a1]s [z2)
and
_ i 2,152
(2.3) 9;= {'fl|2+jfz|2’ AP+ 1A =0,
0, AP+ A1 =0.
It is easy to see that the functions [; = yh; + (1- x)¢; are smooth and satisfy the
identity
(2.4) hh+ fl =g

In general, l; and [, are not holomorphic. As in [8], we will use the technique on
normal family of holomorphic functions. Set
ol oh ]

1
Gi=-|h=2-522
g[laii 28731‘

i=1,2. By straightforward calculations, G; € C*(D?),i =1,2,
0G; 0G,

9z 0z
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in D?, and
9fi
o n) U2
glan "oz (AR +[APR)

ok ok

G, - [(P 09 02 a<p1] (flaz2 fZBZZ)

2= —|P1=— — T EE——
gl dz 0z (AP +£P)?

inU? ,,,_,, . Notice that
a-n
r+S52

0z, 04
implies that the system
aa_b = Gl)
(2.5) 4
ob _G
E)zz 2

is 9— closed. Then, by the proofin [8], the equations (2.5) admit a solution b € L?(T?).
Put

(26) Q= ll + bfz, &= lz — bf]
Then, g; € H*(D?) and

hei+he=¢
It follows that M c fH*(D?) + f,H?*(D?). ]

For {fi,, fu} € H*(D"), using the same reasoning as the proof of Lemma 2.2,
we have that

dlmH2 ([D)n) Zszz(]D)n)<OO
i=1
if and only if there is a constant § > 0 and 0 < r < 1 such that
Ylfi(@)P 28 for zeU;.
i=1

For example, for m = 2, n = 3, we only prove the sufficiency. Similarly, V = Z(f;) n
Z(f,) is compact and hence is a finite set. Then, the space O(D*)/ (£, f2) O(D?) is
finite-dimensional. Let

M={fe H? (}D)3) : f = fih1 + f2h; for some hy, by € O(]D)3)}.

Fix g € M. Then, g = fih; + foh, for some hy, hy € O(D?). Let ¢ : [0,1]*> — [0,1] be a
smooth function with

1-r 1-r

¢(t1,t2,t3) =1for (tl, t, t3) € [0,T+ 3 ] X [O,T-‘r ?],

1-r
x (0,7 +
%[
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and
2(1- 2(1- 2(1-
¢(t, t,t3) =0for ty > 1+ % or t, Zr+% ortz3>r+ %
Set
x(z1,22,23) = ¢ (|21, |22, [23])
and
gf; 2 2
@7) 0;= {Ifn|2+fz|2’ |f1|2 ¥ |f2|2 *0,
0, AP +1A1 =0
It is easy to see that the functions [; = yh; + (1- x)¢; are smooth and satisfy the
identity
flll +f212 =g
Set

17,9, ol ]
Gi = - l - _l - >
g [ Yoz, ‘oz

i=1,2,3. Considering the equation

b
=Gy,
oz
b
2.8 — =Gy,
(2.8) FENRE
ob
=G;s,
3z
by [9, Section 3], there exists a solution b € L?(T?). Put
(2.9) g=h+bfh, L=hL-bf.

Then, g; € H*(D?) and

hg+ f282=¢.

It follows that M c fH*(D*) + f,H*(D?).
Now, we can prove the main result Theorem 1.1.

The proof of Theorem 1.1  The necessity is an easy application of Lemma 2.2. In
fact, suppose that (Tfl, sz) is Fredholm. By the definition, the subspace fH*(ID?*) +
foH?*(D?) is closed and of finite codimension. By Lemma 2.2, there is 0 < r < 1 and
¢ > 0 such that

A@I*+1f()] > ¢, forzeT;.

For the other direction, let Hoy, 3y, H, be defined as in (2.1) for (Tfn sz), and
suppose there is 0 < r <1 and ¢ > 0 such that |fi(z)|* +|f2(2)|* > c on U2. Then, by
Lemma 2.2, the subspace fiH? (D?) + f,H? (D?) is closed and
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dim 3, = dim H* (D) /(AH* (D?) + LH* (D?)) < oo.
Next, for any { € H*(D?),
Il = =18+ 7]
= swp [ RLE) dm e+ sup [ AT(rE) %dm

> sup | (LL(rOI* + [AGOIE(rE) P dm

0<r<1

>esup [ o) dm = cl¢]P,
0<r<1J T2

which implies that the boundary operator d, is injective and has closed range, and hence,

Ho is trivial. Moreover, it is easy to see that ({1, (3) € H, if and only if ({1, {;) solves the

following equations:

Tflcl + szévz =0,
_T_FZCI + T}:(z =0.

Since Ty, (1 + Ty, (3 = 0, then _T? = % onD*\ (Z(H)UZ(f2)). Set
e G

ho R
which ¢ can be holomorphically extended to D*\ (Z (fi) N Z (f,)) naturally. Notice
that Z (i) nZ (f,) nD? is a compact holomorphic subvariety of D?, and hence,
Z (i) nZ(f,) nD? is a finite set. By Hartogs’ Theorem, ¢ can be holomorphically
extended to D?. Furthermore, it is easy to see that there exists 0 < s < 1 and e > 0 such
that for any1>r > s,

ACOI + /(9] > e forall T

¢

Therefore, for all £ € T?,
() = =GO _ (Gl RO +1G(r)I” _ [Grd)l* +1G(rE)1*
AEOE 1REDI A + A9 €

It follows that ¢ € H? (D?), and hence,
G ==ho (= ¢
Combining with that —Tf (i + T; (5 = 0, we have (T; Ty, + Tf, Ty, )¢ = 0; thus,
61+ 100 = LA + 16817 = (T} T + T T)0.9) =0,

and hence, ({1, ;) = 0. This implies that 3(; = 0. Thus, (Tf1> sz) is Fredholm. It follows
that

Ind (Tj,, Tf,) = —dim 3, = — codim ({,H* (D*) + LH* (D?)).

As an easy application, we have the following corollary.
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Corollary 2.3  Let f; e H*® (D?), i =1,2, and F = (fi, f2) : D* — C? be the corre-
sponding map. Then, the essential spectrum

Oe(Tﬁ’sz) m F(U3).

0<r<1

Proof It follows from Theorem 1.1 and the definition of o, that (A;,1;) ¢
0.(Ty, Ty,) if and only if there isa § > 0 and 0 < r < 1 such that

M- A2)|+ A - fa(2)] > 8, for zeUZ,

which is equivalent to saying that (;,1,) ¢ F(U?) for some 0 < r < 1. [

3 Fredholmness of Toeplitz tuples with symbols in L=

In the present section, we will consider the Toeplitz tuple (Ty, Tf,,--, Ty,) with
symbols in L*. It is easy to see that, in general, (T}, Ty,, -, Tf,) is not essen-
tially commuting. To get the commutativity of the Toeplitz tuple, let L*(T) be the
space of essentially bounded functions over T on the variable z;, and the symbols

; € L2 (T). To avoid the confusion, denote b T(li) resp. Ty, ) the Toeplitz operator
zi y 1y pP-1f P P
on HZ (T)(resp. H*(D")). We have the following Proposition.

Proposition 3.1  For f; € L (T), assume that all ijii) are not invertible. Then, the
Toeplitz tuple (Ty,, Ty, Ty,) on H*(D") is Fredholm if and only if all Ty are

Fredholm, and in this case,

n .
Ind(Tj, Tp,, - Tf,) = (=) []Ind T;il).
i=1

The proof of Proposition 3.1 comes from the following lemma easily, which is a
generalization of [2, Proposition 15.4]. The sufficient part was proved by [7, Lemma
73], by using cohomology, and we will give an elementary proof.

Lemma 3.2 Let {H;}!, be a set of Hilbert spaces of infinite dimension and set
H=H,®H,®---® H,.

Suppose all T; € L(H;) are not invertible. Set

T,'ZIH1®"'®IH,.71®T1'®IH ®"'®1Hn, i<n.

i+l

Then, the tuple T = (Ty,--, T,) is a Fredholm tuple on H if and only if all T; are
Fredholm, and in this case,

IndT = (-1)"*"' ] Ind T:.

i=1
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Proof At first, suppose that T is Fredholm. Notice that all T; are not invertible.
Then,

Hj/ranT; #0, or kerT;#0.

Let Ay ={i,kerT; # 0} and A, = {j,ker T; = 0}, and set S; = T;" for i € A; and
Si = T; for i € A,. Since T is doubly commutative, that is,

(T, T;)=[T;,T{]=0, 1<i,j<n.
By [2, Corollary 3.7], the tuple (S1,-- S, is Fredholm, where S; is defined as same as
T; for every i. If follows that as a linear space,

n ~
> SiH = (Hy/ran$;) ® -+ ® (H,/ran$,),
=t

which is of finite dimension. Since all H;/ran S; are not trivial,
dimH;/ran§; < co.

It follows that all ran S; are closed. Next, we will show that all ker S; are of finite
dimension. It suffices to show that dim ker §; < oo for j € A;. For i € Ay, since S; is not
invertible, we have that ker S} # 0, and hence, for any1<i<n, ker§7 #0.Forie A,

by [2, Proposition 3.7] again, the tuple (S, -+, S* |, S;, S%,,, -+, S% ) is Fredholm It can
be verified that

(ﬂkergf) nkerS; =kerS; ® - @ker S}, ®@kerS; ® ker S, ® --- ® ker S
Jj#i

is of finite dimension. It follows that all ker S; are of finite dimension. Therefore, all
S; are Fredholm, and hence, all T; are also Fredholm.
Next, assume that all T; are Fredholm. We will prove that the tuple T is Fredholm.

By [2, Corollary 3.7], the tuple (ﬁ,---, i,) is Fredholm if and only if if T; is
i=1
Fredholm for every function f : {1,---,n} - {0,1}, where

T - {’Ti*i) f(i) =0,

i ~ ~ %

T;T; , f(i)=1
Now, we will show that T"l T"l* ot ﬁ, T; is Fredholm. In fact,

T\H+-+T,H=TH ®H, ®-®H,
+H®TLH,®H;® - ®H,++H ® & H,_; ® T,H,.

Since T;H is closed, T;H + - + T, H is closed. By Lemma 2.1,

ran(ZT?) T1H+ TH
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is closed. Moreover,

n n —
er(z TiTi*) =(ker T =ker I ® - ® ker T,

i=1 i=1

no o~ ~
is of finite dimension. This implies that ) T; T} is Fredholm. The same discussions as
i=1

above show that for every function f : {1,---,n} - {0,1}, i T} is Fredholm.
i=1
By [7, Lemma 73], if T = (ﬁ, ey i,) is Fredholm, then
IndT = (-1)""' ] Ind T:. n
i=1
For the remainder of the section, we will consider the Toeplitz tuple ( Ty, -, Tf, )

on H*(D). By Andersson and Sandberg [1], for {f;}1, ¢ H*(D), (T4, Tp,» - Tf, ) »
acting on H? (D), is Fredholm if and only if there ex1sts 0 <s<1landd > 0 such that

A@I2+ ()] + -+ [fu(2)]? > 8, forle] >s.

Proposition 3.3 If (Ty,, Ty, Ty, ) is Fredholm, then
Ind(Tfl, sy Tfn) =0.

Before giving the proof of Proposition 3.3, we should point out that in Yang [14], it
was proved that if [ T§, Ty ] is compact, then Ind (Ty, Ty) = 0.

The proof of Proposition 3.3  Since (Tfl, Ty, Ty,
and 0 < s < 1such that

A@E + AP+ +fa(2) 28, forle>s.

It follows that there is a finite Blaschke product B such that

) is Fredholm, there are 6 > 0

fi=Bfi and Z|f: Z | > 8 onD\ Z(B).

Then,

Z|ﬁ|2_| |2>aonm>

By Corona Theorem, we have (T, -+, Tfn) is invertible, and hence,
Ind(T7, Tfn) =0.

Moreover, since Tg is Fredholm, by [2, Proposition 11.1] for any bounded analytic
function ¢;, the tuple of Toeplitz operators (Ty,, -, Ty, T, Ty,,,»" Ty, ) is Fredholm
and

Ind( Ty, Tpr> Tgs Tprys > Tpy ) = 0.
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By [4, Proposition 1],
Ind(Tfl, LEEN Tfn) = Ind(TB, sz, (EEN Tfn) + Ind(Tfl, sz, (EEN Tfn)
= Ind(Tfl, sz) ey Tfn)
By induction,
Il‘ld(Tfl, sz, LR Tfn) = Ind(Tfl, T~z’ Ty Tf,,) =0.
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