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A Mahler Measure of a K3 Surface
Expressed as a Dirichlet L-Series

Marie José Bertin

Abstract. 'We present another example of a 3-variable polynomial defining a K3-hypersurface and
having a logarithmic Mahler measure expressed in terms of a Dirichlet L-series.

1 Introduction

The logarithmic Mahler measure m(P) of a Laurent polynomial P € C[XT, ..., XF]
is defined by
1 dx, dx
P)=—— [ log|P(xE,... x5) L. 2
") = iy /][ 08 [PO - ox )| SE e T
where T" is the n-torus {(x, ..., x,) € C"/|x;| = - = |x,| = 1}.

For n = 2 and polynomials P defining elliptic curves E, conjectures have been
made, with proofs in the CM case, by various authors [6, 13]. These conjectures give
conditions on the polynomial P for getting explicit expressions of m(P) in terms of
the L-series of E. A crucial condition for P is to be “tempered,” that is, the roots of the
polynomials of the faces of its Newton polygon are only roots of unity. This condition
is related to the link between m(P) and the second group of K-theory, [1,13].

We are trying to generalize these results for n = 3. Since both elliptic curves and
K3 surfaces are Calabi—Yau varieties, we take polynomials in three variables defining
K3 surfaces. So we consider two families (Py) and (Qy):

1 1 1
Po=X+—-+Y+-+Z+—-—k
X Y zZ

1 1 1
=X+-+Y+-+Z+ -
Q X Y Z

1 1 1
+ XY+ = +ZYV + - +XYZ+ — — k.
XY zY XYz

The families (Py) and (Qy) are respectively generalizations of the modular families of

elliptic curves

1 1 1 1 1
X+—-+Y+—-—k and X+—-+Y+—-+XY+——k
X Y X Y XY
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studied variously by Bertin [2], Boyd [6], Lalin and Rogers [9], Rodriguez-Villegas
[13].

We recall the main results obtained in [3-5]. If Yj (resp. Zi) denotes the K3
surface defined by the polynomial Py (resp. Q) with transcendental lattice T(Yy)
(resp. T(Zy)) and L-series L(Yy, s) (resp. L(Z, s)), then

3V3

m(Py) = ds := e L(x-3,2),
T(Y,) |>? 8v/8
m(py) = Iy, 5 ;—{L(fs,ax
T(Ye) |?/2 244/24
m(Ps) = %L(Ymﬂ = ———L(fu,3),
T 2
T(Yq0) |?/2 72:/72
m(Pr) = %L(Yloy 3) +2ds = ———L(fs,3) +2d;,
T v
| T(Z) |P? 12112
m(Q) = — 5—L(%,3) = TSL(fu,S),
T(Zy, |?? 124/12
m(Qrp) = Z%L(Zu, 3) =2 L(flz, 3).

3

Here fiy denotes the unique, up to twist, CM-newform, CM by Q(v/—N), of weight
3 and level N with rational coefficients [15].

Other formulae of the same type are under preparation for m(P;) and m(P;s).

All these results concern “singular” K3 surfaces, that is, K3 surfaces with Picard
number 20. The corresponding k were computed by Boyd Very recently, Elkies and
Schiitt [7] wrote an algorithm for finding “singular” K3 surfaces in a family of K3
surfaces of generic Picard number 19. Their computations agreed with Boyd’s and
gave only two extra values for k? in the first family.

The reason why we may expect the Mahler measure m(P) to be related to L-func-
tions or modular forms is the following. Let P € Clx, y, z] and define the differential
form 7(x, y, z) on the surface S = {P(x, y,z) = 0} minus the set Z of zeros and poles
of x, y,and z

n(x, y,z) := log|x|(3dlog|y| A dlog|z| — dargy A dargz)
log|y|(3dlog|z| A dlog|x| — dargz A dargx)
log|z|(3dlog|x| A dlog|y| — dargx A darg y).

We can express the Mahler measure of P as

1
m(P) = m(P) — o /F 0, y,2),

Personal communication.
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where P* is the leading coefficient of the polynomial P € C[x, y][z] and
I'={P(x,y,z) =0} N{|x[ = [y[ =1, [z| = 1}.

In fact, 77 is a closed form on S\Z. But in our situation concerning polynomials Py
and Qy, the form is not exact: the set I' consists of closed subsets and the integral
can be computed by residues. We are led to instances of Beilinson’s conjectures that
produce special values of L-functions of surfaces. The fact that these L-functions are
also the Mellin transforms of CM-newforms of weight 3 [15] derives from Livné’s
theorem of modularity of “singular” K3-surfaces defined over Q) [11,17].

These examples and the future ones are extremely important to help us answer
the following question: for which class of polynomials in three variables defining K3
surfaces, can the Mahler measure be expressed in terms of the L-series of the variety
plus a Dirichlet L-series? How important are the faces of the Newton polyhedron of
the polynomial and the fact that the polynomial does not intersect the torus?

The result obtained in the following theorem is the second example where the
Mahler measure of a polynomial defining a K3 surface is expressed only in terms of
a Dirichlet L-series, that is, only in terms of the measure of faces.

Theorem 1.1 With the above notations we get m(Q_3) = §d3.
In this theorem, the evaluation of the modular part needs the use of Serre—Livné’s

criterion [10], since we must compare two [-adic representations, and also recent
results about Dirichlet L-series [19].

2 Some Facts

The polynomial Q_3 belongs to the family of polynomials Qx whose Mahler measure
has been studied in a previous paper [3].

Theorem 2.1

1 1 1 1 1 1
Q=X+ +Y+ - +Z+ -+ XY+ —+2ZY + - +XYZ+ — — k.
X Y z XY zY XYz

Letk=—(t+ %) — 2 and define

_ n37)*n(127)*n(27)"
— n(r)in(ar)Bn(er)iz

where 1) denotes the Dedekind eta function

n(,r) _ e(ﬂ'iT)/lZ H (1 _ eZﬂ'inT)'
n>1
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Then

ST ! 1 1
mQu) = 87r3{ Z (2(2%(MT+H)3(W17:+ K) " (mT + k)2(mT + ﬁ)z)

m,K

- 32(28% ! + ! )
QCmT +Kr)Cm7+ k)  Q2mT+ K)2Q2mT + K)?

- 18(28% ! + ! )
(Bmt +K)*(BmT+ k)  (BmT+ K)2(BmMT + K)?

+288( 2R ! + !
( (6mt + k)3 (6mT + k) (6mT + K)2(6mMT + /1)2) ) } '

Let us now recall the following results.

Given a normalised Hecke eigenform f of some level N and weight k = 3, we can
associate a Galois representation [8, 14] py: Gal(@/ Q) — GI(2,Qy).

To a normalised Hecke newform f can also be associated an L-function L(f, s) by
L(f,s) := L(py,s) (the L-series of the Galois representation ps). Equivalently, if f
has a Fourier expansion f = b,q", then L(f, s) is also the Mellin transform of f

L(f.s) = Zi—

Moreover, the series L( f, s) has a product expansion

by
L(f’s)zzﬁzgl—b

n>1

1
oD+ x(p)pk—1-%

where x(p) = 0if p | N.
Concerning the comparison between [l-adic representations, Serre’s and Livné’s
result can be found, for example, in [12,17].

Lemma 2.2 Let p,p/: Go — AutV] two rational l-adic representations with
Tr 'pr = TrF, , for a set ofprimes p of den.sity one, i.e., for all but.ﬁnitely marny
primes. If p; and p| fit into two strictly compatible systems, the L-functions associated
with these systems are the same.

Then the great idea in [10] is to replace this set of primes of density one by a finite
set.

Definition 2.3 A finite set T of primes is said to be an effective test set for a rational
Galois representation p;: Gg — Aut V] if the previous lemma holds with the set of
density one replaced by T.

Definition 2.4 Let P denote the set of primes, S a finite subset of P with r elements,
S’ = SU{—1}. Define for each t € P, ¢ # 2 and each s € §’ the function

0= 41+ (9)

andif TC P, TNS=, f: T — (2/22)"" such that f(t) = (fi(1))ses'-
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Theorem 2.5 (Livné’s criterion) Let p and p’ be two 2-adic G -representations which
are unramified outside a finite set S of primes, satisfying

TrF,,=TrF,, =0 (mod 2) and detF,,=detF,, (mod 2)

forall p ¢ SU{2}.
Any finite set T of rational primes disjoint from S with f(T) = (2,/27)""'\{0} is an
effective test set for p with respect to p’.

The K3 surface X defined by the polynomial Q_3 has been studied by Peters, Top
and van der Vlugt [12]. In particular they proved the theorem.

Theorem 2.6 There is a system p = (p;) of 2-dimensional I-adic representations of
Go = Gal(Q/Q) pi: Gg — Aut H2 (X, Q). The system p = (p;) has an L-function

trc

1
Lis,p)= 11 :
pas L= App~ + (f5) pPp>

This L-function is the L-function of the modular form f* = g, € S5(15, (§5)), where

2 2
= """ g =n(2)nB2)n(52)n(152)
mmner.

and 1) is the Dedekind eta function. The Mellin transform % of f* satisfies b, = A,
for p # 3,5, where A, can be computed as follows.

e Ifp=1or4 mod 15, find an integral solution of the equation x* + xy + 4y* = p.
Then A, = 2x* — 7y* + 2xy.

o Ifp=2o0r8 mod 15, find an integral solution of the equation 2x* + xy + 2y* = p.
Then A, = x* + 8xy + y*.

3 Proof of Theorem [1.1]

The proof follows from three propositions.

Proposition 3.1

m(Q_3) =

s

3v/15 <’/ 15k —m"? —5k* +3m"
> (¢ )

+
3 m’ +15K2)3 * (3m’2 + 5K2)3

m’ K

(12m’2+2m'/<;—7/$2+1 m’ + 8m’k + K? )
2(m?+m'k+4r2)>  202m"?+m'k + 2k%)3

6V 15 ' 1 1
t—3 Z ( 7 YR 2 2 2)
e (m’? + 15K2) (3m’? + 5k2)

1 1
+ — :
((2m’2+m’n+2/§2)2 (m’2+m’/-@+4/£2)2)
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Proof Define D, = (mj7 + k)(mj7 + k). So

ST Z/ (m(t +7)+2K)?> =2 Qm(T +7) + 2k)? N 32
D D2 D3, D3,

m,K

B 18(3m(7‘ +7) + 2K)? N 18

D;T D%T
(6m(T +7)+2K)> 288
+ 288 : - =
D6'r D6T

Ifk=—-3,thent = 734’27 V[ls and

1 1
D; = —(m* — 6mrk + 24x%) = —(m"? + 15x%)  withm’ = m — 3k,
24 24

1 1
D,, = g(m2 — 3mk + 6K%) = g(m’2 +m'k+4k?)  withm' =m — 2k,

1 1
D5, = §(3m2 — 6mk + 8K%) = §(3m’2 +5k2)  withm' =m — &,
/2)

1 1
D¢r = =(3m* — 3mk + 2K%) = 5(2m2+mn+2/£ with &' = Kk — m.

2

Thus
V15

M) = e

!
Z (A + Ay + Az + Ay).

Now A; can be written

A (24)2( —m' + 15k% — 30m’k . 2 )
' (m'? + 15k2)3 (m'? + 15k2)2
and
/ 17 15k — m' 2
A=y ( + ).
n; 1=(24) mz; (m” +1562)3  (m'? + 15K2)2
Then we get

Ay = 24 (

m'? + 16m’k + 4K> 2 )
(m?+m's +4r2)> (m'? + m'k + 4K2)?2

Now with the change of variable k = x’ — m’ we make the denominators of A,
symmetric with respect to m’ and k’. So

—11m"? + 8m’'k’ + 4K" 2 )

A, = (24 2( _
2= (24) (4m”? —7m'k’ + 4K'2)3  (4m'? — Tm'Kk’ + 4K2)?
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that is,
_ (24 ( —7m" +16m'r’ — 7K 2 )
2 (4m’”? — 7m’k’ +4Kk'%)3  (4m'? — Tm'K’ + 4K2)?
and coming back to variables m’ and &,
B (24)2( 12m" +2m’k — 7K? 2 )
N 2 (m2+m's+4k2)>  (m2+m's+4k2)2)
The same way we obtain,
B (24)2(3m’2+30m’n—5/~c2 2 )
B (3m’? + 5k2)3 (3m’? + 5K2)2
or
3m’? — 55 2
4 = 03 ( - )
2= (29 (3m’2 +5k2)3>  (3m'? 4+ 5k2)?
Finally, using the same tricks as for A,, we obtain
m? + 8mk’ + K" 2
— (24)? ( + ) . -
2 2m?+ mr’ +2K'%)3  (2m? + mK’ + 2K'2)2

From Proposition[3.I} we notice that the Mahler measure is expressed as a sum of

a modular part

@ Zf( 15k* — m’ —5k% + 3m"? )

+
73 (m’? +15k2)3  (3m’? + 5k2)3

m’ .k

(12m/2+2m'/<;—7/<92 1

21 8m'k + K? )

—_ + —_
2(m?+m'k+4r2)3  202m?+m'k + 2k%)3

and a part related to a Dirichlet L-series

6v'15 / 1 1
+ 225 - )
73 (m'? +15k2)2  (3m'? + 5K2)2

m’ .,k

1 1
+ - .
((Zm’2 +m’'k+2K2)2  (m'? +m’m+4/§2)2)

To prove that the modular part is 0, we observe first that

— 15k2
L(fi.9) = Z Gy d LR = Z Lo
(3r +5k) (r2 + 15k?)
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are the Mellin transforms of the two weight 3 modular forms

_ 1 2 2y 3r7+5k* _ 1 2 2y P +15k
fi=5 2 (67 =3k fr=5 ) (7 = 15K)g T

r,se’ r,SEZ

Then using Theorem[2.6 we know that

ZI< 12m"” +2m’k — 7K? N 1 m?+8mk’ + K"
4 (m"?+m'k +4r2)S 4 02m?+mr’ +2K2)S

) = L(f*,s)

is the L-series attached to the modular K3-surface X.

Proposition 3.2

Z/( —15k* + m? N 5k* — 3m? ) B
c \ (m? + 15k (3m? + 5k2)° -

ZI( 1 2m? + 2mk — 7k?

1 m? + 8mk + k? )
2 (m? + mk + 4k*)3 '

1
T2+ mk v 200)?
Proof Letabearational integer and denote 6, = ), , 4 the weight 1/2 modular
form for the congruence group I' = I'y(4). Denote f; := [65, 053], f» :== [0}, 015] the
Rankin—Cohen brackets which are modular forms of weight 3 for I'.

Recall that if f and g are modular forms of respective weight k and I for a congru-
ence subgroup, then its Rankin—Cohen bracket is the modular form of weight k+1+2
defined by (g, h] := kgh' — Ig’h.

Thus we get the two weight 3 modular forms

_ 1 2 2y 3r7+5k* _ 1 2 2y +15k
fi=35 2 (67 =3k fr=5 ) (7 = 15K)g T

rsEZ rsEZ
So to compare L(fi,s) + L(f2,5) = > Aln—(f) and L(f*,s) = > AZT(S”) we apply Livné’s
criterion.
First we determine an effective test set T for the respective representations

T = {7,11,13,17,19,23,29, 31,41, 43, 53,61,71, 73, 83}.

Then we compute the corresponding A; (p) and A,(p).

p 7111113 17| 19123 |29 |31 |41 |43 | 53 61 | 71 | 73| 83
A(p)j||O] O] 0|-14|-22134| 0| 2| O| O|-8|-118 | 0| 0| 154
Ap)||O] O] O0|-14|-22134| 0| 2| O| O|-8|-118| 0| 0| 154

This achieves the proof of the proposition. ]
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Proposition 3.3

615 Z/ 1 1
™ L (2 15K)2 (3m? + 5K2)2
m,

+ ! ! = §d
Qm? + mk + 2k (m? +mk +4k2)2 5 °

Proof We denote L¢(s) := L(xy,s) the Dirichlet’s L-series for the character x at-
tached to the quadratic field (OZ(\/]? ). The proof follows from a lemma.

Lemma 3.4

60 Y (G ) = 2O s()

2\ (2n + mk + ) T T mk + 4K

/ 1 1 1 1
(.2) ; ( (3m2 + 5k2)s + (m? + 15k2)s) = 2(1 + 2251 51 ) C(s)L—15(s)

(3.3) Z'( L _ ! ) = 2L_5(s)Ls(s)

(m? + mk + 4k?)s  2m? + mk + 2k?)s

m,k

' 1 1 1 1
(3'4); ( (m? + 15k (3m? + skZ)S) - 2(1 Tt F) La(©)Ls(s)

Proof Assertion (3.1]) follows from the result [18]

/ 1 1
2 ((zm2 Tkt K+ mk+ 4k2)3> = Sorv=m(9

and the formula (g, \/_—15)(5) = ((s)L_;5(s). Assertion (3.2)) follows from results of K.

Williams [16] and Zucker [19]. Using Williams’s notation, we set ¢(q) := Zio; q”2
and get

H@DH) + H@)o) =2+ 3 an(—60)—L

1—q"
n>1 1
where

0 ifn=0,3,56,9,10 (mod 60),
a,(—60) =<2 ifn=1,4,8,14,16,17,19,22,23,26,31,32,47,49, 53,58 (mod 60),
—2 ifn=2,7,11,13,28,29,34,37,38,41,43,44,46,52,56,59 (mod 60).

As explained in [19], often we may get

/ 1
Qa,b,as) = Z (am? + bmn + cn?)s
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in terms of Ly, when expressing them as Mellin transforms of products of various
Jacobi functions 65(q) for different arguments. More precisely,

S T R E o U _L/OO N
Q&Q&Q—Nvét S @15 | @@ - v

where " = gand 05(q) = 1+ 2¢°> + 2¢* + 2¢° + - - - ; thus writing 63(q)05(q") — 1
as a Lambert series ), -, ay, 1z—qn, very often the integral is given in terms of L-series.
So we get a

Q(1,0,15) + Q(3,0,5;5) = ﬁ/ £71(0:(9)05(q") + 03(q7)05(q°) — 2) dt
0

1 +oo . e—tn
= m/o t 1(;an(—6o)lem) dt.

Since
+0o0
I'(s) = / ey dy
0

making the change variable nt = y, it follows that

1/+<>o - e~ in dt:/Jroo (}’)5_1 e/ dl
I'(s) Jo 1—e ™ 0 n l1—e7 n

1 1 [ y71 1
—m;/o eJ’—ldy_ EC(S)'

Thus
Q10,159+ Q(3,0,55) = ((5) Y ay(~60)
n>1

But

1 1 1 1 1 1 1 1
Legs)=——"—"—-—7+—+—+—+—
s 7 115 135 17 19° 23°  31°
1 1 1 1 1 1 1

- —+ —+ —+ — — — +--- (mod 60)
375 41° 435 475 495 53% 59

and

1
L_15(5)2F+—+———+————

1 1 1 1 1

——+—+—=+-———+--- (mod 15).
14 16° 17°  19° 22

https://doi.org/10.4153/CMB-2011-067-0 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2011-067-0

A Mahler Measure of a K3 Surface Expressed as a Dirichlet L-Series 11

So,

1 1 1 1 1 1 1 1 1 1
= an(—60)— =L_g(s)+ =(-1+ =+ —+ =+ —+ —+— — —
2; n(=60) 2 o0(s) + 2 2 4578 115 135 14

- — - — - — - — = — +L+---)(m0d30).

Let us define

Ls@= 2 ),

n>1
where
L= X;SS(”) L= Y X*‘i(”),
nz1 " n>1 n
n pair n impair
Obviously,
1 1
Li(s) = ?L—IS(S)a L_go(s) =L_(s), L_ys(s)=L_(s)+ ?L—B(S)-
Thus,
1 «— a,(—60) 1 1 1
ST L @ L)~ L) = (14 55 — 57 L),
n>1

From this last equality we deduce formula (3.2]). From [20] we get
Q(1,1,4;5) = ((s)L_15(s) + L_3(s)Ls(s).

So from formula (B.1]) we obtain formula (3.3). Equality (B4) derives from a formula
by Zucker and Robertson [20] giving

1 1 1
Q(1,0,15;5) = (1 — = F) C(s)L—15(s) + (1 ot

557 ) L)L (9).
So, thanks to formula (3.2))

Q(1707 15;5) - Q(37075;5) = ZQ(1707 15;5) - (Q(1707 15;5) + Q(37O75;S))

=201+ % + 2Tlil)L_3(5)L5(s).
|
By subtracting (3.3) from (3.4)) for s = 2 and using [19]
25v/5
we get the proposition. [ ]

https://doi.org/10.4153/CMB-2011-067-0 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2011-067-0

12

M. J. Bertin

The proof of Theorem[LT]is just a combination of the three propositions.

Acknowledgments The measure m(Q_3) in Theorem [I.1 was guessed numerically
some years ago by Boyd. His guess and some discussions with Zagier were probably
decisive for the discovery of the proof. So I am pleased to address my grateful thanks
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